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THE STABLE HOMEOMORPHISM CONJECTURE IN 
DIMENSION FOUR—AN EQUIVALENT CONJECTURE 

BJORN F R I B E R G 

1. I n t r o d u c t i o n . T h e stable homeomorphism conjecture in dimension n, 
SHC (n), says t ha t every orientat ion preserving homeomorphism of Sn is 
stable, i.e. can be wri t ten as the composition of homeomorphisms, each of 
which are the identi ty on some open set. This is equivalent to the homeomor­
phism being isotopic to the ident i ty [6]. Call a homeomorphism k-stable if it is 
isotopic to a homeomorphism which is the identi ty on Sk C Sn. T h e main 
results are: 

1) SCH(n) for n ^ 3 has long been known. 
2) Cernavskii [1] showed t ha t every homeomorphism of Sn is (n — 3)-stable. 
3) Cernavskii [2] showed t h a t for n > 4, every homeomorphism of S'1, which 

is (n — 2)-stable is stable if it preserves orientation. 

4) Kirby [6] showed t ha t SHC(n) is t rue for all n > 4. 
5) This author [4] showed t ha t orientation preserving homeomorphisms of 

Sn which are (n — 2)-stable are stable, for all n. 

T h u s the remaining question is whether every homeomorphism of SA is 
2-stable, i.e., is isotopic to a homeomorphism which is fixed on 5 2 , or equiva-
lently using s tandard techniques, fixed on a 2-disk D2 C S4. 

The object of this paper is to show tha t it is sufficient to consider a weaker 
problem. We prove t ha t 5 C H ( 4 ) is equivalent to wha t we call the pseudo-
isotopy conjecture in dimension 4, P I C ( 4 ) , which s ta tes t h a t every homeo­
morphism of 5 4 which is fixed on Sl is pseudo-isotopic to a homeomorphism of 
SA\D2, fixed on S1, the boundary of D2. By pseudo-isotopy we mean an (almost) 
isotopy which fails to be a homeomorphism (of the whole domain) a t the last 
stage. We do not make the usual requirement t h a t the last stage define a map 
of the whole domain. 

2. Pre l iminar i e s a n d n o t a t i o n . H(X) will denote the space of homeo­
morphisms of the manifold X, with the compact-open topology. For h f H(X), 
an isotopy of h will be a pa th in H(X) s tar t ing a t h, or equivalently, a level 
preserving map X X I —> X X I such t ha t each level gives a homeomorphism 
of X, with the 0-level giving h. A pseudo-isotopy of h will be a half open pa th 
in H(X), s tar t ing a t h, such t h a t the limit converges to a homeomorphism 
of a subset of X. 
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We denote the fe-sphere by Sk, and we regard S4 as Sl * S2, i.e., the image of 
the identification map: S 1 X [ - 0 0 , 0 0 ] X S 2 - + S 1 * S2 with {s} X { - o o } X 5 2 

identified with {s} G S\ and S1 X {00} X {z} identified with z Ç S2. Let T 
denote projection of S4 on [ — 00 , 00], induced by projection of S1 X [ —co, 00] 
X S2 on f — 00, 00] under the identification. Let £>2 be a 2-disk in S4 given by 
S1 * {20}, for some z0 £ S2. We consider subspaces of S4 as follows: S4\(D2 U 52) 
C 5 4 \ P 2 C 5 4 . We note tha t S4\(D2 U S2) is homeomorphic to S1 X R* by a 
homeomorphism p : S4\(D2 U 52) —> 5 1 X P 3 . Now 5 1 X Rs embeds in R4 in a 
natural way, i.e., by the embedding j : S1 X R3-* R*\R2 = CR2\{0}) X R2 

defined by j(s, r, z) = ((r)(r), s),z), s £ S1, r £ R,z £ R2, where 77 : R —> (0, 00 ) 
is a homeomorphism and 0?(V), 5) are polar coordinates in i£2 \{0}. 

