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MULTIPLIERS ON WEIGHTED FUNCTION SPACES OVER
LOCALLY COMPACT VILENKIN GROUPS

YUEPING ZHU

In this note, we consider multipliers on weighted function spaces over totally dis-
connected locally compact Abelian groups (Vilenkin groups). First we present an
(Ha,La) multiplier result. Then we give an (Ha, Ha) multiplier result under a simi-
lar condition of Lu-Yang type. In Section 3, we obtain a result about the boundedness
of multipliers on weighted Besov spaces.

1. INTRODUCTION

One of the central problems in Fourier analysis is the study of multipliers and singular
integral operators on weighted spaces over Rn. In this paper we shall study the theory
with the underlying group Kn replaced by certain totally disconnected groups G that
are the locally compact analogues of Vilenkin groups. As early as the 1970's, pioneering
work on multipliers and the boundedness of convolution operators on LP spaces was done
over local fields by Taibleson ([15]), and over certain locally compact Abelian groups by
Gaudry and Inglis ([3, 4]). Later Onneweer and Quek ([9, 10, 11, 12]), Kitada ([5]) as
well as Lu and Yang ([7]) extended their results to weighted spaces L£ and H*. In this
paper we extend Taibleson's result in a different direction.

In the last decade, besides Hardy spaces, many other function or distribution spaces
have been found to admit a decomposition, in the sense that every member of the space
is a linear combination of basic functions of a particularly elementary form. Such decom-
positions simplify the analysis of the spaces and the operators acting on them. In [2],
Frazier and Jawerth obtained an atomic and a molecular decomposition for certain dis-
tribution spaces (Besov spaces and Triebel-Lizorkin spaces) on Rn. With the use of this
powerful result, many authors have studied the boundedness on such spaces of various
types of operators. These papers were the motivation for the present paper in which we
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study such subjects in the context of locally compact Vilenkin groups G, instead of En .
In particular, we extend the atomic decomposition theorems of Frazier and Jawerth to
the weighted Besov spaces on G, and apply them to prove the boundedness of multipliers
on such spaces.

We now summarise the contents of this paper. In the remainder of this section, we
describe the groups G and introduce the necessary definitions and notations. In Section 2,
we give the boundedness of multipliers on weighted Hardy spaces H%(G) where 0 ^ p < 1.
In Section 3, we first give an atomic decomposition of the weighted Besov spaces on G

which is an extension of the atomic decomposition theorems of Frazier and Jawerth to G,

and we prove the boundedness of some multipliers on B£'p(w). In particular, a pseudo-
differential operator with kernel in 5™ is bounded on these weighted Besov spaces.

Throughout this paper, we shall denote by G a locally compact Abelian group con-
taining a strictly decreasing sequence of compact open subgroups in the sense of Edwards
and Gaudry ([1, Section 4.1]). This means that there exists a sequence {Gn}'^=_oo such
that

(i) U Gn = G and f) ^ n = {0};
n=—oo n=—oo

(ii) sup{order(Gn/Gr
7l+i) : n € Z} < oo.

Such a group is totally disconnected. It is a locally compact analogue of the groups
described by Vilenkin in [17]. Several examples of such groups are given in [1, Section
4.1]. Additional examples are the p-adic numbers and, more general, the additive group
of a local field (see [15]).

Let F denote the dual group of G, and for each n € Z, let

Then { r n } ^ . . ^ is a strictly increasing sequence of open compact subgroups of F and

(i') 0 rn = rand n rn = {i};
n=—oo n——oo

(ii') order ( r n + 1 / r n ) = order (Gn/Gn+1).

We choose Haar measures fi on G and 7 on F so that fJ.(G0) = 7(F0) = 1. Then
n(Gn)~

l = 7(Fn) := rnn for each n € Z. If we define the function d : G x G —> K by
d(x,y) = 0 when x = y and d(x,y) — m~l when x — y € Gn\ Gn+i, then d defines a
metric o n G x G and the topology on G induced by this metric is the same as the original
topology on G. For x £ G, we set \x\ = d(x,O). The symbols * and" denote the Fourier
transform and inverse Fourier transform respectively. We have {XGn)Xl) = m n ' x r n (7 )
and (xrn)"(z) = ™nXGn{

x) : = An(x) for each n € Z, where XA denotes the characteristic
function of a set A. For the definition of the spaces of test functions and distributions on
G and F, see [8]. These spaces will be denoted by S(G),S'(G),S(T) and «S'(F).

The Lebesgue space on G with respect to the weighted measure

va(x)dn{x) = \x\adfi(x) = dfj,a(x),
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where a 6 R and 0 < p < oo, will be denoted by LPa.

