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On BP<1>*(K(Z, 3); Z/p)
JACK UCCI

Introduction. In this paper we study the inverse limit cohomology
h*(K(Z, 3)) of an Eilenberg-MaclLane object K(Z, 3) for certain
cohomology theories 4. Our main result gives a complete description of all
non-trivial differentials of the Atiyah-Hirzebruch spectral sequence
(AHSS) H*(X;h*(pt)) = h*(X) for X = K(Z, 3) and h either of the
complex K-theories K*( ;Z/p) and K*( :;Z,). This is achieved
inductively using the finite symmetric product spaces SP'S*, k = p".
Identification of cycles and boundaries of each non-trivial differential
leads to an explicit description of BP<<1>*(K(Z, 3); Z/p) and some
information about BP<<1>*(K(Z, 3)).

1. The ring H*(SP'S?; Z,)). Here we indicate how to obtain the ring
H*(SP”'S3;Z([,)) in terms of generators and relations from the well known
results of Serre, Cartan and Nakaoka. First, there are the mod p
cohomology rings of the infinite symmetric product SP*S? (which is a
K(Z, 3) by [6]).

1.1 ([11]) H*(SP*S*; Z/2) ~ Z./2[u;);=0.
1.2 ([5]) For p an odd prime
H*(SPS% Zip) =~ E(u;)i=0 ® Z/p[v];=1.

In 1.1 and 1.2 ug 1s the fundamental class, u; is Sqlzlu,»,‘,l or P Iu,-,,, Ll =1
according as p = 2 or p > 2, v; = B,u;, and S¢', P' and B, are the usual
Steenrod and Bockstein operations. Then by [10] (p any prime)

1.3 H*(SP''S3; Z/p) ~ H*(SP™S>; Z/p)/ker i*

where i,:SP’'S® — SP®S? is the standard axial inclusion. Nakaoka further
describes the ideal ker i,* in terms of the Serre-Cartan generators as
follows: assign the generators u, u;, v; p-rank 1, p', p' respectively, and any
monomial x;x, . ... x, in these generators p-rank the sum of the p-ranks of
its factors. Then ker i,* is the ideal a, generated by all monomials of
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p-rank > p. This fact together with 1.1, 1.2 describe the ring H*(SP"'S%;
Z/p) in terms of generators and relations.

From [5, n°11, Theorem 1] H*(K(Z, 3); Z), and hence also H*(K(Z, 3);
Z,)), has no element of order p” for any prime p. Thus the Bockstein exact
triangle defined by the coefficient sequence

,
Zipy > 2y 5 2p

implies that the reduction mod p homomorphism

r r r
H*(SP'S%; Z,,)) -5 H*(SP''S*; Z/p)

is a monomorphism in dimensions > 3. This makes it possible (and
elementary) to extract the following generators-and-relations description
of the ring H*(SPF S3;Z(,,)) from the preceding discussion.

n n n
If we set uy = u;, u;, ... u; and v N =y v/, then the standard

Juo T
basis for H*(SPS3; Z/p), p odd, consists of the set of monomials

1.4 {u,vJNI 0§[()<f1<...<i5,1§j1<j2<...<j,.

n, = 0}
while the standard basis for H*(SPS3; Z/2) is
LS (w0 =iy < iy <...<i,n =0}
Since Byu; = u’i—y, i = 1, 1.4 also describes the standard basis for
H*(SP>°S?; 2/2) if we setv; = u?;_y, i = 1.
Let
S={ =0, N 1=ji<jpp<...<j.t =0}

t = 0 refers to the empty sequence. Define
ury = Bopyur, 1 €S

ur, sy = By (), J €S,

Here B, is the Bockstein associated to the short exact sequence
2, %12, -1
) ») /p

and J(/) is the sequence obtained from J by omitting j,.

PROPOSITION. H*(SP™S?; Z,)) is the ring generated by uy (the
3-dimensional fundamental class), uy), v I € § — {8}, ] = 1, with
relations
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(1) pugy =0 = pv,

(i) 2 (D ug v, =0 JeSs - (B}
/=1

s
(lll) Uy = /gl (*I)I_IU(]‘J(/))VV/‘/. 1,.] e S — {@}

Comments. (i) is clear since reduction mod p is monic in dimensions >
3. (i) is easy from B,B,u; = 0. (iii) can be proven via a straightforward
induction (on s, 1 = 2). A proof of this proposition (which we omit) can be
given by a counting argument based on the following observation.

1.6. The Z/p-vector space z H'(SP*°S?; Z,) ) has a basis given by

i>3
{u, u v )
wheree.€ = 0or 1 and 1,J € S satisfy oneofa) I =0b) J =0c¢c) I
#* 0 # J and there exists i € [ withi = j for all j € J.

The crucial point is that relation (ii) enables one to express u(,v; as a
sum of terms u v, ., K, L satisfying c) when /, J fail to satisfy c).
Of course, one obtains the ring H*(SP"'S?; Z,)) by truncating the ideal

t]p".

2. K*(SP''S3; G).

TuEOREM 2.1, For any r = 0 and any prime p, K’ (SP''S3; Z,) =
Z,, or O according as i = 1 or 0.

