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Abstract. A multicurve C in a closed orientable surface S, of genus g is defined
to be a finite collection of disjoint non-isotopic essential simple closed curves. A lefi-
handed Dehn twist te about C is the product of left-handed Dehn twists about the
individual curves in C. In this paper, we derive necessary and sufficient conditions for
the existence of a root of ¢ in the mapping class group Mod(S,). Using these conditions,
we obtain combinatorial data that correspond to roots, and use it to determine upper
bounds on the degree of a root. As an application of our theory, we classify all such
roots up to conjugacy in Mod(Sy). Finally, we establish that no such root can lie in the
level m congruence subgroup of Mod(S,), for m > 3.

2010 Mathematics Subject Classification. STM60, 5TM99.

1. Introduction. For g > 0, let S, denote the closed, orientable surface of genus
g, and let Mod(S,) denote the mapping class group of S,. By a multicurve C in Sg, we
mean a finite collection of disjoint non-isotopic essential simple closed curves in S,.
Given a multicurve C, we define the number |C | to be the size of C. Let 7. denote the
left-handed Dehn twist about an essential simple closed curve ¢ on S,. Since the Dehn
twists about any two curves in C commute, we will define the left-handed Dehn twist
about C to be t¢ := [[.cc te. A root of te of degree n is an element 7 € Mod(S,) such
that /" = 1.

When C comprises a single non-separating curve, Margalit and Schleimer [5]
showed the existence of roots of 7c of degree 2g — 1 in Mod(S,), for g > 2. This
motivated [6], in which McCullough and the first author derived necessary and
sufficient conditions for the existence of a root of degree n. As immediate applications
of the main theorem in the paper, they showed that » must be odd and thatn < 2g — 1.
These results were also independently derived by Monden [7]. When C consists of a
single separating curve, the first author derived conditions [9] for the existence of a
root of 7¢. Furthermore, a stable quadratic upper bound on the degree of the root and
complete classifications of roots of Dehn twists about separating curves in Mod(.S3)
and Mod(S3) were obtained in [9] as corollaries to the main result. In this paper, we
shall derive conditions for the existence of a root of 7z when |C | > 2.

In general, a root & of fr may permute some curves in C, while preserving
other curves (see Proposition 2.6). So, a root is said to be (r, k)-permuting, if it
preserves r curves in C, and induces k orbits on the remaining curves. The theory for
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Figure 1. A non-separating multicurve of size 5 in Ss.

Figure 2. The surface S5 with a separating multicurve.

(r, 0)-permuting roots, as we will see, can be obtained by generalizing the theories
developed in [6, 9], which involved the analysis of the fixed point data of finite cyclic
actions.

The theory that we intend to develop for (r, k)-permuting roots when k > 0 can be

motivated by the following example. Consider the multicurve C = {by, by, b3, by, bs} in
Ss shown in Figure 1.
It is apparent that the rotation of Ss by 27 /5 composed with 7, for some fixed b, € C
is a Sth root of ¢z in Mod(S5). This is a simple example of a (0, 1)-permuting root,
which is obtained by removing invariant disks around pairs of points in two distinct
orbits of a 27r/5 rotation of Sy, and then attaching five 1-handles with full twists. This
example indicates that a classification of roots would require the examination of the
orbit information of finite cyclic actions, in addition to their fixed point data. This is
a significant departure from the existing theories that have been developed in [6,9]. A
multicurve C in S, is said to be non-separating if Sg \ C is connected, and is called a
separating multicurve otherwise. In Figure 2, the collection of curves {c1, ¢3, ¢3, ¢4}, and
its subcollections {c3, c¢3}, {c1, ¢2, c3} are separating multicurves, while the subcollection
{c2, ¢4} 1s a non-separating multicurve.

We start by generalizing the notion of a nestled (#, £)-action from [9] to a permuting
(n, 1, k)-action. These are C,-actions on S, that have r distinguished fixed points, and k
distinguished non-trivial orbits. In Section 3, we introduce the notion of a permuting
(n, r, k)-data set, which is a generalization of a data set from [9]. We use Thurston’s
orbifold theory [11, Chapter 13] in Theorem 3.9 to establish a correspondence between
permuting (n, r, k)-actions on S, and permuting (n, r, k)-data sets of genus g. In other
words, permuting data sets algebraically encode these permuting actions and contain
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all the relevant orbit and fixed-point information required to classify the roots that will
be constructed from these actions.

Let S,(C) denote the surface obtained from S, by removing a closed annular
neighbourhood N of C and then capping S, \ N. In Section 4, we prove that conjugacy
classes of roots of Dehn twists about non-separating multicurves correspond to a
special subclass of permuting actions on the connected surface S,(C). We use this to
obtain the following bounds for the degree of such a root.

COROLLARY . Let C be a non-separating multicurve in S, of size m, and let h be an
(r, k)-permuting root of t¢ of degree n.

(i) If r = 0, then

g—m+2 g—m=>1
n <
g rg=m.

Furthermore, if ¢ = m, then this upper bound is realizable.
(i) If r=1, thenn < 2(g —m) + 1.

> mtr—1
Gid) Ifr > 2, then n < gm—~|—1r.
r—

Note that the bound obtained in (i) is not, in general, realizable as we will show in
Section 6.

When C is a separating, the action induced on the components of S¢(C) by a
root can have orbits that we call surface orbits. When a surface orbit is trivial, it is
homeomorphic to Sy, for some g’ < g. In Section 5, we show that the root induces a
permuting (#', ', k’)-action on Sy for some »’ | n. Moreover, when a surface orbit is
non-trivial, it is homeomorphic to a disjoint union of 77 copies of Sz (for some g < g
and 71 | n,) that we will denote by Sz(77). As the induced action cyclically permutes the
m components of Sz(/7), we show that it is of the form o3 o7, where o7 can be viewed
as an m-cycle and 7 is a permuting (7/m, 7, k)-action on one of its components where
7 | n. So, in general, a root induces a non-trivial partition Sg(C) = U_; Sg,(m;), and
an action of the form o, o #; on each Sg,(m;), where ¢; is a permuting (n;/my;, ri, k;)-
action on a surface homeomorphic to S,, where #; | n. Conversely, given a partition
S¢(C) = Lj_; Sg,(m;) and a collection of actions ¢; on the Sg,(m;), for 1 <i <, they
can be extended to a root of #¢, provided these actions satisfy certain compatibility
criteria involving their distinguished orbits and fixed points. Using this theory, we shall
obtain bounds for the degree of the root.

In Section 6, we use this theory to obtain a complete classification of roots of #¢ in
Mod(Sy). Finally, in Section 7, we conclude by proving that a root of ., cannot lie in
the level d congruence subgroup of Mod(S,) for any integer d > 3. In particular, this
implies that a root of 7 cannot lie in the Torelli group, which is all the more interesting,
as Dehn twists about separating curves do lie in the Torelli group. We end this paper
by indicating how our results could be extended to classify roots of finite products of
powers of commuting Dehn twists.

2. Roots and their induced partitions. In this section, we shall introduce some
preliminary notions, which will be used in later sections.
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c<1>(3

Figure 3. The surface Sy, = S3(2)#c, Ss#c, S3(3), where C; = C?(2) and C, = CV(3).

NoOTATION 2.1. Let C be a multicurve in Sg, and let N be a closed annular
neighbourhood of C.

(i) We denote the surface S, \ N by @.

(i1) The closed orientable surface obtained from Sz—(E) by capping off its boundary
components is denoted by S¢(C).

DEFINITION 2.2. Let C be a multicurve in S,. The multicurve C is said to be bounding
if C separates S,, but no proper submulticurve of C separates S,. In other words, C
cobounds two subsurfaces of S.

Note that we allow for the possibility that | C | = 1, in which case C consists of a single
separating curve. When | C | = 2, C is simply a bounding pair in the usual sense.

NOTATION 2.3.

(i) We will denote a bounding multicurve of size k by ).

(i) A disjoint union of m copies of C*) is denoted by C¥(m), as illustrated in Figure 3.

(iii) Forintegersg > 0andm > 1, we define S4(m) to be the disjoint union of m copies
{S}. S5, ..., S} of S, isometrically imbedded in R®. In particular, Sg(1) ~ Sq,
and hence we shall write S, for S,(1).

(iv) Given two surfaces Sg, and S, (m) and a fixed k£ € N, we construct a new surface
S, with g = (g1 + mg, + (k — 1)m) containing a multicurve of type C¢®(m), in the
following manner. We remove km disks {D} I 1<j<k/1<i<m}onsS, andk
disks {D%’j :1 <j <k} oneach S(f;,z. Now, connect 9D} ;to 8D§j along a 1-handle
A;j, and choose the unique curve (up to isotopy) ¢;; on each 4;;. Let C = {¢;;},
then note that C = C®(m), so we write Sq #e S, (m) for the new surface S,.

(v) Similarly, given surfaces {S,,, Sg,,1(711), . . ., Sq,,s(m,)} and non-negative integers
{ki,ka, ..., ks}, we construct a new surface S, with g = g1 + Y 1 mi(g2,; + ki —
1), containing a multicurve of type C = Lil_, C *)(m;) in the following manner. Let
Sg 1= Sg, #cti ) Sg»,i(m;) and C; :=C \ C%)(m;), we now define

Se = #;_ (Sg1 #Het m,) ng,i(mi)) = U ST(E)
i=1

If s = 2, we simply write Sy = Sq, , (1) #ct1) () Se1 H 2 ny) Seax (M12). In Figure 3,
we give an example of a such a surface S, with a multicurve C = C?(2) u cV(3).

DEFINITION 2.4. Let C be a multicurve in S,. Suppose that there exists an integer
k > 3 such that S,(C) = I_IleSg,., and that there exists submulticurves C; of C such that

https://doi.org/10.1017/50017089517000283 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089517000283

ROOTS OF DEHN TWISTS ABOUT MULTICURVES 559

Figure 4. A cyclical multicurve of size 6 in Si¢.

C=uk,C,and

k
Se = U ZAC\Cy),
i1

where X; = Sy #c,S,, and j= (i+1) (mod k). Then, C is a said to be a cyclical
multicurve (see Figure 4).

If C denotes a multicurve in S, our immediate goal is to show that any root of #
must preserve C. In order to do this, we use the geometric intersection number i(a, b)
between the isotopy classes of two essential simple closed curves in @ and b in S,. In
particular, if ¢ € Mod(S,) is expressed as a product of Dehn twists, then its effect on
the geometric intersection number can be described using the following result from [2].

