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NONSINGULAR RETRACTABLE MODULES AND
THEIR ENDOMORPHISM RINGS

SOUMAYA MAKDISSI KHURI

A module RM is said to be retractable if Hom« (M, U) ^ 0 for each nonzero
submodule U of M. M is said to be a CS module if every complement sub-
module of M is a direct summand in M. Retractable modules are compared to
nondegenerate modules on the one hand and to e-retractable modules on the other
(nondegenerate implies retractable implies e-retractable); and it is shown that if
M is nonsingular and retractable, then Endn M is a left CS ring if and only if
M is a CS module.

1. INTRODUCTION AND PRELIMINARIES

Let RM be a left module over the associative ring R with identity. M is said
to be retractable if Homji(M, U) ^ 0 for every nonzero submodule U of M, and
e-retractable if HOIHH (Af, C) ^ 0 for every nonzero complement submodule C of M.

Let M* = Homfi (M, R) and let T = £ I m / b e t l l e t r a c e of M in i i ; M is said to
f€M*

be nondegenerate if Tm ^ 0 for every nonzero m 6 M. M is said to be a CS module
if every complement submodule of M is a direct summand in M; a ring B is a left CS
ring if BB is a CS module.

Any nondegenerate module is retractable [6, Proposition 3.2], but not conversely
(for example, let M be the Z-module Z/pnZ); and any retractable module is clearly
e-retractable , but not conversely (see for example [5, Example 3.4]). In this paper,
we shall be mainly concerned with investigating some properties of a nonsingular RM
when it is nondegenerate, retractable or e-retractable , and with the connection between
M's being a CS module and its endomorphism ring End/jAf's being a left CS ring.
From [2] and [6] we have the following:

Let RM be nonsingular and nondegenerate; then Endj{ M is a left CS ring if and
only if M is a CS module [6, Corollary 3.11].

Let RM be nonsingular and e-retractable ; then, if End« M is a left CS ring, M
is a CS module [2, Theorem 3.1].

Moreover, we know that a nonsingular, e-retractable M can be CS and still have
an endomorphism ring which is not left CS (see for example [2, Example 3.3]). Hence,
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we know that we cannot hope to show that Endfl M is left CS if and only if M is CS,
for a nonsingular e-retractable M. However, it is natural to ask whether this conclusion
can be generalised from M nonsingular nondegenerate to M nonsingular retractable,
and in our main result (Theorem 3.2) we give an affirmative answer to this question.
Before proving Theorem 3.2, we take a closer look, in Section 2, at nondegenerate,
retractable and e-retractable modules and try to bring out the differences between
them. We find that these differences stand out most clearly in the ability of each of
these types of modules to "preserve essentiality", that is to have " RU is essential in
V" imply "HOIIIR(M, U) is essential in Homjj(M, V)" or conversely.

Throughout this paper, let R be an associative ring with identity, RM a left R-
module and B = Endji M the ring of i2-endomorphisms of M. U < RM (respectively
U < BB) will mean that U is a submodule of M (respectively a left ideal of B).
U < 'RV (or simply U <' V when the context is clear) will mean that U is essential
as an -R-submodule of V, that is U has nonzero intersection with every nonzero R-
submodule of V; and similarly for H <'BB.

The following well-known property of essential submodules will be used without
comment in the sequel:
If U < RV < RW, then U < 'RW if and only if U < 'RV and V < 'RW.

Let IB(U) = {b G B: Mb C U}, for U < RM, and let SM{B) = ME = £ Mh,

for H < BB.
Clearly, IB{U) is a left ideal of B and SM{B) - MH is a submodule of M. The

notations SM{H) and MH will be used interchangeably, and we will identify IB{U)

and HoniR (M, 17) for U < RM; in particular, M is retractable if IB{U) ^ 0 for
O^U <RM.

The following Proposition is easily verified:

P R O P O S I T I O N 1 . 1 .

(i) Ui < RU2 <RM^ IeiU,) < IB(U2).
(ii) HiKBHiKBB^ SM(Hi)<SM(H2).

(iii) SMIB{U) <U and H < IBSM(H), for U < RM and H < BB.
(iv) IB{U) = IBSMIB{U) and SM(H) = SMIBSM{H), for U < RM and

H < BB.