THEOREM 2.2. For any r = 0 and any prime p, K' (SP''S3; Z/p)y~17Z/p
or 0 according as i = 1 or 0.

The equivalence of these two results is an immediate consequence of the
short exact sequence (a Universal Coefficient Theorem [3])

0— K'(X; Z,)) ® Z/p — K'(X; Z/p)
— K'NX; Z,)+Z/p — 0.

2.1 and 2.2 admit equivalent statements in terms of the corresponding
Atiyah-Hirzebruch spectral sequences. We treat the two cases, p odd and
p = 2, separately. Also we shall write d.x = y when in fact d.x = Ny for
some integer N # 0 mod p, with the single exception

dyp—1y+1g = —VI;
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then w5 in 2.3’ below becomes a cycle.
THEOREM 2.3'. Let r Z 0 and p be an odd prime. Set
U and ug’ = w_ i),

3=k=r

u' = up, ', = uy + upv)’

Then the nontrivial differentials of the AHSS
H*(Y,;Z/p) = K*(Y;Z/p), Y, = SP''S,

are completely determined by

-V i=0
dz(p—|)+|”/ = O) i=1

v, 2=i=sr
d/‘v“)u,/ = Vi+] 1 é i é r—1

where
k(1) =2p(p — 1) + 1, k@) =2%p — 1) + 1
and for j = 1,
kQ2j + 1) = 2p¥Th+ p¥= 1 + .
+tp -Gt D)Xp— D+ 1L
k(2j +2) = 2p¥* + p¥ + ...
+p =G+ DX — D)+ L
THEOREM 2.3”. Let r = 0 and p = 2. Set

,
w' = + ouy, wy = u? and wy = up_u; 57

4=k=r
Then the nontrivial differentials of the AHSS
H*(Y,: 22) = K*(Y,; Z/2), Y, = SP”S3,
are completely determined by
u(z) i=0
dyu; = {0 i=1
u_yt i =2
dsuy = uy?, douy’ = wy® and dyox -1+ 1y’ = g,
3=k=r— 1
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The result dsu; = u,” is due to Hodgkin [7, Proposition 3.1].
Inspection of the various £ levels in 2.3 and 2.3” reveals that £ is

multiplicatively generated by elements whose p-rank exceeds N(j), where
N(j) — co as j — oo. Hence

CoROLLARY 2.4. The inverse limit groups

HUZ, 3; L/p) = lim K'(SPP'S®; Z/p)
—

vanish for i = 0, 1.
THEOREM 2.5. Let r 2 0 and p be any prime. Set
Ui gy = g gy + upvk—Ys k>1, and
uin, = u-a-nvhion. 25 =k

Then the nontrlwal differentials of the AHSS H*(Y,. Z,) = K*(Y;
Z,). Y = SPV'S3, are given by

(1) dyp-—n+1up = — "
p p
VVk—1 = Vi ifj >1

dZ(p_.. 1).#[“(./_/\,) = { P o
ViVi—1 ifj=

dyp—1y+ Uy = 2 Vi Uy where I = (iy, iy, ... dy)

and
¢;, = Lor0according as iy > 1 oriy = 1,¢, = (— D for 1 > 1.
(i) dapr 1P ug = v 1 < k =
(i) dajyp-r1 U1k = Ve 2=j =k <r,
where
nQ)=pandn(j) =p " +p T+ +p— (2 =5
when j > 2.

The remark following 2.3” about £; levels and p-rank applies here save
in dimension 3 (where in the limit » — co no class survives either) and so
we have
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COROLLARY 2.6. The inverse limit groups #'(Z. 3: Z,) = lim K'
P
(SP''S?; Z ) vanish for i = 0, 1.

The above cited equivalences (after 2.2) are 2.2 < 2.3"if pis odd, 2.2 &
237 if p = 2, and 2.1 & 2.5. We shall prove by induction on r the first
equivalence (i.e., p odd). The remaining equivalences are proved
analogously.

The case r = 1 is a simple verification, so assume 2.2 < 2.3’ for p odd
and all Y, kK = r. The implication 2.3’ = 2.2 for Y, is clear, but the
converse is more interesting. Each of the differential graded algebras
E(uy, uy) @ Z/p[vy), E(uy), E(uiyy) @ Z/p[vi]. 2 = k = r. Z/p[v,+]. has
dyp—1y+1 homology E(uh), E(uy), Z/plvil/vil. 2 = k = r. Z/p[v,+1).
respectively. Hence, by the Kunneth formula,

Eyp—1y+2 = E(u, u)) @ Z/plvy, . .., Vel

modulo the ideal generated by the p'" powers v/, . . .. v,/ and all elements
of p-rank > p" ™! Naturality with respect to the inclusion Y, — Y, | and
the induction hypothesis produces an E-level E(u;, uj+) ® Z/p[v, 4]
modulo the elements of p-rank > p’"!. The argument is completed by
noting that the behaviour of the last differential u, — v, is determined
by the size of K'(Y,,: Z/p).

In Sections 3 and 4 we sketch an inductive proof of 2.5, using the
equivalences

2.3”

2.3
R 7
p odd \ / p =2
J2.2L< >2.1€ >2.5

In particular we shall show 2.5 for r = 2.3’, 2.3” for r = 2.5 for r + 1,
where the last implication requires the additional result 3.2.