LEMMA 2.5 [2, Proposition 3.4]. Let ay,ay,...,a, be a collection of pairwise
disjoint, simple closed curves in a surface S and let M = []}_, tg. Suppose that e; > 0
foralli, ore; <0 for all i. If b and c are arbitrary isotopy classes of simple closed curves
in S, then

i(M(b), ) = Y leili(ay, b)ilai, )| < i(b, c)

i=1
This leads us to the following proposition.

PROPOSITION 2.6. Let C be a multicurve in Sg, and h be a root of t¢. Then, we can
modify h by an isotopy so that it preserves C.

Proof. Let C = {cy, c2, ..., Cm}, then A(C) = {h(cy), h(ca), ..., h(cy)} consists of
disjoint non-isotopic simple closed curves. Since /" = t¢, it follows that t; = htch™! =
[T0, hte,h ™' =TT, tney- By Lemma 2.5, for each 1 < j < m, we have

0= Z i(ci, ) = i(te(¢)), ¢j) = i ((H lh(c,-)> (¢), C/) = Z i(h(c)), ¢)*,

i=1 i=1 i=1
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and so it follows that i(s(c;), ¢;) = 0 for all 1 <i,j < m. Now suppose that A(c;) »
c1 for all 1 <i < m; then there exists a neighbourhood N of ¢; such that #,)|n=
idy and 7| y= idy for all i # 1. However,

le)IN= teIN= thenties) - - - Then [v=1d,

which is a contradiction. So there exists 1 < i < m such that i(¢;) ~ ¢;. Hence, up to
isotopy, we may assume that A(c;) = ¢;. Now note that A(c;) - ¢; for all j # i, which
allows us to proceed by induction on | C | to conclude that, up to isotopy, #(C) = C. J

DEFINITION 2.7. Let C be a multicurve of size m in S,. Then, for integers r, k > 0,
an (r, k)-partition of C is a partition P,;(C) = {C}, ...,C,,Cy, ..., Cx} of the set C into
subsets such that for all 7,

@ 1C;1=1,|C;i| > 1,and
(i1) C; comprises only separating or only non-separating curves.

Note that by Proposition 2.6, any root of z¢ partitions C into a collection of orbits that
form an (r, k)-partition of C.

DEeFINITION 2.8. Let C be a multicurve in S,. Then, for integers r, k > 0, a root £
of ¢ of is said to be (r, k)-permuting if it induces an (r, k)-partition of C.

3. Permuting actions and permuting data sets. In this section, we shall introduce
permuting (n, r, k)-actions, which are generalizations of the nestled (n, £)-actions
from [9]. We shall also introduce the notion of a permuting (n, r, k)-data set, which is an
abstract tuple involving non-negative integers that algebraically encodes a permuting
(n, r, k)-action.

DEFINITION 3.1. For integers n > 1, and r, k > 0, an orientation-preserving C,,-
action ¢ on S, is called a permuting (n, r, k)-action if

(1) there is a set P(¢) of r distinguished fixed points of ¢, which correspond to r
distinguished cone points of order z in the quotient orbifold, and
(i1) there is a set O(r) of k distinguished non-trivial orbits of 7.

NOTATION 3.2. Let ¢ be a permuting (n, r, k)-action on S,.

(i) Fix a point P € S, and consider ¢, : Tp(S,) = Typ)(S,), where T(Sy) denotes
the tangent space at x. By the Nielsen realisation theorem [4], we may change ¢ by
isotopy so that 7, is an isometry. Hence, ¢, induces a local rotation by an angle,
which we shall denote by 6p(¢). Note that if P € P(¢), then 6p(f) = 2w a/n, where
gced(a,n) = 1.

(i1)) Fixan orbit O = {Qy, ..., O} € O@). If s < n, then s | n, and there exists a cone
point in the quotient orbifold of degree n/s. Each Q; has stabilizer generated
by # and the rotation induced by # around each Q; must be the same, since its
action at one point is conjugate by a power of 7 to its action at each other point
in the orbit. So, the rotation angle is of the form 2m¢~!/(n/s) (mod 2x), where
ged(e, n/s) = 1 and ¢! denotes the inverse of ¢ (mod 7/s). We now associate to
this orbit a pair p(0O) as follows:

(c,n/s), ifs<mn, and
0) =
PO {(0, ), ifs=n
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(iii) For any orbit O € O(2), if p(O) = (a, b), then we define

2wa'/b, ifa+#0, and
0, otherwise.

Oo(t) := {

DEerFINITION 3.3. Consider a permuting (n, r, k)-action ¢ on S, with P(f) =
{Py,..., P}and @(l‘) = {@1, O, ..., @k}

(i) We write S(¢) = {{| 011,101, ..., |0 |}} Note that we will henceforth use the

symbol {{ }} to denote a multiset.
(ii) Foreachp € {p(0;) : 1 <i <k}, define m, = |{j : p(0;) = p}|. We define the orbit
distribution of t to be the set O, = {(p, m,,) : p € {p(0;) : 1 <i < k}}.

DEFINITION 3.4. Let #; and t, be two permuting (n, r, k)-actions on S, with
P(t) = {Ps.1, Ps, - - ., Psy} and O(ty) = {Oy1, Os2, ..., Ogx), for s = 1,2, We say ¢
is equivalent to t, if O, = O, and there is an orientation-preserving homeomorphism
¢ on S, such that

(1) ¢(P1;)=Pyiforl <i<r,and
(ii) for cach 1 <j <k, if Oy; = {0}, Qs. - -+ @), - then my, = my, and P(Q}) =
]%,. forall 1 <i<m,and '
(ili) ¢pt1¢" is isotopic to 1, relative to P(t,) L (Uj’F=l 0.,).
The equivalence class of a permuting (n, r, k)-action will be denoted by [ ¢].

We now introduce the notion of an (n, r)-data set, which encodes the signature
of the quotient orbifold of a permuting (n, r, k)-action and the turning angles around
its distinguished fixed points. Furthermore, the (n, r)-data set will be combined with
an orbit distribution of the action to form a pair, which we will call a permuting
(n, r, k)-data set.

DEFINITION 3.5. Given n > 1 and r > 0, an (n, r)-data set is a tuple

D=, g0, 4 (a1,a,...,a);(c1,n), (c2,m2), ..., (¢ ny)),

where n > 1, gg > 0, and £ > 0 are integers, each g; is a residue class modulo 7, and
each ¢; is a residue class modulo #; such that:

1) 0<tl<mn-—1l,and ¢ > 0if,and only if r = 5 = 0,
(i1) each n; | n,
(i) for each i, ged(a;, n) = ged(c;, n;) = 1, and
r N n
i i —Ci = 0 d .
@1v) ;a + ; n,-c (mod n)
The number g determined by the equation

2-2g 1 ‘1
—2-2 -1 — -1
=2 (1) ()

J=1

is called the genus of the data set.
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Figure 5. The quotient orbifold O.

REMARK 3.6. The data set in Definition 3.5 above is a generalisation of the notion
of a data set from [9]. As in [9], the data set here will correspond to the equivalence class
[¢] of a permuting (n, r, k)-action. The quantity £ in the data set D will be non-zero if
and only if the action is a free rotation of S, by 27¢/n.

DEFINITION 3.7. Fix an (n, r)-data set D of genus g as above.

(1) For each (a, b) € {(0, 1), (c1, n1), - . ., (cs, 1y)}, We write

0((a. b)) = 2 y ifa= 0 and
wa " /b, otherwise.
(ii) Foreachp € {(0, 1), (c1,m), ..., (¢, ny)}, choose a non-negative integer m,, with
the caveat that m(g 1) > 0 only if one of the following conditions hold:
(a) £ >0,
(b) r>0,or

(¢) y=nforsomel <i<sys.
Then, the set Op = {(p, m,) : m, > 0} is called an orbit distribution of D.
(iii) Given an orbit distribution Qp associated with an (n, r)-data set D, the pair
(D, Op) is called a permuting (n, r, k)-data set of genus g, where k = Zp mp.

DEFINITION 3.8. Let D = (n, g9, ¢, (a1, ..., a.);(c1,n1),...,(¢cs,ng)) and D =
(n, g0, &', (dy, ..., a.);(c), ), ..., (c, n,)) be two (n, r)-data sets as in Definition 3.5.

(i) D and D’ are said to be equivalent if € = ¢/, {{al, a, ... ,a,,}} = {{a’], dy,....d }}

and {{(cr,m). ... (e} = f{(ctm. (o md}).
(ii) Two permuting (n, r, k)-data sets (D, Op) and (D', Op) are said to be equivalent
if D and D’ are equivalent as above, and Op = Oy .

Note that equivalent data sets have the same genus.

THEOREM 3.9. Given n > 1 and g > 0, there exists a bijective correspondence from
the set of equivalence classes of permuting (n, r, k)-data sets of genus g to the set of
equivalence classes of permuting (n, r, k)-actions on S,.

Proof. Let t be a permuting (n, r, k)-action on S, with quotient orbifold O, whose
underlying surface has genus go. If ¢ is a free rotation of S, by 27 ¢/n, for some 0 < ¢ <
n—1, then O = S, where go = ((g — 1)/n) + 1, and we simply write D = (n, go, £;)
and Op = {((0, 1), k)}. Otherwise, let p; be the image in O of the P;, for 1 <j <r, and
let 1, 2, ..., ¢ be the other possible cone points of O as in Figure 5.

Let «; be the generator of the orbifold fundamental group nl”’b (O) that goes around
the point p;, 1 <7 < r, and let y; be the generators going around ¢;, 1 <j <s. Let x,
and y,, 1 <p < go, be the standard generators of the ‘surface part’ of O, chosen to
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give the following presentation of 7"*(0):

b
7.[1‘” (O)Z <0517052’~~-aar7 Vl, J/Za"'7%Vax17y17x27y27---xgoayg()l
80
n __ _ n __ ny __ — ng __ —
al=...=a =y =...=y" =1, a1...a,.yl...yv_l—[[xp,yp]).
p=1

From orbifold covering space theory [11], we have the following exact sequence:
1 = m(S) — 7{™(0) 5 C, — 1,

where C, = (f). The homomorphism p is obtained by lifting path representatives of
elements of n{’"b(O). Since these do not pass through the cone points, the lifts are
uniquely determined.

