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Abstract

A class of problems modelling the contact between nonlinearly elastic materials
and rigid foundations is analysed for static processes under the small deformation
hypothesis. In the present paper, the contact between the body and the foundation can be
frictional bilateral or frictionless unilateral. For every mechanical problem in the class
considered, we derive a weak formulation consisting of a nonlinear variational equation
and a variational inequality involving dual Lagrange multipliers. The weak solvability
of the models is established by using saddle-point theory and a fixed-point technique.
This approach is useful for the development of efficient algorithms for approximating
weak solutions.
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1. Introduction

There is an abundance of literature in engineering, geophysics and biomechanics
involving contact models, covering both frictionless and frictional contact.
Publications often focus on specific settings, geometries or materials [3-5, 7, 12, 13].
Attempting to establish the existence, uniqueness or nonuniqueness, and stability of
solutions is in general a difficult task due to the nonlinear nature of the problems.
The nonlinearity arises from the contact conditions or from the nonlinearity of the
constitutive laws; many researchers [8, 15, 17-19, 22] give details on modelling and
analysis in contact mechanics. Due to the complexity of the contact models, we cannot
hope to find classical solutions. Thus there is much interest in weak solvability of the
problems and in the approximation of weak solutions.
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Weak formulations of contact problems involve the theory of variational
inequalities [8, 17-19]. Once well-posedness is established, approximation of the
weak solutions is a challenging task. Often the approximation is performed after a
regularization of the contact condition. We skip the regularization by using weak
formulations with Lagrange multipliers. If the materials are linearly elastic, such a
weak formulation is equivalent to a saddle-point problem [ 1, 2, 9]. Wohlmuth [20, 21]
has reviewed modern numerical techniques that can be used to approximate weak
solutions of contact problems via weak formulations with dual Lagrange multipliers.

The purpose of the present paper is to draw attention to the weak solvability of
frictionless unilateral and frictional bilateral contact problems for nonlinearly elastic
materials by using a technique involving dual Lagrange multipliers. The considered
models were already analysed in the framework of elliptic variational inequalities by,
for example, Han and Sofonea [8] (see also references therein). The novelty of the
present paper lies in a new variational approach to the envisaged models for nonlinear
constitutive laws. The weak formulations of the proposed models in this paper are not
equivalent to saddle-point problems. However, in the study of well-posedness for the
derived variational problems, saddle-point theory plays a crucial role. To complete the
study, a fixed-point technique is used. A background in functional analysis involving
Sobolev spaces is necessary, together with a background in mechanics of solids.

The rest of the paper is structured as follows. In Section 2 we introduce some
notation and preliminaries. In Section 3 we state the mechanical models. In Section 4
we state hypotheses and derive weak formulations with dual Lagrange multipliers. In
Section 5 we obtain abstract results that are applied in Section 6, where we prove the
weak solvability of the models considered.

2. Notation and preliminaries

Let us denote by S* the space of second-order symmetric tensors on R3. Every field
in R? or 3 is typeset in boldface. By - and | -| we denote the inner product and the
Euclidean norm on R? and S°. Thus

u-v=uyv, pl=@-»? uveR’

o-T=0T1, |tl=(r: 2, o,res.

Here and below, the indices i and j run between 1 and 3 and the summation convention
over repeated indices is adopted.

Let Q c R3 be a bounded domain. We introduce the following functional spaces
on Q:

H={u=@u)|uel*Q), H={o=(0i|oij=0;€Ll*(Q)
H ={ueH|ew)eH}, H ={oeH|DivoeH]},

where
&) = (&), &ijm)= %(Mi,j +uj;), Divo=(0;)).
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Here an index that follows a comma indicates a partial derivative with respect to the
corresponding component of the independent variable. The spaces H, H, H; and H,
are real Hilbert spaces endowed with the inner products

(u7 V)H = L u;v; dxa (us V)Hl = (u’ V)H + (8("), 8("))7‘{’

(o, D) = f oijTijdx, (0, T)y, = (0, T)y + (Div o, Div 7)g.
Q

The associated norms on the spaces H, H, H; and H; are denoted by |- ||z, || - |l
I+ 1z, and || - llg,. respectively.

We assume that the boundary of €, denoted by I, is Lipschitz continuous,
and denote by n the unit outward normal vector on the boundary, defined almost
everywhere.