2. MULTIPLIERS ON W E I G H T E D H A R D Y SPACES

We give the definition of the weighted Hardy spaces H%(G), where 0 < p ^ 1 and

a > - 1 .

DEFINITION 1: Suppose that a > - 1 and 0 < p ^ 1. A function / € S'(G)

belongs to H%(G) if

() | ( ) |
n£Z

. Moreover, | | / | |HS(G) = ll/*ILg(G)-

A function a on G is called a (p, oo)Q atom if

(i) supp(a) C / := x + Gn for some x € G and n € Z;

(ii) Halloo ^ M / ) ) ~ 1 / P ;

(hi) / o(i)dAi(i) = 0.
JG

LEMMA 2 . (See [9].) Suppose that - 1 < a < 0 and 0 < p ^ 1. A function

f € 5'(G) belongs to H%(G) if and only if f can be represented as f = J2i^iai Wlta

convergence in S', where each at is a (p, oo)Q atom and ^ |Ai|p < oo. Moreover, | | / | | W P ~
inf (52j |^i|p) i where the infimum is taken over all such expression.

THEOREM 3 . Suppose that 1 ^ q ^ 2. Assume that he L°°(T\ {0}) and there
exist C, e > 0 such that for aiJ j € Z, n > j ,

supj/ \h{x-y)-h{x)\2dn(x)\
y€Gn

 {-JGj\Gj+i '

-'ACij-i

1/2

y€Gn

/ • . 1 / 0

9-1/2

Then /i is a bounded multiplier from HX{G) to LQ(G).

PROOF: It suffices to prove that the Lq(G) norm is bounded for (1, oo) atoms (with
a bound that is independent of the atoms). Let a be a (l,oo) atom with support in Gn

for some n € Z. We set

Then

l'qa * K\\Q $([ \a* K{x)\qdtx{x))l'q + ^ ( C ) 1 / ' - 1 / 2 ^ * K\\2
KJG\Gn '

•= h + h
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and

h

1 In

I /-*i\ /** \ I s> / /

\a(y)\( f \K(x -y)- K(x)\qd»(x)Yh'd^y) ^ C.
>Gn

 KJG\Gn '

For the estimate of ||a*/f Ife, we decompose h as J3 hj with hj(^) = h(^)xrj+1\rj (0•

jez

It remains to show that

Starting with the case where q = 1, we get

•* = E

In the case where q = 2, we want to estimate

|2sup |a(fl|

= f E + E ) SUP iss(f) r ==J i+

For J2 we see that

( /" | ^ = 0.

For J i , we write Vn(£) = m ' ^ r n C ? ) . * n d observe that

2(0 = s * v«(0 =
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The last equality holds because if j > n, and £ € r j + i \ Tj, then TJ £ FJ +i \ Tj. So

Ji = Y ] sup |S(£)|2

f \Vn

Thus J ^ C in the case q — 2. We shall now interpolate to get the general case. Let

p = 2/(1 - 0) where 0 < 0 ^ 1, c,- = | |axr i + 1 \r joo and d, = \\axrj+1\rj\\2- We know that

The g = l estimate shows that ||dj||/2 ^ Cii{Gn)~
1^2 and the q = 2 estimate shows

that ||Cj||(2 < C. This implies that

So when we put p = (2q)/(2 - q), we get 7 ^ C^(Gn)~
{-2~qlq\ that is,

The proof is completed. D

THEOREM 4 . Suppose that 0 < p ^ 1 and 1 < r < 2, and that a function
h € L°°(r) satisfies

k=n

where i < n, Ji — Gt\ Gj+i, hk — hxrk+l\rk, and C is independent of n, i. Then h is a
bounded multiplier on H?(G) when - ( l / r ; ) < a ^ 0.

PROOF: It is enough to prove that for every (p, oo)Q atom a, on writing / — {ha)',
we have

/ f'(x)pdfia(x) ^ C
JG

with C independent of a. Suppose supp(a) C xo + Gn := /„, for some x0 £G and n £ Z.
Write

(1) [ [[
J KJ JG\I
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We first see that

/

/ f 2 \P/2 / f \ 1— P/2

^ C||a||5/i(/B)1-"/2inf{t;o(x) : x e /„ \ {0}}

(2) ^ C.

For x $. /„, we set ^(7) = 7(10)^(7) and b{x) = a(x + x0). Then as shown in the
proof of [5, Theorem 2] or [7, Theorem 2.5],

f
j=n j=n i=—00

where Lt — Ii\ U+uU = x0 + G{.
But when i < n, supp((^J)"x£,j * 6) C Li, so if x € Li with i < n, we have

j=n

Therefore,

i=-oo j=n

E £ l|o|l?||(^)"Xii||^
/p-1 inf{«o(x) : x G /« \ {0}}

t=—00 j=n

i=—00 j=n

(3) ^ C
x=—oo

Substituting (2) and (3) into (1) completes the proof. D

REMARK 5. This result is an improvement on the weak multiplier result which Lu and
Yang obtained in [7] under similar conditions.

