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In this paper, we consider the existence and stability of singular patterns in a fractional Ginzburg—
Landau equation with a mean field. We prove the existence of three types of singular steady-state
patterns (double fronts, single spikes, and double spikes) by solving their respective consistency
conditions. In the case of single spikes, we prove the stability of single small spike solution for suffi-
ciently large spatial period by studying an explicit non-local eigenvalue problem which is equivalent
to the original eigenvalue problem. For the other solutions, we prove the instability by using the varia-
tional characterisation of eigenvalues. Finally, we present the results of some numerical computations
of spike solutions based on the finite difference methods of Crank—Nicolson and Adams—Bashforth.
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1 Introduction

In this paper, we consider pattern formation in a particular system of partial differential equa-
tions (PDEs) with fractional Laplacian, where a Ginzburg—Landau equation is coupled with a
mean field. We consider the following fractional amplitude equations with periodic boundary

conditions:
Aj=—(—AYA+A4—A—A4AB, xeR, t>0,
Bi=—0(—AYB— u(—A)Y(4?), xeR,t>0, (1.1)
Ax+L)=A(x), B(x+L)=B(x),

where

0>0, peR and Listhe minimal period.

Check f
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Fractional Ginzburg Landau equation with a mean field 1243

We assume the exponent satisfies 1/2 < s < 1. The fractional Laplacian (—A)* replaces the clas-
sical Laplacian as the infinitesimal generator of the underlying Lévy process and is defined by:

i > P(x) —9(X) _ _2BsT(s+1/2)
carow=a [ ST o= ey

By taking Tt = 1/0, u' = /o, equation (1.1) can be rewritten in the form:

Ar=—(—AYA+A4—A—AB, x€R, t>0,

‘ o (1.2)
1B, = —(—A)YB— p/(—AY(42), xeR, t>0,

It is easy to see that the equation (1.2) is invariant if
A transformsto —A4 or if x transformsto — x.

Systems with a conservation law frequently arise as models in fluid mechanics, chemistry or
biology. The resulting solutions often describe various types of pattern formation. As a prototype
example, equation (1.1) arises in the study of the following PDE:

d ‘

a—v: =(—A) [yw—oth —w — (1 = (=A))? W] , (1.3)
where the terms inside the brackets are the same as in the Swift-Hohenberg equation [23]
with fractional Laplacian, supplemented with a symmetry-breaking quadratic term —aw?. The
symmetry-breaking term is necessary for the amplitude equations to become a system as in (1.1).
In case @ = 0, we would obtain a Ginzburg—Landau equation without a mean field. Note that the

PDE (1.3) has the following essential features:

e It possesses conserved quantities. In a sense, it is a conservation law.

e It is a parabolic equation with fractional Laplacian at lowest order in w.

e It has the symmetry groups x — —x and x — x + x for all xq € R.

e It arises in the perturbation analysis near a cubic bifurcation point in the supercritical case.
05 and et

e The Fourier modes e are neutrally stable at the bifurcation point y =0, w=0.

e ForO<y <Tland % < s < 1, the growth rate A of mode & for (1.3) is given by:
h=1kPly — (1= k7)),
Note that A =0 for k=0 and |k| =(1 + \/7)1/25"

Extending the approach of [13] from the case s =1 to % < s < 1 by suitable rescaling, we next
show that the equations (1.1) arise as amplitude equations of (1.3). To this end, we make the
ansatz

y =%y, T=¢"t, X=ex, (1.4)

and

wx, ) = e AX, T)e™ + e’ A*(X, T)e ™ + e*B(X, T)
. ‘ (1.5)
+e¥C(X, T + ¥ CH(X, The > 4 O(™).

https://doi.org/10.1017/50956792522000286 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792522000286

1244 M. Gao et al.

Note that in the expansion of w, at leading order &° there is a large-scale oscillation 4 (and its
complex conjugate 4*). The mode B, which has been introduced at order %, is constant on the
large spatial scale.
We substitute (1.5) into (1.3) and then solve the equations at successive orders of ¢. First, in
order £2° we derive
- @ 2
=TTy

Then, the following equations are established:

Sy
Br = —(=AYB = 2a(=AY(I4P).

Ar = A — (=AY A — ( 27 ) |44 — 2a4B, w6

The equation (1.6) arises in order £3°, where 4 is complex-valued. The equation (1.6) is shown
by equating terms of order £*. In this paper, we restrict our attention to the invariant subspace
in which A4 is real. Therefore, from now on, we consider the special case that 4 is real. By
rescaling A, B, T and X, we can make all coefficients in equation (1.6) equal to unity, and we
get (1.1).

Amplitude equations of the form (1.2) or conservative models of the form (1.3) have been con-
sidered in hydrodynamics in the case of the classical Laplacian. See for instance, [7]. We also
refer to [5] and [13], where (1.2) was derived from non-linear PDEs in the classical Laplacian
case which arise in thermosolutal convection, rotating convection or magnetoconvection, respec-
tively. Furthermore, in [4], the equation (1.2) was also derived in the study of secondary stability
of a one-dimensional cellular pattern for the classical Laplacian. A related kind of Ginzburg—
Landau equation, where the term (|4|?),, in the B-equation is replaced by d.(|4|?) has been
studied by a number of authors in the classical Laplacian case, see [20], [21] and the references
therein. The most common patterns occurring in that setting are travelling pulses which arise in
the convection of binary fluids. In [24], a conserved variant of (1.3) for s = 1 has been consid-
ered which has the same linear dispersion relation but different non-linear behaviour. In this case,
the behaviour becomes chaotic. In recent years, fractional diffusion systems have been investi-
gated in fluid mechanics to model, analyse and compute the road to turbulence [3, 11, 22] and
also used in the study of pattern formation in reaction—diffusion systems, such as the fractional
Gierer—Meinhardt system, see [9, 15] and the references therein.