Let us denote by y the Sobolev trace operator,

y : Hy —» LX)’

We recall that y is a linear, continuous and compact operator. We denote by Hr the
image of H; under v, that is, Hr = y(H). The subspace Hr is continuously embedded
into the space L>(I')?; thus, there exists ¢ > 0 such that

V2@ < clvllg,  forallv € Hr. 2.1

Moreover, it is known that the space Hr is a Hilbert space. In addition, we recall that
there exists a linear and continuous operator

Z: Hr - H;
such that
v(Z({)=¢ forall { e Hr. 2.2)
The operator Z is called the inverse to the right of the operator y.
Let I'; be a measurable part of I" such that meas(I';) > 0. We consider the Hilbert

space
V ={v e H, | yv = 0 almost everywhere on I';}.

Let us recall the Korn inequality: there exists cx = cx(Q, I'1) > 0 such that
lleW)llgr > cklvllg, forallveV.

Using this inequality, it follows that V is a Hilbert space endowed with the following
scalar product:

G,y VXV-oR, (u,v)y=(&wm),ev)y foralu,velV.

We note that
y(Z(yv))=yv forallveV.

For a vector field v, we denote by v, and v, the normal and the tangential
components on the boundary, defined by

Vvp=yv-n, v.=yv—v,n forallveH,.
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Let I'; be another measurable part of I', such that I'; N T'; = ). We introduce the
space
Vi ={v €V |v, =0 almost everywhere on I'5}.

Then (Vy, (-, )v,, Il - llv,) is a Hilbert space, where
vy VixVi—=R, @,v)y, =@v)y forallu,veV.
Keeping in mind (2.2), it is straightforward to verify that

Z(() eV forall L €y(V),
Z({) eV, forall L ey(V)).

Furthermore,
R:y(V)—>V, R =ZJ, (2.3)
Ri:y(V) = Vi, Ri()=2¢) 2.4)
are linear and continuous operators.
ProrosiTiON 2.1. The spaces y(V) and y(V) are closed subspaces of Hr.

Proor. Let us prove that (V) is a closed subspace of Hr. To this end, let (yv,,),, C Hr
be a sequence such that
yv, —w in Hr.

Due to (2.1),

YV — W in L*(T).
Since

||R(7’Vm)||v < k“yvm”Hr,

we deduce that (R(yv,)), is a bounded sequence in V. Consequently, passing
eventually to a subsequence but keeping the notation for simplicity,

R(yv,)—v inV.
Due to the fact that ¥ is a compact operator, we obtain
y(R(yv,) — yv  in LX)’
On the other hand,
YRyvm) = y(Z(yvm)) = ¥Vm
and, due to the uniqueness of the limit, we have w = yv. Thus w € y(V).

With a similar technique, but using the operator Ry, it can be proved that y(V;) is a
closed subspace of Hr. O

REmARK 2.2. Proposition 2.1 allows us to conclude that y(V) and y(V;) are Hilbert
spaces endowed with the inner products

Gy yWV)Xy(V) >R, (&, d)yv)=(, . foralld,¢eyV),
Gy vV xy(V) =R, (§, )y =, d)u. foralld,dey(Vy).
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For a regular (say, C') stress field o, the application to n of its trace on the boundary
is the Cauchy stress vector on. Furthermore, we define the normal and tangential
components of the Cauchy vector on the boundary by the formulas

o,=(oOon)-n, O0,=0n-0,n,
and note that the following identity holds:
on-yv=o0,v, +0.-v, forallveH,. (2.5

Finally, we recall Green’s useful formula,

(o, e()y + Divo,v)y = fo-n -yvda forallveH,. (2.6)
r

Han and Sofonea [8] provide a proof of (2.6) and more details related to this section.
We recall some elements of convex analysis.

DeriniTioN 2.3. Let A and B be nonempty sets. A pair (u, ) € A X B is said to be a
saddle point of a functional £: A X B — R if and only if

L, W) < L(u, )< L(v,A) forallveA, ueB.
We use the following existence result.

TueorREM 2.4. Let (X, (-, )x, || - lIx), (Y, G, )y, |- ly) be two Hilbert spaces and let
ACX,BCY be nonempty, closed, convex subsets. Assume that a real functional
L : A X B— R satisfies the following conditions:

v L(v, p) is convex and lower semicontinuous for all u € B,

u— L(v, p) is concave and upper semicontinuous for all v € A.
Moreover, assume that

A is bounded or lim  L(v, uy) = oo for some uy € B

[[Vllx—00,vEA

and

B is bounded or lim  inf L(v, u) = —o0.
llally—>o0, ueB veA

Then the functional L has at least one saddle point.

