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NONSINGULAR RETRACTABLE MODULES AND
THEIR ENDOMORPHISM RINGS

SouMAayAa MAkDISsI KHURI

A module gM is said to be retractable if Homg (M, U) # 0 for each nonzero
submodule U of M. M is said to be a CS module if every complement sub-
module of M is a direct summand in M. Retractable modules are compared to
nondegenerate modules on the one hand and to e-retractable modules on the other
(nondegenerate implies retractable implies e-retractable); and it is shown that if
M is nonsingular and retractable, then Endg M is a left CS ring if and only if
M is a C'S module.

1. INTRODUCTION AND PRELIMINARIES

Let rM be a left module over the associative ring R with identity. M is said
to be retractable if Homg (M, U) # 0 for every nonzero submodule U of M, and
e-retractable if Hompg (M, C) # 0 for every nonzero complement submodule C of M.

Let M+ = Homg (M, R) andlet T = Y Im f be the trace of M in R; M is said to
JEM=
be nondegenerate if T'm # 0 for every nonzero m € M. M is said to be a CS module

if every complement submodule of M is a direct summand in M ; aring B is aleft C§S
ring if pB is a CS module.

Any nondegenerate module is retractable [6, Proposition 3.2], but not conversely
(for example, let M be the Z-module Z/p"Z); and any retractable module is clearly
e-retractable , but not conversely (see for example [5, Example 3.4]). In this paper,
we shall be mainly concerned with investigating some properties of a nonsingular gM
when it is nondegenerate, retractable or e-retractable , and with the connection between
M’s being a CS module and its endomorphism ring Endg M ’s being a left CS ring.
From (2] and [6] we have the following:

Let gkM be nonsingular and nondegenerate; then Endg M is a left C'S ring if and
only if M is a C'S module [6, Corollary 3.11].

Let gk M be nonsingular and e-retractable ; then, if Endg M is a left CS ring, M
is a C'S module {2, Theorem 3.1].

Moreover, we know that a nonsingular, e-retractable M can be CS and still have
an endomorphism ring which is not left CS (see for example [2, Example 3.3]). Hence,
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we know that we cannot hope to show that Endg M is left CS if and only if M is CS,
for a nonsingular e-retractable M. However, it is natural to ask whether this conclusion
can be generalised from M nonsingular nondegenerate to M nonsingular retractable,
and in our main result (Theorem 3.2) we give an affirmative answer to this question.
Before proving Theorem 3.2, we take a closer look, in Section 2, at nondegenerate,
retractable and e-retractable modules and try to bring out the differences between
them. We find that these differences stand out most clearly in the ability of each of
these types of modules to “preserve essentiality”, that is to have “ gU is essential in
V' imply “Hompg (M, U) is essential in Hompg (M, V)” or conversely.

Throughout this paper, let R be an associative ring with identity, gM a left R-
module and B = Endg M the ring of R-endomorphisms of M. U < gM (respectively
U < pB) will mean that U is a submodule of M (respectively a left ideal of B).
U < gV (or simply U <' V when the context is clear) will mean that U is essential
as an R-submodule of V, that is U has nonzero intersection with every nonzero R-
submodule of V; and similarly for H < 3 B.

The following well-known property of essential submodules will be used without
comment in the sequel:

If U< RgrV < gW,then U < gW if andonly if U <3V and V < xW.
Let Ig(U)={be B: MbC U}, for U < gkM,andlet Sy(H)= MH = Y, Mh,

h€eH
for H < gB.

Clearly, Ig(U) is a left ideal of B and Sy(H) = MH is a submodule of M. The
notations Sp(H) and M H will be used interchangeably, and we will identify Ig(U)
and Homp (M, U) for U < gM; in particular, M is retractable if Ig(U) # 0 for
04U <prM.

The following Proposition is easily verified:

ProposiTION 1.1.

(i) Ui <rUz < gM = IB(U1) < Ig(U,).
(ii) H, < gH, < gB = SM(Hl) < SM(Hz).
(ii) SmIs(U)< U and H < IgSm(H), for U < gM and H < gB.
(iv) IB(U) = IBSMIB(U) and SM(H) = SMIBSM(H), for U < kM and
H < gB.

2. NONDEGENERATE, RETRACTABLE AND e-RETRACTABLE MODULES

In [8, Proposition 3.2}, it was shown that, when M is nondegenerate then M is
retractable and M has the following two properties:

(1) For U< RV < gM, U <RV if and only if Ig(U) <' Ig(V).
(II) For H < pJ < B, H <'pJ if and only if Sy(H)<' Sm(J).
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For retractable modules, we have the following:
PROPOSITION 2.1. For any gM, the following are equivalent:

(i) RrM is retractable .
(ii) Forany U < gM, SmIp(U) < RU.
(i) For U< gpV < gM, Ig(U)<' Ig(V)=>U <RV.

