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ABSTRACT

We study the 1-level density of low-lying zeros of Dirichlet L-functions attached to
real primitive characters of conductor at most X. Under the generalized Riemann
hypothesis, we give an asymptotic expansion of this quantity in descending powers
of log X, which is valid when the support of the Fourier transform of the corresponding
even test function ¢ is contained in (—2,2). We uncover a phase transition when the
supremum o of the support of QAS reaches 1, both in the main term and in the lower
order terms. A new lower order term appearing at o = 1 involves the quantity ¢(1),
and is analogous to a lower order term which was isolated by Rudnick in the function
field case.

1. Introduction

The study of statistics of zeros of L-functions was initiated in Montgomery’s seminal
paper [Mon73] on the pair correlation of zeros of ((s). This work inspired Ozliikk and
Snyder [0S93, OS99] to prove related results on the 1-level density of low-lying zeros of Dirichlet
L-functions attached to real characters
d
Xd(n) = <7’L>’

with d # 0.! These low-lying zeros of Dirichlet L-functions are of particular interest since they
have strong connections with important problems such as the size of class numbers of imaginary
quadratic number fields and Chebyshev’s bias for primes in arithmetic progressions. The
aforementioned results were extended to the n-level density for general n by Rubinstein [Rub01],
and for extended support under the generalized Riemann hypothesis (GRH) by Gao [Gao05,
Gaol4]. Note that Gao considered the family

F*(X) :={L(s,xsq) : 1 <|d| < X;d is odd and squarefree},

which is known to have significant technical advantages over that of all real characters (see
also [Sou00]). For several years it was not known how to match Gao’s asymptotic with the
random matrix theory predictions. However, this was recently established for n < 7 by Levinson
and Miller [LM13], and for all n by Entin et al. [ERR13]. In addition, we mention that the
Ratios conjecture of Conrey et al. [CFZ08] has been shown by Conrey and Snaith [CS07] to
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predict a precise expression for the 1-level density; this prediction was confirmed up to a power
saving error term by Miller [Mil08] for a restricted class of test functions. We further remark
that the 1-level density of low-lying zeros has been studied extensively for many other families
of L-functions; cf., e.g., [ILS00, You06, SST16] and the references therein.

In this paper we study the low-lying zeros of real Dirichlet L-functions in the family F*(X).
Our focus will be on lower order terms in the 1-level density, a statistic for low-lying zeros that
we now introduce in detail. Throughout, ¢ will denote a real and even Schwartz test function.
Given a (large) positive number X, the 1-level density for the single L-function L(s, x4) is the

sum
Xd7 Z ¢ <’7d >

with 4 := —i(pa — %), where pq runs over the nontrivial zeros of L(s, xq) (i.e. zeros with 0 <
Re(pa) < 1). Moreover, we set

L:=1lo g(;;). (1.1)

We consider a cutoff function w(t), which is an even, nonzero and nonnegative Schwartz function.
The corresponding total weight is given by

W*(X) := ;ﬂdw (;)

Here and throughout, a star on a sum will denote a restriction to squarefree integers. We then
define the 1-level density of the family F*(X) as the sum

D*(¢; X) := I/V*l(X)Z*w

d odd

() PxCxssio (1.2

Our main theorem is an asymptotic expansion of this quantity in descending powers of log X,
which is valid when supp ¢ C (—2,2). This is a refinement of the results of Ozlikk and
Snyder [0S99] and Katz and Sarnak [KS97].

THEOREM 1.1. Fix K € N, assume the GRH and suppose that supp 5 C (—2,2). Then the 1-level
density of low-lying zeros in the family F* of quadratic Dirichlet L-functions whose conductor
is an odd squarefree multiple of 8 is given by

Drg:X) _/ ol (log)((q?) + Oupx ((ngl)K“)

where the coefficients R,, j,(¢) are linear functionals in ¢ that can be given explicitly in terms of
w and the derivatives of ¢ at the points 0 and 1. The first coefficient is given by

Rua(6) = 3(0) <log<;?_1) 2% p(;‘;g_pl) _ 2/:0 9“22_ Lt + @?0) /Ooow(x)(logm) dm)

p=3

+2¢(1) /100 (Huhl(u) + [Z]hQ(u)) du, (1.3)

where 0(t) := }_ ., logp is the Chebyshev function, H, :=}, ., n~1 is the uth harmonic number
and hy, ho are explicit transforms of the weight funcmon w that are defined in § 3.2.
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Theorem 1.1 will follow from the more precise Theorem 3.5, which gives an expression for

D*(¢; X) with a power saving error term.
We remark that Theorem 1.1 agrees with the Katz—Sarnak prediction [KS99a, KS99b], which
states that

lim D*(¢; X) —/ qZ) (1.4)

X—o00

independently of the support of $ Note that the Katz—Sarnak prediction implies much more, in
particular that the family F* has symplectic symmetry type (by the work of [SST16], this can
be predicted from the fact that the family is homogeneous orthogonal). The asymptotic (1.4),
which was already obtained by Ozliikk-Snyder when suppa C (—2,2) (under the GRH), shows
that there is a phase transition when the supremum of supp gg approaches 1. Such a transition is
also present in the lower order terms in Theorem 1.1, because of the terms involving qg(m)(l).

The Katz—Sarnak prediction originates from the following function field analogue of the
family F*(X). Consider the family H, , of zeta functions of hyperelliptic curves y? = Q(z)
defined over F,, where Q(x) is a monic squarefree polynomial of degree n. Note the relations
n = 2g+2if nis even and n = 2g+ 1 if n is odd, where g is the genus of the hyperelliptic curve.
Using the fact that the monodromy corresponding to the family H,, , equals the symplectic group
Sp(2¢g) and an equidistribution theorem of Deligne, Katz and Sarnak proved precise results for
the low-lying zeros of the zeta functions in H, 4 in the limit as both ¢ and n tend to infinity
(see [KS99a, KS99b]).