More details on saddle-point theory and its applications are given by several
researchers [1, 2, 6, 9].

3. Contact problems

We consider a body that occupies the bounded domain Q c R?, with the boundary
partitioned into three measurable parts, I'j, I'; and I's, such that meas(I";) > 0. The unit
outward normal vector to I" is denoted by n and is defined almost everywhere. The
body Q is clamped on I'y, body forces of density f, act on €, and surface traction
of density f, acts on I';. On I'; the body can be in contact with a rigid foundation.
We denote by u = (;) the displacement field, by & = &(u) the infinitesimal strain tensor,
and by o = (07;;) the Cauchy stress tensor.
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In order to describe the behaviour of the materials, we use the constitutive law
oc=F(m) inQ, 3.1

where 7 denotes an elastic operator. This kind of constitutive law can be found in the
literature [8]. As an example, we may consider

o = (tr &)lz + 2upe + B(e — Pge), (3.2)

where Ay and o denote Lame’s constants, tr u) = &i, I3 = (6;;) is the unit in S3,
K denotes a closed, convex subset of S* that contains the zero element O3,
Pk : S* — K is the projection operator onto K, and 3 is a strictly positive constant.
A second example is the constitutive law

o=k(tre); + L/I(|8D|2)8D, (3.3)

where k > 0 is a coefficient of the material, ¢ : R — R is a constitutive function, and
g’=¢- %(tr &)1 is the deviator of the tensor &.

Assuming that on I'; the body is in frictional bilateral contact with a rigid
foundation, we use Tresca’s law to state the following mechanical problem.

Everywhere below, Q denotes Q U 6Q.
ProBrEM 3.1. Findu : Q@ — R3 and o : Q — S such that
Divo+fy,=0 inQ,
o=F(&(u)) inQ,
u=0 onljy,

on=f, only,
u, =0, o] < ga
if |o;| < thenu, =0, on I3, (3.4)
if |o;| = £ then there exists ¢ > 0 such that o, = —yu,

where ¢ > 0 denotes the friction bound.

If we assume that on I'; the body can be in frictionless unilateral contact with a rigid
foundation, we model the contact by Signorini’s condition with zero gap, yielding the
second problem.

ProsrLem 3.2. Findu : Q@ — R3 and o : Q — §3 such that

Divo+f,=0 inQ, (3.5)

o=F(&u)) inQ, (3.6)

u=0 only, 3.7

on=f, only, (3.8)
0.=0,0,<0,u,<0,0,u, =0 onTj. (3.9

Finally, if we model the contact on I'; by Signorini’s condition with nonzero gap,
we have to replace (3.9) with the following contact condition:

0:=0,0,<0,u,-g<0,0,(u,—g)=0 onlj, (3.10)
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where g:I'3 > R is the gap between the deformable body and the foundation,
measured along the outward normal n. Thus, we formulate the third problem.

ProsLem 3.3. Findu : Q — R? and 0 : Q — S such that (3.5)—(3.8) and (3.10) hold.

Additional details on this section, including a description of the physical
significance of the contact conditions (3.4), (3.9) and (3.10), are given by Han and
Sofonea [8].

Once the displacement field u is determined, the stress tensor o is determined by
relation (3.1).

4. Hypotheses and weak formulations

In this section we state hypotheses and derive weak formulations with dual
Lagrange multipliers for each of the models described in the previous section.

4.1. Hypotheses We assume that ¥ is a given nonlinear function that satisfies the
following properties:

F:QOxS*— 8% 4.1)
there exists M > 0 such that | (x, 1) — F (x, &)| < Mle| — &;|
for all 1, &, € 3, almost everywhere in Q; (4.2)
there exists m > 0 such that for all &, &, € S?, almost everywhere in Q,
(F(x, ) — F(x, &) - (&1 — &) >mle; — & (*-3)
forallee S, x > F(x, &) is Lebesgue measurable in €; “4.4)
x - F(x, 0:) belongs to L2(Q)¥4. (4.5)

Referring to (3.2), we note that, using the nonexpansivity property of the projection
map, it can be proved that