For 1 <i < s, the preimage of ¢; consists of n/n; points cyclically permuted by ¢.
As in Notation 3.2, the rotation angle at each point is of the form 27 ¢;'! /n; where ¢; is a
residue class modulo #; and ged(c;, n;) = 1. Lifting the y;, we have that p(y;) = /"¢,
Similarly, lifting the «; gives p(«;) = t*, where gcd(a;, n) = 1. Finally, we have

£o

p [k 2] | =1.
p=1

since C, is abelian,
L= (1. 01 .. ) = (et mc++a/nge,
giving

iai + i gcj =0 (mod n).
i=1 j=1 "

The fact that the data set D has genus g follows easily from the multiplicativity of the
orbifold Euler characteristic for the orbifold covering S, — O:

2-2g ! 1
—2- g tr(-—1 1),
n g°+r<n >_%Z;<w )

Thus, ¢ gives a (n, r)-data set

D = (n, go,0;(ay, az, ...,a);(c1,m), (c2, m2), ..., (cs, ny))

of genus g, and hence (D, O,) forms a permuting (n, r, k)-data set.

Consider another permuting (n, r, k)-action ¢’ in the equivalence class of ¢ with a
distinguished fixed point set P(') = {P}, P}, ..., P.}. Then, by definition, there exists
an orientation-preserving homeomorphism ¢ on Sg such that ¢(P;) = P}, for all j, and
¢to~! is isotopic to ¢ relative to P(¢'). Therefore, Op,(t) = QP;(I/), for1 <j<r and
since O, = O,, the two actions will produce the same permuting (n, r, k)-data sets.

Conversely, given a permuting (n, r, k)-data set (D, Op), we construct the orbifold
O and a representation p : nf’b (O) — C,. Any finite subgroup of nf’"b(O) is conjugate
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to one of the cyclic subgroups generated by «; or y;, so condition (iii) in the definition
of the data set ensures that the kernel of p is torsion free. Therefore, the orbifold
covering S — O corresponding to the kernel is a manifold, and calculation of the
Euler characteristic shows that § = S,. Thus, we obtain a C,-action ¢ on S, with
r distinguished fixed points P(7). We now construct O, from Op in the following
manner. For each pair (p, m,) € Op, write p = (a, b). If a = 0, then choose m, orbits
of size n (this is permitted by the conditions of Definition 3.7(ii)). If @ # 0, then there
exists a cone point in O of degree b, so there exists an orbit of ¢ of size n/b in S,. Once
again, by considering a small neighbourhood of this orbit, we may choose m, distinct
orbits {0, 05, ..., 05} and set O(7) := |, 1c0,{0p> Oy - -, Gy}, which in turn
gives O; = Op.

It remains to show that the resulting action on S, is determined up to our
equivalence. Suppose that two permuting (n, r, k)-actions ¢ and ¢ have the same
permuting (n, r, k)-data set (D, Op). D encodes the fixed point data of the periodic
transformation 7, so by a result of Nielsen [8] (or by a subsequent result of
Edmonds [1, Theorem 1.3]), r and ¢ have to be conjugate by an orientation-preserving
homeomorphism ¢. Let O’ be the quotient orbifold of the action #, and o’ : n{’rb (O0) —
C, be the induced representations. Then ¢ induces a map ¢y : n{”” (0) —» 71{”"’ (O such
that p’ o ¢4 = p as in [6, Theorem 2.1]. If y is a loop around a cone point in O, then
¢4(y) is a loop around a cone point in (', and these cone points are associated to the
same pair in D since p'(¢x(y)) = p(y). Once again, as in [6, Theorem 2.1], a careful
choice of ¢ will ensure that it maps P(¢) to P(¢') and O(¢) to O(¢'). Furthermore,
0, = Op = O, by construction, and hence the permuting data set determines # up to
equivalence. O

4. Non-separating multicurves. Recall that a multicurve C is said to be non-
separating if Sg(C) is connected. In this section, we establish that a root of #
corresponds to a special kind of permuting action on S,(C).

DEFINITION 4.1. Let ¢; be a permuting (n;, r;, k;)-action on Sy, for i = 1, 2. Two
orbits O; € O(t;) are said to be equivalent (in symbols, O ~ O,) if

) 101 ]=102], and
(ii) if | Oy | < n := lem(ny, nz), then we further require that

00,(11) + 00,(12) = 2m/n  (mod 27).

In this section, we will only need the case when #; = f,, but we will need the general
case in Section 5.

DErFINITION 4.2. Let C be a non-separating multicurve in S,. A permuting
(n, 2r, 2k)-action f on Sg(C) is said to be non-separating with respect to C if

(i) there exists » mutually disjoint pairs {P;, P;} of distinguished fixed points in P(¢)
such that 0p,(1) + 0p/(1) = 2m/n (mod 2r), for 1 <i <,
(ii) there exists k£ mutually disjoint pairs {Q;, O’} of distinguished non-trivial orbits
in O, such that Q; ~ O, for 1 <i <k, and
(iii) r+ 3 10 =IC.
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Figure 6. Angle compatibility at each pair {P;, P;} C P().

THEOREM 4.3. Let C be a non-separating multicurve in Sq. Then, for n>1,
equivalence classes of permuting (n, 2r, 2k)-actions on S,(C) that are non-separating
with respect to C correspond to the conjugacy classes in Mod(Sg) of (r, k)-permuting
roots of tc of degree n.

Proof. First, we shall prove that a conjugacy class of an (7, k)-permuting root / of
tc of degree n yields an equivalence class of a permuting (n, 2r, 2k)-action that is non-
separating with respect to C. We assume that r, £ > 0, with the implicit understanding
that, when either of them is zero, the corresponding arguments may be disregarded.

Let P,x(C) ={C},C5, ...,C.,C1,Ca, ..., Ci} be the partition of C induced by &
as in Definition 2.7. Choose a closed tubular neighborhood N of C, and consider
S,(C) as in Definition 2.1. By isotopy, we may assume that #¢(C) = C, t¢(N) = N, and
[C|S/g(\0) = ids/g(\cy Suppose that / is a root of 7¢ of degree n, then by Proposition 2.6, we
may assume that / preserves C and takes N to N.

By the Nielsen—Kerckhoff theorem [4], 7 := h|§@ is isotopic to a homeomorphism

whose nth power is idsf(\c). So, we may change % by isotopy so that 7' = ids/(F)' We fill
g g

in the 2m boundary circles of @ with disks and extend 7 to a homeomorphism ¢ on
S,¢(C) by coning. Thus, ¢ defines a C,-action on Sg(C), where C, = (¢t | 1" = 1).

The C,-action ¢ fixes the centres P; and P; of the 2r disks D; and D; of S, \ S/g(?),
for 1 < i < 2r, whose boundaries are the components of d N which are preserved by
t. The orientation of S, determines one for S¢(C), so we may speak of directed angles
of rotation about the centres of these disks. Since 4" = t¢, it follows from [6, Theorem
2.1] that 6p,(2) + 0p(t) = 2 /n (mod 27), as illustrated in Figure 6.

The remaining disks occurring in Sy \ @ form k pairs of orbits, whose sizes we
denote by my, ms, ..., my. For 1 <j <k, we denote the centres of these pairs of disks
by Q;; and Q;;, and the orbits of these centres by O, and (ED]’-. Thus, ¢ is a permuting
(n, 2r, 2k)-action with P(¢) = {Py, P, ..., P,, P,} and O(r) = {0y, O}, ..., Oy, Oy}

It remains to show that @; ~ Q) for each i. By construction, | Q; | = | Q| = m;, and
if m; = n, then Q; ~ O holds trivially. If not, we write ©; = {Q; 1, Qi2, - - -, Qim,}, O =
{01, Qs -+, O} and note that & is an (n/m;)th root of 7 such that /"(c;1) =
¢i1, where Cjp is a curve in C;. Hence, 0g,,(1") + 0g; (") = 27 /(n/m;) (mod 27),
which implies that m;00,(7) + m;fg (1) = 27 /(n/m;) (mod 27). Since " is induced by
tC's/g(\C)’ it follows that 0g,(7) + 0g/() = 27/n (mod 27). Hence O; ~ O}, and since
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r+ Zf.;l m; = | C| clearly holds by construction, we obtain a permuting (n, 2r, 2k)-
action ¢ on Sg(C) that is non-separating with respect to C.

Now suppose /1, i, € Mod(S,) are two roots of #¢ that are conjugate in Mod(S,)
via ® € Mod(S,), and let ¢, denote the finite order homeomorphisms on Sg(C) induced
by hy, for s = 1,2. Then, tp = &1, = to(c), SO We may assume up to isotopy that
®(C) = C (as in Proposition 2.6) and that $(N) = N. We extend ¢ | 0 to an element
¢ € Mod(S,(C)) by coning. Now, ¢ maps P(¢1) to P(z2), and O(11) to O(1,) bijectively
as in Definition 3.4. Since &, and ® all preserve N, ¢1¢~" is isotopic to t, preserving
P(22) and O(#,). Furthermore, for each O € O(#), p(¢(0)) = p(0). Hence, O,, = O,,
and so #; and 1, will be equivalent permuting (n, 2r, 2k)-actions.

Conversely, given a permuting (n, 2r, 2k)-action ¢ on S,(C) that is non-separating
with respect to C we can reverse the argument to produce the (r, k)-permuting root 4.
If P(t) = {Py, P{,..., P, P}, then for 1 <i <r, we remove disks D; and D} invariant
under the actlon of ¢ around the P; and P; and attaching r annuli to obtain the
surface S,(C \ C'). The condition on the angles {0p,(¢), 6p/(1)} ensures that the rotation
angles work correctly to allow an extension of ¢ to obtain an /sy with hj = fo' in
Mod(S,(C\C)), where C'=U_,C.

If O@) ={0,0],...,0 0.}, we writt O ={011,012,..., Q1.m}, and
con51der disks Dy ; around Q,.; such that #(D;;) = Dj ;1. Similarly, write @’1
{011,015, -+, O, } and consider disks D ; as earlier. Then, we attach n; annuli

connecting 8D1, to 9D} ;. Each such annulus contains a non-separating curve cy ;,
which is unique unto isotopy. Repeating this process for 1 < i < m;, we obtain the
surface S,(C \(C'UC))). Since #(D; ;) = D i1, we may extend the homeomorphism
hy to a homeomorphism h~o € Mod(%(C’ UCy)), which cyclically permutes the c; ;. If
|0y | =| O] | = n, then define /1, := hot,, ,. Otherwise, since Oy ~ O, the difference in
the turning angles around Q; ; and Q) F is2m/n. Let hl be the (1/n)th-twist around ¢y ;.