The family H,, with ¢ fixed and n = 2g + 1 was also studied by Rudnick [Rud10]. He
considered the associated 1-level density in the limit as n — oo. Note that this limit is expected
to be a more direct analogue to number fields than the ¢ — oo limit. Restricting to the case
when suppgg C (—2,2), Rudnick gave the following estimate for the 1-level density of low-lying
zeros of the zeta functions in H,, 4:

~ 1 [t~ 1/~ deg P 1 ~ g+1 1

0) -3 /1 o(u) du + p <¢(0)<P mZ P + 2) ¢(1)2(q — 1)) + o<g> (1.5)
(cf. [Rud10, Corollary 3 and the subsequent paragraph]; see also [BCDGL16, Chil6]). Recall
that when translating between function fields and number fields it is customary to set g = log X.
Taking this into account, note the striking similarity between the expressmn in (1. 5) and our
Theorem 1.1; in particular, they both contain a lower order term involving ¢(0) and $(1). Here
it is interesting that the prediction from the function field situation indicates not only the main
term in the number field case (as in the Katz—Sarnak philosophy), but also lower order terms.

In this connection, we note that a lower order term involving &5(1) is also present in the
1-level density of the family of Dirichlet L-functions attached to all characters modulo ¢ (see
[FM15, Theorem 1.2]). However, in this family this term is of order X ~'/2/log X and is thus
much smaller than in the family F* of real characters.

Next we study the family of all real characters x, ordered by the modulus |d|, that is, we
consider

F(X) :={L(s,xa) : 1 < |d] < X}.

Note that ((s) € F(X) and that, for any a € N, the functions L(s, x4) and L(s, x424) have
the same nontrivial zeros. The reason why we allow such repetitions is that it simplifies the
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analysis and allows one to obtain significantly sharper error terms? (compare the error terms in
Theorems 3.5 and 1.2).
Similarly as above, we define the 1-level density of the family F(X) to be the sum

D6 X) = %w(;)mwm (16)
where
d
W(X)=>» wl—=).
> (%)

Our second main theorem is an asymptotic formula for D(¢; X) valid when suppa C (—2,2).

-~

For convenience, we introduce the notation o := sup(supp ¢).

THEOREM 1.2. Fix € > 0. Assume the GRH and suppose that suppgg C (—2,2). Let

01~ by (0(3)39) [) o

Uy(x) = 200G / 1( > )(u_l)/2$<u> du

and

V2reMuw(1) 21e
— L@Q(O) /OOO <$<1 + Z) e7/? Zﬁ(neT/Q) + $(1 — ;) Z h(neT/2)> dr,
n=1 n>1

where Mw denotes the Mellin transform of w and h(t) := @(2net?). Let further
Uy (X) ifo <1,
UX):=
) {UQ(X) ifl1<o<2.

Then the 1-level density of low-lying zeros in the family F of all quadratic Dirichlet L-functions
is given by

~ ~

D(¢; X) = o(0) + | ¢(u)du

B0 [ (A 2 g C@)  Muld) ()
+<log<> + 1/13(0>/0 w(z)(log z) d$+2c(2) - Mw(i) X12/2>

2 — logp 1\ '~ 2jlogp
X)) ()
2

1 ) 6—3:/2 + 6—333/ R ~(
il co Tt ol ZY) ) a
A ¢<L>> .

HU(X) + Oy g (X705), (L.7)

where

—g ifo <1,
no) =1
5—1 ifl<o<2.

2 There are several known examples in the literature of families with repetitions having such advantages (cf. [You06,
FM15, FPS16, SST15]).
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The term U(X) in Theorem 1.2 is O(X(~1/2) when supp ¢ C (—1,1), but is of order
(log X)~! when ¢ has mass in a neighborhood of 1 (see Lemma 4.7). Therefore, this term is
responsible for a phase transition at 1. Moreover, Lemma 3.7 shows that

2 — logp 1\ '~ 2jlogp\  ¢(0) 1
15250 (05) () - - o(mx)

and, combining this with Lemma 4.7 and taking X — oo in (1.7), we recover the Katz—Sarnak
prediction.

We now briefly describe the tools used in the proofs of Theorems 1.1 and 1.2. The fundamental
tool is an application of Poisson summation to the prime sum in the explicit formula, following
the work of Katz and Sarnak [KS97]. In contrast with our previous work [FPS16], terms with
square index in the resulting sum are now of considerable size and contribute to both the main
term and new lower order terms in the 1-level density. The novelty in the present work is to
transform the terms of square index with an additional application of Poisson summation which
isolates the Katz—Sarnak main term and other tractable terms that are estimated later in the
analysis (see Lemma 3.2).

Finally, we observe that for small support we have an even more precise result for the family
F (which is in fact unconditional). It is interesting to note that the error term we obtain in this
case is significantly sharper than the error term predicted by the corresponding Ratios conjecture
(cf. [CSO07, Theorem 3.1]).

THEOREM 1.3. Fix e > 0 and suppose that supp gg C (—1,1). Then the 1-level density of low-lying
zeros in the family F of all quadratic Dirichlet L-functions is given by

1x¢xdz¢“n§jh<d> g|d| — f)bgwafﬁ)

memdﬂ X
log p ' (2jlogp
T () oY)
J P

0 o—z/2 —3x/2 / __ .
L - o(3)
)

L
s (o (3) ) [ (5)
+ Oy e (XE)F9), (1.8)

where w(y) := Y, w(n®y) and

14 if ! <o < L

— o i <o ,
2m+1 2m+%

€0V=3 g1 1 1

— < <7’
dm+1 ! 2m+% 7 2m —1
for each m > 1.

Remark 1.4. We can also obtain an unconditional result similar to Theorem 1.3 for D*(¢; X).
However, in this case the error term will be the weaker O, (X (?~1/2+¢) and hence we choose not
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to provide the details in the present paper. (Note that under the GRH, Proposition 3.1 gives
the sharper error term O, (X™ax{0/4-1/2,30/4=3/4}+¢) ) This setting was previously studied by
Miller [Mil08, Theorem 1.2], who claimed an error term of size

OE(X—l/Q _|_X—(1—30/2)+5 +X_3(1_U)/4+5).