F:OxS*—>S%,  F(x, &) =A(tr &)l5 + 2up€ + B — Pge)

satisfies (4.1)—(4.5). Moreover, referring to (3.3), under appropriate assumptions on
the constitutive function y [8, p. 125], the map

F:OxS*>S3,  Fx, &) =k(tre)z + y(le”P)e”

satisfies (4.1)—(4.5).
Furthermore, we assume that the density of the volume forces and the density of the
traction have the following regularity:

fo e LX(Q)®, f,el* (L) . (4.6)
In addition, we assume that there exists gex : € — R such that

gext €H L), v8ext = 0 almost everywhere on I'j,
¥8ext = 0 almost everywhere on I' \ '}, g = ygex: almost everywhere on I'3. (4.7)

Here y denotes the well-known Sobolev trace operator, y : H'(Q) — L*(I).
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Finally, we assume that
the unit outward normal to I'5, n3, is a constant vector. (4.8)

4.2. Weak formulation of Problem 3.1 We define an operator A : V; — V; such
that, for each u € V|, Au is the element of V; that satisfies

(Au,v)y, = f Fe)- -ev)dx forallveV. 4.9)
Q

Using Riesz’s representation theorem, we define f € V| such that

(f,V)vl=ff0‘vdx+ff2-yvda forallv e V.
Q I

Assuming that the functions u and o that solve Problem 3.1 are sufficiently regular,
using (2.5) and (2.6) we obtain

(Au,v)y, = (f, vy, + f o -v.da forallveV.
I3

Let DT be the dual of the space y(V;). We define A € D such that
(A, yv)r = —f o -v.da forall yv e y(V)),
I3

where (-, -)7 denotes the duality pairing between D’ and y(V). Furthermore, we define
a bilinear form

b:VixDl SR, b, p)={u,yv)r forallveV, ueD’. (4.10)
Let us introduce the following subset of D’ :
A= {y e D" | (u, )7 < fr Clyvl da for all yv € y(Vl)}. @.11)
We observe that A € A. Moreover, by (3.4)‘we deduce that
b(u, A) = fr Llyul da,
and by (4.11), |
b(u, p) < {lyulda forall ueA.

I3

Consequently, we are led to the following weak formulation of Problem 3.1.
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ProBLEMm 4.1. Find u € V; and A € A such that
(Au,v)y, + b(v, ) =(f,v)y, forallveV,,
b(u,p—A) <0 forallueA.
A solution of Problem 4.1 is called a weak solution of Problem 3.1.

4.3. Weak formulation of Problem 3.2 We define an operator A : V — V such that,
for each u € V, Au is the element of V that satisfies

(Au,v)y = fg Fe) -ev)dx forallveV. (4.12)
Next, we define f € V such that
(f,v)vzjg;fo-vdx+ rfz-yvda forallveV. 4.13)
For sufficiently regular functions # and o t};at solve Problem 3.2,
Au,v)y =(f,v)v + fr opvyda forallveV. (4.14)
3

Let DS be the dual of the space ¥(V) and let us denote by (-, -)s the duality pairing
between D° and y(V). We define A € DS such that

A, yv)s = _fr o, da  forall yv € y(V). 4.15)
In addition, we define a bilinear form
b:VxDS >R, b u ={(uyv)s forallveV,ueD. (4.16)
We introduce the following subset of DS :
A ={pueD’|(u,yv)s <0 forall yv € K}, 4.17)
where
K ={yv ey(V)|v, <0 almost everywhere on I'3}. (4.18)
Then A € A. Moreover, by (3.9) we obtain
b(u, ) =0,

and, using (4.17),

b(u,p) <0 forallueA.
We arrive at the following weak formulation of Problem 3.2.
ProBLEM 4.2. Find u € V and A € A such that

(Au,v)y +b(v, ) =(f,v)y forallveV,
bu,p—A) <0 forallueA.

A solution of Problem 4.2 is called a weak solution of Problem 3.2.
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4.4. Weak formulation of Problem 3.3 We keep (4.12)—(4.18). By (3.10), we
deduce that

b(u, A) = b(gexin3, ),
and, by (4.17), we obtain
b(u, p) < b(gexitz, ) forall p e A.
Thus, we obtain the following weak formulation of Problem 3.3.
ProBLeEM 4.3. Find u € V and A € A such that
(Au,v)y +b(v, ) =(f,v)y forallveV,
b(u, pu — A) < b(gextz, u— ) forall ueA.