Now /i 1= hoh1 isan (r, 1)-permuting root of ' ¢, of degree nin Mod(S,(C \(C' UC)))).
We now repeat this process inductively to obtain an (r, k)-permuting root / := hy of 1
of degree n.

It remains to show that the resulting root % of #; is determined up to conjugacy.
Suppose t and £, are two equivalent (n, 2r, 2k)-actions on S,(C) that are non-separating
with respect to C with P(¢,) = {Ps.1, Ps2, ..., Py} and O(t) = {O;1, Oga, ..., Ok},
for s =1, 2. Let ¢ be an orientation-preserving homeomorphism on S¢(C) satisfying
the conditions in Definition 3.4. Then, repeating the argument from [6, Theorem 2.1],
¢ extends to a homeomorphism @y on S,(C\ C’)) such that ®oh; oD, = hy, where
hy o 1s the root of 7 obtained from #,, for s = 1, 2, as above. Furthermore, since ¢ maps
0, to Oy as in Definition 3.4, we may once again extend ®, to a homeomorphism
® satisfying ®h, &~ = h,, where A, is the root of #; obtained from ¢, for s =1,2. [

Note that if C is a non-separating multicurve of size m, then S,(C) &~ Sg_u. A result of
Wiman [3, Theorem 6] states that, if g > 1, then the highest order of a cyclic action on
S, is (4g + 2). Furthermore, if |C| =1 and g > 2, then it was shown in [6, Corollary
2.2] that the degree n of a root of #; is necessarily odd, and that n < 2g — 1. These
results, together with Theorems 3.9 and 4.3, lead to the following corollary.

COROLLARY 4.4. Let C be a non-separating multicurve in Sg of size m, and let h be
an (r, k)-permuting root of t¢c of degree n.
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(i) If r = 0, then

"< 4g—m+2, ifg—m=1, and
& ifg=m.

Furthermore, if g = m, then this upper bound is realizable.

(i) If r = 1, then n is odd.
(iii) If r=1, thenn < 2(g —m) + 1.
(iv) Ifr> 2, thenn < gT—J’lrl.

Proof. If g — m > 1, then by Wiman’s result, the highest order of a cyclic action on
S¢(C) is 4(g — m) + 2. If g = m, then consider the permuting (n, 2r, 2k)-action ¢ on Sy
that is non-separating with respect to C guaranteed by Theorem 4.3. Since ¢ is a cyclic
action of order n on Sy, it must be a rotation by 27£/n radians, where ged(¢, n) = 1.
Since the two fixed points of this action are not compatible in the sense of Definition
4.2, r = 0 and every non-trivial orbit has size n. Hence, m = nk and so n | m, and in
particular, n < m = g. Furthermore, if g = m, let ¢ be the rotation of S, by 27 /m.
Then, ¢ o ., for some ¢ € C, is a root of ¢ of degree m (as in Figure 1), so (i) follows.

Parts (ii) and (iii) follow from [6, Corollary 2.2] that was stated in the discussion
preceding this Corollary. If r > 2, then consider the corresponding permuting (n, 2r, 2k)
data set from Theorem 3.9. Note that the genus (g — m) of the permuting data set is
given by

2—2g — 1 /1
M=2—2go+2r(——l)+z<——l>.
n n o I’lj

Since (1 — 1/n;) = 0 and gy > 0, we have (g —m) — 1 +r > n(—1 4 r), from which (iv)
follows. g

Asmentioned earlier, the bound obtained in Corollary 4.4 (i) is not realizable in general,
as we will show in Section 6.

5. Separating multicurves. A separating multicurve C in S, is one where S,(C) is
disconnected. In this case, we will require multiple finite order actions on the individual
components of S,(C) to come together to form a root of 7¢ on S,.

To begin with, a root /4 of #; induces a non-trivial permutation of the components
of S¢(C). Since h is a homeomorphism, it maps one component to another of the same
genus. Thus, we obtain a decomposition S,(C) = U;_; S,,(m;), where hls, ) induces a
transitive action on each S, (m;). The number s above will be referred to as the number
of surface orbits of h.

To improve the exposition, we consider simpler separating multicurves first, and
then combine them inductively to obtain the general theory. We first consider the case
when C = C™, so S¢(C) has exactly two components, which leads to the following two
possibilities.

DEFINITION 5.1. Suppose that S, = Sg, #¢S,,, where C = C"™_Then a root & of 1¢
is said to be side-preserving if h(S,,) = Sg,, for i = 1, 2, and side-reversing otherwise.

https://doi.org/10.1017/50017089517000283 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089517000283

568 KASHYAP RAJEEVSARATHY AND PRAHLAD VAIDYANATHAN

\Q\Q\O/>

Figure 7. A multicurve C = c® = {c1, 2, 3} In S7 = SH#teSs.

5.1. Case 1: C = C" and the root is side-preserving. In this case, we will require
a pair of compatible actions on two components of S,(C) that need to come together
to yield a root of #¢. For example, in Figure 7, a root of #; would require a pair of
compatible actions (1, f;), where ¢; acts on S, and #, acts on S3.

DEFINITION 5.2. Equivalence classes [ #; ]| of permuting (n;, r;, k;)-actions on Sy, for
i =1,2, are said to form an (u,v)-compatible pair ([ 11 ], [ t2]) of degree n for integers
O<u<rand0<v <k if

(1) n=lem(ny, na),
(i1) there exists {P;1, Pia, ..., Piy} C P(#;) such that for 1 <j <u,

2
Op, (1) + 0p, (1) = —  (mod 27), and
| . -

(iii) there exists {01, O;2, ..., 0;,} C O(1) for i = 1,2 such that O ; ~ O, as in
Definition 4.1, for 1 <j < v.

The number g: =g +g +u+ Z}J:l |O1;]—1 is called the genus of the pair

([t1],[2])- Note that two actions are (1, 0)-compatible if they are compatible

as nestled actions in the sense of [9, Definition 3.2]. We write P(7q, 15) :=

{P]A,], Pl,z, ey Pl,u} and @(l], lz) = {@1,1, @1,2, cey ®1,U}~ We define I]:D(Iz, ll) and

O(t,, t1) similarly.

LEMMA 5.3. Let C ={c1, ¢, ..., cm} be a multicurve on S,, and N; be annular
neighbourhood of ¢;. Write N = UL N;, and suppose t € Mod(Sy) is such that t|s,\n=
ids,\n, then there exists dy, da, . .., dy € N U {0} such that t = tﬁfl‘ .. th,;:'.

Proof. Since t|s,\y= ids,\n, t fixes dN. By definition, each 1 € Mod(¥;) fixes O N;
pointwise, and Mod(¥;) is a cyclic group generated by ¢, (as stated in [2, Proposition
2.4]). So, the lemma now follows from the fact that

Mod(N) = &, Mod(N;) = @/, (t,).
Ol

THEOREM 5.4. Suppose that S; = Sy, #¢S,,, where C = C"_ Then, (u, v)-permuting,
side-preserving roots of te of degree n correspond to the (u,v)-compatible pairs
([t1 ], [ t2]) of equivalence classes of permuting (n;, r;, k;)-actions on the Sg,, of degree n.

Proof. As before, we assume m > 1, and first show that every (u, v)-permuting
root /1 of t¢ of degree n yields a compatible pair ([# ], [#2]) of degree n. Consider
the (u, v)-partition P, ,(C) = {C},...C.,Ci, ..., Cy} of C induced by % as in Definition
2.7. Let S, for s = 1,2, denote the two components of @. Let N be a closed
annular neighborhood of C. By isotopy, we may assume that 7.(C) =C, t¢(N) =N ,
and f¢|g;. = ids; . Putting 7; = h|s; , we may assume up to isotopy that 7;"|s; = idg;
fors=1,2.
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Let n, be the smallest positive integer such that 7" = idg~ s, for s =1,2, and let
= lcm(ny, ny). Then, ¢ := A9 satisfies the hypotheses of Lemma 5.3. Hence, there
ex1sts d. € NU {0} such that 1 =[], tc . Since h”|5g1 = 1ng1 it follows that n; | n, and

similarly 72, | 7. Hence, ¢ | nand s0 [T,ec e = te = (h9)"4 = [0 £2*'. Fix ¢ € C and
restrict the functions on both sides of this equation to a closed annular neighbourhood
of ¢ disjoint from other curves in C. As in Proposition 2.6, we see that nd,./q = 1,
and hence n = g = lcm(ny, ny). We fill in 83‘; with disks to obtain the closed oriented
surfaces Sg, for s = 1, 2. We then extend 7; to a permuting (ny, ry, ky)-action z; on S, ,
where n; | n, for s = 1, 2, and n = lem(ny, ny).

When u > 0, the homeomorphism ¢, fixes the centre points {Ps, ..., Ps,} of u
disks in Sy, \ S‘;, for s = 1, 2. Hence, we may write P(¢1, ) = {P1.1,..., P14} and

P(t2, t1) = {P2.1, ..., P2,}. For 1 <j < u, the proof of [9, Theorem 3.4] implies that
the corresponding turning angles around P ; and P, ; must be compatible in the sense
of condition (ii) of Definition 5.2.

When v >0, let C; ={ci1,¢12,...,Cim}, for 1 <i<wv. Associated with each

curve ¢;; € C;, is a disk DY in each S, \S for s =1, 2. The centres QY of the m;
disks D‘] for 1 <j<m; form an orblt @” in S, for s =1,2. Thus, we obtain a
collection @, = {Oy 1, ..., O, } of v distinguished non -trivial orbits on S,, fors =i, .

It remains to show that @U ~ ,,;, for 1 <i < v, but the argument for this is similar
to that of Theorem 4.3. Hence, the pair ([#; ]|, [ #2])) forms a (u, v)-compatible pair of

degree n.
The arguments for the converse, and the fact that the resulting root is determined
up to conjugacy, are analogous to that of Theorem 4.3. ]

We are now in a position to adapt the arguments from [9] to obtain an upper
bound on the degree of a root of #¢. In [9, Proposition 8.4], it was proved that if ¢
is a separating curve and S, = Sg, #.Sg,, then the degree n of a root of ¢, is bounded
above by 16g1g> + 4(2g; — g2) — 2. Furthermore, if g > 2, then it was proved in [9,
Proposition 8.6] that n < 4g” 4 2g. These results and their proofs will be used below.