3. An auxiliary space. Recall if M, denotes the 2" stage of the Milnor
construction for K(Z, 3), there is a map i:M, — K(Z, 3). M, is
homeomorphic to the adjunction space X = > CP*™ U ¢ C(A4), where A4 is
the join CP*™ * CP* and q is the Hopf construction of the standard
H-space structure m:CP® X CP® — CP*®. If we view S° as the
suspension > S? and recall that CP* is homeomorphic to SP*°S?, then the
analysis of [12, Section 2] shows that there is a commutative diagram of
the form
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X+ C X

L

Sphs? c SPes’

where X* is the finite approximation X CP* U ,C(A* 1), 4471 the 2k
+ l-skeleton of 4 (¢ above can be taken cellular). In this section we
compute the AHSS H*(X,; G) = K*(X,; G), X, = X" for all r and G =
Z, orZ/p.

LeEmMa 3.1. (Atiyah-Hirzebruch [4] ). Ler X be a finite CW complex, X4
its g-skeleton and let v € HN(X: Z). (i) Then dy = 0 for all s < r if and only
if there exist u € H*(XK+r=D x*k-b. Z)and £ € K¥(X* =D xtk=hy
such that o(u) = v and ch§ = p*xu + higher terms, where p is the natural
homomorphism

HA XD xR 7y ~ ghx, xR0 Z) — HNXG Z)

and px is induced by the coefficient homomorphism p:Z — Q. (i1) Suppose

that dy = 0 for all s < r and that « is a cochain representative for
(ché)y v ,— 1. Then 8a is an integral cochain and is a representative for d,v,
where 8 is essentially the rational cochain coboundary for (XA xtktr=h

xkh),

The usefulness of this lemma clearly rests on the availability of the
desired element £.

ProrosiTION 3.2. In the AHSS H*(X: Z,)) = K*(X; Z,)) for p any
prime and X our adjunction space, the nontrivial differentials are completely
given by

dz(p’fl)ﬂ(PhISU) #0, t=1.

In particular
(i) for X, there are r nontrivial differentials

dz(p’fl)ﬂ(Phlsu) #0, 1=t=r

and p'"Su € H3(X,; Z,)) survives to a generator of K\(X,; Z,) =17,
(1) the induced homomorphism

K Xn: Zipy) = K (X Zpy)

is multiplication by p, and the inverse limit group X"\(X; Z,) =0.
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Proof. The s™ partial sum of In(I + x), when x
is

X1 + X2 + X1X2

é (=DM + x + )t
k=1 k ‘

it has no mixed term x{x5, i, j = 1 when i + j =
because

s. This is true

1+x=l+x|+x2+x1x2=(l+x])(l+xz)‘
thus

In(1 + x) = In(1 + x;) + In(1 + x»).

i.e., no mixed terms appear in the limiting case, and the tail

§ (=DM + x4 xx)h
k=s+1 k

has no mixed term for i + j = s.

=

Using the formula ¢*(Su')

S(u* 1+ 1 *u), we may compute the
kernel and cokernel of the homomorphism

8
H*(SCP®; Z, ) = HXX, 2CP®; Z, )

and find ker § ~ Z,, with generator Su and (coker 8)" has exactly the
torsion summand Z/p when i = 2, + 2 with generator given by

pl 1 ,
(1/p) 2 ([2) Sk *ul' k).
k=1

Since
PP PP (Su) = r,Sul,
this element is also
,B”,)P”[P”ﬁI . P'rp(Su), p odd, or
BoySE'SE ... SgrySu); p =2

Since the induced homorphism
*:HNX,; L)) = HNX, - 15 Zy )

is an isomorphism for k& = 2p" ! + 2, naturality with respect to i* reduces
an induction on r to the claims
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() forr =1, dy,—1+1Su # 0 for X3
(2) for any r, dz(,,r,,l)ﬂ(p"""Su) # 0 for X,.
(1) is clear from the explicit
dyp—1yi1Su = — B, P'(Su).
For (2) we shall apply the Atiyah-Hirzebruch Lemma 3.1 using the

opening observation about mixed terms in the expansion of In(l + x).
Naturality with respect to i:X,_| — X, implies
d(p" 'Su)y =0 foralls <2(p" — 1) + 1.
From the diagram
K'(x,2cP'y - K'(x)—> K'EScP'y — K(X2cP)
10 1
0 K'(X, B)
B = (X,) ~ point, X = (X,)",m =3 + 2(p’' — 1) + 1 — 1, we see that
K'(X, B) ~ ker 8. To show
([2(/)"—])-\-1(1)"77“5‘“) =V

we look for a suitable element £ (as required by 3.1 (ii)) in ker §.
The element

| Pl (_])k+lSX/\

£
P k=1 k

is an element of K'(ZCP/"; Z,)) i.e., the coefficients p Nk k= p -
1, have denominators prime to p, and is in ker § by virtue of our initial
observation.
We claim
(chg)y = p" 'Su and (chf)y, i) = (1/p)Su’”.
That (ché); = p"~ 'Su is clear since chSx = Su. We wish to compute the

Chern character of £. Since chSx* = S(e¥ — 1), we introduce the variable
y = ¢e“ — 1. Then

d dy d ( S K+ /\'*l)
Lcht = 2 S che = r=1u _
duc ¢ T dyC E=S\p' e kgl (=D ly

Pl
_ S(pr*l(l +y) kzl (_1)k+1yk“l)
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= SEI + )
=S@ A+ (= nr'h)

= S("'(1 + u” " + higher terms) ).

