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Abstract

We address the construction and approximation for feed-forward neural networks
(FNNs) with zonal functions on the unit sphere. The filtered de la Vallée-Poussin
operator and the spherical quadrature formula are used to construct the spherical FNNs.
In particular, the upper and lower bounds of approximation errors by the FNNs are
estimated, where the best polynomial approximation of a spherical function is used as a
measure of approximation error.
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1. Introduction

Feed-forward neural networks (FNNs) with single hidden layer are a class of basic
neural networks, which can be described mathematically as

N

N(x) = Z cid(wi - x + 6)), (1.1)

i=1

where ¢ : R — R s the activation function, x = (x, x2,...,x,)" € R"istheinput, c; € R
(i=1,...,N) are the output weights connecting the N nodes, w; = (w;1, Wi, .. ., Wiy) €
R" are the input weights connecting the ith hidden node and the input and 6; € R
(i=1,...,N) are the biases of hidden nodes.

It is well known that FNNs are universal approximators. In many applications in
geophysics and metrology, the data are collected over the surface of the Earth by
satellite or ground stations. Naturally, the FNNs as in (1.1), defined on the sphere,
should be a powerful tool for solving this problem [2, 6, 7, 9]. There are usually
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two kinds of activation functions used to construct FNNs for the approximation of
spherical functions. One is the sigmoidal function [1, 7] and the other is the spherical
radial basis function, also called the zonal function, which can be derived from a real
function ¢ defined on the interval [-1, 1]. Recently, there have been a lot of results
about approximation by spherical positive-definite radial basis functions, because this
kind of network has the property of interpolation to the target function and has been
proved to be very applicable in data fitting, especially in the case of scattered data
(see [7, 9] and the references therein). Mhaskar et al. [9] considered another kind of
radial basis function, for which none of the Fourier—Legendre coefficients of ¢ is zero,
and they discussed the approximation of networks derived from ¢ for functions defined
on the unit sphere. In this paper, we further study the construction and approximation
of this kind of spherical neural network.

This paper first uses the filtered de la Vallée-Poussin operator and a spherical
quadrature formula to construct the explicit FNNs on the unit sphere. Then an upper
bound of error is obtained; especially, a lower bound of approximation error for the
networks is estimated by using a constructive method.

2. Preliminaries

Let S? = {x € R3 | |x], = 1} be the two-dimensional unit sphere embedded in R3,
where | - |, denotes the Euclidean norm. The surface measure on S? is denoted by
p and we assume that it is normalized such that [, du = 4z. The space L? = L*(S?)

is the usual Hilbert space of square-integral functions on S? with the inner product
(f,e) = st f(x)g(x) du(x) and the norm ||fll» = +/(f,f). The space of continuous
functions on S? is denoted by C(S?), which is a Banach space with respect to the
supremum norm || f|le = sup sz | f(X)I.

For an integer [ > 0, the restriction to S? of a homogeneous harmonic polynomial
of degree [ is called a spherical harmonic of degree I. The class of all spherical
harmonics of degree [ is denoted by H; and the class of all spherical harmonics of
degree [ < n is denoted by I1,,. The spaces H; are mutually orthogonal and, obviously,
I, = @7:0 H;. The dimension of H, is 2n + 1 and that of II, is },_,(2[+ 1) =
(n+ 1)2. Tt is well known that L*(S?) = closure @io H;. For any [ € N, the set
(Yiplk=1,2,...,2] + 1} denotes a real L?-orthonormal basis of H;. And, Yiell=
0,1,...,n, k=1,2,...,21+ 1} forms an L?-orthonormal basis of IT,. We have the

well-known addition formula
20+1

Z Y ()Y (y) =
=1

20+ 1
ar

Pi(x-y),

where x - y denotes the usual inner product on R3, and P; is the Legendre polynomial
with the degree [ with Pi(1)=1. If ¢ € L'[-1,1] and Y, € H;, then we have the
following Funk—Hecke formula [5]:

1
L ¢(x - MYi(y) du(y) = 2nY (x) f G(OP(t) dt = 2np(DY (). (2.1)
2 -1
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Since the set {Y;x[=0,1,...;k=1,2,...,2/+ 1} is an orthonormal basis for L*(S?),
any function f € L? can be expanded into a Fourier-Laplace series with respect to
this orthonormal system in the L? sense, that is, f(x) = 3% 120 22”1 ﬁ «Y1x(x), where the
Fourier coefficients are given by

=Y = fS | FCOYia(0) du(x).