However, going through the proof of [Mil08, Lemma 3.5], we find® that the actual error term
resulting from [Mil08] is OE(X(”’l)/ZJFE).

2. Preliminary results for the family F*(X)

2.1 Explicit formula and character sums
We will study the 1-level density via the explicit formula for primitive Dirichlet L-functions.

LEMMA 2.1 (Explicit formula). Assume that ¢ is an even Schwartz test function whose Fourier
transform has compact support. Then the 1-level density defined in (1.2) is given by the formula

D*(¢; X) = %%zw <§> log |d| — ¢(LO)(7 + log )

B sz(X) 2 ;Cf/%(mlzgp> Zw<;> (%)

p,m d odd

1 [P e—T/2 + e—3%/2 / ~ r
— ———— [ #(0) — | = | ) d=. 2.1
v [ (30-3(%) ) as (2.)
Proof. Let d be an odd squarefree integer. Then xsq is a primitive character of conductor 8|d].

Taking F(t) = ® (% +it) :== ¢(tL/(2m)) in [MV07, Theorem 12.13] (whose conditions are satisfied
by our restrictions on ¢), we obtain the formula

$(0 8ld]\  I'[1 9 ™ log /1
Dx (xsa; ¢) = (ﬁ(L> (log<‘7r’> T F<4 + ;)) - Z Xsd(ﬁm)QogP¢<m 2gp>
p,m

) ooef(l/2+a)x N ~(
1 o (B0-4(7))

where
_J0o ifd >0,
|1 ifd<o.
Formula (2.1) then follows by summing over d against the weight function w. O

We will need the following estimate on a weighted quadratic character sum.

LEMMA 2.2. Fixn € N and € > 0. Under the Riemann hypothesis (RH), we have the estimate

£ (4) () 20 (1+1) o

d odd p|n

where

(n) = 1 ifn is an odd square,
)0 otherwise.

3 The second, third and fourth terms on the right-hand side of [Mil08, (3.39)] should be multiplied by X (see [Mil08,
(3.36)]).
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Proof. The result follows similarly as in [FPS16, Lemma 2.10]. O
Remark 2.3. Taking n = 1 in Lemma 2.2 gives the following conditional estimate for the total
weight:
W*(X) = 2 5(0) + Oz (X1/42) (2.2)
K@) w | |

Let us now evaluate the first sum on the right-hand side of (2.1).

LEMMA 2.4. Fix e > 0 and assume the RH. We have the estimate

1 * d 2 >
. — )1 =log X + —— 1 w( X T3/4te),
W*(X);;idw<X> og|d| = log +@(0)/0 w(z)(log ) dx + Og ( )

Proof. The proof is similar to that of [FPS16, Lemma 2.8]. O
The following consequence of the GRH will be central in our analysis.

LEMMA 2.5. Assume the GRH. For m € Zy and y > 1, we have the estimate

() = 32 () 108 = Bmc + Oy o(20) (2Dl

Py

Proof. Write m = a?b, with p?(b) = 1. Then we clearly have that S,,(y) = Sy(y) + O(log |al).
Applying [IK04, Theorem 5.15], we have that

b
> logp<pe> — dpry + Oy log(2y) log(2/bly).
Py
ex1
The result follows by trivially bounding the contribution of prime powers. O
2.2 Poisson summation

In this section we will provide an approximate expression for the prime sum appearing in (2.1).
We first separate the odd and the even prime powers, by writing

.o 2 logp ~( mlogp * i %
odd " T LW (X)) ZP: pm/2¢< L >Z“’<X><pm>v (2.3)

d odd
m odd

*en- We will transform (2.3) using Poisson summation.
From now on, we will not necessarily indicate the dependence of the error terms on ¢ and w.

and similarly for S}

~

LEMMA 2.6. Fixe > 0. Assume the GRH and suppose that o = sup(supp ¢) < oo. Then, for any
S > 1, we have the estimate

=z 2w 2 () Z((5)9(5) 3 (5)7(65)

séagd pi2s
+ O (X734 4 X%(log §)°571), (2.4)

where
1 ifp=1mod4,
€y 1=
P i if p=3 mod 4.

1202

https://doi.org/10.1112/50010437X17007059 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007059

LOW-LYING ZEROS OF QUADRATIC DIRICHLET L-FUNCTIONS

Proof. By Lemma 2.2, the contribution of the terms with m > 3 in (2.3) is O.(X ~3/4¢). We
transform the sum over d into a sum over all odd integers using the usual convolution identity
for the indicator function of squarefree integers. This yields the estimate

. 2 logp log p us Su _3/44
odd =TT (X) Z DI P ( )w<X><p)+O( 0
seN UEZL p@s
sodd u odd

We now apply Lemma 2.5 and summation by parts. Note that if « is odd, then 8u is never a
square. It follows that the terms with s > S are

<7x Z Z < ) (log(2|u|sX))? <. X*(log §)3S5~*

s>S UEZ
sodd u odd

As for the terms with s < S, we introduce additive characters using Gauss sums, resulting in the

estimate
N 2 €,logp~/logp b
0dd = T Tye(x) ZM(S)ZGPP ¢< i ) Z (p)

s<S 2s b mod p
sodd f

() (5) (5 )(57)
+ 0 (X 73/ 4 X*(log S)3571).

Applying Poisson summation in the inner sum yields the expression

. _Lmifix) 3 MS) Z%Iggp(;@(loip) 3 (2)

s<S pi2s b mod p
sodd
(X 8b 1 [ X 16b
(Zo(E(-5) -1 Zo(Gal=-T)))

v1EZ V2 EZ
+O0(X 734 4 X*(log §)*S7Y).