Hence the coefficient of Su” in ch¢ must have been 1/p. But then
8(1/pSul"y # 0
and so dy( 1)+ 1p"~'Su is nonzero.

The Universal Coefficient Theorem [3] implies that the preceding
Proposition 3.2 is equivalent to the following generalization of Hodgkin’s
result [7, Lemma 3.5]. One can also give an independent proof along the
lines of Hodgkin’s original proof.

ProrosITION 3.3. (i) K'(X,; Z/p) =~ Z/p;
(i) In the AHSS H*(X,; Z/p) = K*(X,; Z/p), p any prime, the nontrivial
differentials are given by

d2p’(p~vl)+|(5up’) #0 forallt =r — 1.

(iii) The induced homorphism i*:K'(X,,; Z/p) — K'(X,; Z/p) is the
zero homomorphism and the inverse limit group X"'(X; Z/p) = 0.

4. Sketch proof of 2.5. We begin with a description of the homology of
the initial differential d(,—1)+1 (Which we abbreviate to d). As d is stable
on the set of elements of p-rank = m when p|m, we may study our problem
for the limiting space K(Z, 3). Our standing assumptions in 4.1 — 4.5
below are that the space is K(Z, 3) and that p is an odd prime.

LEMMA 4.1. ker d contains the elements puy, u(y ;, i = 2,v;,j = 1, and all
products

" n

. A LTS .
Uiy -« - Wiy Yy Vi e Y

LEMMA 4.2. Ker d contains the subalgebra generated by all u(, ;), v;, 2 = i,
1 = j and this subalgebra is isomorphic to

LEMMA 4.3. Let K be the subalgebra generated by puy, u(; ;, v; 2 = i and
1 = j (so K is isomorphic to

Z ) O (E(u(y)iz2 ® Z/p [v];=1)
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with puy a generator of the first summand; note pu; ;) = pv; = 0 implies
(pug)u(i;y = (pug) v; = 0). Then the image of d contains the ideal of K
generated by
(1 vy
P 4

(i1) v,yf,l — Vi v, 2<i<j and vzvf,h 2 <

(lll) V,'M(’L‘/') - V./‘Ll(/l‘,'), 2= <],
(1v) vf’,,u('l__,, - v‘f,lu(’m. 2=i<j and vfﬁ]u(lig). 3=
V) uaapyy 2=1<].

ProrosiTioN 4.4. Let 1 be the image of d restricted to the subring
generated by uy, uijy, 1 =i <j, v, 1 = j5uqjy, 2 =i <j. Then

K/l ~ Z(p) @ S]

where Z ) is generated by puy, and S\ is a Z/p-vector space with basis By U
B>, B consisting of all v} satisfying (1)—(3) below, and B, consisting of all
uc v, satisfying (4)—(5) below.

() 1 &J,ie, v;v = v, ... ;" has no vy factor.

2) v,N has no vzvjpfactor, 2 =

(3) v, has no vif'v; factor, 2 < i <j — 1.

(4) u(’l‘,-)v.,"v has no factor u, ;yv; for j < i.

(5)  u{iyv," has no factor u ! for i = .

Lemmas 4.1 and 4.3 are easy verifications. For 4.2 first show
U(1LigU1ay) = U1V —1 T gl iV 1 UL

and then use induction on s to obtain a similar expression for u ;u ;)
... U, Lemma 4.2 then follows from 1.6 in paragraph 1. Lemma 4.4 is
immediate from the preceding lemmas.

ProrosiTION 4.5. ker d/imd is isomorphic to K/1.

Proof. We have already examined the differential d on the summands of
(1.6) having as factor an element of {ug, u ;). tou, j)» Yot j)} or having
all factors v/s. As K C ker d, we must show that any element in kerd — K
also 1s an element of image d.

Set a; = v} _,. Fix an s-tuple

I, = (i, i, ..., 0), 2= L <ibh<...<li,s Z 3.
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Let C be the set of all (s — 1)-tuples and R the set of all (s — 2)-tuples,
both selected from /. Order C (resp. R) by increasing p-rank (e.g. for
s = 4, we have

C = {(iy. ip. i3), (i1, 12, ig), (i), 03, 1g), (i, 13, ig) }  and

R = { (i, i), (i1, i3), (i2. 13), (i1, ia), (P2, ia), (i3, i4) }.

We inductively define matrices A,, 3 = s with entries «;,, 0 where iy € I.