Set Ki(x,y) = Ki(x - y) = 228 Vi) Yi(y) = {21 + 1) /4m}Py(x - y),

1, x€[0,1),

o) = 1-2x—1)% x€[1,3/2),

22 - X2 x€[3/2,2),
0, X € [2,00)

and introduce the operator
i 21+1 )
VLf(x) = f fo Z K ) da) = Z W) Ao, @2)
k=1

Then V| is a de la Vallée-Poussin operator [10]. As Sloan [10] has pointed out, note

that the sequence of operators Vi, Vs, ..., Vy,... has the properties: (A) V reproduces
polynomials with degree up to L, thatis, V. p = p for all p € I1;; (B) the linear operator
sequence Vi, V,, ... is bounded uniformly.

If ¢(t) € L'[~1, 1], then ¢ has the Fourier—Legendre polynomial expansions

D P, 2.3)

k=0

where ¢(k) = f_ 11 d(P (1) dt. Let S,(¢) = S,(¢, ) denote the nth partial sum of
(2.3); then the de la Vallée-Poussin operator of ¢ 1s defined as hy(¢, 1) = {1/(N +
1)} Z Sy(¢, 1), which has the properties [3]: (C) hN(¢)(l) = ¢(l) [1=0,1,2,.

D) if ¢(t) € C[-1,1], then there exists an absolute positive constant C such that
|hy (@, 1) — ¢(1)] < CEn(¢h), where En(¢) is the Nth best approximation of ¢ in C[-1, 1].

3. The estimates of approximation errors

From the Funk—-Hecke formula (2.1) and the property (C) of operator Ay (¢),

Yi(x) =

1 1
—_— f hn(@, x - Y)Y 1(y) du(y) = —— f hn(, x - )Y () du(y),
27y (9)(1) Js2 2np(l) Js2
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where [ =0,1,...,N and ¢(I) # 0. So, from (2.2), it follows that

2[N/2]121+1

Viva(fs0= > D Vinm (A Y ix(x)

=0 k=1

1 2[N/2] 20+1

"o T ¢([)Zf Vina(f, u)sz(u)dﬂ(u)f hyn(@, x - Y)Y, (y) du(y)

1R 1 2041

1”M2y+1
_gﬁggza—yM@JWMWWMﬂw@@, 3.1)

where Y;(Vin/21(f),y) denotes the projections of Viy/2(f) onto H; and [a] denotes the
largest integer not greater than a.
Applying the quadrature formula [4, Theorem 5.1] to equation (3.1),

1 2 2141
Vi (fox) = g5 D T D dehn(d.x- D) Vi (). £,
G 0 G

where £(/) denotes some point on the unit sphere, which changes with /, and as are
nonnegative numbers. Now we can construct spherical FNNs as

2[N/2]

1 20+ 1
Tw(f.3) = 55 g ¥ %a«m)ﬁb(x'f(l))Yz(V[N/z](f),f(l))-

Then the following theorem, which is related with the upper bound estimate for the
constructed zonal function networks, can be established.

Tueorem 3.1. Let ¢ € C[-1,1] and the Fourier—Legendre coefficients ¢(I) # 0,
1=0,1,.... If f € C(S?), then

ITw(f 0 - £l < Oy |¢(l>| )

Proor. Note that
ITn(f, %) = fFOI S Tn(f, %) = Vinya (s O + Vv (f, ) = fol =2 [1 + .

On one hand, from [10], it can be obtained that I, < CE|y/2(f). Here and in the
following, C denotes an absolute positive constant, and its value may be different at
different occurrences, even within the same formula.
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On the other hand,
A,
8ﬂ2 Z 0 Q callhn (@, x - ED) = pOx - EDIYIVinpa1 (), D))
a2,
< CEN(¢) Z Z|a§(1)||Yl(V[N/2](f),f(l))|
(D) =)

2[N/2]

0N (D] &0

Using a result of Filbir and Themistoclakis [4, (5.4) in Theorem 5.1] (p = o0) and the
L? Marcinkiewicz—Zygmund inequality [4, Theorem 4.2],