A solution of Problem 4.3 is called a weak solution of Problem 3.3.

In the next section we analyse an abstract variational problem that is used to recover
each of the weak problems formulated in this section, for appropriate functional
spaces.

5. Auxiliary results
Let (X, (-, )x, || llx) and (Y, (-, )y, || - |ly) be two Hilbert spaces. In addition, we
consider
A : X — X, anonlinear operator such that (5.1)
there exists m, > 0 such that (Au — Av, u — v)x > my||lu — v||§( forallu,ve X, (5.2)
there exists L, > 0 such that ||Au — Av||x < Lallu —v|lx forallu,veX, (5.3)

and
b: X XY — R, abilinear form such that 5.4)
there exists Mj, > 0 such that |b(v, p)| < My||vlixllully forallve X, ueY, (5.5
b(v,
there exists @ > 0 such that  inf sup M > a. (5.6)

KeXpu#0r vex vz, [IVIxllully

Finally, in addition to the above, we consider
A, a closed, convex, unbounded subset of Y that contains Oy. 5.7
We are interested in the well-posedness of the following problem.
ProBrLEM 5.1. For given f, h € X, find u € X and A € A such that
(Au,v)x + b(v, 1) = (f,v)xy forallvelX, (5.8)
b(u, u— ) <blhyu—2A) forall ueA. (5.9
The following existence and uniqueness result holds.

THeEOREM 5.2. Assume (5.1)—(5.7). Then there exists a unique solution of Problem 5.1,
(u, ) e X X A.
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The proof of this theorem is divided into several steps. Let 7 € X be arbitrarily fixed.

We consider the following auxiliary problem.

ProsrLem 5.3. For given f, h € X, find u,, € X and 4,, € A such that

(uy, v)x + b(V, Ay = ( - —2An+n,v ) forallveX, (5.10)
212 212 2L2

by, = Ay) < b(h, u— A,) forall ueA. (5.11)

We are interested in determining the solvability of Problem 5.3 using saddle-point
theory applied to the functional

Ln:XXA—>R
mA A (5.12)
L, ( A pAn 4, ) + A b — by ).
(v, p) = (v V)x — 2L%f 2L2 nEmv) 22 v —nh, W

We prove three technical lemmas.

Lemma 5.4. If Problem 5.3 has a solution (u,, A;) € X X A then this solution is a saddle
point of the functional L,,. Conversely, if the functional L, has a saddle point then this
saddle point is a solution of Problem 5.3.

Proor. Assume that (u,, 4;) € X X A is a solution of Problem 5.3. Inequality (5.11)
implies that £, (u,, p) < .L,(u,, 4;) for all u € A. Moreover, using (5.12) and (5.10),

1
L1ty Ay) = Ly(v, 4y) = (u,,, y)x — (V,V)x+;%b(uq—v,/lq)
A

(2L2f_ 2L2A"+”’ a )x
1
= —Ellun —vl} <

Therefore, L, (uy, 4;) < L,(v, 4,) for all v € X.
Conversely, let (u,,4,) € X X A be a saddle point of the functional L,. It is
straightforward to observe that

Ly(uy, ) < Ly(uy, 4,), forall peA,
implies (5.11). Furthermore, we assume that
Ly(uy, Ay) £ Ly(w, 4y, forallwe,

and we prove (5.10). Using again (5.12), we deduce that, for all w € X,

1 1 ma ma
=y, uy)x — =(w, w)X—(—f— —An+n,u, — ) + —b(u, —w, 4,) 0.
2 2 2027 202 x 203
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Replacing w by u, + tv, with an arbitrary v € X and ¢ > 0, we obtain the following
inequality:

_ r _ My

Ftluy, v)x = 50, V)x £ z( A an 4, )X % S 1b(v, 4;) <0,

my

_f_
2

L A

2
2127 212

Dividing by ¢ and passing to the limit as ¢+ — 0, we obtain two inequalities that lead
to (5.10). o

Lemma 5.5. Problem 5.3 has a unique solution (u,, 4;)) € X X A.