(Blanks are zeroes.)

a;,
a,

| —a;,

Then A4, will be the( i ) X ( i )-matrix
s — 2 s 1

-
B
]
As = 0 : As~l
i
i
i
where -
of 0‘1‘: ] —
_aiA 2
Bi= (=)' e, a1
_ia,-l _J

The relation the matrices A bear to our question about the kernel and
image of d can be seen as follows. Consider the first matrix 45. Let C3 be
the set of all pairs (i}, ip), 2 = i} < ip < co, Rz the set {2, 3, 4. .. }. Since
the summand W3 = © u(il‘,-z)vJN, summed over all 2 = i; < iy, 1s additively
generated over Z/p[v;];=, by the set {u;|/] € C3}, and the image d(W) is
generated by {v;};=,, d is represented by the infinite matrix
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a3 (LT} a5 .. oy
—a (71 as Qg

oy Ty as

—ay a3 ... O

The matrix A5 arises by deletion of all but 3 = (?) and rows and 3

= (g) columns. Now rank A3 = 2, so from this infinite matrix we see

that ker (d|W3) is generated by all the elements
Ty T i) T Uy )

However from the description of d on the generators {u, ;,,)}. we observe
that this generating set for ker (d|W3) is also a generating set for the image
d(Wy), where W, is the summand @ u(,-]‘,zw,-a)vA,N, summed over all 2 = i} <
iz < i3, of (16)

A completely analogous discussion applies to the kernel of ¢ on the
summand

Wy=@uy v 250 <ib<...<i
with the matrix A, replacing 43. The argument works because
rank 4, = rank A, + 1 =5 — 1

(whence every s columns of the corresponding infinite matrix has singly
generated kernel).
Set

ssssssss

Then it remains to consider d on the summands W', uyW,,uoW,'. We have
d:W; — W/, and the corresponding matrix describing the kernel of d is
identical to the case d: W, — W,_, already considered. Furthermore d
on @ (ugW, © uyW;) is actually monic.
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PROPOSITION 4.6. Assume (2.3) and (2.3)" for a fixed integer r. Then for
any prime p

(1) I?"(SP”U“”VS% Z/p)~Z/p®ZLip, i=011=s5<r
(i) K{(SP¥'S% Z/p)~0,Z/p, i=0,1.

Proof. Let p be odd. Then
H*(SP"S%; Z/p) =~ E(u)y=;=, @ Z/p[vli=;=,/a,,

=/

where p” = m < p""! and a,, is the ideal of elements of p-rank > m. The
multiplicative generators u;, v; restricted from SP"S? to SPP'S? also
generate multiplicatively H*(SP’'S>; Z/p), hence both spaces have the
same set of nontrivial differentials in their respective spectral sequences
(as described by (2.3)’). The permanent cycles however will not in general
be the same because of the different truncations.

Letm = p" + p’, 1 = 5 < r. By (2.3) and naturality the E levels of the
spectral sequence for SP"'S3 are given by

@.1)  E, uj+1) © Z/plvilici=/(Qu vier"s oo V1)
before the E level when i = s. At this level u{v, becomes a permanent cycle
since v, v, has p rank > m = p" + p’. For s < i < r — 1 the E-levels
have the form S @ Z/p where S is the usual form (4.1) for that level and
Z/p is generated by upy,. When i = r — 1, u, and u;_ u, become
permanent cycles, the latter since uy, € a,, (Note the p-rank of u;_u; is
only p” + p, so u,_ju, # 0. Secondly u, is not killed by uju,_ | because
there are no elements of the form u}x, p-rank x < p’, beyond the E-level
when i = s.)

For m = 2p” only u] survives all the differentials. ujv, is now u,_ v, and
this dies via

u,_ v, v, # 0.
(v,> # 0 when m = 2p".) Similarly
u,—u, — uy, # 0.
For p = 2 there really is no need to modify the above argument. Instead
of
E(u)o=i=r @ Z/plvili=j=//am

we have
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/2 [ui]()giér/anr

. . . 2 .
The introduction of variables v; = u; | however is enough to make the
above proof work.

Proof of 2.5 for p an odd prime. When r = 1 the result follows from the
formula

1
dlp---l = _B(p)P .

So now assume 2.5 for r > 1 and consider the initial differential d, | for
Y, = SP" S A straightforward calculation using Nakaoka’s descrip-
tion of H*(Y,+; Z/p) and an Adem relation gives d,, | as described in
2.5 (i), with » + 1 replacing r.

The homology of dy, 1 is Z,) © V with pu, generating the summand
Z ). and the set

€ 1,11 Ny
(4.2) i /"y oo
€e=0,1:2=i=r.n =0, of prrank = p""!

satisfying also n, < p + 1; n, < p for 3 = kK = r whenever ny > 1, (see
4.4 and 4.5) a basis for the Z/p-vector space V.

Decompose £, as [ © D, where I ~ Z,, © (Z/p)" with generators pu,
V2, V3 ..., V.4 and D the span of the complement of {v,, v3, ..., V1) In
(4.2). In I the nontrivial differentials are described by

dzl)l__lp’--lll() =v, 2 sr=r+1

(note that 2p" — 1 = 2(p" "+ p v+ ...+ p+ Ip — 1) + 1)
Assuming these classes survive to be the required E levels, we shall have
this result by naturality, first for 2 = ¢ = r via the inclusion Y, = Y, 4,
and second, for t = r + 1 via the inclusion X, — Y, 4.

The remaining nontrivial differentials all live on the summand D and
are all described by the statement

M(’/‘..[) ™ Vi+ 1V foralll = k<ilI=r+ 1.