3. T h e m a i n d i a g r a m . We will consider a diagram of homeomorphisms 
as follows: 

S4 

S4\D2 

A 

h to 
> S4 A is orientation preserving 

A is fixed on S1 

A is isotopic to ht0 

Ai 
-* S4\D2 

\J 

hi = ht0 on t/i 

S4\(£>2US2) — • SVZ*2 W52) 
A2 

S 1 X P 3 

R4 

n 

+ S1 X i?3 

^ 5 

-> P 4 

-• s 4 

= hi on f/2 

A3 = p o A2 o p _ 1 

A4 o 7 = 7 0 A3 on f/3 

A5 = A4 on P 4 

Constructing hi: Let A be an orientation preserving homeomorphism of S4 

fixed on S1. Let A/ be the homeomorphism given by P / C ( 4 ) , assuming it t rue. 
For /o close to 1, ht0 will be close to A/ on a compact neighborhood in S4\D2. 
By local contractabil i ty [3], A/ can be iso toped to agree with ht0 on an open 
set Ui C S4\D2. Call the resulting homeomorphism hi. 
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Constructing h2: Let TT = {SA\D2} C\ { T T ^ - O O , r]}, where TT : S4 -> [ -00 , 
00] denotes projection. Let {r*} i = 0, 1, 2, . . . be denned so that r0 = 0, 
1 + ri+i ^ r*, and 

-* 7-21+2 C_ " l ( - t 7-21+1/ ^ - * T2i' 

The existence of the rt follows immediately from the continuity of h\(hrl) 
and the fact that every neighborhood of Sl in SA\D2 contains some Tr. 

Let $t be an isotopy (of the identity) of SA = Sl * S2 such that $ f is fixed 
on S1 and off T0, commutes with projections on Sl and 52, and 3>i(7\_f) = TTi 

i = 0, 1, 2, Note that $ , restricts to S4\£>2. Then h1+t = $ 2 f : o /h 0 $2* 
defines an isotopy of fei to 3̂/2 satisfying 

(**) T2n-2 C 3̂/2 (r2n_i) C T2n 

for all w ^ 0. Now, using standard techniques, we can define hu 3/2 S t < 2 
so that Km^2 A« exists as a homeomorphism ^2 of (S\D2)\S2 and that (**) 
holds for all n. For details see [3 p. 85] or [4, p. 400]. Basically the image 
(under /&3/2) of some T2n-i (S\D2 C\ ir~l{2n — 1}) is slid, first along the 
"natural" rays and then along the "curved" rays provided by an appropriate 
coordinate system until the images of two of the T2n-i agree, i.e. commutes with 
the corresponding translation along the "natural" rays. It is then easy to con­
tinue the isotopy until the images of all the T2n_i n > 0 agree, and (**) holds 
for all n. 

We restrict h2 to SA\(D2 \J S2) and remark that the above pseudo-isotopy 
can easily be modified to insure that h2 = hi on an open subset U2 of SA\(D2 U 
S2) and h2(%o) = x0 for some x0, losing perhaps the inclusion (**) for a finite 
number of n. In any case we have that \w o h2(x) — 7r(x)| ^ M, for some M 
and all x £ S 4 \ (£> 2US 2 ) . 

Constructing fe3 and fe4. Let ft3 = p o h2 o p-"1, where p is the natural homeo­
morphism from S4\(D2 U 52) to 5 1 X i?3 induced by the inclusion of S1 X 
RX (S2\{zo}) in S1 X [ -00 ,00] X S2 after identifying R2 with S2\{z0\. Note 
that hz(p(x0)) = p(x0) and |TT' O/*3(X) - TT'(X)| S M, all x Ç S1 X i?3. Here 
7r' denotes projection of S1 X R* on the first R factor. The construction of &4 

from fe3 is standard. Let T : RA —> S1 X Rd be & covering map such that: 
1) T = e X id I#3 off a compact neighborhood of p(x0), where e : R—> Sl 

is an 00 cyclic cover. 
2) r o j = id on a neighborhood N of p(x0). Let &4 : R* —> RA be the unique 

homeomorphism satisfying ^ 4 ( jop(x 0 ) ) = 7 o p(x0). We note that h\Oj = 
j o A3 on a neighborhood £/3 of p(x0), and that |7r" o &4(x) — 7r"(x)| ^ M' for 
some ikf', all x £ i^4, where TT" \ R A -+ R denotes projection on the second R 
factor of R\ 

4. Bounded homeomorphisms. We call a homeomorphism h : Rn — Rn 

k-bounded (by M) if 1^ o h(x) — ̂ ( x ) ! ^ M, for all x, where 7rfc : R
n -+ Rk 
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denotes projection on Rk C Rn> We recall that in the previous section, hi was 
was 1-bounded (with respect to the second R factor). In [5] it is shown that 
(n — 2)-bounded orientation preserving homeomorphisms of Rn are isotopic 
to the identity. We sketch the proof here. Suppose h(z±, z2) = (zi , z2), with 
\\z2 — Z2II ^ M for all (zij z2) G R2 X Rn~2. For a continuous function 
(3 : Rn~2 —» [0, 00), set Cp = {(zu z2)|zi ^ jSfeO}. If 0 is the constant function 
P(z) = r, we write Cr. Using the (w — 2)-boundedness of h, one defines fiiy for 
i = 0, 1, 2, . . . so that /30 = 0, 1 + 0i(s) ^ /3m (s) , and 

C/32z- C h(Cp2i+1) C Cp2i+2. 