2. NONDEGENERATE, RETRACTABLE AND C-RETRACTABLE MODULES

In [6, Proposition 3.2], it was shown that, when M is nondegenerate then M is

retractable and M has the following two properties:

(I) For U < RV < RM, U < 'RV if and only if IB{U) <' IB{V).
(II) For H < BJ < BB, H <' BJ if and only if SM(H) <' SM(J).
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For retractable modules, we have the following:

PROPOSITION 2 . 1 . For any RM , the following are equivalent:

(i) RM is retractable .
(ii) For any U < RM, SMIB(U) < 'RU.

(iii) For U<RV<RM, IB(U)<' IB{V) => U <'RV.

PROOF: (i) => (ii): If M is retractable and 0 ^ U < RM, then, for any 0 ^ u G U,
there is 0 ^ b G IB(Ru); hence, since IB(Ru) C IB(U), we have:

0 ^ Mb C Ru n SMIB{U), SO that SMIB{U) < 'RU.

(ii) =>• (i): If SMIB(U) < 'RU for any J7, then, for U ^ 0 this implies JB(*7) ^ 0.
(i) =» (iii): If M is retractable and IB{U) <' IB{V) for U < RV < RM, then,

for any 0 ^ w € F , there is 0 ^ 6 € IB{R») l~l /B(£^) ; we have: 0 ^ Mb C RvHU,
which shows that U <'RV.

(iii) => (ii): Assume that (iii) holds and let 0 ^ 17 < RM. Then, since IB(U) =
IBSMIB(U) implies, in particular, that IBSMIB{U) <' IB{U), we have, by (iii), that
SMIB(U)<'RU. D

We can see from Proposition 2.1 that whereas for nondegenerate modules we have
property (I), for retractable modules we have only one direction of (I). However, if M
is nonsingular as well as retractable , then we do have the other direction also.

Recall that RM is nonsingular if, for any m € M, Im = 0 and / < 'RR => m = 0.

THEOREM 2 . 2 . If RM is nonsingular and retractable then we have:

(I) ForU <RV <RM,U <'RV if and only if IB{U) <' IB(V).

PROOF: By Proposition 2.1, we only need to prove one direction. Assume that
U < 'RV and let 0 ^ 6 € IB(V). Choose m E M such that 0 ^ mb = v G V;
then, since U < 'RV, there is r £ R, such that 0 ^ u = rv = rmb; note here that
0 ^ Rrmb — Ru C TJ. By hypothesis, we have SMIB{RT™) <' Rrm; if x is any
nonzero element in Rrm, then it is known (see for example [3], p.46, Lemma 3) that
the left ideal JK = {r G R: rx G 5M-TB(-R'"'™)} is an essential left ideal of R.

If [SM-TB(-RT"™*)]& = 0, then, for any nonzero x in Rrm, since Jxx C S\ilB{.R''"'ln)y
we will have Jxxb = 0 and consequently xb = 0 since M is nonsingular and JT < 'RR;
but this contradicts the fact that Rrmb ^ 0. Hence [SM^B{Rf"m)]b ^ 0 and there is
c £ IB(Rrm) such that c6 ^ 0. Then 0 ^ cA G jB6n/ B (^) , proving that 2u(£0 <'

W). 0
A combination of Theorem 2.2 and Proposition 2.1 gives:

COROLLARY 2 . 3 . Let RM be nonsingular. Then M is retractable if and only
if (I) holds.
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When we go to e-retractable modules, then, even for a nonsingular RM , we get a
weakened version of property (I).

Recall that a submodule C of M is said to be a complement submodule of M if
C has no proper essential extension in M. When RM is nonsingular, then, to any
submodule U of M, there corresponds a unique complement, Ue, in M, such that
U < 'RU< [3, p.61].

THEOREM 2 . 4 . Let RM be nonsingular. Then the following are equivalent:

(i) M is e-retractable .

(ii) For any complement C in M, SMIB{C) < 'RC.

(iii) If U < RV < RM and V is a complement in M, then:

IB(U) <• IB(V) =>U< 'RV.

PROOF: (i) => (ii): Assume that M is e-retractable, and let 0 ^ C be a com-
plement in M. Let 0 ^ x G C and set Y = (Rx)'. Since Y C C, we have
IB{Y) C IB(C), and since 0 ̂  Y is a complement in M and M is e-retractable , there
is 0 ^ 6 6 IB(Y) . Then Mb C Y and, since Rx < 'RY, there is 0 ^ z G M6 D Rx.