Proor. The map v +— L,(v, u) is convex and lower semi-continuous for all 4 € A, and
u L, (v, p)is concave and upper semi-continuous for all v € X. In addition, we note
that

L,(v,0y) =00

|vllx—00,vEX

Let us prove that
lim  inf L,(v, p) =— (5.13)

lllly—oo. e veX

To this end, let 4 be an arbitrary element in A and let u, € X be the unique solution of
the equation

(y, V)x + b(v 1) =(fp,v)x foralvelkX, (5.14)
2LA
where m, -
=—f—-—An+n.
hn=3 2! "o
We have
. 1
})2){; 'ET](vs /’l) = E(u/u uﬂ)X (fi]’ u/,l)X +— 2L2 b(u/u /’t) 2 2 b(h /’l)
Let us put v =u, in (5.14). Then
~(fpr w)x + =55 b, 1) =~
2LA
Therefore,
. 1 2
inf £,(v, 1) < =5l + 2L2 = Myl lly-
Due to the inf—sup property (5.6), we deduce that there exists @ > 0 such that
b(v, p)

” ”Y <
al|\Uly =
2L24 veX,v#0x ”VHX ’

and, by (5.14), we obtain

(fa V)X - (l/l 5 V)X
allully < sup = £

<Ifpllx + leggllx-
veX,v#0x ”V”X
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Therefore, there exists ¢ > 0 such that

Il < Ul + e )-

Furthermore, there exists ¢ > 0 such that

inf £,(v, ) < =2l = 1515 + =25 Mollhllllly-

215

Since p was arbitrarily fixed in A, passing to the limit as ||u|ly — oo yields (5.13).

Consequently, based on Theorem 2.4, we deduce that the functional £, has at least
one saddle point. Then, by Lemma 5.4, we conclude that Problem 5.3 has at least one
solution.

In fact, Problem 5.3 has a unique solution (u,, 4;) € X X A. Indeed, let (un, n) and
(”n’ ,]) be two solutions of Problem 5.3. Keeping in mind (5.10),
(uh — 2, 2 = ub)y + —S-bluh —ul, 22— A)) = 0. (5.15)
n = ety T My ) Lz n n
Using (5.11), we deduce that
b(u —un, ,7 -l 2 <0. (5.16)
Combining (5.15) and (5.16), we conclude that u}] = u?] Moreover,
R 212
b(v,/l,?—/l)— (u —u ,V)x forallveX.
By the inf-sup property (5.6), we conclude that A} = 4. O

Using the unique solution of Problem 5.3, we define an operator
T-X->X, T®@:=u,.

LeEmMA 5.6. The operator T has a unique fixed point.

Proor. Let us take 71, 17, € X. Denoting by (u,,, 4;,) and (u,,, 4,,) the corresponding
solutions of Problem 5.3 and using (5.10),

(ty, = Uy, Uy — Up,)x = b(un2 Uy, Ay, — Ay,)

2L2

+ (771 m+ 2LA (Anz Amny), up, — unz)X.

Taking into account (5.11), we obtain

2L2 b(”m Uy Apy = Apy) < 0.
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Then we deduce
my

— (A -A
2L/24( m m2)

ey, — 1ol < Hm - g

From this last inequality we obtain

2

my

ity = s < Ny = maly = 2 (A = A, i = 2)x + - lAm — Amal,
L7 4L

and, by (5.2) and (5.3), we obtain

2
ny

- —)Ilm —ml2.
i

2
ity = el <1

Taking into account (5.2) and (5.3), it is straightforward to observe that my < Ly.

Therefore,
3mfx
0<1-—.
42
Consequently,

3mi
T = Tmallx < 4|1 = —5lIm — mallx.
412

Moreover, since 1 — (Smﬁ) / (4Lf‘) < 1, the operator T is a contraction. The conclusion
of Lemma 5.6 follows now from Banach’s fixed-point theorem. O

Let us now prove Theorem 5.2.

Proor. Denoting by n* the unique fixed point of the operator 7', we observe that the
solution of Problem 5.3 with 7 =75 (uy., 4;.) is a solution of Problem 5.1. In order to
prove the uniqueness of the solution, we assume that Problem 5.1 has two solutions
(u;, A;), i =1, 2. Using (5.8), we obtain

(Aur = Aup, up —up)x + b(up —uy, A1 — A2) =0,
b(uy —uy, 41 — ) <0,

and taking into account (5.2), we obtain u; = u,. Moreover,
(Auy — Aup, vV)x + b(v, 11 — 1) =0 forallveX.
By the inf-sup property (5.6) of the form b(:, -),
|| = Aolly < Lalluy — usllx,
and from this we obtain 4; = A,. O

