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A NOTE ON JESMANOWICZ’ CONJECTURE CONCERNING
PYTHAGOREAN TRIPLES

MAOHUA LE

Let n be a positive integer, and let (a,b,c) be a primitive Pythagorean triple. In
this paper we give certain conditions for the equation (an)® + (bn)¥ = (cn)* to
have positive integer solutions (z,y,z) with (z,vy,2) # (2,2,2). In particular, we
show that z,y and z must be distinct.

Let N be the set of all positive integers. Let n be a positive integer, and let (e, b, c)
be a primitive Pythagorean triple such that

(1) a®>+b*=c% a,bceN, gedla,bec)=1, 2]b.
Then we have
(2) a=u?-v? b=2uw, c=u?+?

where u,v are positive integers satisfying u > v, ged(u,v) =1 and 2 | uv. In 1956,
Je$manowicz (2] conjectured that the equation

(3) (an)® + (bn)Y = (cn)*, =z,y, z€N

has only the solution (z,y,2) = (2,2,2) for any n. This conjecture has been proved to
be true in many special cases for n = 1.

Recently, Deng and Cohen [1] considered this conjecture for n > 1. For any
positive integer ¢ with ¢ > 1, let P(t) denote the product of distinct prime factors of
t. Further let P(1) = 1. Deng and Cohen proved thatif n > 1, u = v+1, a is a prime
power and either P(b) | n or P(n) { b, then (3) has only the solution (z,y, 2) = (2,2,2).
In this paper we prove a general result as follows.
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THEOREM. If (z,y,z) is a solution of (3) with (z,y, z) # (2,2,2), then one of the
following conditions is satisfied:

(i) max(z,y) > min(z,y) > z, P(n) | ¢ and P(n) < P(c),
(ii) z>z>y and P(n)|b.
(iii) y>z>z and P(n)|a.
By the above result, we can obtain the following corollaries immediately.

CorOLLARY 1. If (z,y,2) is a solution of (3) with (z,y,2) # (2,2,2), then z,y
and z are distinct.

COROLLARY 2. If P(n) does not divide any one of a,b and c, then (3) has only
the solution (z,y, z) = (2,2,2).
The proof of our theorem depends of the following lemma.

LEMMA. Let m,t be positive integers, and let p be a prime such that p | m and
p|t. If p®||t and pP|m with o > 1, then we have

(m >t’°so (mod pP*1), k=1,...,m—1.

k+1
Proor: For k=1,...,m—1, let pY|lk + 1. Then we have

[log(k +1)

<
(4) Tk & lng

]sk, k=1,..., m-1.

Since p? | t, we get

_ k
(m )tk=m<mk 1) t =0 (modp®*!), k=1,...,m-1,

kE+1 k+1

by (4). The lemma is proved.

Proor oF THEOREM: Let (z,y,z) be a solution of (3) with (z,y,2) # (2,2,2).
By [1, Lemma 2], we may assume that z < max(z,y). We now eliminate the following
three cases.

Case 1. z >y and y = z. Then from (3) we get
(5) a®n*Y¥ =¥ - bY.

Since ¢+ b | a? by (1), if 24y, then from (5) we get ¢¥ — b¥ = ~20¥ =0 (mod c +b).
But, by (1), this is impossible. So we have 2 | y and

y/2-1
"0V = i - :: -2 (iy-l{zl) aHTE,
i=0

https://doi.org/10.1017/5S0004972700033177 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033177

(3] Pythagorean triples 479

by (5). Let p be a prime factor of a. Since gcd(a,b) = 1, we see from (6) that p | y/2.
Further let p®||a and p?|y/2. By the Lemma, we obtain

(7) (iy_iZl)az‘by‘z“zEO (mod pP*1), i=1,...,y/2— L

This implies that
y/2-1
Z y/2 QZipy—2i-2
i+1 ’

(8) e
i=0

The combination of (6) and (8) yields

9 a(z —2) < 6.
Let p run through all distinct prime factors of a. Then, by (9), we get a®~2 | y/2 and
(10) y > 202

However, since £ >y and a > 1, (10) is impossible.
Case II. y > z and = = z. Then we have
(11) b¥n?¥=" = c® — a”.

Since ¢ +a | b2, if 2 { z, then from (11) we get c® — 2% = 2¢* = 0 (mod c+a), a
contradiction. So we have 2 | z and

oz z/2-1 . .
(12) PY—2py—7T — ¢ -a — Z (“’/2 )az—21—2b2:,

¢ —-a? 4 i+1
=0

by (11). Using the same method as in Case I, we can prove that (12) is impossible.
By using the same arguments, we can prove that (3) has no solution (z,y,z)
satisfying the folowing condition:

Casglll. z=y and y > 2.

If z >y > z, then from (3) we get
(13) a®n®Y 4+ b¥ = e
where ¢?/n¥~% is an integer with ¢*/n¥~* > 1. This implies that P(n) | c. Further, if
P(n) = P(c), then there exists a prime p such that p | ¢*/n¥~* and p | n. But, since
ged(b,c) = 1, this is impossible by (13). So we have P(n) | ¢ and P(n) < P(c). A
similar result can be proved for y > = > z. Therefore, we get the condition (i).

If £ > z > y, then we have

by

(14) a®n®"* 4+ = ¢t

We see from (14) that P(n) | b. The condition (ii) is proved. By using the same
arguments, we can obtain the condition (iii) if ¥ > z > z. The proof is complete. [
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