We shall study equation (1.2) with the following periodic boundary conditions which arise
from the expansion (1.4) and (1.5):

Ax+L)=A(x), B(x+L)=B(x), (1.7)

where L is the minimal period. Other boundary conditions may be more appropriate for other
modelling situations. We now present our two main results on the existence and stability of
stationary patterns for system (1.2).

Theorem 1.1. There exists an L > 0 such that for all L > L, system (1.2) admits the following
three types of steady-state solutions.
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Type I (Double-front solution). Assume that @' < 1. Then there exist (even) steady-state
solutions of (1.2) with the following asymptotic behaviour:

c Ss
A~ —— (1 - —2 ),
o~z (- i)

42 &/
Bx)=—u'4 (x)—+—L/

—~

for 0<x< =,

oI~

A%(x)dXx,
%
where c is the positive root of the following algebraic equation:

2u'T,
X %CZS*I —(1—p)=0 and 1, =f(vgo(y)— 1)dy.
R

Here, v, satisfies (2.6).

Type II (Single-spike solution). Assume that

, L —1) L  @2s—1)"5I,,
w>1, lim = < ,
L—o0 ,U/ 2/300 2s

(1.8)
where
b = [ W00,
R

and weo(y) is defined in (2.8). Then there exist steady-state solutions of (1.2) with the following
asymptotic behaviour:

@ & ’ /W

BE ) =~/ (4P + o

Vi =1 1+ |etx|2s7 L Jrp

where ¢~ < ¢t are the two roots of the following algebraic equation:

AF(x) ~ (4%)*dx,
P —2Buc™ 1+ 1=0.
Type III (Double-spike solution). Assume that

, L —1) L  @2s—1)"5I,,
w>1, lim - = < .
L—o00 12 2B s

(1.9)
Then there exist steady-state solutions of (1.2) with the following asymptotic behaviour:

() & & &
i =1 | T+ e (x+ %) 1425 T4 [eEx 42 T et (x— %) EEak

’ L/2
, I
B = -y + o [ atas
—L)2

A=)~

where ¢~ < ¢ are the two roots of the following algebraic equation:

P —A4Bc™ T+ 1=0.
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Our next theorem classifies the stability of all the three types of solutions given in
Theorem 1.1.

Theorem 1.2. Suppose that L>>1 and tv > 0. Then, for the single-spike solution (Type II),
(A~,B7) is linearly stable, while (A", B") is linearly unstable. The double-front solutions
(Type 1) and the double-spike solutions (Type I1l) are all linearly unstable.

Let us close the introduction by mentioning the new contribution of the current paper.
Particularly, in the proof of Theorem 1.2, to show that the double-front solution (Type I) is
unstable, the crucial point is to find a suitable test function. Following the approach of the clas-
sical case in [19], we have to verify that the test function indeed satisfies the required boundary
condition. Unlike in the classical case, we cannot use the ODE uniqueness theory to justify the
sign condition of the derivative at the end point. Instead, we utilise the integral representation
of the fractional Laplacian to achieve this goal. This part is inspired by the argument used for
deriving the version of Hopf boundary lemma for fractional Laplacian, see [12] for the details.
We remark that Type I double-front solutions have also been analysed in Section 3 of [18] in a
similar context.

The paper is organised as follows: in Section 2, we present some preliminary results which
are used in this paper. Further, Sections 3 and 4 are devoted to giving the proof of Theorem 1.1
and Theorem 1.2, respectively. In Section 5, we apply two numerical schemes to compute the
shapes of the stable steady-state solutions with s at some specific values, and some pictures of
simulations are presented. In last section, we give the concluding remarks.

Notations:

Weo Woo 18 the positive spike solution of (2.8).

L, The integral value of [;, w3 dx.

Uso  Ueo 1S the layer solution of the fractional Allen—Cahn equation satisfying (2.6).
I, The integral value of [, (vZ, — 1)dx.

C a generic positive constant, which may change from line to line.

2 Preliminaries
2.1 Existence analysis
Consider the steady states of the equations (1.2):
—(—AYA44+A4—A43—4B=0, xeR,
—(=AYB—p/(=AY4* =0, (B)=0, xeR, (2.1)
Ax+L)=A(x), B(x+L)=B(x),

where (B) is the average of the function B over the minimal period, defined by:

1
(B) = I /I.B(x)dx.

Note that by adding a constant to B, (1.2) can be reduced to (2.1). Without loss of generality, we
may assume that the minimal period interval is [ :=[—L/2, L/2].
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From the equation (2.1), we obtain that

1
B =~ A + L), D) = [ Ao 22)
1
Substituting (2.2) into (2.1), we obtain

s ; L L
—(—AYA—ad+bA =0, —=<x<-=,
2 2 (2.3)

A(x) has minimal period L,
where
a=p 4 -1, b= —1. (2.4)

We consider a as a real parameter. Since (2.3) is an autonomous equation, we may assume
that 4 satisfies the following boundary, symmetry and monotonicity conditions:

A/<—§) :A/(g) =0, A(x)=A(—x), A(x)<0, for0<x< g (2.5)
It is interesting to remark that a periodic solution 4 of (2.3) satisfying (2.5) for —L/2 <x < L/2
can be extended in a unique way to a periodic function on the real line with minimal period L.

To describe the possible asymptotic behaviour of 4 as L — 400, we introduce two standard
limiting equations. The first one is a forward front on R. Suppose that v is the solution of the
following problem:

— (=AY Voo F Vo — 02, =0, >0, yeR,
(2.6)
Vo(0) =0, vo(y)—> £l1, asy— oo.