Let 0* be an isotopy (of the identity) of R2 X i?*-2 which commutes with 
projection on Rn~2 and for which 6i(C{) = Cp{. The isotopy /^ = dt~

lohodt 

then satisfies 

C2x C Ai(C2<+i) C C2Ï+2. 

Next, using standard techniques, one defines a pseudo-isotopy ht, 1 ^ / < 2 
so that l im^2 ht = h2 exists as a homeomorphism on ÇR2\{0}) X Rn~2\ and 
h2 is bounded with respect to the radial factor of R2 (regarded as R instead of 
(0, 00 )). Adjusting h2 to fix some point and taking an infinite cyclic cover (as 
in the construction of hi in the main diagram), one obtains an (n — 1)-bounded 
homeomorphism g which agrees with hi (and h) on an open set. Thus h is 
isotopic to g, while orientation preserving (n — 1)-bounded homeomorphisms 
of Rn are easily seen to be isotopic to the identity [4]. The same method as in 
Lemma 1 gives an isotopy of g to a bounded homeomorphism of Rn. The well 
known Alexander isotopy now completes the isotopy to the identity. 

LEMMA 1. hi (in the main diagram) is isotopic to the identity. 

Proof. By the above remarks, it suffices to give an isotopy of hi to a 2-
bounded homeomorphism of R4. We introduce the following notation: if 
a : R3 —> R is continuous, set 

Aa = { ( r , s ) G R XR*\r ^a(z)}; 

if a is the constant map :z —» r, we write A r. Set a0 = 0, and define a{ : R3 —> R 
so that 1 + at(z) :§ ai+i(z) and 

Aau_x C hA(Aa2i) C Aau+l for all i. 

The existence of the functions a:* is a simple exercise in elementary topology. 
Let ^t be an isotopy (of the identity) of Rl X R* commuting with projection 
on Rz so that ^i(i, z) = (at(z), z). Then h±+t = ^t~

l ohiO ^t defines an 
isotopy of hi so that A2i-i C h5(A2i) C A2i+i and h5 is bounded with respect 
to the first two R factors, i.e., h5 is 2-bounded. 

5. The main theorem. We first prove the following: 

LEMMA 2. (Common domain) Let A be a sub-manifold of S4. Let h : S4 —> S4 
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and g : A —> A be homeomorphisms which agree on a Euclidean neighborhood 
Ni C A. Let N2 be another Euclidean neighborhood in A. Then there exists an 
isotopy ht of h to hi such that hi and g agree on N2. 

Proof. Without loss of generality, assume Ni and iV2 are disjoint. Choose 
a Euclidean neighborhood U containing both Ni and N2 in A. Let <t>t be an 
isotopy (of the identity) of U with compact support and so that (f>i(N2) = iVi. 
Define isotopies (of the identity) of 54 by: 

_ ( h o (t>t o h~l on U 
at " (id off U 

and 

o = ( g o ^ o r 1 on U 
P ' \ id off U. 

One easily verifies that the isotopy of h defined by ht = /3toato h satisfies 
the conclusion of the lemma. 

THEOREM 3. SHC(4:) is equivalent to PIC(4) . 

Proof. SHC(4:) => P7C(4) is trivial. Assume PJC(4). Let h be an orientation 
preserving homeomorphism of S4, fixed on S1. Construct the main diagram. 
By Lemma 1, hi is isotopic to the identity; hence so is h5, the one point com-
pactification of hA. Applying Lemma 2 twice (to ht0 and h5) we get that 
h (since ht0 is) is isotopic to gi with gi = h2 on U2; and that h5 is isotopic to g2 

with g2 oj = j o ft 3 on p(U2). L e t / : S4 —> S4 be a homeomorphism such that 
/ = j o p on SA\(D2 VJ S2). For example, / could be induced by identifying D2 

to {oo } Ç 54. T h e n / - 1 o g2 of = gi on f/2. Since g2 is isotopic to the identity, 
so i s / - 1 o g2 of. Composing the inverse of this isotopy with gx gives an isotopy 
of gi (hence of h) to a homeomorphism which is the identity on U2. But then 
h is stable. 
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