The sums over b and v; can be replaced by a single sum over t; := v;p — 27+2h (j =1,2). Using
the fact that for p > 2, we have

(B-6)E)-(25)-(2)
(0)-(9)-(2)- ()

we end up with the estimate (2.4). O

and

LEMMA 2.7. Assume the GRH, fix € > 0 and suppose that o = sup(supp 5) < 0o. Then, for any
1< 8 < X2, we have that*
. 2X w(s) /OO ~ 1 [ m2Xl-u _(2m?Xxi
= T P(u) U\ 550 ) — U oo ) ) du
odd T (X)) 2 sz Jo n; 2\ 252(2me) v s2(2me) v
sodd

FO(X 34 4 X971 4 gxo/2 1+

4 This range can be replaced by 1 < S < X, for any fixed M € N. However, the important range for our analysis
is1<9 <X
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Proof. By the definition of ¢,, the second part of the main term in (2.4) equals

e SO CIORECIRER

séd% pi2s
w2 w2 EG)(5)) )
- * Z 2 Z ¢ Z ol Bl Wl B L 2, /"
LW*(X) ;§d% 8o P L \\p P 2s%p

Note that we can add back the primes dividing 2s at the cost of an admissible error term.
By Lemma 2.5, we have for ¢ > 0 and y > 1 that

0= toen((4) + (1)) = atu = )+ 0 os2) g2t

PY p
It then follows that

ST () ()3
EL A

t>0

—-3 [Ta(REY)a <2{ty)]'<5tzu<y—1)+o<y1/2log<2y>1og<2|t|y>>>dy

t>0

-/ 3 ) 2+ O top(29) X727,

by an argument similar to that in the proof of [FPS16, Lemma 4.3].° As for the first part of the
main term of (2.4), it can be analyzed along the same lines; the quantity analogous to Ti(y) is

Stoen( () + (T24) ) = bianty = 1)+ (s og(2) g2t

PY p

The lemma follows from taking the change of variables u = logy/L and summing over s.

3. New lower order terms

In Lemma 2.7, we saw that to understand S}, it is important to give a precise estimate of the

term

L) = [ aw

R 2m2Xl—u
me1 S me

Indeed, the lemma implies that for S < X? and under the GRH,

. 2X pu(s) (1 —3/4+ -1 /2-1+
= I (X) — I;(X X f 4+ X° X ). 2
saa W*(X)S;S 3 (2 25(X) — I ))+OE< +X°571+ 8 ). (32)
sodd

Here and throughout this section we assume that ¢ = sup(supp 4/5) < 00. Our strategy will be
to treat the integrals over the intervals [0, 1] and [1, o] differently; the former will be computed

directly and the latter via an application of Poisson summation.

5 Note that the integrand in the current paper is zero for y > (X/2me)°.
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3.1 Small support
In this section we assume that o < 1. In this range we will not find new lower order terms; these
only appear when o is at least 1 (see §3.2).

PROPOSITION 3.1. Fix ¢ > 0. Assume the GRH and suppose that o < 1. Then we have the

bound
Siqq Ko XO/ATVAE 4 xBo/Ams/ave
Proof. Let
p(s) 4 e
T(t) := _° Lo )
= s 32

sodd
We then have, for 0 < u < 1, that
s<S

M(s) N 2m2X17u /S R 2m2X17u
= —— | dT
52 w<s2(27re)—“ 0+ v t2(2me) v dT(t)
sodd
2m2 X1 gmiXxi-u S omiXl-u 4 dt
= M _— T - -~/ t—3/2+€
#($aras) T+ mara . (Famers) (s + 007 s
2v1-u S 2v1i—u
5 2m=X +m2X1_“/ o 2m*X dt
S2(2me) v o+ t2(2me) v

$9/2—¢"
Note that the part of the last integral for t € (0, X(!=%)/27¢] is O ((mX)~N) for any N > 1,
by the rapid decay of @w’. Summing over m and integrating over u, we obtain that

00 [0l (570 ()

<. S—3/2+€

s<5 m>=1
sodd
s 2 yl-u
2m=X dt
2vyv1l-u —~/ 1
X d X
+m /X(1u>/2‘g w <t2(27T€)_u> t9/25> U+

< Oola?(u)l g5 1 ’ L e
: X002 T XO=0/2 [\ u . 132

(o-1)/2

- | X30/4-3/4+e,
S’ —€

<

Hence, from (3.2), it follows that for S < X2

x(o-1)/2

51/2_5 +X30’/4—3/4+8 _I_Xas—l + SXO/2_1+8.

Soad e
The result follows by taking S = X1/2-7/4, a
3.2 Extended support
In this section we will see that when o > 1, the prime sum S}, contains terms of considerable

size, and we will give an asymptotic expansion of these terms in descending powers of log X . For
convenience, we introduce the function

g(y) = w(4mey?). (3.3)
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LEMMA 3.2. Suppose that o = sup(supp gb) < 0. Then, for s > 1, the quantity defined in (3.1)
satisfies the estimate

I,(X) = i/ooo (5(1 + Dsef/?Zg(sneT/Q) + <$<1 - Z) 3 g(mi/z>) dr

n>1 m>=1

S0 0o (Ufl)/QA W ESIPN
P [a) A= TP [Taman s oex . e

Proof. Extending the integral in (3.1) to R and making the substitution 7 = L(u— 1), we obtain
1 [~ T drm2el=T 1
I,(X) L/Ooqﬁ(l—i-L) mE>1w< 2 >d7'+0(sX ).