Following the techniques used by Matei et al. [11, 16], we establish stability results.
More precisely, in the homogeneous case, that is, 4 = Ox in Problem 5.1, the following
theorem applies.
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TueOREM 5.7. Assume (5.1)—~(5.7). If (u1, A1) and (up, A3) are two solutions of
Problem 5.1 in the homogeneous case, corresponding to the data fi, f> € X, then there
exists C = C(a, L, my) > 0 such that

ller — usllx + 141 = lly < ClIfi = follx. (5.17)

Proor. Let us consider the data fi, f € X and denote by (u;, A1) and (up, A;) the
corresponding solutions, respectively. Using (5.8) and (5.9), we find

(Auy — Auz, uy —u)x = (f1 — fo, u1 — ua)x + b(uy — ua, A2 — Ay),
b(ul — Uy, /12 - /11) < 0.
Moreover, using (5.2), we obtain
mallur — wolly < |Ifi = fllxlluy — uallx,
and thus |
luy — uallx < —I1fi = fallx. (5.18)
o\

Since b(v, 4] — ) = (f1 — f2, V)x — (Au; — Aup, v)x, due to the inf—sup property (5.6)
of the form b(-, -) we have

L 1
I = A2lly < fllul —wlx + E”fl - fllx. (5.19)
Combining (5.18) and (5.19), we deduce (5.17). ]
In the nonhomogeneous case, that is, the case h # Oy, the following stability result

applies.

Tueorem 5.8. Assume (5.1)—~(5.7). If (u1, 1) and (up, A3) are two solutions of
Problem 5.1 in the nonhomogeneous case, corresponding to the data f, h; € X and
fr,ho € X (h; # 0x, i € {1, 2}), then there exists C = C(a, La, ma, Mp) > 0 such that

llur — wollx + I — Aolly < CALfL = follx + 1h1 = A2llx). (5.20)
Proor. Let us consider fi, h; € X and f, hy € X. We denote by (u;, A1) and (u>, 1) the
corresponding solutions. Using (5.8) and (5.9),
(Auy — Aup, uy —uz)x = (f1 = fa, ur — ua)x + b(uy — uz, 1 — A1),
b(uy —up, Ay — A1) < b(hy — hy, A — Ay).
Moreover, using (5.2)—(5.6), we obtain
malluy — wolly < \Ifi = follxllur — ually + Myllhy = hollxlld; = Aally,
allty — Aolly < Ifi = fallx + Lalluy — uallx,
and from this we deduce
Ifi = fally N klley = ol N M|k, = holl5, . kalldy = Aall5
2k, 2 2k, 2 7

2
mylluy — uplly <

2
I = Aally < (A - Bl + Ll = usli}), (5:21)
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where k1, k; are strictly positive real constants. Let us choose k; and &, such that

ki kL2
my — El - ale > 0.
Then
Ifi = AIE Mk - holl; 2k,
2 X b Y 2
ur —uslly < 7'( + ) + - ,
ey — ually 2%, % @ —la® — 2l Ilfi = fllx

where 7 = (my — k1 /2 — kszl/cyz)‘l. Combining with (5.21), we deduce (5.20). O

We note that in the homogeneous case, C depends on my, Ly and @, while in the
nonhomogeneous case, C depends in addition on M.

6. Weak solvability of the models

The purpose of this section is to investigate the well-posedness of the weak
problems formulated in Section 4. The well-posedness of Problem 4.1 is given by
the following theorem.

THEOREM 6.1. Assume (4.1)—(4.6). Then Problem 4.1 has a unique solution (u, ) €
Vi X A. Moreover, if (u,A) and (u*,A") are two solutions of Problem 4.1,
corresponding to the data f € V| and f* € V, then there exists Ct > 0 such that

lle —ully, + 114 = Xllpr < Crllf = fllv,. (6.1)

Proor. Let us set X=V,,Y=D" and f=f. Then A defined by (4.11) is an
unbounded, closed, convex subset of D7. Moreover, 0pr € A. By (4.2) and (4.3), we
deduce that the operator A defined in (4.9) has the properties
(Au — Av,u —v)y, > mgllu — vy, forallu,ve Vi,
[[Au — Av|ly, < M#|lu —v|ly, forallu,veV;.