Z la:p|lYi(Vin2 (), ED)] < Z lagm! Z lag 1Yi( Vi (), ED)P
&) &) &)

=4 ) lasoIVi(Vinpr (), ED)P
&

<,

2[+1

=C > ikl
k=1

Therefore, 1| < CEN(¢)(N + 1) maxoc<y (1/13(DDIf1*. Hence,

<CEN(@)(N +1) m

21+1

Zﬁkmm du(x)

ITw(f, %)= £ < C(E; <IN |¢<l>| )

This completes the proof of Theorem 3.1. O

Let E™ denote a vector set, which consists of all vectors € = (g1, &3,...,&)
(m € N) with coordinates &, &,...,&, = 1, that is, E" ={e = (g1,&,...,&n) |
g==1,i=1,2,...,m}. Let m,s,p,q be natural numbers and 7;; (i =1,2,...,m;
j=1,2,...,9) be any algebraic polynomials with real coefficients in the variables
o =(01,02,...,0,) € R and each of degree s. Now we construct polynomials with
variables b = (b, by, ...,b,) € R? and o = (01,07, ...,0)) € R? such that mj(b, o) =
23:1 bjmij(0),i=1,2,...,m. Also, we construct a polynomial manifold in R"™:

P pg = {n(b,0) = (m(b, o), m(b, 0), ..., (b, 0)) | (b,0) € RY x R},

To prove our main result in this section, we need the following lemma [8,
Theorem 4].

LevmMma 3.2. Let m, p, q, s be integers such that

ST

p+q< (3.2)
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and
m

emq) < (3.3)

2
p10g24s+(p+2)10g2(p+q+1)+(p+q)10g2( .

Then there exist a vector € = (&1,&,...,&,) € E™ and a constant C > 0 such that
dist(e, Py s p g5 12) > Cm!'/2, where

/2
dist(e, Py pgs ) = inf {Z(s, 7,(b, a‘))}

7(b.0)EP m,5.pg

Now we also construct two sets of functions:

={f € C(SH, IIfllw < 1} (3.4)
and il
A= {nlh =) ) et pisol,
i=0 j=1

where {e(i, /)| i=0,1,...,s;,j=1,2,...,2i + 1} CE“*)’_ Then, for any , the estimate
[5, inequality (3.1.4)], sup,.s |Y; j(x)| < {(2i + 1)/4n}'/?, implies that

s 2i+1

Ml < Z max [Y,,(0)] < (25 +3)° < Cos™,

i=0 j=1
so that 1*(x) = {1/Cys°/*}h(x) € M. In addition, we denote the set Dy, as

n

Dy = { N | Noal) = Y cit@; ), 5,01 € 52 (35)

i=1
and define the distance of two function sets W from H (with W, H ¢ C(S?)) by

dist(W, H, C(S%)) = sup dist(f, H, C(S?)) = sup inf |If = hlle.
few

Note that for i € F, and g € C(S?),
1
I - gliZ, > i f Ih(x) — g(x)* du(x)
n

s 2i+1
Z Z €@, ))Yi;
i=0 j=1
s 2i+1 oo 2i+1
A DD 3 e T ]
i=0 1
s 2i+1 " oo 2i+1

> (DD - @ P+ D S e YipP)

i=0 j=1 i=s+1 j=1

47T

47r

s 2i+1

1
2= )0 D el )~ (g Vil

i=0 j=1
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By the Funk—Hecke formula (2.1),

n

(8 Yip) = D e@(@i ), Yif() = > e fs (@i DY () du()
k=1 k=1

n 1
=21 f (BOP@) drY ()
k=1 -

Let o be orthogonal matrices from the group S O(3) [11] for which wy = oe with
e =(1,0,0) and let

1
27rckf oP(n)dt, =1,
-1
0, [#1.

bii(¢) =

Then (g,Y; ;) = Xy 2—o bri(@)Y; j(oe), from which it follows that

s 2i+1 s 2i+1

génEnZZIe(z D= (&Yl = inf 3> le(i, ) - ZZbkmqﬁ)Y,,(crke)

i=0 Kl 10]1 k=1 [=0

where the infimum is calculated over all collections of matrices oy,05,...,0, € SO(3)
and by, b1.1,...,bns. Weset p=9n,qg=n(s+ 1) and