We denote the integrals over (—oo,0] and [0,00) by I; (X) and I (X), respectively. For the
second of these integrals, we apply Poisson summation. We obtain

po- [Caie ) (-2 +;Zg<m:”2>) o

meZ
_ 1 0~ T ( T/2 7/2
_L/o qb(l-l—L)( 72 %g sne >d7’
1 /°° ~ T seT/Qﬁ(O) w(0) 9 N 9
= = qﬁ(l + ) < — + se™/ g(sneT/ ) | dr.
L Jy L 2 2 ;

For I (X), we substitute 7 with —7, which gives

=1 [T3(1-7) (" )ar

m>=1

The lemma follows by combining the above formulas for I (X) and I} (X). O

We define the functions

) = oy 2 e ~gens et =5l A2 (Ga(5,) (7))

s>1
s odd s odd

It is a routine exercise to check that hi(x) and ho(x) are smooth for x € R4y and = € R,
respectively. One can also check that for any fixed N > 1 and € > 0, we have the bounds
hi(z) <n =N and (under the RH) ho(z) <. z~3/2¢,

Remark 3.3. One can show that h is continuous at 0. Indeed, let f(u) = g(2u) —g(u) and write,

for x # 0,
3 18 sy = | sty as(o) = - / af'(tr)S(t) dt, (3.5)
ssfdld

where

Z M <<t 1/24€

s<t
s odd

(under the RH). We then apply the (rough) bound f’(u) < |u|=%/* (u # 0) and conclude that
the right-hand side of (3.5) is < |z|'/4, proving continuity.
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COROLLARY 3.4. Fix € > 0 and assume the GRH. Then we have the estimate

é‘dd=/loo$(U)dU+i/Ooo<¢<l+ ) T/Zzhl (ne™/?) +¢<1—>Zh2 neT/2>d

n>1 n>1

+ OE(XU/671/3+5).

Proof. We sum the right-hand side of (3.4) over s. By (3.2) and Remark 2.3, in the range S < X2

this gives the estimate

* 2X IU(S) 1 2~ I T/2 ~ T/2
odd = Ty () sg;g 2 <2/0 [qb(l-l—L)Zse Zg(ane )

n=1

sodd

) ()

m>1

[l e game a5 55

n=>1 m>=1

+ / d(u) du + O-(X ~V/2e 4 X571 4 gx0/271%e), (3.6)
1

We can extend the sum over s to all positive odd integers at the cost of the error term
O(X¢S~1/2). Changing the order of summation, taking S = X2/3=9/3 and applying Remark 2.3

gives the result.

We summarize the findings of this section in the following theorem.

THEOREM 3.5. Fix € > 0. Assume the GRH and suppose that o = sup(supp QAS) < 2. Then the
1-level density of low-lying zeros in the family F* of quadratic Dirichlet L-functions whose

conductor is an odd squarefree multiple of 8 is given by

D*(¢; X) / b(u) du + ¢(0 )<log(2el_7) + @?O)/Ooo w(z)(log x) d;v>

00 :c/2+e 3x/2 ~(
+L/o e (00-4(7)) >

I R I e B N T

p>2
j=1

where

J(X):= i/ooo <$<1 + ;) ™2 " hi(ne™’?) + $<1 - ;) > hg(n67/2)> dr.

n=>1 n=>1

Proof. Combining Lemma 2.1 with Lemma 2.4 and Corollary 3.4, and noting that Lemma 2.2

implies the estimate

2 ] 1\ t~/241
S = 2 Og.p<1+> ¢(J°gp>+oa<x3/4+€>7 (3.8)

L

we obtain the desired result.
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Next we show how to deduce Theorem 1.1 from this result. The key is to expand the various
terms in the right-hand side of (3.7) in descending powers of log X. Note that the term J(X) is
of order (log X)~! and constitutes a genuine lower order term in the 1-level density D*(¢; X).

LEMMA 3.6. Assume the RH. Then, for any K > 1, we have the expansion

K ~,
cw,k(b(k_l)(l) 1

k=1

where the constants ¢, can be given explicitly. The first of these constants is given by

Cot = 2 /1 b (Huhl(u) + [Z]hg(u)> du,

where H, := Y. _ n~! is the uth harmonic number.

n<u

Proof. By the decay properties of h; and ho, we have that

1/2
J(X):i/oL (¢><1+ > ey " hi(ne™?) +¢<1—>Zh2 (ne™?) >d

n=1 n=1

3
+O€<exp<— <4 — 5>\/E>>
We can now expand qAS in Taylor series, resulting in the expression

¥ — R C O k—1,7/2 /2 )l /2
J( )—Zm ) Zhlne Zh ne

k=1 n>1 n>1
+0K(L—K—1>

(b(k Y / k 1 T/2h (neT/Q) ( T)k—lh (neT/Q)) dr +0O (L—K—l)
E 'L’f g 2 K :

Finally7 the first summand equals

AU [7 e + st ) ar _ 200 5 [ P

n>1 n>1

The result follows from interchanging the order of summation and integration. O

The final ingredient needed in the proof of Theorem 1.1 is an expansion for S, of the same
form as that of J(X) in Lemma 3.6.

LEMMA 3.7. Suppose that o = sup(supp qg) < 00. Then we have the formula

2 ~logp 1\ ' 2logp)  4(0) | <~ did®1(0) 1
2 <1+p> ¢>( )= +; i 0k e )

p>2
j>1

where the coefficients dj, are real numbers that can be given explicitly. In particular, we have

1 1! > o(t) —t
dhi=-2% (;gp<1+ > —2—1—3log2—2/ (22 dt.
2

p,j=3
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Proof. Let § = 1/(K +2) and set & = (log X)~!'*. The sum of the terms with j > 2 equals

-1, K k) . K+1 s
2 Z logp<1Jr > (Z(Z) k!(O)(Zilzgp) JrOK<<long > >>+O(e(l/2)(logX))

pI<Xx$ k=0

p>2
7=2

K . -1
2 o o%)( log p(2; log p)* 1 K2
_*EZ k;lLlc Z DI 1+§ +O0k(L )
=0 pI<XE

p>2
Jj=2

K A . —1
2 o« oW log p(2j log p)* 1 Koo
-2y O s o) (1 1) g g
k=0 p>2
j=2

which is of the desired form.
As for the terms with j = 1, we observe that the sum over p < X¢ is given by

50 ERR) o((2))

2<p< X &

K 7 -1
_ Z o™ (0) Z (2log p)**! (1 n 1) O (L1 +2))
p p

k!Lk’-i—l
k=0 2<p<X ¢
K ~
¢™®)(0) / (2¢1og X)FH! (2log p)** K1
:_Zk|Lk+1 k41 + L +Z Z L + Ok (L ),
k=0 n>1 p>2

where

= _k+3 _ okl /OO (0(t) — t)(log t)*~1(k — log t)
0y, := (21og 2)* <2 k—i—ll ) 2 i 5 dt.