COROLLARY 5.5. Suppose that S = Sg, #¢Sq,, where C = C"™. If ndenotes the degree
of a side-preserving root of t¢, then

25
n < 4(g—m)’ +10( —m) + .

Proof. From Theorem 5.4, an (r, k)-permuting root of ¢ of degree n corresponds
to a (r, k)-compatible pair ([#; ], [ 72 ]) of equivalence classes of permuting (;, r;, k;)-
actions on the S,,, of degree n. We shall first establish that, if g; > g», then

n < 16g1g> +4(2g1 — g2) — 2. (*)

If r > 0, (¥) follows from [9, Proposition 8.4]. By an analogous argument, it can
be shown (*) also holds when O(¢1, ;) (and hence O(1,, 1)) contains at least one orbit
whose size is a proper divisor of both n; and n,.

Suppose that r = 0 and every orbit of O(#, 1) is of size ny, and every orbit
of O(ty, 1;) is of size ny. Since O(t1, 1) # @, it follows that n; = np, and hence
n = lem(ny, ny) = n; < 4g; + 2, by Wiman’s result [3, Theorem 6] (as stated before
Corollary 4.4 in Section 4). Once again, we conclude that (*) holds.
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Figure 8. A multicurve C = C®(2) uCV(2) ucV(3) in S»5 with
825(C) = Se U S3(2) U S1(2) U S3(3).

Denoting the expression on the right hand side of (*) by M(g, g2) and putting
g =g — g —m+ 1, we obtain a quadratic polynomial in g; as in [9, Theorem 8.6],
which attains its maximum at g; = % g—m)+ %, and consequently, g, = % g—m)+
%. Upon' substituting these values of g; and g, in the expression for M(gy, g2), we get
the required result. O

5.2. Case 2: C is non-cyclical and the root has exactly one surface orbit of cardinality
1. In this case, the action induced by % on S,(C) has one distinguished surface orbit
of cardinality one, and so it decomposes S,(C) in the form S,(C) = S,, Ui_; S, ,(m1;)
where m; > 1, for 1 < i < s. Note that / has s non-trivial surface orbits. Furthermore, /
partitions C as C = LIi_, C*)(m;) as in Notation 2.3(v). (We refer the reader to Figure 8
for an example.) We thus require an action on Sg, that is pairwise compatible with
actions on each Sg, j(m;). In order to classify roots in this case, we generalize the
notion of a permuting (n, r, k)-action to encompass the action on S,(m) induced by /.

DEFINITION 5.6. Fix integers g > 0 and m > 1.

(i) An orientation-preserving Cy,-action ¢ on S,(m) is said to be a permuting (n, r, k)-
actionif m | nand r = oy, o7, where7is a permuting (n, r, k)-action on each Sg, and
o 1s a cyclical permutation of the components of S,(m), which may be viewed
as an m-cycle (12 ...m).

(i) Let #; and #, be two permuting (n, r, k)-actions on S,(m). Then we say ¢, is
equivalent to t if for all i, 1,"|s; and £,"[s; are equivalent as permuting (n/m, 7, %)-
actions on S, in the sense of Definition 3.4.

REMARK 5.7. Suppose that 7 € Mod(S,) defined a permuting (n, r, k)-action and
t =0y 07, then #; 1= 1"|5;€ Mod(S}) defines a permuting (n/m,7, k)-action on S
Furthermore, all the #; are conjugate to each other via oy,,._

Conversely, if ¥ € Mod(S,) is a permuting (n/m, T, k)-action on S, that has an
mth root 7€ Mod(S,), then the map ¢ := 0,, o7 defines a permuting (n, r, k)-action
on S,(m). Thus, a permuting (n, r, k)-action on S,(m) corresponds to a permuting
(n/m,r, %)—action on S, that has an mth root in Mod(S).

We begin with the simple case when the root induces a single non-trivial surface orbit.

DEFINITION 5.8. Let #; be a permuting (ny, ry, k1)-action on S, , and let ¢, be a
permuting (12, r2, k»)-action on Sy, (m) such that t, = 0,, o f; as in Remark 5.7. Then,
for fixed integers u, v > 0, ([ #1 ], [ t2])) forms a (u,v)-compatible pair of degree n if
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(1) n=lem(ny, ny),
(i) forl <i<m,([6,"], [[t”’|si D) is a (u, v)-compatible pair of degree n/m,

(iii) for l<i<mandl <j<u, there exists mutually disjoint pairs {P! s %j}, where
; € P(#}") and P e P st ) such that
GP}/(II) + Gpgj(t'z) =2x/n (mod 27), and
(iv) for 1 <i<mand1 <j < v, there exists mutually disjoint pairs {@l 1 @2 }, where

i’j € O(t;) and (U)i,j € O(), such that @ @lz], as in Definition 4.1.

Let ([#; ], [#2]) be a (u, v)-compatible pair of degree n as above.

() We write P(1;, ) ={P};: 1 <i<m, 1 <j<u} and P(t, 1)) ={P};: 1 <i <
m,l <j<u}.

(ii) Similarly, wedefine @(t), ) = {O;;: 1 <i<m, 1 <j<v}andO(t;, 1) = {O}; :
1<i<m,1<j<v}

DEFINITION 5.9. Let f; be a permuting (ni,r,kj)-action on Sy, and
let #; be a permuting (ny;, 12, kaj)-action on S, (m;), for 1 <j<s. Then,
(T ], 022105 ---5 [t25]) forms a (s+1)-compatible tuple of degree n if:

(i) foreach 1 <j <, ([#1 ], [t,;]) forms an (u;, v;)-compatible pair of degree , for
some u;, v; > 0 such that k> ; = u; + v;, and
(ii) foreachi #j, O(t1, 1) NO(t1, 12 ) =0 = P(t1, t2,) N P(t1, 12).
The number g = g1 + Zj:l mj(g2; + ko j — 1) is called the genus of the (s + 1)-tuple.
The number k = Y., k2 is called the orbit number of the tuple.

THEOREM 5.10. Let C be a non-cyclical separating multicurve. Then, conjugacy
classes of (0, k)-permuting roots of t¢ of degree n with s non-trivial surface orbits
correspond to (s + 1)-compatible tuples of degree n, genus g and orbit number k.

Proof. Let h € Mod(S,) be a (0, k)-permuting root of degree n on S,. Since the
argument easily generalizes, we assume that /1 has exactly one non-trivial surface
orbit, so that C = CP(m)and S, = S, #c Sg,(m). Then, as in Theorem 5.4, we obtain
a permuting (n1, r1, k1)-action f; on Sy, and a C,,-action #, on S,,(m), where n =
lem(n, ny). Furthermore, / restricts to o, : Sg,(m) — Sg,(m) such that o,y 0t =5 0
om. Hence, the maps 1 ; := o,,'1| s, S;, — S}, are conjugate to each other, and so
is a permuting (ny, r2, kz)-action on Sg,(m), as in Definition 5.6.

Since A" is a root of #¢ of degree (n/m) that preserves m submulticurves c§k> of C, for
1 <i < m,itinduces h; € Mod(X;), where X; := Sé,#CmS and these /; are pairwise
conjugate to each other via 4. Thus, it follows from Theorem 5.4 that there exist integers
u,v > 0 such that ([¢#]'], [#5 |5;{2]]) forms a (u, v)-compatible pair of degree n/m, for
1<i<m.

By condition (ii) of Definition 5.2, there exists mutually disjoint pairs {P}
where P}; € P(r]') and P}; € P(13'| 51, ), such that

2
,/v P[yj};

- 2
O (1) + 02 (B™) = ——  (mod 27).
o i (n/m)
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Once again, since /™" is a root of #¢, it follows that
GP’;/(II) + 9p,2/(l~2) =2mx/n (mod 2m).

Similarly, one obtains condition (iv) of Definition 5.8 as well. Hence, / yields a
compatible pair ([#],[#2]) of degree n, genus g, and orbit number k = k. The
converse is a just a matter of reversing this argument. ]

DEeFINITION 5.11. Let C be a non-cyclical separating multicurve on S,;. We say that
a tuple of non-negative integers

Y= (g1, (821, k2,1, m1), (82,2, k2,2, M2), - . ., (82.5(w)> K2,50)> Msy)))

is said to be admissible with respect to C if there is a decomposition of C in the form
¢ = U %) (m;) and S,(C) in the form S,(C) = S, L") S, (m)).

With a view towards computing bounds, to an admissible tuple v as above, we associate
the number

. 25
M(y):= min m; |:4(g1 +g2i— 1) +10(g1 + g2 — D+ Z:| .

1<i<s(y)

Note that every root of ¢ yields an admissible tuple arising from the associated (s + 1)-
compatible tuple of actions from Theorem 5.10. While the converse is not necessarily
true, it is clear that, given a surface S, and a multicurve C in S,, there are only finitely
many such tuples that are admissible with respect to C. Hence, the supremum described
in the next corollary is taken over a finite set, and can thus be computed by elementary
means.

COROLLARY 5.12. Let C is a non-cyclical separating multicurve, and let h be a (0, k)-
permuting root of tc of degree n. Then, n < sup,, M(V), where the supremum is taken
over all tuples v that are admissible with respect to C.

Proof. By Theorem 5.10, we obtain an (s + 1)-compatible tuple ([# ], [#2.1],
coos[t2s]). Foreach 1 <i<ws, ([]"]. [[ZT,HS;ZJH) forms a compatible pair of degree

n/m; as in Definition 5.2. By Corollary 5.5, it follows that n/n; < [4(g1 + g2.. — 1)* +
10(g1 +g2.— 1)+ %75], and the result follows. ]

5.3. Case 3: C = C" and the root is side-reversing. Let S, = S, #cS,, and / be
a root of #¢. Then, as shown in Figure 9, we should have g; = g», and for i = 1, 2, the
actions h; = h?| s,, are now compatible (n/2, r;, k;)-actions in the sense of Definition
5.2. Furthermore, they are conjugate by £, so they define the same equivalence class.
Thus, the proof of Theorem 5.10 can be adapted to obtain side-reversing version of
Theorem 5.4 and its corollaries.