Observe that the same differential sends all u ;) = v4 4 v, for fixed k but
varying /, while for different values of k, different differentials are
involved. One can verify the implication

2
{ulek+1) = vie1} = {ups = vy all [ > k),
using the ‘exchange relation’

Uk Wi—1 = Uk [—1)VE
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By iteration we have

Ul WI=1VI=2 - Vk+1 = Uk k+ 1)Vk+2Vk+3 - - - V).

Let d now denote the differential corresponding to the k& in the statement
of our observation. As

dWiir...v) =10
by naturality (and the easy d(v,+;) = 0) and
AUy 1) = Vis)
by the assumption, then using the derivation property of d
duienyvi—1vi-2 -« vi+1) = AW g+ 1)Vk+2 -+ - V1)
= d(U(kk+1))Vk+2 - - V1)
= Vit Va2 e v = AV - Vi

As multiplication by vy 1 ... v;— is monic, d(u(; 1)) = Vi1V
Our task is thus reduced to showing

Uk k+1) viH for each k.
Actually by induction and naturality via Y, — Y, we need only show
u;~ 1,r = vrz-

Briefly, this is a consequence of 4.6 and the Universal Coefficient
Theorem: one can show that the failure of wj, |, — y,> for some r
contradicts the order of the groups given by 4.6.

The proof of 2.5 for p = 2 is similar with only minor alterations needed
in 4.2 and 4.3(v).
5. BP<1>*(K(Z, 3); Z/p). Recall that localized, periodic K-theory
K*pei(—)(p) splits naturally as a direct sum of theories
K*oel )py = ESK* ( )p) @ ETK* ( )y © ...
O Ey oK*( )p)

Each EfK*(" ), is a cohomology theory, and EFK*( ), is moreover
a multiplicative, periodic cohomology theory of period 2(p — 1) with
coefficients

ESK*(pt)p) = L plx1, x .

Here x; = u” ', u e K~ *(pt) the Bott element.
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Localized, connective K-theory buf,, also splits naturally into a direct
sum of p — 1 cohomology theories, one of which, G*, is also multiplicative
and has coefficients

G*(Pf) = Z(p)[xl]* deg X = 2[) -2
Johnson and Wilson [8] have identified G* as BP<<1>*. There is a natural
transformation

BP<1=>* = EFK*( )p),
which on coefficient rings is just the obvious inclusion
Z(,,,[)q] S Z(,;)[Xl- Xl?]]~
The preceding discussion applies to the associated mod p theories and
provides a natural transformation
BP<1>*( ;Z/p)— E§K*( ; Z1/p),
which on coefficients is the usual inclusion
Z/p[x)] S Z/plxy. x; '),
Consider localized, periodic mod p K-theory for the spaces Y, = SPP'S3.
For the associated AHSS’s we have
A
dyp—1n+1a = x1b

as given in Theorem 2.3" and Theorem 2.3”. Therefore, as the differentials
for

H*(Y,, Z/p[x,, x,f E§K*(Y,. Z/p) rests solely on the calculation
of the homology of each differential.
From the existence of the natural transformation

BP<1>* Z/p)— E{K*( :Z/p)

we see that the differentials have the same description (modulo some
coefficient a power of x,). However, as x; ' does not exist for BP<<1>,
the descriptions of EFK*(Y,; Z/p) and BP<1>*(Y,. Z/p) differ
radically.

To simplify the description of BP<<1>*(Y,;Z/p) we define a
function

I(ky = p*= ', k =1,2,3 and

k—1

12k + ¢ = (Z p2h+'+f) — (k—1), €e=0,1;k
h=0

v
[3S]
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THEOREM S5.1. (i) E§K*(Y,; Z/p) =~ E(u}), the exterior algebra over Z/p
[x1, x; '] on one generator u,.
(1) Let p be an odd prime.

BP<1>*(Y, Z/p) ~ E(vyuj. Vu, u})

=9

% T£172
® Z/plxil vili=i=/ Ry,

1
1=

the tensor product over Z/p[x] of the exterior algebra E(viu;, Vi, ul) and
the polynomial algebra Z/p[x\][v;] modulo the relations

Rp:xll(i)vi =0, xp/ =0 2=i<r, xll(/")vku,’ =0 = xpuj,

and the relations that the generators viu;, vpuf,, u,’, v; inherit from the ring
structure of H*(Y,; Z/p), namely, if x = x'uj,, y =y uj, € {vu), Vuj, |

k, j, th as above}, then
Xy :Olfjl Ej2m0d2
(v, = 0 if r = jmod 2,
(00,2, 00,8, = 0 if j = jo mod 2
and all elements of p-rank > p" equal 0.
(ii1) BP<1>*(Y,; Z/2) is the polynomial algebra over 1/2[x] on the
generators given in (1) modulo the Z/2[x|]-module relations given in (ii)

together with the relations that the generatzzyrs inherit from the ring structure
of H*(Y,; Z/2) (remembering that v; = uj_,).

Proof. (i) is a straightforward consequence of Theorems 2.3" and 2.3”.
The existence of x; = implies the annihilation of every even dimensional
class (they are all images of the various differentials), and all odd
dimensional classes save those of the form x,'s,/, i € Z.