The terms with p > X¢ are handled by writing

2 log p 1\ '~ 2logp) 2 2logt —¢
T2 (1+5) 3(E) =2 [ w957 s+ oux)
p>

~(2€log X 2 [®T1~/2logt\]’
PR )+ () | e ot a0t 0

~(2¢log X 2 [®[1~(2logt\] —(c/2)(log X)/2
¢( . >+L/X§ |:t¢)< 7 tdt+ O(e )

_ 2 [®1(2logt —(c/2)(log X)/2
— L/Xs tqﬁ( 7 >dt+0(e )

- /OO $(U) du + O(e—(0/2)(10gx)6/2)
ElogX/L

SRS S EN

2¢ log X \ F _

The result follows from Comblnlng the above estimates. Note in particular that the terms

involving £ cancel. O

We are now ready to prove our main theorem.
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Proof of Theorem 1.1. Combining Theorem 3.5 and Lemmas 3.6 and 3.7, we obtain the formula
~ 0 o (0 2 [
D X) = g0y — 20 / o) du+ 29 (1og(2et—1) 4 2 / w(z)(log z) dz
2 1 L ’U}(O) 0
1 00 e—m/Q +e—3m/2 N ~ r
— ——6(0) =& =) | d
R G G

dm’“ D 5 eI (1) 1
+ Z Z Lk + Ok LE+1 )

k=1

Writing the gamma factor as

1 ooe—x/2+€—3x/2 N ~
L/O T (foa(g))
7:13/24_673:1:/2)

_ N (e 1
- Z lL]—l—l 1 _e-22 dz + Ok K+ )

the desired result clearly follows. O

4. The family F(X)

4.1 Preliminaries
For convenience, we define the even smooth function w : R\{0} — R by

w(z) =Y w(n’z). (4.1)

n=>1

It follows that w(x) decays rapidly as x — oo, and that its Mellin transform satisfies Mw(s) =
¢(2s)Muw(s) (see [FPS16, Lemma 2.3]). Moreover, note that w(x) blows up near = = 0. Applying
the explicit formula, we now give an expression for D(¢; X).

LEMMA 4.1 (Explicit formula). Assume that ¢ is an even Schwartz test function whose Fourier
transform has compact support. Then the 1-level density defined in (1.6) is given by the formula

D(e; X) = Lgﬁ&)z%(;) log<ﬁ|> - QZ(LO) (w - log4<1 - V@Zw(iﬁ)))

d#0 d>0
# d odd

i B E ) () et (R

L {5

Proof. We first note that Dx(xgmz;®) = Dx(xq;¢) for any m > 1. Hence, by the definition
of w,

WD X) = () Dxtus o) = () D) (1.3
d#0 d#£0
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We also note that the conductor of x4 for d squarefree is given by 4°|d|, where
. {0 if d > 0 is odd,

1 otherwise.

As in the proof of Lemma 2.1, we apply [MV07, Theorem 12.13] and obtain the formula
)logp ~ <m log p)

Dx(xa;¢) = (Z(L())<1Og<4i|:”>+¥<l ))‘ZXd m/2 I

L (1/24a)x / __ .
+ 20— 1¢<Z7r>+2/0 6_21<¢(0)_¢<L>>d1‘.

1—e

L
Formula (4.2) then follows by summing over squarefree d against the weight function w O
We now give estimates on sums of the weight function w. Recall that
« _(d d
v -2 %) - 2e(x)
d#0 d#0
is the total weight.
LEMMA 4.2. Fix n € N and € > 0. We have the estimates
W(X) = X(0) + O (X°);
> () (5) = sexa@ [[(1+) "+ Oululsmrex)
X n &,w )
d#0 p|n
where
K(n) = 1 ifn=0,
" )10 otherwise.
Under the RH, we also have
1 «_(d 2 [® 2 Muw3) (1) .,
— | log|d| =log X + —— log x) dx + 2 - ~)x-2
W2, (5 ) ogli =oux + g5 [ e ona) e+ 25 - e
+ Oe,w (X_3/4+6).
Od

Proof. The result follows exactly as in [FPS16, Lemmas 2.5 and 2.8]

4.2 Poisson summation
In this section we analyze

N logp ~(mlogp\s—~*~(d\ [ d
Sodd = LW(X) zp: pm/2¢< L )Z w<X) <pm> (4.4)
m odd

using Poisson summation (see also §2.2)

6 Seven is defined analogously.
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LEMMA 4.3. Assume that o = sup(supp qg) < 1, and let m € N be such that 1/(2m+1) < 0 <
1/(2m — 1). Then, for any fixed € > 0, we have the bound

Sodd <. X*max{(‘lm*l)/(4m+1),1—o‘}+€‘

Furthermore, if 1 < o < 2, then under the GRH we have that

2X 0~ N
Sodd = _VV(X)/O P(u) Z w

m>=1

(%) du + O-(X°/>1+e), (4.5)

Proof. We proceed as in [FPS16, §3]. Applying the identity

%;0*@( )() 3w (X/za?k)(i)

and arguing as in [FPS16, Lemmas 3.2 and 3.3], we see that

_ 2X €y logp~(logp —t\ [ Xt iy
Sodd = ~ 7%y > > JREST ¢(L é - )\ e ) O,

0<k<10log X p> x (1—¢)/(2k+1) p

where
1 if p=1modA4,
€ =
P ¢t if p=3mod4.