Therefore, O ^ E M7B(C7) 0 iZz, proving that M IB(C) < 'RC. For C = 0, (ii) is
trivially true, (ii) =>• (i) is clear.

(i) =>(iii): Assume (i) and let U < RV, where V is a complement; suppose that
IB(U) <' IB{V). If V = 0 , (iii) is trivially true. Thus assume V ^ 0 and let
O^veV. Then, by (i), IB[(Rv)°) ^ 0, hence there is 0 ^ b 6 /B[(fl«)e] n IB(U).

Then, 0 ̂  M6 C (Rv)e C\U, and this implies, since Rv <' (Rv)°, that 0 ^ i?u C\Mb C
fiv n (ilu)e D U = Rv D U; therefore 17 < 'RV.

(iii) =̂ - (ii): Assume (iii) and let V be any nonzero complement in M. From
IB(V) = IBSMIB{V) we have, in particular, IBSMIB{V) <' IB{V), which, by (iii)
implies that SMIB(V) <'RV. U

As regards property (II), here again we find that it holds when M is nondegenerate,
whereas for M nonsingular and retractable, (II) holds if and only if we have H <'

IB(MH) for each H < BB. This last will follow as a Corollary from the next Theorem,
which gives the relationship between properties (I) and (II).

THEOREM 2 . 5 .

(a) Given (I), then (II) holds if and only if H <' IBSM{H) for each H < BB.

(b) Given (II), then (I) holds if and only if SMIB{U) < 'RU for each

U <RM.

PROOF: (a) Let (I) be given. Suppose that (II) holds and let H < BB. Then
SMIBSM(H) = SM(H) implies in particular that SM{H) <' SMIBSM(H), and this
last, combined with H < IBSM(H), implies, by (II), that H <' IBSM(H).
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Conversely, assume that H <' IBSM(H) for B < BB. TO prove (II), assume first
that B < 'BJ. Then we have: SM(H) < SM(J), B <' IBSM(B) < IBSM(J) and
H <'BJ <' IBSM(J); therefore, B <' IBSM{J), which implies that IBSM(H) <'
IBSM(J), and this last gives, by (I), that SM(B) <' SM(J)- For the other direction of
(II), assume that SM(H) <' SM(J), where B < BJ < BB\ then, using (I), we have:
B <' IBSM(H) <' IBSM{J), hence H <' IBSM(J). But H < BJ < IBSM(J), hence
B<BJ.

(b) Let (II) be given. If (I) holds, then we know, by Proposition 2.1, that
SMIB(U) < 'RV for each V < RM. Conversely, assume that SMIB(U) < 'RV for each
U < RM. TO prove (I), assume first that U < 'RV. Then, we have: IB(V) < IB(V),

SMHU) < SMIB(V) < 'RV and SMIB(U) < 'RU < 'RV; therefore, SMIB(U) < 'RV
and hence SMIB{U) <' SMIB(V), which, by (II), implies that IB(U) <' IB(V). For
the other direction of (I), assume that IB(U) <' -TB(V), with U < RV < RM.

Then, using (II), we have SMIB{U) <' SMIB(V) < 'RV, hence SMIB(U) < RV. But
SMIB(U) < 'RV < RV, hence U < 'HF. D

COROLLARY 2 . 6 . Let RM be nonsingular and retractable. Then (II) holds if
and only if H <' IBSM(B) for each B < BB.

As mentioned at the beginning of this section, nondegenerate modules are one
example of modules satisfying both of properties (I) and (II). Another example is that
of a finitely generated quasi-projective nonsingular retractable module, for it is known
that, when RM is finitely generated quasi-projective, we have B = IBSM{B) for each
B < BB (see for example [1, Proposition 4.9]).

Another way to see the difference between retractable and nondegenerate modules
is to note that, for any U < RM, TV < SMIB{U) < U, and to recall that M is
nondegenerate if and only if TV < 'RV for every V < RM [6, Proposition 3.1]. It
follows that M is nondegenerate if and only if SMIB(V) < 'RV and TV <' SMIB(U),

for each V < RM , that is, if and only if M is retractable and TV <' SMIB(V) for each
V < RM (using Proposition 2.1). For M nonsingular, the condition TV <' SMIB(U)

for each V < RM is equivalent to TM < 'RM\ more generally, we have:

THEOREM 2 . 7 .