ProoF: (i) = (ii): If M is retractableand 0 # U < g M, then,forany 0 £ u € U,
there is 0 # b € Ig(Ru); hence, since Ig(Ru) C Ig(U), we have:

0#MbC Run SMIB(U), so that SMIB(U) < 'RU.

(i1) = (i): If SmIp(U) < 'gxU for any U, then, for U # 0 this implies Ig(U) # 0.

(i) = (iii): If M is retractable and Ig(U) <' Ig(V) for U < rV < rM, then,
forany 0 # v € V, thereis 0 # b € Ig(Rv)NIg(U); we have: 0 # MbC RvNVU,
which shows that U < V.

(iii) = (ii): Assume that (iii) holds and let 0 # U < gM. Then, since Ig(U) =
IpSmIp(U) implies, in particular, that IgSyIp(U) <' Ig(U), we have, by (iii), that
SMIB(U) < 'RU

We can see from Proposition 2.1 that whereas for nondegenerate modules we have
property (1), for retractable modules we have only one direction of (I). However, if M
is nonsingular as well as retractable , then we do have the other direction also.

Recall that g M is nonsingular if, forany me€ M,Im =0 and I < gR=> m =0.

THEOREM 2.2. If M is nonsingular and retractable then we have:
(I) For U <RrV < gM, U <RV if and only if Ig(U) <' Ig(V).

PRrROOF: By Proposition 2.1, we only need to prove one direction. Assume that
U< RV and let 0 # b € Ig(V). Choose m € M such that 0 # mb = v € V;
then, since U < RV, there is » € R, such that 0 £ u = rv = rmb; note here that
0 # Rrmb = Ru C U. By hypothesis, we have SpyIp(Rrm) <' Rrm; if z is any
nonzero element in Rrm, then it is known (see for example (3], p.46, Lemma 3) that
the left ideal J, = {r € R: rz € SpIg(Rrm)} is an essential left ideal of R.

If [SpIp(Rrm)]b = 0, then, for any nonzero z in Rrm, since J.z C SpIp(Rrm),
we will have J,zb = 0 and consequently zb = 0 since M is nonsingular and J, < 3 R;
but this contradicts the fact that Rrmb # 0. Hence [SaIp(Rrm)]b # 0 and there is
¢ € Ig(Rrm) such that c¢b # 0. Then 0 # cb € BbN Ig(U), proving that Ig(U) <’
Ig(V).

A combination of Theorem 2.2 and Proposition 2.1 gives:

COROLLARY 2.3. Let gkM be nonsingular. Then M is retractable if and only
if (I) holds.
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When we go to e-retractable modules, then, even for a nonsingular g M, we get a
weakened version of property (I).

Recall that a submodule C of M is said to be a complement submodule of M if
C has no proper essential extension in M. When rM is nonsingular, then, to any
submodule U of M, there corresponds a unique complement, U®, in M, such that
U < jUe [3, p.61].

THEOREM 2.4. Let M be nonsingular. Then the following are equivalent:

(1) M is e-retractable .
(ii) For any complement C in M, SyIpg(C) < xC.
(i) KU < RV < gM and V is a complement in M, then:

Ig(U) <' Ig(V)=> U < jV.

PRroOF: (i) = (ii): Assume that M is e-retractable, and let 0 # C be a com-
plement in M. Let 0 # z € C and set Y = (Rz)®. Since Y C C, we have
Ig(Y) C Ig(C), and since 0 # Y is a complement in M and M is e-retractable , there
is 0 £ b € Ig(Y). Then Mb C Y and,since Rz < RY, thereis 0 # z € MbN Rz.
Therefore, 0 # z € MIg(C) N Rz, proving that MIg(C) < xC. For C = 0, (ii) is
trivially true. (ii) = (i) is clear.

(i) =(iii): Assume (i) and let U < rV, where V is a complement; suppose that
Ig(U) <' Ip(V). If V = 0, (iii) is trivially true. Thus assume V # 0 and let
0 # v € V. Then, by (i), Ig[(Rv)°] # 0, hence there is 0 # b € Ig[(Rv)*] N Ig(U).
Then, 0 # Mb C (Rv)°NU, and this implies, since Rv <' (Rv)®, that 0 # RN Mb C
RvN(Rv)*NU = RvNU; therefore U < V.