When p = 1, we have the following result.

THEOREM 6. Suppose h e L°°{T) and

(4) supf E [ \(hjT(x)\d^x)] <oo.

Then h is a bounded multiplier on H^(G) with — 1 < a ̂  0.
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P R O O F : Let T denote the multiplier operator with multiplier h. For T to be bounded
on H^(G), it is sufficient to show that there exists a constant B such that

(a)Y(x)\dna(x)^B <oo

for all (l,oo)Q atoms a. Write / = (ha)".
We assume that supp(a) Cio + GN :— IN, for some x0 € G, N £ Z. Then we have

/ \f'(x)\d^(x) = f \f'(x)\d»a(x) + f \f(x)\d^(x)
JG JIN J(INY

(5) :=(A) + (B).

For the integral (A), we use the usual L2 argument as in the proof of Theorem 4:

N)1/2inf{^(2;) : x E IN \ {0}}

yV) in{{va(x) :x€lN\ {0}} ^ C.

For the integral (B), we set ̂ (7) = j(xo)h(j) and b(x) — a(x + x0). As shown in
the proof of the above theorem,

j=N

So

£ f
j=NJc

f

The first equality comes from the fact that Xo £ IN > i ^ 7/v, so if t 6 ///, then x + xo — i
^ 7^, and hence o(x + xo — t) =0 . Combining these estimates and the condition (4), we
get the desired result. D
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3. MULTIPLIERS ON WEIGHTED BESOV SPACES

3.1 HOMOGENEOUS BESOV SPACES. For a > 0 and 0 < p, q < oo, there exist a large
number of equivalent characterisations of the Besov or generalised Lipschitz spaces B*'q

on R". For these results see the book by Triebel [16], and for the atomic decomposition
of Besov spaces on K", see [2]. In [8] and [13] Ombe, Onneweer and Su introduced the
Besov spaces on the topological groups G and presented several equivalent (quasi-) norms
for these spaces. In this section we define the weighted Besov spaces B£'q(w) on G and
give a decomposition theorem.

DEFINITION 7: Suppose that a e R , 0 < p < o o , 0 < g ^ o o and let w be a
nonnegative doubling weight function. The weighted homogeneous Besov space B£'q(u>)
is the collection of all f £ S' such that

/ • ^ _ _ _ \

= I y [ni'nWf * Pn\\p,u/\ j < OO

with the usual interpretation when q = oo, where <pn — An — An_i.

The corresponding sequence space bp'q{u>) is the collection of all s — {s/} such that

NI**<-> = { E ( E \ir\sAx\

where \i IS the L2(CJ)- normalised characteristic function of/.

When u = 1, the basic properties of the B£<q spaces on G axe described in [8].

DEFINITION 8: A set of functions {at} is called a family of smooth u> atoms for
B-'q(u>) if

(i) each aj G S and supp(a/) C /;

(ii) /a,(x)dlx(x) = 0;
JG

(iii) for any 6 > 0, there exists Cg > 0 such that

DEFINITION 9: Suppose that u> £ 4 » , r = ru = inf{s : w e As}, a ^ 0, and
J = max(l, 1/p, l/'q). A set of functions {m/} is called a family of smooth w molecules
for Bp'?(w) if there exist 6 > a and M > rJ such that

(a) / mI(x)dn(x) = 0;
JG

f | _ I "I ~ max(M,M-a)

\mj(x) - mi(y)\ ^ CJ(I)~1'21 ^rjP-) sup^i^^j,
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where xj is an element of I.

For each n £ Z, 1 e Z + , we choose elements xn,j € G, so that

and
(*„,, + Gn) n

See [13]. We put

(pr(x) = Lj(I)l/2(fn(x - £„,()

and

1>,(x). = u(I)-1/2\I\Mx - xnj) for / = *„,, + Gn.

It is easily seen tha t {ipi} is a family of smooth w atoms, hence a family of smooth u

molecules.

THEOREM 1 0 . Suppose that a € K , 0 < p < o o , 0 < < j ^ o o . Then each

f £ B£'q(u>) can be decomposed as follows:

with convergence in S', where ||s||jo.«(w) < C'||/||B°-»(U;)- Here s = isi) = {</.¥>/)}.
C is independent of f.