THEOREM 5.13. Suppose that S, = Sy, #¢Sg,, Where C = C'" and g\ = g. Then,
(r, k)-permuting, side-reversing roots of tc of degree n correspond to the (r, k)-compatible
pairs ([ 11 ], [ 12]) of equivalence classes of permuting (n, r, k)-actions on the S,, of degree
n, where [t ] = [ 2]
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c®

(==f==

Figure 9. A multicurve C = C® in Ss = Sy#¢Ss.

Figure 10. A cyclical multicurve C = {cy, ¢2, ¢3, ¢4} in Ss.

Since side-reversing roots of degree n can be squared to obtain side-preserving roots

of degree n/2, the following corollary can be obtained by putting g; = g» = g"g“ in

Equation (*) of Corollary 5.5.

COROLLARY 5.14. Suppose that S, = Sg #¢Sg,, where C = C™_ If n denotes the
degree of a side-reversing root of tc, then

n < 8(g — my* + 20(g — m) + 8.

5.4. Case 4: C is cyclical and the root is (0, k)-permuting. In this case, a root
h of tc decomposes Sg(C) as Sy(C) = Uj_; Sg,(m;), where each m; > 1. Note that, as
in Definition 2.4, we assume that S,(C) has at least 3 components. For example, in
Figure 10, a root of 7 may induce a partition of S5(C) in two different ways. It may
happen that /4 is a (0, 1)-permuting root, in which case S5(C) = S(4). Alternatively, if
his a (0, 2)-permuting root, then we would write S5(C) = S1(2) u S1(2).

REMARK 5.15. We claim that all the m; in the above decomposition of Sg(C) are
equal. To see this, consider the decomposition (as in Definition 2.4)

k
SgZUEi(/C-\\Ci,

i=1
where X; = Sy #c,S,, with j=(i+1) (mod k). The homeomorphism / induces a

homeomorphism /' : ¥; — X}, where X} = Sg#nc)Sg and {g:, g} = {g}, g;}. Hence,
mj = mj.
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DEFINITION 5.16. Let m > 2, u,v > 0 be fixed integers. Let 7; be a permuting
(ni, ri, kj)-action on Sq,(m) such that t; = 0,,,; 0 7;, for i = 1, 2 as in Remark 5.7. Then,
the equivalence classes ([ 71 ], [ #2 ]) are said to form a cyclical (u,v)-compatible pair of
degree n if

(i) n = lem(ny, ny),
(i) for 1 <i<m, (] tlm|S;;l 1. [[t’f|5§2 D) is a (u, v)-compatible pair of degree n/m,
(iii) for 1 <i<m, 1 <j<u, there exists mutually disjoint pairs {P],,

P} € P(}'|s; ) and P} € P(#}']s;,) such that

P? ), where

oo (7 N , if’ﬁ:idsé_ fori=1,2, and
P '!J(tl) +0p %f(tz) ~ |27/n (mod 27), otherwise, and

(iv) for1 <i<mand1 <;j < v, mutually disjoint pairs {O};, O;,}, where O} € O(7})

and @fj € O(#), such that @}’j ~ @fj, as in Definition 4.1.

Let ([ ], [ #2]) be a cyclical (u, v)-compatible pair of degree n as in Definition 5.8. We
write

() P(t,)={(P};:1<i<m1<j<u} and P(ty, 1)) ={P};: 1 <i<m,1<j<
u}.
(ii) Similarly, wedefine O(t;, ) = {O};: 1 <i<m, 1 <j<v}andO(t, ) = {0}, :
l<i<m,1<j<v}
(iii) Putting (11, 12) :=u+ Y110}, |- 1=u+Y ) |07;|—1, we define the
number g := m(g; + g2 + B(t1, 12)) to be the genus of the pair.

DEFINITION 5.17. Let m > 2 be a fixed integer. Let ¢; be permuting (n;, r;, k;)-actions
on Sy, (m),forl <i <s.Then, ([t ], [t2], ..., [t ]) forms a cyclical s-compatible tuple
of degree n if:

(a) Foreach 1 <i <s, n=lem(n;, nj), where j = (i + 1) (mod s).
(b) Whens =1,
() forl <i<m,(] s, I, [[l"1"|sx;l D is a (u, v)-compatible pair of degree n/m,
where k = (i + 1) (mod m),
(i) for 1 <i<mand 1 <j <u, there exists mutually disjoint pairs {P};, P} },
where P}, € P(}']s, ) and P} € P(#7'|s;,) such that

~ ~ 0, if fj =idy , and
Op1 (1) + Op2 (11) “

2w/n  (mod 27), otherwise,

(iii) for 1 <i <m and 1 <j < v, there exists mutually disjoint pairs {@1 @?J},

i
where @b € O(f) and @zj € O(#), such that G)},j ~ @3, as in Definition 4.1,
and

(iv) forl <i <m,if¢ = (i — 1) (mod m), then with Notation as in Definition 5.2,

P(elsy,» g ) NP5y g ) =0 = O sy, » 1715 ) VO Ly, 1Ly, ), and
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(v) the numbers k:=u+v and g:=m(g +u+v— 1) are called the orbit

number and genus of the tuple respectively.
(c) Whens > 1,forl <i <s,
(1) ([#].[#]) forms a (u;, v;)-compatible pair of degree n for some u;, v; > 0,

where j = (i + 1) (mod s),

(11) @(l‘,‘, l]) N @(l‘,‘, t)=0= P(l‘,‘, []) N U:D(l,‘, t), where £ = (i— 1) (mod s), and

(i) if g; denotes the genus of the pair ([ # ], [ #]) where j = (i + 1) (mod s), then
k=31 (u;+v)andg :=m (> ;_[g + B(1, 1;)]) are called the orbit number
and genus of the tuple, respectively.

The proof of the following theorem and its corollary are now analogous to that of
Theorem 5.10 and Corollaries 5.12 and 5.14, keeping in mind Remark 5.15.

THEOREM 5.18. Let C be a cyclical multicurve on Sg. Then, conjugacy classes of
(0, k) permuting roots of t¢ of degree n with s non-trivial surface orbits correspond to
cyclical s-compatible tuples of degree n, genus g and orbit number k.

As in Definition 5.11, every root of #; is naturally associated to a tuple of integers
arising from the decomposition of C and of S,(C). Once again, an admissible tuple
does not necessarily imply the existence of a root as the tuple does not capture the
finite order actions and their compatibilities as in Theorem 5.18. Let C be a cyclical
multicurve on S,. We say that a tuple

1// = (05 (gla klv m)v (g27 k2a m)v ctt (gY(ll/)a kv(lﬁ)v m?(l/f)))

is said to be admissible with respect to C if there is a decomposition of C in the
form C = uf('p]) L, Cr; and Sg(C) in the form S,(C) = uv(w) Sg,(m) such that S, =

U U 54(C \ Cr.i). where Ty = SE#e,,SE with j = (i+ 1) (mod s(¥)). Given
an admissible tuple ¢ as above, we once again associate the number

MW)=m mlr(l |:4(g1 +gi— 1> + 10(g; +g -1+ 25}

where j = (i + 1) (mod s(v/)). This tuple is now used to compute a bound on the degree
of a root as in Corollary 5.12.

COROLLARY 5.19. Let C be a cyclical multicurve on S,, and let h be a (0, k')-permuting
root of tc of degree n. Then, n < sup,, M(V), where the supremum is taken over all tuples
Y that are admissible with respect to C.

5.5. Case 5: C is a non-cyclical and the root has multiple surface orbits of
cardinality 1. We now consider the case of an (r, k)-permuting root of 7 where
r,k > 0. We begin by writing S, as a connected sum of subsurfaces S,, across those
bounding submulticurves that are preserved by 4. The restriction of / to each Sy, is
then a (0, k;)-permuting root of the Dehn twist about the submulticurve D; := CNS,,.
This allows us to apply Theorem 5.10 to obtain finite order actions on Sg,(D;)
such that pairs of actions on adjacent subsurfaces are compatible (in the sense of
Theorem 5.4).

Let C be a non-cyclical separating multicurve in Sy, and let /2 be an (r, k)-permuting
root of 7.
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c“)(z) c® ’

Figure 11. Sy4 with a separating multicurve C.

(1) We shall denote the set of all bounding submulticurves of C that are preserved by

h by Fixh(C) = {51, ey Em(h)}-
—m(h)

(i) Writing S; = #,_; (S, #¢,S,,,,) as in Notation 2.3, and D; := C NS,,, we have that
foreachi, Sy, N C,k(h)isa (0, k;)-partition of D;, which has the form S,, N C,.x(h) =
ki .

(CEmiy) 1 <j < k).

(iii) Forl <i<r+ 1, wewrite Sy, = #_,(Sy, #p,, Sq., (m;,)), where Dy = C\” (im; )
and g; = gi1 + 2;11 m;j(gia; + kij— 1).

In Figure 11, we have the surface S»4 with the multicurve

C=C?QucPuc®uc®uch@).

According to the notation introduced above, we have

Soy = <S3(2)#C‘2)(2)S2#C<”(2) §1(2)> #o0S2# 00 (Sl #c(l)(3) §3(3)) .

DerINITION 5.20. Fix m,ne N, and for 1 <i<m+1, let F=(t1],-...,
[ti2s]) be an (s; + 1)-compatible tuple as in Definition 5.9. Then, the tuple
(t1, ..., Tuy1) 1s said to form an (m+1)-compatible multituple of degree n if for each
l<i<(@m+1),

(i) the pair ([ 71 ], [ ti+1.1]) forms an (r; 1, k;1)-compatible pair of degree n, and
(i) O, ti01,0) N (UL, O, 112,)) = 0 = P, fi01.0) 0 (U1 P, 122,))
If g(7;) denotes the genus of 7, and & := Y e .1,y | @I, then the number

m+1 m

g=) @+ Y (ri+kio—1)
i=1

i=1
is called the genus of the multituple.
The following theorem follows from Theorem 5.4 and 5.10.

THEOREM 5.21. Let C be a non-cyclical separating multicurve in Sq. Then, the
conjugacy class of a root h of t¢ of degree n with m surface orbits of cardinality 1
corresponds to an (m + 1)-compatible multituple of degree n and genus g.