(iii) = (ii): Assume (iii) and let V be any nonzero complement in M. From
Ig(V) = IgSmIp(V) we have, in particular, IgSpIp(V) <' Ig(V), which, by (iii)
implies that SmMIg(V) <RxV.

As regards property (II), here again we find that it holds when M is nondegenerate,
whereas for M nonsingular and retractable, (II) holds if and only if we have H <’
Ig(MH) for each H < gB. This last will follow as a Corollary from the next Theorem,
which gives the relationship between properties (I) and (II).

THEOREM 2.5.

(a) Given (1), then (II) holds if and only if H <' IgSym(H) for each H < gB.
(b) Given (II), then (I) holds if and only if SmIB(U) < ‘RU for each
U<grM.

ProoF: (a) Let (I) be given. Suppose that (II) holds and let H < gB. Then
SmIpSm(H) = Sm(H) implies in particular that Sm(H) <' SmMIpSm(H), and this
last, combined with H < IgSy(H), implies, by (II), that H <' IpSm(H).
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Conversely, assume that H <' IgSy(H) for H < pB. To prove (II), assume first
that H < gJ. Then we have: Sy(H) < Sm(J), H <' IgSm(H) < IgSm(J) and
H < 'gJ <' IpSm(J); therefore, H <' IgSm(J), which implies that IpSam(H) <'
IgSm(J), and this last gives, by (I), that Sp(H) <' Spm(J). For the other direction of
(IT), assume that Sp(H) <' Spm(J), where H < gJ < pBj then, using (I), we have:
H < IgSpy(H) <' IsSm(J), hence H <' IgSp(J). But H < gJ < IgSna(J), hence
H<gJ.

(b) Let (II) be given. If (I) holds, then we know, by Proposition 2.1, that
SmIs(U) < gU for each U < g M. Conversely, assume that SaIg(U) < gU for each
U < pM. To prove (I), assume first that U < 5 V. Then, we have: Ig(U) < Ig(V),
SMIB(U) < SMIB(V) < ’RV and SMIB(U) < 'RU < 'RV; therefore, SMIB(U) < IRV
and hence SmIp(U) <' SmMIB(V), which, by (II), implies that Ig(U) <' Ig(V). For
the other direction of (I), assume that Ig(U) <' Ig(V), with U < gV < gpM.
Then, using (II), we have SpIp(U) <' SmIg(V) < gV, hence SyIpg(U) < RV. But
SmIp(U) < 'qU < gV, hence U < V. 0

COROLLARY 2.6. Let g M be nonsingular and retractable. Then (II) holds if
and only if H <' IgSy(H) for each H < gB.

As mentioned at the beginning of this section, nondegenerate modules are one
example of modules satisfying both of properties (I} and (II). Another example is that
of a finitely generated quasi-projective nonsingular retractable module, for it is known
that, when g M is finitely generated quasi-projective, we have H = IgSpy(H) for each
H < pB (see for example [1, Proposition 4.9]).

Another way to see the difference between retractable and nondegenerate modules
is to note that, for any U < gpM, TU < SmIB(U) < U, and to recall that M is
nondegenerate if and only if TU < {U for every U < grM [6, Proposition 3.1]. It
follows that M is nondegenerate if and only if SpIg(U) < RU and TU <' SpIp(U),
foreach U < rM, thatis, if and only if M is retractable and TU <' SpIp(U) for each
U < pM (using Proposition 2.1). For M nonsingular, the condition TU <' Sy Ig(U)
for each U < grM is equivalent to TM < { M ; more generally, we have:

THEOREM 2.7.

(i) For any pRM, TM < gM = TN <' M Hompg (M, N) for every nonsin-
gular g N ; if M is nonsingular, the converse holds also.

(i) T <xR = TN < gxN for every nonsingular N ; if R is left nonsingular,
the converse holds also.

PROOF: (i) Assume that TM < jM, and let RN be nonsingular. Let 0 #
k

n € MHomp(M, N) and write n = Y m;f;, with 0 # m; € M and 0 # f; €
i=1
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Hompg (M, N), (assume also m;f; # 0),for i =1,..., k. Set K; = {r € R: rm; €
TM}; then TM < 'z M implies that K; < 1 R; hence, since 0 # m;f; € N and N is
nonsingular, we have 0 # Kymifi CTMfiNRm;f;, fori=1,...,k. Let J =lg(n) =

{r € R: rn = 0}; then, since N is nonsingular and n # 0, J is not an essential left ideal
k
of R. Let 0 # L be a left ideal of R such that LN J = 0. Since [ K; < xR, there

=1

is 0 #s8¢€ Lﬂ(f’f] K.-). We have: Ogéan:s(zk:mgf;) = ism.-f; € Zk:TMf.-,
3 i=1 =1

=1 =1

k
since 8 € n K;. Therefore, since Mf; C N, 0 # sn € TN N Rn, which shows that

i=1

TN <' M Hompg (M, N). The second statement is clear.