In addition, the bilinear form b(-, -) : V; x DT — R defined by (4.10) satisfies
6" v, wl < Nl llpr W llyev, -

and therefore, due to properties of the Sobolev trace operator, there exists M, > 0 such
that (5.5) is satisfied. Using the operator R; (see (2.4) in Section 2), we prove that
there exists @’ > 0 such that b(-, -) satisfies (5.6). Indeed, there exists ¢ > 0 such that

(1, w)r
lpllpr = sup
WE)’(W),W#O,/(VI) ||w||}/(V1)
b(Ryw,
<c sup —( 1w, )
wey(V).w#0yv,) ”le”V]

. by, p)
¢ sup a2y
veV, ,v#OVl ”v||V1

IN

Thus, we take o = 1/¢.
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Consequently, applying Theorem 5.2, we deduce that Problem 4.1 has a unique
solution. In addition, inequality (6.1) is a consequence of Theorem 5.7. O

Let us now prove the well-posedness of Problem 4.2.

THEOREM 6.2. Assume (4.1)—(4.6). Then Problem 4.2 has a unique solution (u, A) €
V X A. Moreover, if (u, ) and (u*, A*) are two solutions of Problem 4.2, corresponding
to the data f € V and f* €V, then there exists C‘f > 0 such that

lle = lly + 1A= Allps < CTILf = fllv- (6.2)

Proor. Let X =V, Y = D5, f = f. Then A defined in (4.17) is an unbounded, closed,
convex subset of D5 . Moreover, 0ps € AS. Keeping in mind (4.2) and (4.3), we deduce
that the operator A defined in (4.12) has the properties

(Au — Av,u —v)y > mgllu — vll%, forall u,v eV,
[|Au — Av|ly < Mg|lu —v||y forallu,veV.

For the bilinear form b(-, -) : V x DS — R defined in (4.16), we obtain

b, Wl < |lpllps [vllyv),

and therefore, due to the fact that y is a linear and continuous operator, we deduce
that there exists Mp, >0 such that (5.5) is satisfied. Using the operator R (see
(2.3)), we prove that there exists @ >0 such that b(-,-) satisfies (5.6). Indeed,
there exists ¢ > 0 such that

, W
llllps = sup (s w)s
wey(V),w#0,v, ”w”y(V)
b(Rw,
<c sup (—I‘l)
wey(V),w#0yv, ”Rw”V

b ’
<c sup v, )

b
veVy+0y 1413%

and we take o’ = 1/¢.
The existence and uniqueness of the solution of Problem 4.2 follow again from
Theorem 5.2. To obtain (6.2), we apply Theorem 5.7. m|

Finally, we prove the well-posedness of Problem 4.3.

THEOREM 6.3. Assume (4.1)—(4.8). Then Problem 4.3 has a unique solution (u, ) €
V X A. Moreover, if (u, 1) and (u*, X*) are two solutions of Problem 4.3, corresponding
to the data (f, gexxttz) € VXV and (f*, gi, ,n3) € V X'V, then there exists Cg >0 such
that

lle = lly +114 = X'llps < C (IS = £y + lgextts — goxesllv)- (6.3)
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Proor. Let us take X=V,Y=D%, f=f, h=gems and A given by (4.17). The
conclusion of this theorem follows by similar arguments to those used in the proof
of Theorem 6.2. We apply Theorem 5.2 to obtain the existence and uniqueness result.
In order to obtain (6.3), we apply Theorem 5.8. O

7. Conclusion

To conclude, we point out that by using weak formulations with dual Lagrange
multipliers, efficient algorithms can be written to approximate the weak solutions for
a class of contact problems. For example, Hiieber et al. [12] analysed the frictional
contact between two linearly elastic bodies subjected to antiplane shear deformation.
The weak formulation of their mechanical model is a version of the problem (5.8)—
(5.9) for appropriate functional spaces; we point out that their operator A is linear and
h = 0. To discretize the frictional problem, Hiieber et al. [12] used a mortar technique
on nonconforming meshes. Under some regularity assumptions on the solution, an
optimal a priori error estimate was obtained. In order to solve the discrete nonlinear
problem, a primal—dual active set strategy was applied. The strategy can be interpreted
as a semi-smooth quasi-Newton method. One advantage of the approach is that the
nonlinear friction conditions are applied as Dirichlet or Neumann boundary conditions
on the interface, and this makes the implementation simple. Hiieber et al. [12] also
presented numerical examples confirming the theoretical result and illustrating the
performance of the algorithm. We also refer the reader to other work of Hiieber et al.
[10, 11, 13, 14].
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