It has been proved in [1] that the solution v, is unique and by [1, Theorem 2.7] the following
result on its asymptotic behaviour holds

s 1
voo(y)zl—%%—o(T), asy — +o00,
A 27

s 1
Voo (¥) = gzs —1 +0<7) , asy— —oo,
vl y

where ¢ is a positive constant, depending only on s. There is an earlier result established for
slightly shifted boundary conditions, cf. equation (23) of [18]. Moreover, a similar exact result
for a piecewise linear kinetic function exists, cf. equations for w(x) at the end of Section 2 of
[26]. Reflecting the function v, (y) with respect to the origin point, we can derive a backward
front solution to the fractional Allen—Cahn equation.

The second one is a single spike. We set wo as the solution of the following problem:

— (AP ’Woo — Weo —G—wio =0, Wy >0,

2.8
Woo(0) = max wes(y),  Woo(y) = 0 as [y| — oo. 29
e
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It has been shown in [8] that the solution w, is unique. In addition, by [8, Proposition 3.1] and
[16, lemma 3], the following result on its asymptotic behaviour holds:

&s

where &; is a positive constant, depending only on s.

Woo(¥) =

2.2 Stability analysis

In this subsection, we study some preliminary properties of the linearised eigenvalue problem.
We show that the eigenvalues must be real. Moreover, we reduce the system of eigenvalue prob-
lems to a single eigenvalue problem. To study the linear stability of (1.2), we perturb (4(x), B(x))
as follows:

Ac(x, 1) =A(x) + ed)(x)e“vf’, Be(x,t)=B(x) + elp(x)e“ﬁ’, (2.10)

where Az, € C, the set of complex numbers.
Since we have assumed that (1.2) is invariant under the transformation x - —x andx — x + L,
we may suppose the perturbation (¢(x), ¥ (x)) has the same symmetry, and so we may assume

that
¢, Y e
where
X, = {¢> err(-5.5) ’¢<x):¢(—x), o(-3)=¢(5) =0}
2°2 2 2
and H* (—%, %) denotes the usual Sobolev space.

Substituting (2.10) into (1.2) and considering the leading order part, we obtain the following
eigenvalue problem:

L L
—(=AYp+ (1 = B)p — 34%p — Ay = 1,0, —5 <x<3,
(=AY Y — 2 (—AY(AP) = ThL Y, _g e % , @.11)

)\'L,S € (Ca ¢7 1// € XL; (¢> =0.

We shall prove that the single (small)-spike solution (47, B~) of Type II is stable for all T > 0
and all the other solutions of Type I, II or III are unstable for all = > 0.

Let
V=2 Ap + 21/ (Ap) + TAL Y, (2.12)
where
() =0.
Equation (2.12) together with (2.11) implies
— (=AY — T = =2 A + 21/ (A). (2.13)
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Substituting (2.2) and (2.12) into (2.11), we obtain that
N L L
— (=AY$ —ag +3bA%p — 2/ (AP)A — Thp A% = Ay s, —5 <x<3, (2.14)
where a and b are given by (2.4). If T = 0, then (2.14) becomes

L L
— (=AY ¢ —ap 43647 — 2 (AP)A =Ny ¢, —= <x <=,
2 2 (2.15)
¢ € X;.
Our main result in this section is the following reduction lemma. It will be proved by
variational techniques.

Lemma 2.1. Concerning the system of eigenvalue problems (2.11), we have

(a) All eigenvalues of (2.11) are real.
(b) If all eigenvalues of (2.15) are negative, then all eigenvalues of (2.11) are negative.

(c) If (2.15) has a positive eigenvalue, then problem (2.11) also has a positive eigenvalue.
Lemma 2.1 implies that the stability of (2.11) is equivalent to the stability of (2.15).

Proof of Lemma 2.1. We shall prove the lemma point by point.

(a). Multiplying (2.14) by ¢, the conjugate function of ¢, and integrating over I, we obtain

2

s 21
e [ 100dr= — [ [I2)3F +alof — 36219 ] s — =
I I L

/, (Ap)dx

(2.16)
—ThALy /1 (Y ¢)dyx.

Here, we have used the expansion of ¢ with respect to the eigen pairs of —A (subject to the
periodic boundary condition) to treat the integration involving the fractional Laplacian. Indeed,
following [2], we see that the k-th eigen function of — A satisfies the equation below:

(=AY =M\ inl,
Pr(x) =p(x+1) onal.
Since (—A)* is a self-adjoint operator, 1} is a real number. Then, we have

/1 e(— AY gy = /[ Sinludx = /1 i P = /1 1122 = f1 (—A) gy d.

As a consequence, we can easily get that
[oarpa= [ i-artora
I 1

Multiplying the conjugate of (2.13) by ¥ and integrating over /, we get

[(Aw)dx: L / (= A Pt 4 D f 1 Pk, 2.17)
1 2u" 2" Ji
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where we have used () = 0. Substituting (2.17) into (2.16) gives

0=ass [10Pdr+ [[I-m20f +algP - 347107
1 1

(2.18)

x4 - ' “' /led

Taking the imaginary part of (2.18), we obtain

x,,s</|¢|2dx+i,/|(—A)%¢7|2dx) =0, (2.19)
I 2u” Ji

where Az = Aps + +/—1Ar. As a consequence of (2.19), we get that
Ars=0.

Therefore, Ay is real.

