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ON THE EXISTENCE AND UNIQUENESS OF
SOLUTIONS OF THE EQUATION

0
Uy — % Gi(ua:‘) — Ayuy =f

BY
JOHN C. CLEMENTS!

ABSTRACT. The existence and uniqueness of strong global
solutions of initial-boundary value problems for the quasilinear
equation uy— 00,(u;;)[0x;—Ayu,=f is established for functions
0,(8), i=1,...,N, satisfying: 0.,(§) € C(—c0, ), 0,(0)=0
and 0<c:(E)SK0 for some constant K.

1. Introduction. Sufficient conditions on the functions u,, #, and f{(¢) are estab-
lished here to ensure the existence and uniqueness of a strong global solution of the
initial-boundary value problem

d
1) uu_a oi(u,)—Anu, = f, 0<t<T

u'an =0, u(0) = u,, u(0) = u,

where u,=0u/0t, u, =0u[0x;, A N =0°/0x} (summation of second term over
i=1, ..., Nis understood), Q is a bounded domain in N-dimensional Euclidean
space E" with smooth boundary 0Q and o;, %, u, and f are real-valued functions
with ¢,(§), i=1,..., N satisfying

2 o(§)eCl(—m, ), 0)=0, 0<0i(}) <K,
for some constant K, where ."=d.[d&.

Considerable attention ([4], [5], [6], [8]) has recently been given to quasi-
linear equations such as that appearing in (1) and related equations which arise
in the study of nonlinear elasticity-plasticity theory. For N=1 and f=0, MacCamy
and Mizel [6] have established the existence, uniqueness and stability of a global
smooth solution for o,(&)=0(£) satisfying

0(5) € Ca(— 0, w)a O‘(0) =0, 0< 0’(5)-
Their results follow from the consideration of the differential equation in (1) as

two different inhomogeneous equations. For large space dimension N, the investi-
gation of the existence of global classical solutions of quasilinear equations is
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often replaced by the search for weak or perhaps even strong solutions. In what
follows, a compactness argument (see e.g. [3], chapter 1) is used to prove the
existence of a unique strong solution of (1) for arbitrary N and the o,(§) satisfying
conditions (2). In particular, it is shown that the solutions are just as differentiable
as the initial data in the Sobolev class H*2(Q).

2. The existence theorem. For each p, 1<p<co, L?(Q) shall denote the
usual real Lebesgue space with norm

Julk = [JutoP dx < o0 it 1<p< o0
Q
lullo,o = essup |u(x)] < 0 if p= 0.
Q

L*(Q) is a Hilbert space with respect to the scalar product

(u, v) =f u(x)v(x) dx.
Q

For brevity in notation in the L2(€2) norm |.|lo,, is denoted by |.|. H™*(Q)=
{ue L*(Q) | D u=(0"u[0x1 - - - 0x) € L2(Q) for every oy+- - +ay=|a|<m}
with norm l|u||f,,,2szla| <m | Dgu||* where the derivatives are considered in the weak
or distribution sense and by Hg"*(Q) we mean the closure in H™2(Q) of the smooth
functions with compact support in Q.

Let ||. || x be the norm and X* the dual space of a Banach space X. We denote
by L?(0, T; X) 1<p< o the space of (classes of) real functions f(¢):(0, T)—X
with

( [ison dt)”’< o for 1<p< oo

and with the usual modification for p=co.
We shall require the following lemma, the proof of which can be found in ([1],
p- 59).

LemMA 1. Let Q be any bounded domain in EY with smooth boundary and let the
Sfunctions w(x), j=1,2,..., form an orthogonal basis in L*(Q). Then for any
e>0 there exists a number N, such that

Ne 1/2
Il < (3 @w?) + e lul
for all u(x) in H**(Q) and the number N, does not depend on u.
With the assumption that conditions (2) hold for the o;(&), the following result

concerning the existence of a generalized solution of problem (1) is established
here.
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THEOREM 1. For any uye Hy*(Q) N H*X(Q), u, € Hy*(Q) and fe L}, T;
L%(Q)) there exists one and only one function u with

u € I°(0, T; HY(Q) N H>Y(Q))
u, € L*(0, T; Hy*(Q) N L0, T; H**(Q))
Uy € LZ(O’ T: Lz(Q))

such that u(0)=u, and u,(0)=u, a.e. on Q and

0
Uy——— o(u,)—Ayu, =f ae.
REMARK 1. The precise sense in which the above equation is satisfied is that the
L.H.S. and R.H.S. are equivalent a.e. on (0, T) as functions from (0, T) into
L*(Q).