(ii) We calculate the homology of each differential. The initial
differential dy,— 1)+ 1s given by

uy — —xyvy, u; — 0, and
u = xpvi—f, 2=i<r,

and its homology is

=

E(uy, uy') @ Z/p[x][vi]i=i=, modulo xpv; = xv;— |’ =

A
IA
~

The next nontrivial differential do,(,—1y+1, given by

uy = xPvy, uy 0,
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has homology
E@quy, Viuy, uy', us'a=,=,-2 © Z/pla] vili=i=,
modulo the earlier relations plus the new relations
xviup = xphuy = 0, xPv, = 0 and  (viupuy' = (Vuy)uh
= (v',’lul)(v[['zu|) = 0.

Note that xvju; = 0 since this is the case at Ey,—1)+:

dyp—1y+1(—uguy) = xviuy.

. 2 —1 . .
Also since u7 = 0 and w5 = uph ', (vyupus = 0. Finally vju; is a
dyp(p—1)+1-cycle because

dzp(p—|)+1VlU| = xvvy,

but x;vyv; = 0 already at E,—1y+;. Similarly for Vuy.
Continuing in this way we may suppose we have arrived at an E-level
which is described by

p
EQvu, viup, ug— 1, u)') =k = Ss-1<r ® Z/plvilisi=r
=r—
modulo the relations

x// Dy, =0, i<s, xpwf =0, 2=j<r,

v = xpfup =0, 1=sk=j<s—1L1=h<t

=r— 2,
and the product structure inherited from H*(Y,; Z/p). The next nontrivial
differential sends

Wy x>0, k= — 1.
(x,/%®), = 0 holds before this E level since k < s, hence x;® v, | = 0.)
Hence we have reproduced the analogous description for the next
nontrivial E-level. This establishes (ii) by induction.

(iii) The proof for p = 2 is identical to the odd prime case whq)n one
replaces the exterior relation u,»zv, = 0 by the defining relation u;_ | =
V.

The differentials for the AHSS

H*(K(Z, 3); Z,)) = BP<I>*(K(Z, 3))
are again completely determined by those for
H*( 5 Zp) = K¥per 3 Zyp)).

However, some nontrivial group extensions and a large amount of
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p-torsion make the problem of describing BP<<1>*(K(Z, 3) ) somewhat
more difficult.

While we do not calculate BP<<1>*(K(Z, 3)) here, we can provide
some information about it by considering the finite approximation spaces
X, of Section 3.

THEOREM 5.2. (1) BP<I1>*(X,; Z/p) contains a subring which is

generated as a BP<<1>*(pt; L/p)-module by v\, v, . . ., v, u, with module
structure
xl”' lvl=0, l=i=v,

and trivial ring structure
vivi =0, vu, =0, 1=ij=r

(1) BP<1>*(X,) contains a subring with BP<1>*( pt)-module genera-
tors p'ug, vy, va, .. ., v, relations

By =py . 2=i =
and trivial ring structure
v, =0, (pPug)* =0, (pPug) v =0, 1=ij=r
Proof. (1) The nontrivial differentials are
u_y = x” l v, 1=i=r
Thus u, and vy, v, ..., v, generate a submodule with
[

x? v = 0.

The ring structure is induced from that of H*(X,; Z/p).
(i1) In this case the nontrivial differentials are

P lug = x Ny Ny =pi T+ TR
+p+ L1=i=r,

and so p'ugy, vy, ..., v, survive to E,, to generate a subring. In the exact
sequence

A
BP<1>3(X,) B BP<0>3(X,) = BP<1>¥"2(X,)

the homomorphism p is multiplication by p", Z,) = Z,), since p"u is the
generator for BP<<1>(X,). As order (BP<1>%72X) = p’, with E,,
generators vy, x,"vy, x,” "Pvs, ..., x;V'v,, we must have

BP<1>%?7T2X ~ Z/p'.
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In particular, for r = 2, x;’v, = pv,.
For arbitrary r consider the exact sequence
Ay ; "X| .
BP<0>%(X,) — BP<1>"(X,) = BP<1>(X,)

where b = a + 2p — land ¢ = b — 2p + 2. By the above argument the
right most group is cyclic of order p” when ¢ = 2p + 2. As the group
BP<0>“(X,) = 0 for all odd ¢ > 3, (-x;) is monic for all

b=2p"+2—k(2p — 2).
0

(A

k=(p—10 Yp —2p+ 1y

the largest value of & occurs when ¢ = 2p + 2. By examining the groups
BP_<1>”(X,<) ask =1,....(p — 1) ' -(p" — 2p + 1), and the classes
X 'v; surviving to £ in these dimensions, we see that these groups are all
cyclic and, as a result, the desired relations

Xy I Vi=pvi—y, 2=0i =,
must hold. The trivial ring structure is implied by that of H*(X,. Z,)).

While we do not attempt a description of BP<<1>*(Y,), the generators
given in 5.2 (ii) are easily seen to be present for Y, with the same
Z,\x ]-module structure. However, their products are no longer zero.
Also, BP<1>*(Y,) has elements not in the subring multiplicatively
generated by the generators in 5.2 (ii). For them we would have to give a
complete description of the images of all differentials of the AHSS

H*(Y,0 L)) = K*(Y,5 L ).
So while the AHSS
H*(Y,; Z(,,)[Xl] ) = BP<1>*(Y,)

is determined out to E,, more book keeping is needed as well as more care
in resolving the group extension problem.