(ii) Assume that T < ZR and let g N be nonsingular. Let 0 # n € N; then
lr(n) = {r € R: rn = 0} is not essential as a left ideal of R, so there is a nonzero left
ideal J in R such that JNIgr(n) =0. Then JINT #0and 0 (JNT)n C JnNTN;
so TN <y N. Again, the second statement is clear. 1

COROLLARY 2.8. Let rRM be nonsingular. Then TM < 'y M if and only if
TU <' SmIp(U) for every U < gM; and M is nondegenerate if and only if TM <'
rM and M is retractable.

3. ENDOMORPHISM RINGS OF NONSINGULAR RETRACTABLE MODULES

As mentioned in the Introduction, our aim is to generalise the result:

(N) Let gM be nonsingular and nondegenerate. Then B = Endg M is a left
CS ring if and only if M is a CS module [8, Corollary 3.11],

from nondegenerate to retractable modules.

In [8], this result followed easily from the fact that, for a nonsingular nondegenerate
rM , there is a projectivity (that is, an order-preserving bijection) between the com-
plement submodules of M and the complement left ideals of B, given by U — Ig(U),
for U a complement of M, and H — [Spm(H))¢, for H a left complement of B. For
a nonsingular retractable M, however, the maps U — Ig(U) and H — [Sp(H)]® will
not give us a projectivity between the complements of M and the left complements of
B unless we have the additional condition H <' IgSym(H) for every H < B, as we
now show.

Set C* = {U < gM: U is a complement submodule of M}, and C!(B) = {H <
BB : H is a complement left ideal of B}.

THEOREM 3.1. Let gM be nonsingular and retractable . Then the maps U —
Ip(U) and H — [Sym(H)]® determine a projectivity between C® and C!(B) if and only
if K <' ISm(K) for every K < pB.
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PROOF: Assume that K <' IpSym(K) for every K < gB. Then, by Corollary
2.6, property (II) holds; also, by Theorem 2.2, property (I) holds. Let U € C* and
suppose that Ip(U) < gJ. By Zorn’s Lemma, we may assume that J € C!(B). Since
(II) holds, Ig(U) < 'gJ implies that SpIp(U) <' Sm(J); since M is retractable,
SmIpg(U) < 'xU, by Proposition 2.1. Therefore, U = [SpIg(U)]® = [Sm(J)]¢, so that
Sm(J) € U and hence J C Ig(U); then Ig(U) = J, that is Ig maps U € C® to
Ig(U) € C1(B). Cleatly, for any H < B, [Sm(H)|®€Ce.

-Let H € CYB); by (I), SmM(H) <' [Sm(H)]* implies that IgSm(H) <’
Ig{[Sm(H))°}. Then H <' 1IpSm(H) <' Ip{[Sm(H)]°*} implies that
H =IgSy(H) = Ig{[Sm(H))®}.

We have: U € C® — Ig(U) € CY(B) — [SmIs(U)]* = U, and H € C'(B) —
[Sae(H))* € C* — Is{(S(H)} = A.

Hence the two order-preserving maps are inverses of each other and so determine
a projectivity between C* and C(B).

Conversely, assume that the maps U — Ig(U) and H — [Sy(H)|® determine a
projectivity between C* and C!(B). Then, if H € C}(B), H = Ig{[Sm(H)]}; hence,
since H < IgSym(H) < Ig{[Sm(H)]?}, it follows that H = IgSm(H). Let K be
any left ideal in B; there is J € C'(B) such that K < 3J. We have J = IpSm(J),
Sm(K) < Sm(J), and K < IgSm(K) < IgSm(J) = J; so K < 'gJ implies that
K <' IgSm(K), and the proof is complete. 1|

In view of Theorem 3.1 when M is nonsingular and retractable, we need to find
a way other than the projectivity between complements, in order to transfer the C'S
property between M and Endg M. Our proof will make use of the injective hull, M ,
of M and its endomorphism ring, A = Endg M. Notation: Let rg(U) ={be B:
Ub=0},for U < gM.