REMARK 2. If u(t): (0, T)—L*(Q2) is Lebesgue summable on (0, 7)), then there
exists a function u(., ¢) defined and measurable on Qx (0, T) which is uniquely
determined up to a subset of measure zero on QX (0, T) and such that
u(t)=u(.,t) a.e. on (0,T) and u(x,t) e L*(Qx (0, T)). Furthermore if u(t):
[0, T]>L*(Q), (1<p<L ), is strongly continuous, then there exists u(., #) meas-
urable on QX [0, T] such that u()=u(., t) for every ¢ in [0, T]. It will be clear
from the construction of u from the approximate solutions ™ and the corresponding
a priori estimates that both » and u, are strongly continuous from [0, T'] into
L2(Q).

ReEMARK 3. A much more difficult but interesting problem is that of proving
the existence of unique global classical solutions of (1) when N=2 or 3. It is
believed that this could be accomplished using techniques similar to those found
in [7] by a suitable strengthening of the regularity requirements on the o; in (2)
and on the data u,, u; and f.

Proof of existence. Let w;(x), j=1,2,..., be the normalized eigenfunctions
associated with the Laplace operator with domain 2(—Ay)=Hy*(Q) N H22(Q).
That is, the functions satisfying

—Ayw; =u;w;in Q, w;=00n0Q (j=1,2,...).
It is well known that for sufficiently smooth Q, the functions w; are in C(Q U 09).
Let P, be the projection in L2(€2) onto the subspace {w;, ..., w,} generated by
the distinct basis elements wy, . . . , w,. It follows from conditions (2) that for each
n there exists a solution u™(t)=1 r_; ¢, (t)w; of the system
n 0 " ;
(ug(1), wy)— (gx— o(uz(1)), W:') —(Byui®,w) =(f®O,wy)  j=1,...,n
€)) u™(t) e P,IX(Q) forall tel0, T]
un(o) = Pnuo, u:‘(o) = ”ul
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which satisfies (3) a.e. on [0, T,] for some T, with 0< T, <T. The a priori estimates
which follow allow each [0, T,] to be taken to be [0, T]. One obtains from (3)
in the usual way

n

2 o2 [[ [ i5| x|+ Iz OIF = (0, 120)

and since 0< [§0;(s) ds< K, 822,
t
Q) llu?(t)l|2+llu;‘,‘(t)llz+f0 luz (I* ds < Ky
for every n independent of ¢ in [0, T]. Replacing w; by —Ayu™ in (3) gives
(U2(0), U2 () (On (Ol (1, Ayu™(D)

®) +;(% IAyunOIF = —(f(8), Ayu™(®)

and, since 47,5, ()] <K, |Ayu"(0)] for all  independent of n ([2]), (5) gives by
(4) and conditions (2)

[rswror s <[ ([1aweerr ar) axor,
for all ¢ in [0, T] and Kj, K; and Kj independent of n. Hence,
© [1asrer as < x,
Now, by replacing w; by —Ayu;(t), (3) becomes
%‘% Tuz O +ANuf O = —(0iuz (D)ug o (1), Ayuf(E)—(f(2), Ayup(t)

and from (6)

t

™) Juz 0+ [ 1Az ds < K,
independent of # and ¢ in [0, T]. (5) now gives by (7)
®) IANu"(0)]* < K
independent of » and if ¢ in [0, T]. Finally, replacing w; by u,,(z) gives from (4),
(7) and (8)

t
® J;Hu;;(S)ll2 ds < K,

for some constant K, independent of » and of # in [0, T].
Integration of (3) from ¢, to t,, #;, #; € [0, T] and the subsequent integration of
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that result from # to ¢4/ with respect to #, gives by (4), (7), (8), (9) and condition
@

[u"(t+ 1) —u"(t), w)| = lea(t+h)—cu(®] < Kyo(h+h?)
where K, depends on k but not on nfor n>k or on ¢ € [0, T1]. Similarly, integration
of (3) from ¢ to ¢+h gives

[y (t+h)—uf @), wl = lept+h)—c(®d] < Kyy(h++/h)
with K;; independent of k for n>k. Thus, the functions c,,(¢)=u"(t), w;) and
()= (uz(2), wi), n=1,2, ..., are uniformly bounded and equicontinuous for
fixed k& and arbitrary n>k. Therefore, by the usual diagonal procedure we can
select a subsequence n,,, m=1,2,..., such that for each k=1, 2, ..., Cn,,,k(’)
and c, ,(#) converge uniformly on [0, 7] to some continuous functions c¢,(?)
and ,(¢). These functions determine u(x, 1)=2 4, c;(O)wy and a(x, )=y L(Ow,
and it follows that
u™m—u