Let £* be one of the cohomology theories in 5.1. Then passage to the
inverse limit over r from the rings E*(Y,; Z/p) and induced homomor-
phisms

iFE*(Y, 005 Lip) — EX(Y,: Z/p)
yields statements about the corresponding inverse limit theory §*(K(Z, 3);
Z/p). For example, when E* = EFK*( ), the homomorphisms 7} are all

zero. Thus the inverse limit group vanishes. On the other hand, the inverse
limit
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lim BP<<1>*(Y,; Z/p)
«—

is quite large. For this we formally construct rings S, isomorphic to
BP<1>*(Y,; Z/p), with generators ey, ey, f; in place of v/, Vi, u,
and v,. S, is given the Z/p[x;]-module structure, induced by this
isomorphism. Let R, be the ring (and Z/p[x,]-module) obtained from S,
by forgetting the Z/p[x,]-module relations satisfied by ey, ej. e,, f; in S,
(i.e., R, is free as a Z/p[x(]-module), and let 7, be the subring of R,
generated by these relations. Then the obvioys homomorphisms 7, —
T, (similarly for the rings R,, S,), which act as the identity on e;. €. /;
common to T,4,, T,, and which send the additional generators e, 4, v, 4,
e €1y to zero, form a surjective system. Hence the short exact sequence of
inverse systems

0= (T,} = (R} = {5} =0
induce an exact sequence

0—T=1m7,— R = limR, — lim S, — 0.
«— «— “—

Thus
BP <1>%K(Z,3); Z/p) = lim S, ~ R/T.
—

One can further identify R as a ring of formal power series in the ey;, e/,
v, | Ek=j<oo, 1= h<t<oo, 1 =/< ocomod the relations induced
from the ring structure of H*(Y,; Z/p), and T as the subring generated by
all the Z/p[x,]-module relations gotten by setting r = oo.

6. Remarks. 1. An interesting restatement of our results for the
AHSS
H*(SP''S®; Z/p) = K*(SP'S®; Z/p)

is given in

THEOREM 6.1. Let 1 = r = oo. Filter Y, = SP”'S® by the subspaces Y _,
=pt, Y, = SPP'S3, 0 =i =r Thenin the spectral sequence associated to
the filtration

Z/p 1 =s5s=r.
ES = KY(Y, Y, sZ/p)~1{ 0 s=01=2ks>r
Z/p s =0,1t=2k+ 1
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d*ES = EQC T Y s an isomorphism Z/p — Z/p for s = (1— 1) mod 2 and
the zero homomorphism for s = t mod 2. Hence the spectral sequence
collapses E, " ~ E..

Recall the elementary fact that the initial differential ¢,*' is just the
composite §/* in the commutative diagram
dls,f
KXJH( Yiys—1s Z/p) —> Ki‘.+1+](Ys+l- Y, Z/p)

b j*\ / o

KUY, Z/p)

Thus we have used the AHSS to evaluate inductively (on s) the
coboundary homomorphism 8§ in (6.1). The groups E; T have to be
computed (as well as the initial differential d;*). But as good fortune
would have it, the AHSS

H*(X, A; Z/p) = K¥(X, 4; Z/p), (X,A) = (Y;+1,7Y))

has no additional nontrivial differentials beyond those for (X, A) = (Y.,
pt). Hence an induction on s is possible. In particular, for (Y1, Y,) the
only possibly additional nontrivial differential would be that which kills
ve+, (in Y,44). But as u has p-rank = p’ and so does not exist in
H*(Y, 1, Y Z/p)., vy 1, to provide generators for £,° . But now d,*" is
described above in 6.1 if and only if

K' (Yo Z/p) =~ Z/p, 0 fori = 1,0,

so the argument of Sections 3 and 4 thus proves that the behaviour of d,*’
is correctly stated in 6.1. In terms of the cited generators d;"'u,/ =
v+ 1.

If we replace the cohomology theory K*( ; Z/p) by BP<I>* ( ;
Z/p) the spectral sequence of 6.1 also collapses at E,. Although the £*
groups are now more complicated, the differential d,*' is simply given by
di¥'ul = xll“"“)vﬁ 1. The collapse at E, again occurs because the
differentials defined on nontrivial elements land in zero groups; a
verification which requires a closer look at the dimensions of survivors of
4"

2. We could have studied the K-homology groups of Y, instead of its
K-cohomology groups. In fact, using some Universal Coefficient Theo-
rems of D. W. Anderson [1] or certain spectral sequence pairings [11], we
can see that the homology AHSS is determined by the cohomology AHSS
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for the spaces Y,.

3. The referee has suggested that the additive structure of KU*
(CPPs*"*1; Z ) could be obtained as for the case p = 2 by V. P. Snaith
in Math. Scand. 38 (1976). A note on symmetric maps for spheres, 78-80.
(CPPX is the r™ iterated cyclic product of X.) Assuming the existence of a
transfer ¢ for CP?X — SP" X, one might be able to obtain the AHSS for
SPY'S3 from that of CP’S? (also hoping that the latter is obtainable from
its K-theory). However, the details of this approach might be as long as
those given in the present paper. On the other hand, it may be of
independent interest since it applies to all odd spheres 21 not just

3
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