(i) For any RM, TM < 'RM => TN <' MEomR (M, N) for every nonsin-
gular RN; if M is nonsingular, the converse holds also.

(ii) T < 'RR => TN < 'RN for every nonsingular N; if R is left nonsingular,
the converse holds also.

PROOF: (i) Assume that TM < 'RM, and let RN be nonsingular. Let 0 ^
k

n G M HomR (M, N) and write n = 53 m»/» > w * t n 0 ^ mj 6 M and 0 ^ /,• 6
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Homjj(M, N), (assume also m</< ^ 0), for t = 1, . . . , fc. Set Ki = {r e R: rvm e
TM}; then TM < 'RM implies that if, < 'RR; hence, since 0 ^ m</i € N and N is
nonsingular, we have 0 •£ Kimifi C TMfc D J?m,/i, for i = 1, . . . , k. Let J = /«(n) =
{rG i i : r n = 0}; then, since JV is nonsingular and n ^ 0, J is not an essential left ideal

k
of R. Let 0 ^ L be a left ideal of J? such that L D J = 0. Since fl *"» < k-R. t h e r e

i i

. § . We have: 0 4 sn
,t=i

k
since s £ f| Ki. Therefore, since Mfc C N, 0 ^ j n £ TJV D .Rn, which shows that

TN <' MHomfi (Af, N). The second statement is clear.

(ii) Assume that T < 'RR and let RN be nonsingular. Let 0 5̂  n 6 JV; then
IR(JI) = {r £ JJ: rn = 0} is not essential as a left ideal of R, so there is a nonzero left
ideal J in R such that JnlR(n) = 0. Then JC\T ^ 0 and 0 ^ (J D T)n C JnftTN;

so TN < 'RN. Again, the second statement is clear. D

COROLLARY 2 . 8 . Let RM be nonsingular. Then TM < 'RM if and only if
TU <' SMIB{U) for every U < RM; and M is nondegenerate if and only if TM <'
RM and M is retractable.

3. ENDOMORPHISM RINGS OF NONSINGULAR RETRACTABLE MODULES

As mentioned in the Introduction, our aim is to generalise the result:

(N) Let RM be nonsingular and nondegenerate. Then B = End« M is a left

CS ring if and only if M is a CS module [6, Corollary 3.11],

from nondegenerate to retractable modules.

In [6], this result followed easily from the fact that, for a nonsingular nondegenerate
RM , there is a projectivity (that is, an order-preserving bijection) between the com-
plement submodules of M and the complement left ideals of B, given by U —• IB{U),

for U a complement of M, and H —» [SM{H)]C , for H a left complement of B. For
a nonsingular retractable M, however, the maps U —» IB(U) and H —> [SM(H)]C will
not give us a projectivity between the complements of M and the left complements of
B unless we have the additional condition H <' IBSM(B) for every H < BB , as we
now show.

Set C - {U < RM: U is a complement submodule of M } , and Cl(B) = {H <

BB : H is a complement left ideal of B}.

THEOREM 3 . 1 . Let RM be nonsingular and retractable . Then the maps U —*
IB(U) and H -> [SM(H)Y determine a projectivity between Ce and CJ(5) if and oniy
if K <' IBSM{K) for every K < BB.
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P R O O F : Assume that K <' IBSM(K) for every K < BB. Then, by Corollary
2.6, property (II) holds; also, by Theorem 2.2, property (I) holds. Let U G C* and
suppose that IB{U) < 'BJ. By Zorn's Lemma, we may assume that J E Cl{B). Since
(II) holds, IB(U) < 'BJ implies that SMIB(U) <' SM(J); since M is retractable,
SMIB(U) <'RU,by Proposition 2.1. Therefore, U = [SMIB(U)]' = [SM(J)]e, so that
SM(J) Q U and hence J C IB(U); then IB(U) = J, that is IB maps U E C to
IB{U) G C^B). Clearly, for any H < BB, [SM(ff )]e eC°.

Let H e Cl{B); by (I), SM(H) < ' [5M(JT)]e implies that IBSM{H) <'

IB{[SM{E)Y}. Then H <' IBSM(H) <' IB{[SM(H))'} implies that
H = IBSM{H) = IB{[SM(H)}'}.