7 j(b, ) = > 3 b)Y j(oke);

k=1 1=0

then 7; j(b, o) is a polynomial in the variables b = (b1, b,,...,b;) € R? and o =
(01,02,...,0,) € R?, each of degree not larger than s. So,

s 2i+1

{dist(F,, @y,, C(S))*> max  inf ZZ|e(z 7 =i (b, )

(i, j)E]E(‘“)z beR4,0eRP

=max inf Ze—n b, o).
1B beRY o eRy L & = (b, )

For givenn € N, p =9n,qg = n(s + 1),m = (s + 1)> and s = 2% + 31, we observe that
P, q,m and s satisfy the conditions (3.2) and (3.3) of Lemma 3.2 (see the Appendix for
details) and thus we get {dist(Fy, @,, C(S*)}*> > Cs*. Therefore,

1
(distQM, @, CS))? > {dist(c 3 Fs @y, C(S ))} >Cs 2> on '

that is, dist(M, @y, C(S?)) > Cn~'/4, which proves the following main result of this
section.

TueorEM 3.3. For a given n € N, for the sets of functions M and @ ,, defined as in (3.4)
and (3.5), respectively, we have dist(M, @, C (S%) > Cn~V4,
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4. Conclusion

Neural networks have become an important method in the research areas of
numerical analysis, machine learning, big data analytics and artificial intelligence. In
this paper, we studied the construction and approximation of spherical networks with
zonal functions, and obtained some theoretical results on the approximate capability of
networks, which may provide support for the design of networks in real applications.
Since the networks in this paper are determined by the input and output weights
besides the activation function, the algorithms for the weights and the optimal choice
of activation function are the issues we intend to study in a future work.

Appendix

We recall that p = 9n, g = n(s + 1),m = (s + 1)* and n is a given integer. So, we can
choose s such that

2"111 _p+q—n(s+10)< (A.1)

Now we consider the equation 101 + ns = (s* + 25 + 1)/x satisfied by the variable
s. Clearly, the roots of this equation are

nx -2+ /(2 - nx)? — 4(1 — 10nx)
> :

Setting x = 2¢, 515 =nc — 1 = Vn2c? + 18nc. Considering ¢ = 2°,2!°, respectively,
and recalling the inequalities

s>22n—1+2°V282 + 9n (A.2)

S12 =

and
s <200 —1+25V210,2 4 18p, (A.3)

we choose s =27+ 31. Obviously, s satisfies (A.2) and (A.3). Thus, m =
(2'% + 2°)? and we have validated (3.2) for the above m, s, p, g.
From (A.1),

2em
(p + ) log, ( ) T log,@7 21 < 2 (A4)
We estimate the term (p + 2)log, (p + ¢ + 1) in (3.3) below. Since
m m
(p+2)log, (p+q+1)<2plogy2(p +g) < 2p10g2(2 : ﬁ) = 18nlog, 2.

we prove that 18n10g,(2™/2’) < m/16, that is, m/2° < 2m/(16xX18n) op yy < 29 . pm/(16x18m),
Setting m = (2!% + 23)2, the above inequality becomes

(2107’1 + 25)2 < 29 X 2(2mn+25)2/(16><18n). (AS)
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To obtain (A.5), we only need to prove that 22252 < 29 . 22*n)/(16x18m) hatjs 217,18 <
15 . . . .
227", Since 2!4n > 117, we have 2131 — 117 > 2'%n. So, it follows that the inequality

4 5
n'8 < 22" Jeads to 21'7n!8 < 227 Therefore,

(p+2log, (p+q+1)< %. (A.6)
Finally, we estimate p log, 4s. We will prove that
m
log, 4s < —. A7
plog, s < ¢ (A7)

Since p =9n,m = (2% +2°)? and s = 2'% + 31, inequality (A.7) is equivalent to
42199 + 31) < 2@"m22/(169m) and we only need to get the inequality 4 - 2''n <
2@PIA6XM that is,

2179 < 92n, (A.8)

Similarly, inequality (A.8) holds, which yields (A.7). Hence, from (A.1), (A.4), (A.6)
and (A.7), we observe that the inequalities (3.2) and (3.3) hold for given n and m, s, p, q
in Lemma 3.2.
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