THEOREM 3.2. Let rRM be nonsingular and retractable. Then B = Endg M is
aleft CS ring if and only if M is a CS module.

PRrROOF: Let M be nonsingular, retractable and CS. Since M is nonsingular and
retractable, we have, by [5, Theorem 3.1) that B is left nonsingular, B < 5z A and
A is the maximal left quotient ring of B. Since M is a CS module, if U € C* and
U # M, then we have U = Me, for 1 # e = e € B, and therefore 0 #1 —e € rg(U).
Since M is nonsingular, we know by [4, Theorem 3.5] that, if for every complement U
in M such that U # M we have rg(U) # 0, then B has nonzero intersection with
every nonzero right ideal of A = Endg M. Hence, the left nonsingular ring B has
nonzero intersection with every nonzero right ideal of its maximal left quotient ring A;
therefore, it follows by Utumi’s Theorem [7, Theorem 2.2] that every complement left
idealin B is a left annihilator in B. But, by [6, Theorem 3.13], since M is nonsingular
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and CS, every left annihilator in B is a direct summand in B (that is, B is a Baer
ring). Hence every complement left ideal in B is a direct summand in B, and B isa
left CS ring.

As mentioned in the Introduction, the converse, that is, for RM nonsingular re-
tractable B left CS implies M CS, is proved in [2, Theorem 3.1]. However, for com-
pleteness, we give a (slightly shorter version of the) proof which makes use of Theorem
2.4. Let M be nonsingular and e-retractable and assume that B is a left CS ring. Let
U € C® and set H = Ig(U). Thereis K € C'(B) such that H < 5K, and, since B is
aleft CS ring, K = Be for e = e2 € B. We have Sy (H) < Sm(K) = Sm(Be) = Me,
and IgSy(K) = Ig(Me). Clearly, e € Ig(Me), so that Be C Ig(Me); on the other
hand, if b € Ig(Me), then, for any m € M, mb = m,e for some m; € M, hence
mbe = mie? = mye = mb, that is, b = be € Be. Therefore Ig(Me) = Be = K, that is,
IpSm(K) = K; hence, since H < 5K, we have H <' IgSy(H) <' IpSu(K) = K.
Thus, we have Sps(H) < Sp(K) and IgSy(H) <' IgSm(K), with Sy (K) = Me a
direct summand and hence a complement in M. Therefore, by Theorem 2.4, it follows
that Sp(H) <' Sm(K). Since M is e-retractable and U € C°, we have, again by Theo-
rem 2.4, SpIp(U) < 'gU. Therefore, we have U = [SpIg(U)]® = [Sm(H)}® = Sm(K);
that is, U = Sy(K) = Me, and U is a direct summand in M, proving that M is a
CS module. 1

REMARK. Note that the first half of the proof of Theorem 3.2 does not go through if we
weaken the hypothesis to “ M nonsingular e-retractable ” because we need retractability
to show that B is essential as a left B-submodule of A4, in order to have A = Endg M
equal to the maximal left quotient ring of A. The weaker hypothesis of e-retractability
is, for M nonsingular, equivalent to the weaker result: B has nonzero intersection with
every nonzero left ideal of A [4, Theorem 3.4].

REFERENCES

[1] T. Albu and C. Nastasescu, Relative finileness in module theory (Dekker, New York,
1984).

[2] A.W. Chatters and S.M. Khuri, ‘Endomorphism rings of modules over nonsingular C'S
rings’, J. London Math. Soc. 21 (1980), 434-444.

[3] C. Faith, Lectures on injective modules and quotient rings 246, Lecture Notes in Mathe-
matics (Springer—Verlag, Heidelberg, Berlin, New York, 1972).

[4] S.M. Khuri, ‘Baer endomorphism rings and closure operators’, Canad. J. Math. 30 (1978),
1070-1078.

(5] S.M. Khuri, ‘Endomorphism rings of nonsingular modules’, Ann. Sci. Math. Quebec 4
(1980), 145-152.

[6] S.M. Khuri, ‘Correspondence theorems for modules and their endomorphism rings’, J.
Algebra 122 (1989), 380-396."

https://doi.org/10.1017/5000497270002877X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002877X

(9] Nonsingular retractable modules 71

[7] Y. Utumi, ‘On rings of which any one-sided quotient ring is two-sided’, Proc. Amer. Math.
Soc. 14 (1963), 141-147.

Department of Mathematics
East Carolina University
Greenville, North Carolina 27858
United States of America

https://doi.org/10.1017/5000497270002877X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002877X