PROOF:

n€Z

neZ

= yj
neZ

neZ

f * tpn *

oo

1=0
oo

(=0

where / = xni + Gn. Moreover

- yW(y)

=0 Jl«->
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1/q

(6) \ T , M \ yv)

The next theorem is the converse of the decomposition in Theorem 10.

THEOREM 1 1 . Suppose that a e R, 0 < p < oo, 0 < q ^ oo. If s - {s7}

£ bp'q(uj) and {mj} is a family of smooth molecules for B£'q(u)), and iff = J2

then

where C is independent of s.

To prove the theorem, we need the following lemma.

LEMMA 12. (See [6].)

(a) Let a > 1, XQ € G and u ^ v with u,v 6 Z. Suppose that h : G —>• C satisfies

/ h(z)dn(x) — 0 and \h{x)\ < (l +mu\x - Xo\) °. Then

1
/ 777 \ a

wv * " (£ ) ^ O I — I (1 + Tnv\x — in I

where C is independent ofu, v,x0 and x.

(b) Let a,b > 1, 6 > 0, x0 € G and u ̂  u with u,v € Z. Suppose that h : G -> C
satisfies

|fc(s)|< ( l+mu |x-a:o | )" a ,

and

| ^ ( ) / ( ) | < ( l - j / l ) 1 5 sup (l

* • • - 6
Then

|v?i/ * h{x)\ ^ c f ^ ) (l + mu\x -

with C independent ofu, v, XQ and x.

PROOF:

<Pv * \ 7 > STTJII ] = (Pu * \ y + y y simi.

>• ip,, * S/771/

7 | = m - i \\LP(U>)

°° 119 \

E y <Pv * SITTIJW I : = I\ + ID-
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For / i , applying Lemma 12 (b) and [6, Lemma 3], we obtain

, - M

where 0 < A ^ 1, and 6' - 6 if a ^ 0, while 8' = 0 if a < 0.

If 0 < p ^ 1, and A G (0,1] is chosen such that p/A > 1, then

(i) When q/p

««'

m=m-
E

uez

E

p i «/p

W(w) J

(ii) When q/p > 1, let s =

-"P/2
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u6Z v=u
mu) E I'Ms/lx/

\LP(u)

E
u6Z'l|/|=m->

9

LP{w)
•'»?•*(<-)•

(X)

I/A I

1 •

(i') When 0 < q

\I\=mZl

E
m=m«

q

LP(u)

U€Z
E

|/|=mC'

(ii') When q > 1, the proof is essentially the same as the case (ii), so we omit the
details.

For the estimate of 72, we use Lemma 12 (a) and obtain

(7)

E E *
'="+l|/|=m:1

E E M«

E (Sr©
E e

E|/|_m-
E

A -, I/A
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where we have taken a = max{M, M - a} , M is the constant in the definition of a

molecule, and we choose A S (0,1), such that a > r/A. Then we can get 72 ^ C||s| |L,
nin a similar way to that used in the estimate of I\. u

3.2 MULTIPLIER T H E O R E M . We are now in a position to prove a boundedness result
for certain multipliers on weighted Besov spaces, by applying Theorems 10 and 11.

THEOREM 13 . Suppose that u> € Aoo, a e E , 0 < p < oo and 0 < q ̂  oo. Also

suppose that h G L°°(r) satisfies the following properties.

For some r € [1, oo), there exist C > 0 and e > 1 such that for all n 6 Z,l < n

and
sup ( 1

Then h is a bounded multiplier on B£'

PROOF: We write

= f
It is sufficient to show that up to a constant, {Ttpj} is a family of smooth molecules for

B°'Q(to). We shall prove that there exist 6 > a and M > rJ such that

(i)

(ii) \TM*)-TMv)\*CU{n-w(^)' sup

where C is independent of / .

For / = xj + Gn, we have

If x £ / , then

•/rn\rn_,
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If x 4 I, we take z 6 T, \ r,_1; VZ < n,

Hence

Integrating both sides of this inequality over r n _ i , we have by [14, Lemma (II.3)] that

\x -

So for all x € G we have

If \x — y\ ^ |/|, (ii) follows from (i), so it is sufficient to show (ii) for \x — y\ < \I\.

\IMir1/2 f [(^x-x,)-«,y-
•/r,,\rn-i

|/M/)-1/2f f fox-

-f
•/rn\rn_!

= 0.

The last equality comes from the fact that ( £ F n \ rn_i, \x - y\ < |/|, so x — y 6 Gn

f ,a : -y) = l. D

REMARK 14. In [18] the author proved that a pseudo-differential operator with a kernel
in 5™ (defined in [13]) satisfies the condition given in Theorem 13, so it is bounded on
weighted Besov spaces.
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