We have: ! / 6 C e - » IB(U) e C^B) -• [5M/B(^)]e = U, and Ŝ  G C\B) ->
[SM(H)}< eC<-> IB{[SM(H)]<} = H.

Hence the two order-preserving maps are inverses of each other and so determine
a projectivity between Ce and C1(5).

Conversely, assume that the maps U —> IB{U) and H -* [SM(B)]C determine a
projectivity between Ce and CX(B). Then, if H G CX(B), H = IB{[SM(H)}e}; hence,
since H < IBSM(H) < IB{[SM{H)]'}, it follows that H = IBSM(H). Let K be
any left ideal in B; there is J £ CJ(B) such that K < 'BJ. We have J = IBSM(J),
SM(K) < SM(J), and K < IBSM{K) < IBSM(J) = J; so K < 'BJ implies that
K <' IBS\i(K), and the proof is complete. U

In view of Theorem 3.1 when M is nonsingular and retractable, we need to find
a way other than the projectivity between complements, in order to transfer the CS
property between M and EndjjM. Our proof will make use of the injective hull, M,
of M and its endomorphism ring, A — EndflM. Notation: Let rB(U) — {b G B :
£76 = 0}, for U < RM.

THEOREM 3 . 2 . Let RM be nonsingular and retractable. Then B = End/j M is
a left CS ring if and only if M is a CS module.

PROOF: Let M be nonsingular, retractable and CS. Since M is nonsingular and
retractable, we have, by [5, Theorem 3.1] that B is left nonsingular, B < BA and
A is the maximal left quotient ring of B. Since M is a CS module, if U £ Ce and
U ^ M, then we have U - Me, for 1 ^ e = e2 G B, and therefore 0 / l - e £ rB{U).
Since M is nonsingular, we know by [4, Theorem 3.5] that, if for every complement U
in M such that U ^ M we have rB{U) =fi 0, then B has nonzero intersection with
every nonzero right ideal of A = End/j M. Hence, the left nonsingular ring B has
nonzero intersection with every nonzero right ideal of its maximal left quotient ring A;
therefore, it follows by Utumi's Theorem [7, Theorem 2.2] that every complement left
ideal in B is a left annihilator in B. But, by [6, Theorem 3.13], since M is nonsingular
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and CS, every left annihilator in B is a direct summand in B (that is, B is a Baer
ring). Hence every complement left ideal in B is a direct summand in B, and B is a
left CS ring.

As mentioned in the Introduction, the converse, that is, for RM nonsingular re-
tractable B left CS implies M CS, is proved in [2, Theorem 3.1]. However, for com-
pleteness, we give a (slightly shorter version of the) proof which makes use of Theorem
2.4. Let M be nonsingular and e-retractable and assume that B is a left CS ring. Let
U eC and set H = IB(U). There is K £ Cl(B) such that E < 'BK, and, since B is
a left CS ring, K = Be for e = e2 e B. We have SM(H) < SM(K) = SM(Be) = Me,
and IBSM{K) - IB{Me). Clearly, e 6 IB{Me), so that Be C IB{Me); on the other
hand, if b G IB{Me), then, for any m £ M, mb = m\e for some m\ € M, hence
mbe — mie2 = m i e = m&, that is, 6 = be E. Be. Therefore iB(Me) = Be = K, that is,
IBSM{K) = K; hence, since H < 'BK, we have 27 <' IBSM(H) <' IBSM(K) = K.
Thus, we have SM(H) < SM(K) and IBSM(H) <' IBSM(K), with SM(K) = Me a
direct summand and hence a complement in M. Therefore, by Theorem 2.4, it follows
that SM(B) <' SM(K) . Since M is e-retractable and U 6 Ce, we have, again by Theo-
rem 2.4, SMIB(U) < 'RU. Therefore, we have U = [SM/B(I/)]e = [SM(H)]C = SM{K);
that is, U = SM(K) = Me, and U is a direct summand in M, proving that M is a
CS module. D

REMARK. Note that the first half of the proof of Theorem 3.2 does not go through if we
weaken the hypothesis to "M nonsingular e-retractable " because we need retractability
to show that B is essential as a left i?-submodule of A, in order to have A = Endjz M
equal to the maximal left quotient ring of A. The weaker hypothesis of e-retractability
is, for M nonsingular, equivalent to the weaker result: B has nonzero intersection with
every nonzero left ideal of A [4, Theorem 3.4].
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