(b). We introduce two quadratic forms, as follows:

Lig] = /[l( 83 +alpl - 364261 |

< / |A¢|dx) , (2.20)

TA s A A
£l =101+ 1 [ (=809 +eali ) a, @21

and

observing that for t > 0 and 1 >0

Lolp]=LI#), Llg] =< Li[o]. (2.22)

Note that if all eigenvalues of (2.15) are negative, then the quadratic form L[¢] is positive def-
inite, which together with (2.22) implies that £;[¢] is positive definite if A > 0. Now, we shall
prove the second point by contradiction. Suppose A, > 0 be an eigenvalue of (2.11), then by
(2.18) we obtain that

A / ($Pdx+ L3, [6] =0,
I

which is clearly impossible. Thus, we have shown that all eigenvalues of (2.11) must be negative.

(c). Suppose (2.15) has a positive eigenvalue. Then,

—pre= _min  L[g].
peXy,[; p2dx=1

has a positive value ;. > 0. We claim that (2.11) admits a positive eigenvalue. Fix A € [0, 4-00),
we consider another eigenvalue problem:

—pu(M)=  min  L;[¢]. (2.23)
peXy,[; prdx=1

In addition, since the operator (—(—A)* — TAz) is invertible, by (2.13) we can obtain

U =(—(=A) = th)” (=20 A¢ + 21/ (49)). (2.24)
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Substituting (2.24) into (2.21), then £, [¢] depends only on ¢, and we can regard it as an energy
functional of ¢. Hence, a minimiser ¢ of (2.23) satisfies the equation:

— (=AY — ap + 3bA2p — 2 (AP)A — TAAY = n(V)p, ¢ € Xy, (2.25)

where ¥ € X is given by (2.13). By (2.22), we have w(X) < ;.. Moreover, since V¥ is contin-
uous with respect to A in [0, 00), we see that (1) is also continuous in [0, o). Let us consider
the following algebraic equation:

h(A)=pr)—1=0, X1el0,00).
By assumption, 4(0) = (0) = pr > 0. On the other hand, for A > 2u;,
h()") S MULe— A< —MLe < 0.

By the intermediate value theorem, there exists a Ar, €(0,2uz.) such that A(Ars)=0.
Substituting p(Az ) = Ar into (2.25), we see that A is an eigenvalue of (2.11). Thus, we have
shown the part (c) of Lemma 2.1 and it finishes the whole proof. g

3 Steady states: Proof of Theorem 1.1
In this section, we introduce three types of patterns for the solution 4 of (2.3) in detail.

Type I (Double-front solutions). Let 1’ < 1, then b < 0, a < 0. We rescale 4 as follows:

A(x) = \/ng ((—a)%x) .

where [ = (—a)%L and H; solves
—(=AYH;+H, — H} =0,

with the following boundary and symmetry conditions:

/ / !
H;<_§) :H}(E) =0, H@)=Hl(-y), Hi()<0 for0<y< 3

In this case, H; looks like a backward front connected to a forward front. More precisely, we
need to introduce a front v; in a bounded interval which satisfies the following equation:

—(—A)Sv1+v1—v,3=0, v; >0, ~2 <y< T

] / (3.1)
v(0)=0, vi<—2> = vf(z> =0.

We remark that the existence of the forward front solution to (3.1) is ensured by [10,
Theorem 1.2]. Then, we have

[
v1<y+—>, —5 <y =<0,

(). 0ot
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The consistency condition (2.4) becomes

, 2p/(—a) % [ [4 1

(3.2)
2 (~a)~ 5 (1 1
e By o)) o,
L(1—-p) \2 (—a)L2
where
L =/(U§O(y) — Ddy < +o00.
R
Therefore, if L >> 1, (3.2) can be solved if and only if the equation:
2u'l ‘
g Sl 2ot (1 iy =0, where ¢ = —q, (3.3)

has a positive solution. Indeed, it is not difficult to check that

is a strictly monotonically decreasing function for positive x. In addition, f(x) - +ocasx — 0%
andf((l - ;ﬂ)i) =0, and so we can always find a unique ¢ € (0, a1- /L’)%> such that

2u'l,
LA =)
Type II (Single-spike solutions). Let i’ > 1, A(x) > 0. Then, b=’ — 1 > 0 and we must have
a > 0 in order to ensure that (2.3) has a solution. We rescale 4 as follows:

flo=

A(x) = \/gHz(y), 34
where
y:aix, l:a%L. (3.5
Then, H; is the unique solution of the following ordinary differential equation:
—(=AYH, — Hj+ H} =0, H(y)>0, H(-y)=H()

satisfying

l I I
Hl’(_z) :H,’<§> =0, Hi(y)<0 for0<y< 3

In this case, we see that for / > 1,

1
Hi(y) = woo(y) + 0(m> ;

where

&

Woo(y) = T

(1+o0(1)).
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Now, we turn to check the consistency of our earlier calculation in (2.4). Substituting (3.4)
into (2.4) and by simple computations, we arrive at

—2B/ T4 1=0, (3.6)
where
’ cL/2
1 1% H2
c=as, ﬂl _— c (y)dy
P =) Sy
Since L > 1, we have
. J75 1
=—" (1+0[——)]), 3.7
& 2L(u/—1>< " ((cL)HZS» G

where
I, = f w2, (v)dy.
R

Equation (3.6) has a solution if

wly . 1 Ky
lim ———=1 _ 3.8
P = B 2LGr — 1) LJTOOﬁR(zs—l)‘—%S’ G

where we have used the theory of the existence of solutions to equation (3.6):

1 . A +1 s
B, > min = 1
e>0,1/2<s<1\ 2¢%5~1 (25 — 1)1_5
and noted that (1.8) forces ' — 1.

Under the condition (3.8), we can easily obtain that equation (3.6) has two solutions. As a
consequence, we have obtained two single-spike solutions:

(c:t)s
Vi —1

with ¢~ < ¢t. We will call (47, B™) the single (small)-spike solution and (4™, BT) the single
(large)-spike solution. This completes the proof of Type II solutions.