(10) _ weakly in I*(Q) uniformly in t € [0, T].

ug™ — i

Indeed, for any v(x) € L3(Q),

M .
|(u"m—u, v)| = ‘2(0, w(u"™—u, we)+ (“""‘ > U» ch)Wk)
=M+

(>:|<v Wl - [enm)— ck(t)|)+K12( > @ wk)z)

where K;, does not depend on #,, and we can choose M and n,, so large that for
every t € [0, T] both terms in the above sum become less than ¢/2 for any
preassigned ¢>0. Similarly for u;m—ii. It follows easily that fi=u, in the sense
of distributions. For brevity in notation all subsequences u™™ shall again be denoted
simply by u". Taking further subsequences if necessary, it is clear that the estimates
4, (M, (8) and (9) yield

u"—u weak* in I (0, T'; Hy'*(Q) N H>*(Q))
up, — Uy, weak * in L°(0, T'; I*(Q)) and weakly in I(Qx (0, T))

Ul —> Uy, weak™® in [°(0, T'; IX(Q)) and weakly in L(Q X (0, T))

and
Ul — uy, weakly in (0, T; ()
Ayul? —>Ayu  weakly in (0, T; £(Q))
as n— oo, with all derivatives being considered in the usual weak or distribution
sense. Lemma 1 applied to u"—u and u;' —u, gives

u"—>u
strongly in I(Q) uniformly in ¢ on [0, T]

n
Uy — Uy
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and u(x, 0)=uy(x) and u,(x, 0)=u,(x) a.e. on Q. Lemma 1 applied to u;“——uxl
yields uz —u,, strongly in L*(Q2x (0, 7)) and again extracting further subsequences
Uz —u,, a.e. on Qx(0, T) for each i=1,.. ., N. Thus, o,(uz)—>0,(u,) a.e. on
Qx (0, T) by continuity and by Lebesgue dominated convergence. o (u; )Jv—
0i(u, v strongly in L2(Q X (0, T)) as n—oo for any fixed function v in L*(QXx
(0, T)). Consequently, for any v in L2(Q X (0, T)),

T
J; (oi(uzugq, v) dt
T T
= f W2 4 02 )0) dt — f (g 0 0111 )0) di

7
=f (o‘;(ua:.)u:c R v) dt as n — oo,
0 k) F 20t 3
Passage to the limit in (3) as n—>oo now gives the required result.

Proof of uniqueness. Let u(x, t) and v(x, t) be two strong solutions of problem
(1). Then w=u—v is a strong solution of the problem

wy—Apw—Azw, = —AN(u—c)+£ O‘i(uxi)—£ Gi(cx‘)a 0t T

Wlsa = 0, w(x,0 = 0, wy(x,0) = 0.
Since |o;(&)—o;(n)|<K,|E—n| for all real & and 5 and each i=1,...,N,

taking the product of this differential equation with w, and integrating over Q
gives

1 d 2 2 2
ey {Iwd P+ lwe (D17} + wa (D]
= (wmi(t)’ Wxit(t))-"(O‘i(uzi)_o'i(va:‘.), wa:'.t)
< e O+ o, OI2+ f o) — 0,0, )|* dx

< e D1+ Ko+ D{Iw O+ w17}
Therefore
IwOI*+w®7. = 0
and the theorem is proved.

REMARK 4. For N<2, the uniform bound o,(.)<K, in conditions (2) is not
required since Iu;“_(x, 1| <Kz [lu™(t)ll2,5 a.e. on Q for every fixed ¢ and some con-
stant K;; independent of x in Q. For N>3, the condition ¢;(0)<K, amounts
to a restriction that the o; have at most monomial growth. However, the relaxing
of this constraint to permit polynomial growth in the o; introduces serious
technical problems [9]. It is no longer possible to obtain sufficient a priori esti-
mates to permit the application of a compactness argument.

https://doi.org/10.4153/CMB-1975-036-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1975-036-1

1975] EXISTENCE AND UNIQUENESS OF SOLUTIONS 187

ExaMPLE. A simple two-dimensional example of (1) is furnished by the model
for a clamped vibrating plate if one assumes nonlinear stress relations with a
memory term with the equation of motion being given by

0 u,
“tt—a—x:(“m'l'—l_!_t:i‘) =D, =0

and it is clear that each o,(&)=§&+ (&/(1+£?)), i=1, 2, satisfies (2).
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