If 0 < 1, then the proof is similar to that of [FPS16, Proposition 3.6]. As for the case o < 2, we
argue as in [FPS16, Lemma 3.9] and see that the terms with & > 1 are O.(X ~2/3%¢). Finally, in
the terms with & = 0 we can add back the primes p < X'¢ at the cost of a negligible error term.
The resulting sum is handled in a similar way to Lemma 2.7, and the estimate (4.5) follows. O

4.3 The new lower order terms
In this section we treat the new lower order terms that appear in the family F.

LEMMA 4.4. Suppose that o = sup(supp 5) < 0. Then we have the estimate”

0o R mZleu _ﬁ(o) 00 X (u—1)/2 A
/ ¢(“>n§1w<<2m>u>d“‘2/l (5r)  Fan="3 [To
1 /= /2 7’/2 _T T/2> - /2
+L/0 <¢(1+ ) ;hne +¢< L)Z; ne dr +O0(X 1?3,
(4.6)
where h(y) := w(2mey?).

Proof. The proof is similar to that of Lemma 3.2. O

We now give an estimate for the fourth term on the right-hand side of (4.2). For 1 < o < 2,
we will see that the term that arose from principal characters in (4.2) will essentially cancel the
main term in Lemma 4.4.

" Note that the first term on the right-hand side equals X°/271/2+o(1),

1212

https://doi.org/10.1112/50010437X17007059 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007059

LOW-LYING ZEROS OF QUADRATIC DIRICHLET L-FUNCTIONS

LEMMA 4.5. Fix € > 0. Then, for 0 < 1, we have that

s 8o b (o)) () s

As for 1 < o < 2, we have
iL i s/ x \ @-1/2_
e () ()

L u(1) wlmA
e Mu(z) L/<Xi> $(w) du+ O(X7/21),
0

\/ 2reMuw(1) 2me
Proof. First, an application of Poisson summation shows that, for X > 1 and arbitrary N > 1
1 X2 9 w(0)
ol <) = ) dt — —2 + On(X). 4.7
() =5 [ua =" onx ) (4.7
Moreover, we have that
iL X \“2.
— | = — du.
¢<47r> /R<27re) $(u) du
By trivially bounding the integral on the interval (—oo, 0], it follows that for 1 < o < 2 we have

(3 )o(1) = Tt [ (2O G du v o,

The last step is to apply the Fourier identity

.éMﬂﬁ:A@WML

which follows from combining Plancherel’s identity with the fact that |z|~'/2 is its own Fourier
transform. Finally, in the case ¢ < 1 we use a similar argument but we keep the secondary term
in the expansion (4.7). The result follows. O

Proof of Theorem 1.3. The proof is obtained by combining Lemmas 4.1-4.3 and 4.5, with the
expression for Seyven analogous to (3.8). O

The rest of the section is devoted to the proof of Theorem 1.2.

COROLLARY 4.6. Fix e > 0. Assume the GRH and suppose that 1 < o = sup(supp &3) < 2. Then
we have the estimate

Soaa + 577 (¢ )95 ) = [ Bt Ga(x) 4 0772159,

where

s R G

n>1 n>1
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Proof. The proof follows by combining Lemmas 4.3-4.5. a

In the final lemma we give an expansion of Us(X) in descending powers of log X, which, by
Theorem 1.2, shows that such an expansion is also possible for the 1-level density D(¢; X).

LEMMA 4.7. For any K > 1, we have the expansion

K . gk=1)
Uy 1 K
U2(X) = —7’“¢Lk ( )+OK(L K-1y,
k=1

where the constants v, can be given explicitly. The first of these constants is given by

_ M) a4 el
Vel = (D) 70 . <H“h”+uh( >>d’

n~1 is the uth harmonic number.

where H, =)

n<u

Proof. The second term in Us(X) can be expanded exactly as in the proof of Lemma 3.6. As for
the first term, we have

/01 <;(m>(u—l)/2$(u) . /LLW (;j@)(u 1/2 <Z¢ (k=1)( (u— 1>1) +O((u — 1)K)> du

+O(e(1/2VEY

which completes the proof. O
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. The proof is achieved by combining Lemmas 4.1-4.3 and 4.5, with the
expression for Seven analogous to (3.8) and Corollary 4.6. O

ACKNOWLEDGEMENTS

We are grateful to Zeév Rudnick for drawing our attention to his paper [Rud10] and for his
questions which motivated the present work. A substantial part of this work was accomplished
while the authors were visiting the University of Copenhagen, the Banff International Research
Station and the Centre de Recherches Mathématiques. We are very thankful to these institutions
for providing us with excellent research conditions. The first author was supported at the
University of Ottawa by an NSERC discovery grant and at the Institut Mathématique de Jussieu
by a postdoctoral fellowship from the Fondation Sciences Mathématiques de Paris. The second
author was supported at the University of Lethbridge by a PIMS postdoctoral fellowship. The
third author was supported by a grant from the Danish Council for Independent Research and
FPT7 Marie Curie Actions COFUND (grant ID: DFF-1325-00058).

1214

https://doi.org/10.1112/50010437X17007059 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X17007059

LOW-LYING ZEROS OF QUADRATIC DIRICHLET L-FUNCTIONS

REFERENCES

BCDGL16 A. Bucur, E. Costa, C. David, J. Guerreiro and D. Lowry-Duda, Traces, high powers and one

Chil6
CFZ08
CSo7

ERR13

FM15
FPS16
Gao05
Gaol4
1K04
ILS00
KS97
KS99a

KS99b

LM13
Mil08

Mon73

MVO7

0593
0599

Rub01

level density for families of curves over finite fields, Preprint (2016), arXiv:1610.00164.

I. J. Chinis, Traces of high powers of the Frobenius class in the moduli space of hyperelliptic
curves, Res. Number Theory 2 (2016), Art. ID 13, 18 pp.

J. B. Conrey, D. W. Farmer and M. R. Zirnbauer, Autocorrelation of ratios of L-functions,
Commun. Number Theory Phys. 2 (2008), 593-636.