A% = Hex(¢¥%),  BE(0) = =i/ (A7) + W/ (4%))

Type III (Double-spike solutions). Assume that i/ > 1 and that A(x) changes sign. Similar to
Type Il solutions, we rescale A(x) as in (3.4) and set y = aix, [=axL. Then, H;(y) is the solution
of the following ODE:

!
—(=AYH, — H+H} =0, H, <Z> =0,
and

[ / [
H§<—§>=H}<§>=0, HI0) = (), HI0)>0 for 0<y<.

In this case, H; looks like the superposition of two half solitons at the boundary points, both of
which are positive and a negative interior soliton. Note that as / > 1, then

/ l 1 l /
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It is easy to see that the consistency condition (2.4) implies

— A2 — 1= “a_zli * T |
=)~ 1= s <2/ woo(y)dy+0<(a21sL)l+zs>) 1. (3.9)

Therefore, for L >> 1, (3.9) can be solved if and only if the equation

2[32 25— 1+1=0,

2 /'L/Iwoo 1
i = g (oG

Ly = / w2 dy.
R

2= lim p> ——
L—+00 (ZS— 1)1727

has a solution, where
with
This is the case if

and it is equivalent to (1.9).

Following a similar process as we discussed for Type II solutions, we can derive two solu-
tions (4%, BF). Here, (4=, B™) is called the double (small)-spike solution and (4*, B¥) is called
the double (large)-spike solution. This completes the proof of existence of Type III solutions.
Thus, we have solved equation (1.2) with L > 1 in all three cases. As a consequence, we get
Theorem 1.1.

4 Proof of Theorem 1.2

In this section, we prove the linear stability or instability of solutions established in Theorem 1.1.
In particular, we shall apply the theory of the related non-local eigenvalue problems and the
variational characterisation of eigenvalues. Our approach is a generalisation of [19] from the
cases=1to % <s<l1.

4.1 Stability of single (small)-spike solution of Type II

In this section, we prove the stability of the single (small)-spike solution of Type II. Let A(x),
B(x) be the single (small)-spike solution of Type II obtained in Section 3. Then, as L — oo, we

have .
a 7 7
A®x) = /ﬁww(cx)—i—O(W), B(x) = —p/ 4% + ' (4%).

R
Here, the constant ¢ = a?s satisfies

A
L,
—2pleP T 4 1=0, ﬁg:m, as L — oo,
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By Lemma 2.1, to prove the stability, we just need to consider the positive definiteness of L[¢],
defined by (2.20). By the rescaling (3.4) and (3.5), we see that L[¢] can be rewritten as:

Lig)=a" (/(|< NG+ (B 3174 )dy+m(/m¢dy)), @)

where I :=[—1/2,1/2] and ¢(y) = ¢(x). Thus, as L — 0o we obtain the following quadratic form
in H'(R):

2
Llgpl=a'"% ( /R (I-a2af + o]~ 3n2e?) dy+ﬁ( /}R wooqﬁdy) ) (4.2)

where

2 /
$eXni={/1f SH'R), f(—1)=fM} and p= lim —F—.
=% [(u — Da>

The study of (4.2) is equivalent to the study of the following non-local eigenvalue problem:

Lggp :=Lop — B ( A@ woo¢>dy) Woo = Aoty @ € Xoo, (4.3)
where
Lop = —(—AY'¢ — ¢ + 3w é.

Lemma 4.1. Concerning the linear operator Ly, we have the following conclusions:

(a) Ker{Lo} = {cwh()lc € R}.

(b) Lo has a unique (principal) positive eigenvalue vy > 0. The associated eigenfunction ¢o(y)
is positive and even after a translation if necessary.

(©) Lo(3 (Woo?) + w5())) = Woo(9)-

Proof. We shall prove the Lemma 4.1 point by point.

(1). For the point of (a), we refer the readers to [8, Theorem 3].
(2). The proof of (b) follows by the variational characterisation of the eigenvalues:

L (-2)i0R + 18P - 3wie?) v
pei (R). 520 [ 9*dy

— V=

(4.4)
Let ¢ = woo, we have

/R <|(—A)%woo|2 + [Weo|* — 3wio> dy=-2 A; wiody <0.
Thus, vy > 0. In fact, v; is the unique positive eigenvalue. By the variational characterisation
(4.4) of v;, we see that the corresponding eigenfunction can be chosen to be positive. Since wq,

is even, the eigenfunction can also be chosen to be even. Indeed, suppose ¢ is not even, then we
write
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_ ¢1(y)3 y = Oy
= ! $(), y<O0.
If
Joo (8007 +02 = 3029?) dvfyo) (C230P 48 =38)dy )
Jy=0) $*dy - Jiy<o) #7ey '
we may choose
_ ¢1(y)9 )’2 0,
= { $1(=y), y <0.

Then,

S (=30 + 62 = 3w22) dv [ (1-2)30P + > = 3u2.67) dv
Je d2dy - Je Py ,
and thus the function ¢ is not the eigenfunction of the principal eigenvalue. This is a contradic-
tion. Similarly, we arrive at a contradiction if the reverse inequality of (4.5) holds. If we have
equality in (4.5), then we can construct an even eigenfunction ¢, from the eigenfunction ¢ in the
same way as above with the same eigenvalue. Since the principal eigenfunction is unique and an
even eigenfunction exists, the eigenfunction has to be even.

(3). By simple computations, we have
Lows = ZWgO.
On the other hand, setting w; () = woo(Ay), we have
—(= AP W) = =A¥ (= A) Woo () = 22 (Woo(Ay) — Wi ().
Then
—(= AP Woo(hy) = Woo(hy) + Wi () = (A% = D(Weo () — Wi ()
Differenting the above equality at A =1 gives
— (=AY (ywhe) — yWho + IWA (Wao) = 25(Wag — W),

which implies

1 / _ 3
Ly (;ywoo> =2(Woo — Wg).