Let C be a non-cyclical separating multicurve in S;. We say that a tuple ¢ =
(W1, Y2, -« s Yimy)) 1s admissible with respect to C if there are disjoint submulticurves
{€)", C C,and adecomposition of S in the form S, = #,_,(Sg,#e,Sq,., ), Where each y;
is an admissible tuple with respect to C NSy, C Sg,, 1 < i < min the sense of Definition
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5.11. Using Theorem 5.21 and Corollary 5.12, we obtain the following bound on the
degree of a root in this case.

COROLLARY 5.22. Let C be a non-cyclical separating multicurve in S,, and let h be
root of te of degree n. Then,

n<sup min lem((M¥,)], [MYit1)]),
vy 1=ism(y)

where M(v;) is as in Definition 5.11, [x] denotes the greatest integer < x, and the
supremum is taken over all multituples v that are admissible with respect to C.

If C is a generic separating multicurve, then C can be expressed as a disjoint union
of non-separating multicurves and separating multicurves that are either cyclical or
bounding. Consequently, the general theory for a separating multicurve will encompass
the theories developed earlier sections. For the sake of brevity and clarity of exposition,
we shall refrain from developing a theory for this case. However, we will classify such
roots in Mod(Sy), thereby indicating how such a theory would follow from the ideas
developed in Sections 4 and 5.

6. Classification of roots in Mod(Ss). In this section, we classify roots of
Dehn twists about multicurves in Mod(S4). When classifying an (m + 1)-compatible
multituples (71, ..., f,+1) that corresponds to a root, Condition (i) of Definition 5.20
and Condition (ii) of Definition 5.9 help in eliminating data sets that do not lead
to roots. For the sake of brevity, we only list those data sets that do lead to roots.
Furthermore, in each case, a careful examination of the data set D also gives Op, and
so we only display the former.

Finally, when 7; is a permuting (n;, r;, k;)-action on Sg,(m1;), we use Remark 5.7 and
replace 7; by the corresponding action on S,,, which has a root 7; of degree m;, whose
equivalence class can be encoded by a data set D;. Therefore, an (m + 1)-compatible
multituple (71, ..., 7,,+1) is described by a tuple (D, D, ..., D,,11) of data sets, which
will be listed in a table. While enumerating the curves in a multicurve, as a general
convention, separating curves will be denoted with the letter ¢, while non-separating
curves will be denoted with the letter d.

C is a non-separating multicurve

(n,r,k) | C D,

4,0,1) | {d1,d>,ds,ds} | (4,0,1;(1,4),(1,4)
4,0,1) | {d1,d>,ds,ds} | (4,0,3;(3,4),3,4)
(2,0,2) | {d1,dr, d3,ds} | (2,0,1;(1, 2),(1,2))
(3,0,1) | {d1, d, d3} 3,1,1;)

(3,0, 1) | {di, d>, d5} (3,1,2)

(2,0,1) | {d1, do} (2,1,0;(1,2),(1,2)

Note that this shows that a non-separating multicurve of size 3 on S does not
have a root of degree 6. Hence, the upper bound obtained in part (i) of Corollary 4.4
is not realizable in general.
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C is a separating multicurve

Table 1. C = {cy, ¢2, ¢3, ca}, Sa = So#cS1(4)

(n, 1, k) D D,
4,0,1) (4,0, 1;(1,4),(1,4)) (1,1;)
4,0,1) 4,0,3:3,4),3,4) 1, 1;)

Table 2. C = {c1, 2, 3, ¢4}, S4 = S1(Q)#H(c1,e2) 0B (3,4 S1(2)
(n, 1, k) D D, D;

2,0,2) (1,1,0;) (2,0,1;(1,2),(1,2) (1,1,0;)
6,0,2) (6,0,0;(1,6),(1,2),(1,3)) (2,0, 15(1,2),(1,2)) (6,0,0;(1,06),(1,2),(1, 3)

Table 3. C = {ci1, ¢2, c3}, Sa = S1#cS1(3)

(n,r, k) D D>
(3,0, 1) (3,1,0;) (1,1,0;)
6,0,1) (6,0,0;(1,6),(1,2), (1, 3)) (1,1,0;)
6,0,1) (6,0,0;(5,6),(1,2), (2, 3) (1,1,0;)
6,0,1) 3,1, 1;) (6,0,0;(1,6), (1, 2), (1, 3))
6,0,1) 3,1, 1;) (6,0,0;(5,6), (1, 2),(2,3))
Tabled. C = {dy, d», d3} is
cyclical
(n, 1, k) D
(3,0, 1) (1,1,0;)
(3,0, 1) (3,0,0,(2,2)(2,3))
Table 5. C = {c1, ¢2, ¢3}, Sa = Si#c, S1#(cy,c3151(2)
(n,1,k) D, D Ds
[CRMY] (1,1,0,(1);) (4,0,0,(1);(1,2),(1,4) (1,0, 15)
6, 1,1 (1, 1,0, (1);) (6,0,0, (1);(1,2), (1, 3)) (1,0, 1;)

611 (3002);23),23) ((20001);(,2),d,2),1,2) (6,0,0(,6),(1,2),d,3))

Table 6. C = {c1, c2, c3}, S4 = Si#¢; Si1#e, S1#e; S
(l’l, I k) Dl D2 D3 D4

(3,3.00  (3,0,0,(2);(2,3).(2,3) (3,0,0,(2.2);(2,3)) (3,0,0,(2,2);(2,3)) (3,0,0,(2);(2.3),(2,3))
(12,3,0) (3,0,0,(1);(1,3).(1,3) (4,0,0,(3,3):(1,2)) (3,0,0,(1, 1);(1,3)) (4,0,0,(3);(1,2),(3,4)
(12,3,0) (4,0,0,(3)(1,2),(3,4) (3,0,0,(1,1);(1,3)) (4,0,0,(3,2)(1,2)) (3,0,0,(1);(1,3),(1,3)

Table 7. C = {c1, 2}, S4 = S2#cS1(2)

(n, 1, k) Dy D,

6,0,1) (2,0,0;(1,2),(1,2),(1,2),(1,2),(1,2),(1,2) (6,0,0;(1,06),(1,2),(1, 3)
6,0,1) (2,1,0:(1,2),(1,2)) (6,0,0;(1,6),(1,2),(1,3))
6,0,1) (6,0,0;(5,6), (1, 3), (5, 6)) (1,1,0;)

Table 8. C = {c1, c2}, S4 = S1#c,; S1#c, 5.
(n, 1, k) Dy Dy Ds
(6,2,0)  (6,0,0,(5);(1,2),(2,3))  (3,0,0,(1,1);(1,3))  (6,0,0,(5);(1,3), (5, 6))
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Table9. C=C®, S, =S 1#¢S1. The last three roots are side-reversing
(n, 1, k) Dy D
(3,0, 1) (3,0,0;(1, 3), (1, 3), (1, 3)) (3,0,0;(1, 3), (1, 3), (1, 3))

(3,0, 1) (3,0,0;(1,3), (1, 3), (1, 3) (3,0,0;(2,3), (2. 3), (2, 3))
(3,0,1) (3,0,0:(2,3), (2,3), (2, 3)) (3,0,0:(2,3),(2,3), (2. 3))
(3,0, 1) (3,0,0(2,3), (2,3), (2, 3) (3,0,0;(1,3), (1, 3), (1, 3)
(6,0,1) (3,0,0:(1,3), (1,3). (1, 3)) (6,0,0:(1,6), (1,2), (1,3))
(6,0, 1) (3,0,0:(1,3), (1, 3), (1, 3) (6,0,0;(5,6), (1,2), (2, 3))
(6,0,1) (3,0,0:(2,3), (2,3), (2, 3)) (6,0,0:(1,6), (1,2), (1,3))
(6,0, 1) (3,0,0(2,3), (2,3), (2, 3) (6,0,0;(5,6), (1,2), (2, 3))
4, 1,1)  (2,0,0,(1)01,2),(1,2),01,2) (4,0,0,(3);:(1,2),(3,4)
(3,3,0) (3,0,0,(2,2,2)) (3,0,0,(2,2,2))
(6,3,0) (3,0,0,(2,2,2);) (2,0,0,(1, 1, 1):(1, 2))
(3,0, 1) (1,0,0,1;) (1,0,0,1;)
(3,0,1) (1,0,0,2;) (1,0,0,2;)
(6,3,0) (3,0,0,(2,2,2)) (3,0,0,(2,2,2))

Table 10. C = C®(2), S4 = Si#.0So#q0) 1

(n,r, k) D Dy D3

(2,0,2) (2,0,0;(1,2),(1,2),(1,2),(1,2) (2,0,0;(1,2),(1,2) (2,0,0;(1,2),(1,2),(1,2),(1,2)
4,0,2) (4,0,0;(1,4),(1,2),(1,4) (2,0,0:(1,2),(1,2) (4,0,0;(1,4),(1,2),(1,4)
4,0,2) (4,0,0;(1,4),(1,2),(1,4) (2,0,0;(1,2),(1,2) (4,0,0;(3,4),(1,2),(3,4)
4,0,2) (4,0,0;(3,4),(1,2),(3,4) (2,0,0:(1,2),(1,2) (4,0,0;(3,4),(1,2),(3,4)
(6,0,2) (6,0,0;(1,6),(1,2), (1, 3) (2,0,0;(1,2),(1,2) (6,0,0;(1,6),(1,2),(1, 3)
6,0,2) (6,0,0;(1,6),(1,2), (1, 3)) (2,0,0:(1,2),(1,2) (6,0,0;(5,6),(1,2),(2,3)
(6,0,2) (6,0,0;(5,6), (1, 2), (2, 3) (2,0,0;(1,2),(1,2) (6,0,0;(5,6),(1,2),(2,3)

Table 11. C =C®(2), S4 = So#cS1(2)
(n, 1, k) D, D

(2,0,2) (2,0,0;(1,2),(1,2)) (1,1,0;)
(6,0,2) (2,0,05(1,2),(1,2)) (6,0,0;(1,06),(1,2),(1, 3)