J. B. Conrey and N. C. Snaith, Applications of the L-functions ratios conjectures, Proc. Lond.
Math. Soc. (3) 94 (2007), 594-646.

A. Entin, E. Roditty-Gershon and Z. Rudnick, Low-lying zeros of quadratic Dirichlet
L-functions, hyper-elliptic curves and random matriz theory, Geom. Funct. Anal. 23 (2013),
1230-1261.

D. Fiorilli and S. J. Miller, Surpassing the ratios conjecture in the 1-level density of Dirichlet
L-functions, Algebra Number Theory 9 (2015), 13-52.

D. Fiorilli, J. Parks and A. Sédergren, Low-lying zeros of elliptic curve L-functions: beyond
the ratios conjecture, Math. Proc. Cambridge Philos. Soc. 160 (2016), 315-351.

P. Gao, n-level density of the low-lying zeros of quadratic Dirichlet L-functions, PhD thesis,
University of Michigan (2005).

P. Gao, n-level density of the low-lying zeros of quadratic Dirichlet L-functions, Int. Math.
Res. Not. IMRN 2014 (2014), 1699-1728.

H. Iwaniec and E. Kowalski, Analytic number theory, American Mathematical Society
Colloquium Publications, vol. 53 (American Mathematical Society, Providence, RI, 2004).

H. Iwaniec, W. Luo and P. Sarnak, Low lying zeros of families of L-functions, Publ. Math.
Inst. Hautes Etudes Sci. 91 (2000), 55-131.

N. M. Katz and P. Sarnak, Zeros of zeta functions, their spacings and their spectral nature,
Preprint (1997).

N. M. Katz and P. Sarnak, Zeroes of zeta functions and symmetry, Bull. Amer. Math. Soc.
(N.S.) 36 (1999), 1-26.

N. M. Katz and P. Sarnak, Random matrices, Frobenius eigenvalues, and monodromy,
American Mathematical Society Colloquium Publications, vol. 45 (American Mathematical
Society, Providence, RI; 1999).

J. Levinson and S. J. Miller, The n-level densities of low-lying zeros of quadratic Dirichlet
L-functions, Acta Arith. 161 (2013), 145-182.

S. J. Miller, A symplectic test of the L-functions ratios conjecture, Int. Math. Res. Not. IMRN
(2008), doi:10.1093/imrn/rnm146.

H. L. Montgomery, The pair correlation of zeros of the zeta function, in Analytic number
theory, Proc. sympos. in pure mathematics, vol. XXIV, St. Louis University, St. Louis, MO,
1972 (American Mathematical Society, Providence, RI, 1973), 181-193.

H. L. Montgomery and R. C. Vaughan, Multiplicative number theory. I. Classical theory,
Cambridge Studies in Advanced Mathematics, vol. 97 (Cambridge University Press,
Cambridge, 2007).

A. E. Ozliik and C. Snyder, Small zeros of quadratic L-functions, Bull. Aust. Math. Soc. 47
(1993), 307-319.

A. E. Ozliik and C. Snyder, On the distribution of the nontrivial zeros of quadratic L-functions
close to the real axis, Acta Arith. 91 (1999), 209-228.

M. Rubinstein, Low-lying zeros of L-functions and random matriz theory, Duke Math. J. 109
(2001), 147-181.

1215

https://doi.org/10.1112/50010437X17007059 Published online by Cambridge University Press


http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
http://www.arxiv.org/abs/1610.00164
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1093/imrn/rnm146
https://doi.org/10.1112/S0010437X17007059

Rud10

SST16

SST15

Sou00

You06

LOW-LYING ZEROS OF QUADRATIC DIRICHLET L-FUNCTIONS

Z. Rudnick, Traces of high powers of the Frobenius class in the hyperelliptic ensemble, Acta
Arith. 143 (2010), 81-99.

P. Sarnak, S. W. Shin and N. Templier, Families of L-functions and their symmetry, in
Families of Automorphic Forms and the Trace Formula, Proceedings of Simons Symposia
(Springer, 2016), 531-578.

A. Shankar, A. Sédergren and N. Templier, Sato—Tate equidistribution of certain families of
Artin L-functions, Preprint (2015), arXiv:1507.07031.

K. Soundararajan, Nonvanishing of quadratic Dirichlet L-functions at s = 1/2, Ann. of Math.
(2) 152 (2000), 447-488.

M. P. Young, Low-lying zeros of families of elliptic curves, J. Amer. Math. Soc. 19 (2006),
205-250.

Daniel Fiorilli daniel.fiorilliQuottawa.ca

Département de mathématiques et de statistique, Université d’Ottawa,
585 King Edward, Ottawa, ON K1N 6Nb5, Canada

James Parks jparks@kth.se

Department of Mathematics and Computer Science, University of Lethbridge,
4401 University Drive, Lethbridge, AB T1K 3M4, Canada

Current address: Department of Mathematics, KTH Royal Institute of Technology,
Lindstedtsvagen, SE-100 44 Stockholm, Sweden

Anders Sédergren andesod@chalmers.se

Department of Mathematical Sciences, University of Copenhagen,
Universitetsparken 5, 2100 Copenhagen ), Denmark

Current address: Department of Mathematical Sciences, Chalmers University of Technology
and the University of Gothenburg, SE-412 96 Gothenburg, Sweden

1216

https://doi.org/10.1112/50010437X17007059 Published online by Cambridge University Press


http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
http://www.arxiv.org/abs/1507.07031
https://doi.org/10.1112/S0010437X17007059

	1 Introduction
	2 Preliminary results for the family F*(X)
	2.1 Explicit formula and character sums
	2.2 Poisson summation

	3 New lower order terms
	3.1 Small support
	3.2 Extended support

	4 The family F(X)
	4.1 Preliminaries
	4.2 Poisson summation
	4.3 The new lower order terms

	Acknowledgements
	References