1 1
Lo(z (Woo + ;yWéo>> =Woor, Ly'Woo=

Hence,

N =

1
(woo + ;ngo) .

Next, we study Lg. Since Lg is a self-adjoint operator, the eigenvalues of Lg must be real.
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Theorem 4.1. Let Lg be defined in (4.3). Then

(a) The eigenvalue problem (4.3) has an eigenfunction ¢ € Xy, with positive eigenvalue if and
onlyif B < ﬁ Moreover, for ) < B < , this positive eigenvalue is simple and
isolated.

4s
(2s— Do

b) If B = ~—=—— then the eigenvalue problem (4.3) has a zero eigenvalue with eigenfunction
@ Dhyg
P =Wso + %yw’oo(y).
¢) If B> 55 then there exists C > 0 such that
25— Dlyog

|(—A)%¢|2+|¢}2—3w§o¢2 dy+ B wooqbdyzZC P dy. (4.6)
R R R

Proof. We shall divide the proof into three parts.

(1). By Lemma 4.1, v; is the only positive eigenvalue of L and the corresponding eigenfunc-
tion ¢y is positive and belongs to X.,. For fixed Ag > 0, A9 # vy, (Lo — Ao)~! exists in X,. For
B > 0and Ay > 0, we may rewrite (4.3) as:

=8 (/ Woo¢dy> ((Lo — 20) 'wao) - 4.7)
R
Assume first that (4.7) holds. Multiplying (4.7) by ws and integrating over R gives
/ Weopdy = :3(/ Ww¢dy> / ((LO - A‘O)_IWOO) Woody. (4.8)
R R R
Now we claim that
[ s v
R

We prove the conclusion by contradiction. Suppose that

/ Woopdy = 0.
R
Then, (4.3) implies that

Lop=2op, 10>0, ¢e€X.
Using Lemma 4.1, we know that ¢ is positive, it follows that
/ Wap dy £ 0.
R

This is a contradiction. Therefore, (4.8) implies

p(ro) =B / ((Lo — 20) W) Woody —1=0, 19> 0. 4.9)
R
On the other hand, suppose that (4.9) holds. For the positive root A of (4.9), we set

¢w = (LO - AO)_IWoo-
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By (4.9), we have

IB(/I;Wooqbwdy)Z:B/I;((LO_)\O)_IWOO) Woody =1,

and therefore Ay # 0 and ¢,, > 0 solve (4.7). Thus, for 8 > 0 problem (4.3) has a positive eigen-
value if and only if the algebraic equation (4.9) has a positive root. We now discuss (4.9). It is
not difficult to check that p(1) < 0 for A > v;. Thus, we only need to consider A € (0, v;). In this
case,

pO)=p fR (WoolLo — 1) 2wac) dy = p /R ((Lo— 1) wac)” dy > 0.

On the other hand, as A — v, p(A) — oo. Thus, (4.9) has a positive real root if and only if
0(0) < 0. Now, we compute p(0). By part (¢) of Lemma 4.1, we have

1 1
p(0)=48 /(Lalwoo)woody —1=5 / 5 (Woo + —yWéo) Woody — 1
R R 2 N

=3 [ (A 5oan) 4 1= S5 [oda o1 SR

Therefore, p(0) < 0 if and only if

4s
P = &=,
(2). Part (b) follows from part (c) of Lemma 4.1.
(3). Let
e (|(—A)%¢|2 +lg? — 3w§o¢2) dy+ B (fy wootpddy)® Jo(—Lpg)pely
Ao = min min ——————
HEXoo ./]R P3dy ¢eXoo fR P3dy

By the conclusion (a), we know that Lg has no positive real eigenvalues since g > ﬁ

Thus, Ly > 0. We prove Ay > 0 by contradiction. Suppose Ao = 0, then we have a ¢y € A} such
that

—(=AYdo — ¢+ 3wk o — ﬂ(/ﬂ; Woo®0 dy) Weo =0, [R¢§dy= L.

Using (c) of Lemma 4.1, we see that

—(=AYdo — o+ 3wE o =0,

- 1 1
¢o = — ﬁ(/R Woo¢0dy> (5 <Woo + ;ywéo>> -

By (a) of Lemma 4.1, we have

~ 1 1
o= o — ﬁ(/R Woo¢ody) (5 (woo + ;ywé,o)) =cwh,

for some constant c.

where
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Since ¢y € X, it follows that ¢o(—y) = ¢o(y). Checking the parity of both ends of the above
equation, we obtain ¢ = 0, then

¢w=ﬂ(éw@¢mw)(%(wm+~§m@)). (4.10)

Multiplying (4.10) by ws and integrating over R, we have

1 1
(1 — /3/ —Weo <woo + —ywé,o> dy) / PoWoody = 0.
R 2 s R

We recall that
1 1 2s — 1)L,
/ —Woo | Weo + —yWho | dy = g
R 2 N 4s
Since 8 > ﬁ, then we have fR Weoo dy =0 and hence ¢y = 0. This is a contradiction.
Therefore, Ao > 0. Od

Corollary 4.1. Let A be the single (small)-spike solution of Type II. Then there exists ¢ > 0 such
that for L sufficiently large and ¢ € X, we have

L)z [ g @.11)
I
where L[] is defined by (2.20).