Table 12. C = {c;}uC?, Sy = Si#c, Si#p0 S

(n, 1, k) D D> D3
6,1, 1) (3,0,0,(2);(2,3).(2,3)  (2,0,0,(1);(1,2),(1,2),(1,2) (6,0;(1,6),(1,2), (1, 3))
6,1, 1) (1,1,0,(1);) (6,0,0,(1);(1,2), (1,3) (2,0;(1,2),(1,2),(1,2),(1,2)
(3,3,0) (3,0,0,(2);(2,3),(2,3)) (3,0,(2.2,2)) (3,0,(2,2);(2,3))
(12,3,0)  (4,0,0,(3):(1,2), (3,4)) (3,0,(1,1, 1)) 4,0,(3,3);(1,2)
Table13. ¢ =CcV@) u{d, ..., da},
Sy = SO#C(I)(4)SI(4) with d; € S}
(}’l, r k) Dl D2
4,0,2) (4,0,0;(1,4), (1, 4) (1,0,0;)

Table 14. C =CV@) uldi, b, d}, dy)}.
Sy =8 (2)#0(”(2)*90#(3“)(2)51 () with d;, d} € S

(n, r, k) D D, D3
2,0,4) (1,0,0;) (2,0,0;(1,2),(1,2) (1,0,0;)

https://doi.org/10.1017/50017089517000283 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089517000283

580 KASHYAP RAJEEVSARATHY AND PRAHLAD VAIDYANATHAN

Table 15. C =CD@)u{d), dv}, Ss = S12Q# ) 2) St ) S1(2)
with d; € S}
(n, 1, k) Dy D> D3
(2,0,3) 1,1,0;) (2,0,0;(1,2), (1,2) (1,0:)

Table 16. € = C"Q) U {c1, 2, d1, db), S = S1(#kca o (Si#be, Sotter S1) with
die S
(. r.k) D D D; Dy
(2.2.2) (1.0:) (LL1) (2.0, 1:(1,2) (L11)

Table 17. C =CV3)u{d, dy, d3}, Sa =
M #C(l)(3)S1 (3) with d; € S}

(n, 1. k) D, Dy
(3,0,2) 6. LL) (1,0,0:)

Table 18. C =CDQ)u{cy, di, da}, Sa = Si#e, S) #0(1)(2)S1(2) with
di € S
(n, 1, k) Dy D> D3
2,1,2)  (2,0,1;(1,2),(1,2),(1,2) (1,1,1;)  (4,0;(1,4),(1,4)

Table19. ¢ =CcVQ)u{d;, d>}, S4 = Satto)2)S1(2) with d; € s

(n, 1, k) D, D,
(2,0,2)  (2,0:(1,2),(1,2),(1,2),(1,2),(1,2),(1,2))  (4,0;(1,4),(1,4))
(2,0,2) (2, 1;(1,2),(1,2) (4,0;(1,4),(1,4)

Table 20. C =CVQ)u{d, d>}, S4 = Satt 015 S1(2) with
d,' € S\z
(n, r, k) D D>

(2.0,2)  (2,0:(1,2),(1,2)  (40:(1,4).(1,2),(1,4)
202 206d,2,0,2) 40@34,.(1,2),3,4)

Table 21. C = {c1,d;, d»}, S4 = Sl#cl S3 with
{di, db} C 83

(n, 1, k) D, D,
2,1,1) 1,1, 1;) (2,0, 1;(1,2),(1,2),(1,2)

Table 22. C = C? u{d, db}, Sa = Sa#tpe) St with {d1, do} C 5
(n, 1, k) D D>
(2,0,2)  (2,0;(1,2),(1,2))  (2,0;(1,2),(1,2),(1,2),(1,2))
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Table 23. C =C?, Sy = SH#cS)

(n,r, k) Dy Dy

.00 (2.0.0:1.2,(L2). (1.2.(1.2.(1.2).(1.2) (3.0,0:(1.4).(1,2). (1. 4)
GO0 Q0012 (12 (1. 2). (1.2, (1.2). (1. 2) (4.0,0:3.4).(1.2). (3.4)
4,0,1) (2,1,0;(1,2),(1,2) (4,0,0;(1,4),(1,2),(1,4))
4,0,1) (2,1,0;(1,2),(1,2) (4,0,0;(3,4),(1,2),(3,4)
4,0,1) 4,0,0;(1,2),(1,2),(3,4) (2,0,0;(1,2),(1,2),(1,2),(1,2)
4,0,1) (4,0,0;(1,2),(1,2),(3,4) 2,1,0;)

4,0,1) 4,0,0;(1,2),(1,2),(2,4) (2,0,0;(1,2),(1,2),(1,2),(1,2)
4,0,1) (4,0,0;(1,2),(1,2),(2,4) 2,1,0;)

(6,0,1) (2,0,0;(1,2),(1,2),(1,2),(1,2),(1,2),(1,2) (6,0,0;(1,6),(1,2), (1, 3)
6,0,1) (2,1,0:;(1,2),(1,2)) (6,0,0:(1,6), (1, 2), (1, 3))
6,0,1) (6,0,0;(5,6), (1, 3), (5, 6) (2,0,0;(1,2),(1,2),(1,2),(1,2)
6,0,1) (6,0,0;(5,6), (1, 3), (5, 6) 2,1,1;)

2,2,0) (1,2,0,(1, 1);) (2,0,,0(1, 1); (1, 2), (1, 2))
2,2,0) (2,0,0,(1,1);(1,2),(1,2),(1,2),(1,2) (1,1,0,1,1);)
2,2,0) (2,1,0,(1,1);) (1,1,0,(1, 1);)
(3,2,0) (1,2,0,(1,1);) (3,0,0,(1, 1); (1, 3))
(3,2,0) (3,0,0,(1,1);(2,3),(2,3) (1,1,0,(1, 1);)
(3,2,0) (3,0,0,(2,2); (1, 3),(1,3) (3,0,0,(2,2):(1,3),(1, 3))
4,2,0) (1,2,0,(1, 1);) (4,0,0,(1, 1);(1,2))
(5,2,0) (5,0,0,(1,1);(3,5) (1,1,0,(1, 1);)
(6,2,0) (6,0,0,(1,1);(2,3) (1,1,0,(1, 1);)
6,2,0) (2,0,0,(1,1);(1,2),(1,2),(1,2),(1, 2) (3,0,0,(2,2);(2,3))
(6,2,0) (2,0,0,(1,1);(1,2),(1,2),(1,2),(1, 2) (3,0,0,(2,2);(2,3))
(6,2,0) (2,1,0,(1, 1);) (3,0,0,(2,2);(2,3))
(6,2,0) (3,0,0,(2,2);(1,3),(1,3) (2,0,0,(1, 1);(1,2), (1, 2)
6,2,0) (6,0,0,(5,5);(L,3) (3,0,0,(1, 1);(1, 3))
(12,2, 0) (3,0,0,(1,1);(2,3),(2,3) 4,0,0,(3,3);(1,2))
(12,2,0) (6,0,0, (5,5);(1, 3) (4,0,0,(1, 1);(1,2))
(15,2,0) (5,0,0,(3,3);4,5) (3,0,0,(2,2);(2,3)
(20,2,0) (5,0,0,(4,4);(2,5) (4,0,0,(1, 1);(1,2))

7. Concluding remarks.

7.1. Roots and the Torelli group. Let W : Mod(S,) — Sp(2g, Z) be the symplectic
representation of Mod(SS,) arising out of its action on H,(S,, Z). Form € N, the natural
surjection Sp(2g, Z) — Sp(2g, Z/mZ) induces a map ¥, : Mod(S,) — Sp(2g, Z/mZ).
For m > 3 and g > 1, the kernel of this map, denoted by Mod(S,)[m], is a torsion-free
subgroup of finite index in Mod(S,) [2, Theorem 6.9], called the level m congruence
subgroup of Mod(Sg).

THEOREM 7.1. Let h be the root of the Dehn twist tc about a multicurve C in S,.
Then, h ¢ Mod(Sg)[m], for m > 3.

Proof. Let i(a, b) denote the algebraic intersection number between isotopy classes
a, and b of simple closed curves in S,. If ¢ is a non-separating curve in S,, there
is a non-separating curve d such that i(c, d) = 1, and {c, d} can be extended to a
geometric symplectic basis of H1(Sg; Z). Now, [2, Proposition 6.3] states that, for any
k>0, \Il(tlg)([a]) = [a] + ki(a, b)[b], and so we have ¥(¢.)[d] = [c] + [d]. Hence, if C is
a multicurve contains at least one non-separating curve, then #¢c ¢ Mod(S,)[n], for all
m > 1. So, we assume that every curve in C is a separating curve, and we fix m > 3.
From the theory developed in earlier sections, we know that a root of #¢ induces a
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non-trivial partition S,(C) = Lii_; Sg,(m;), and an action of the form o, o #; on each
Sy, (m;), where t; is a permuting (n;/my;, r;, k;)-action on a surface S;

Suppose that some m; > 1, then we must have that g; > 0 since all the curves in
C are separating. If #]" = 1d51 , then ¢; is equivalent to 1d51 (by Definition 5.6), and
so h induces a non- terlal permutatlon of the 2g;m; standard generators of H{(Sg; Z)
contributed by Sg,(m;), and hence W,,(/) is non-trivial. If " # 1d51 then W, (¢")
forms a finite order subblock of W,,(A™). Since Mod(S,)[m] is torsion- free, it follows
that 4™ ¢ Mod(S,)[m], and so & ¢ Mod(S,)[m].

Suppose that every m; = 1. Then, there must exist some component Sg, of S¢(C)
with g; > 1, where 4 induces a non-trivial permuting action. This action yields a non-
trivial finite order subblock of W,,(4), and since Mod(S,)[m] is torsion-free, we have
that 1 ¢ Mod(S,)[m]. ]

Note that the above theorem does not hold for m = 2 as the first root listed in Table
10 provides a counterexample.

7.2. Roots of finite product of powers. We believe that the theory developed in
this paper for classifying roots up to conjugacy for finite products of commuting Dehn
twists can be naturally generalised to one that classifies roots of finite products of
powers of commuting twists.

Currently, the compatibility condition requires that pairs of distinguished orbits
(or fixed points) of permuting actions should have associated angles that add up to
27/n (mod 27). When c is a single non-separating curve, the roots of 7 for 1 < £ < n,
were classified in [10] by using a variant of this condition, which required that the angles
associated with compatible fixed points add up to 27¢/n (mod 2x). This notion of
compatibility of fixed points can be generalized to orbits, and this could lead to the
classification of roots of homeomorphisms of the form [, 7 L ' where {c1, ¢2, ..., Cn)
is a multicurve and each ¢; € Z. In particular, this will account for bounding pair maps,
which are maps of the form lctgl where ¢ and d are homologous non-separating simple
closed curves.
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