Proof. Note that

21/ 4B} 4
B = lim K — lim /A L
L—o0 L(M/ _ 1)(12 L—oo CIWoo (25 —_ I)IWoo

_1p! sl
where B is defined in (3.7). In addition, the last inequality holds since ¢ < & Sl)’sL and & Sl)’sL

is the point such that f(c) = ¢* — 28} c*~! + 1 achieves its minimal value. Then, (4.11) follows
from (4.6) of Theorem 4.1 and (4.1). g

From Lemma 2.1 and Corollary 4.1, we see that for L sufficiently large, the single (small)-spike
solution of Type II is linearly stable for any t > 0.

4.2 Instability of other solutions

In this subsection, we will show that the other solutions are linearly unstable. By the
Lemma 2.1, we just need to consider problem (2.15). To show instability, all we need to show is
that the following minimisation problem admits a negative value for a certain test function:

/ 2
—Jie=  min /(|(_A)%¢|2 +ag? — 3bA2¢>2) dx + 20 (/A(,bdx) <0,
pex;, [, ¢rd=1 | J1 L \J;
(4.12)
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which is equivalent to

. 20 g
—pie=  min f(|(_A)z¢|2 tag? — 3bA2¢2) dv + - (/A¢dx> <0.
peHs(), [, p2dx=1 | Ji L \J;
(4.13)

Thus, it is enough to find a ¢ € H*(J) such that

I(=A)2¢) + ag® — 3bA>¢?) dx + 2 Adpdx 2 <0.
I L 7

We now consider the three types of solutions separately, with L > 1.

1. Double-front solutions of Type I. First of all, we consider the double-front solution and
show that it is unstable. In this case, we choose our function such that

0=¢(%)=0 —o(% for 0 L 4.14
‘P(O)—‘P(E)—, ¢(x)—¢<§—x> or 0<x<3. (4.14)

The last equality implies that ¢ (x + %) is an even function in [—%, £], and so we can extend ¢(x)

evenly to [—L/2, 0]. In this case,
L2
/Aqbdx: 2 / Adpdx,
1 0

L
L[¢]=/(|(—A)%¢|2+a¢2 —3bA2¢2) dx=2/2 (|(—A)%¢|2+a¢2 —3bA2¢2) dx
I 0

and

1/4 5 5 5
=200/ b [ (12358 - 3 + 300 v

1/4

where v; is defined by (3.1) and

~ 1 L
d) =¢(x), y=(-a)» <x— Z) : (4.15)
Let ¢; be such that
A)* 2¢0;=0 ! !
—(=A)q =0, 4_1<y<4_1’

) )
o= =), ¢l (Z) -~ (Z) |

In fact, v/ (4) < 0, which we shall prove in Lemma 4.2 below.
Set

) = i) + @i()-
It is easy to check that ¢(x), defined by (4.15), satisfies (4.14). We compute

—(=AYP + ¢ — 3v7h = —(— AV} + vi — 3PV — (=AY + o1 — 3vPer = 3(1 — v
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Then,

1 1/4 .~ 5 -
L1 =20 % [ (12308 -3+ 3000) dy
—1/4

1/4 ~
=604 [ (= ippddy <o
—1/4
since
1—v,2>0, @ >0, q3>0.

By (4.12), this shows that the double-front solution is unstable.
Lemma 4.2. Let v; be defined in (3.1). Then, v/ (;]1) 0.

Proof. By standard elliptic regularity theory, we can show that v; is smooth enough. We set
/
v =ui(x+5).
4
Then, it is easy to verify that

(=AYY +GBwi(x)— DYy =0, Y(x)=—¥(—x), xeR, (4.16)

where w; = v, (x + ﬁ) With the above setting, it suffices to show that /'(0) < 0. We shall prove it
by contradiction. Suppose that ¥/'(0) = 0, combining with the fact that x = //4 is a local maximal
point of v;, we conclude "'(0) =0

Using the definition of the fractional Laplacian and the fact that v is an odd function, we
derive that

1 s . 1 _ 1 B
AN /E {<|x— S T W%) 26 vf(y)]} dy
2V Y —¥0)
+/EO x — pr| 1428 )’+/}R\(20U23) TYIET Yy (4.17)

v(x) —v0)
:Il+12+/ 1525 dy,
R\(ZoUE}) lx =yl

where
/ N /
Xy = yeR,—§<y<0 and X = yeR,0<y<5 .
In the following, we shall denote y* as the opposite point of y, i.e. y* = —y.
Let x = —§ and we divide X into the following subregions:
% =B, U, UDUE,
where
Bn:{_n §y§_28}> Dz{_Rc S)/S—Rc-i-l},

Qpp={-R=y=—n\D, E=X\(DUQg,U By),
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with R, € (n + 2, R) is chosen such that ¥ has strictly positive lower bound in D. For sufficiently
small § and 7, we shall estimate /; in the above regions successively as follows:

(1). For y € D, ¥(») is bounded away from 0 and (x) is sufficiently small, and so there exists
a constant C > 0 independent of § such that

vx) — () <-C.
Applying the Mean Value Theorem, we obtain
1 1 _ 1 1 _ 2(1 4 2s)|x| _ 2(1 +2s5)8
|x_y|l+2s |x_yx|1+2s - | _x+y|]+2s |x+y|l+2s - %—2+23 - $2+2s >

where £ € (|x — y|, |x — y*|). Then, we have

1
/D ( L )(xb(x)—w(y))dys—cla, (.18)

— y|142s LA 12s
|x — yl [x — 4

for some ¢; > 0. We will show that this actually is the dominating term as compared to the
integrals in the other subregions of .

(ii). For y € By,

S+ e
<(Cés ———dy < —3§, 4.19
= /B prs Y=gh @19

1 1
/B (|x — y|1+2s B |x _yk|1+2s> W) —v()dy

where we have used the fact that

n

Y@ =C8 and |y) <G
provided § and 7 are small.

(iii). For y € E, in the region 45 := {—28§ <y <0}, we have

P00 — ) + L8 x — )2 + O(lx — yP)

e - v o)
———dy| = d
1y eI " o=y g
8
= [ =06,
As |x _y| 5
and
5 e =M

Together with the fact that yr(y) is uniformly bounded, we derive that if R is sufficiently large
then

1 1
/E <|x — y|1+2s N |x _yA|1+2s) W(x)—v»)dy
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1 1
: /];\As (Ix—yll“s B |x—y/\|1+2s> W) =y () dy

1 1
" fAs <|x—y|1+25 B |x_y)»|l+2s) W(x)—lﬂ(y)) dy

(iv). For y € Qg,, we are able to choose large enough R, such that y(x) — ¥ (y) < 0 for Qg,.
It is possible since () is bounded away from 0 and ¥ (x) — 0 as § — 0. It follows that

(4.20)

C1
< —34.

=4

/Q < L )w(x)—w(y))dygo. @21)

|x_y|]+2s |x_yk|1+2s

Combining (4.18), (4.19), (4.20) and (4.21), we arrive at an estimate on /;:

[ (i ) (0~ WON ==, @22)

|x _y|l+2s - |x _yA|1+2s

To estimate /5, by direct computation, we have

1
A&y =0(5").
/zolx—y‘P“Sy 57

Consequently, noticing that the first and second derivatives of ¢ vanish at 0, we deduce that

/ O o), (4.23)
)

0 |x_ykll+2s

Finally, since /() is uniformly bounded at infinity, for / large enough we obtain that

[ ),
R

1 C1
<C ————-dy < —4. 424
sy R Y| /M =g 29

On the other hand, we have
Bw} — Dyr(x) < 0@). (4.25)
Combining (4.22), (4.23), (4.24) and (4.25), we arrive at
(—8)Y +Gw} = Dy <=5,

for sufficiently small §, which contradicts to equation (4.16). Thus, we must have ¥'(0) < 0. O

2. Single (large)-spike solution of Type II. Let (4(x), B(x)) = (4", B") be the single (large)-
spike solution of Type II. It is easy to see that

2
~pre=  min a3 [ f (=229 + ¢~ 37¢%) dy + o ( f qusdy) ] :
peHs (D), f; pPdx=1 7 7
(4.26)

where

/

2u
Br=—F——7-
et L(n — 1)
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Observing that

. . 2 ) 48} 4s
lim g,= lim — = < )
L—+00 Lotoo cy L' — 1)  Lotoocyl,,  (2s— DI

Woo

where B} is defined in (3.7) and we have used

1
- 2s — 1),3L.
s

C+

By Theorem 4.1, for 0 < 8 < m, there exists a unique principal eigenvalue Xy > 0 and a

corresponding eigenfunction ¢y(y) € X satisfying the following eigenvalue problem:
—(= Ao — o + 3wl o — B </ Woofl’?ody) Woo = Aogo.
R
It is known that ¢y(y) = 0(114+zs) for |y| >/, and so by a simple computation we can show that
¢do(c1x) makes (4.26) negative.
3. Double-spike layer solutions of Type III. By Lemma 4.1, the eigenvalue problem:

—(=AYdo — po + 3w o = hodo, B0 € HA(R)

has an eigenvalue A > 0 with a corresponding eigenfunction ¢y.
We now set

1 L s L s
¢(x)=¢0<a25 <x+ 5)) +¢0(a23 ( — E)) + ¢o(azx), xel.

Then, we calculate

/; A@)p(x)dx

(Woo (y"f‘ é) — Weo() + Weo (y_ é))
[ / 1
X [d?o y+ 5) + ¢o(y) + ¢o <y— 5)} dy+0(11+2s>

ST N N N2

272 2 1
;ﬁ OO+ 0(@)

3% 1 1
= "M/ — ( /R Woo (V)0 ()dy — fR woo(y)qso@)dy) + 0(;1?) = 0<11T) .

Therefore,
1 ~ 1
1A¢dx=0 1425 and 1H1¢dy20 =T

11 /
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where ¢(y) = p(x), y = axx. Hence,
2 (/} Hz¢~>dy)2
LW — Da>

1

1
a' "z

1601 = [ 1= + 3 — 3173 | ay +

L 5 1
< [[1-00208 + & - 376y + 0<,z+45>

1

s 1
:24[|(—A)z¢0|2+¢§—3w§¢§] dy+0<ll+2s>

1
=—2v1/R¢§dy+O(ll+ZS) <0.

Therefore, we have p; . > 0, and it shows that the double-spike solution of Type III is unstable.
At this point, we have completed the whole proof of Theorem 1.2.

5 Numerical computations

We present the results of numerical computations for the shapes of the single-spike solutions for
s=0.60, 0.75, 0.90, 0.99. We implemented two different numerical schemes in Matlab. Both
are based on parabolic problems such that the stable steady-state solutions are obtained as long-
time limits. The numerical schemes use finite difference methods, in particular, a combination of
the methods of Crank—Nicolson [6] and Adams—Bashforth.

Scheme 1. To compute the shape of the single-spike solutions, we implemented a code for
the first equation of (1.2) using the Crank—Nicolson method for the linear terms and the Adams—
Bashforth method for the non-linear terms. We consider the problem in the spatial interval Q =
(=207, 207r). We substitute B(x) = —p/(4%)(x) + u' [, A* dx/|S into the first equation and solve
it with periodic boundary conditions. For the parameter values, we take 0.1% as the diffusion
constant of —(—A)*4 and ' = 1.001. We take into account 2'° Fourier modes. The time step is
0.01.

Scheme 2. To verify that the steady-state solutions computed by Scheme 1 are also long-time
limits of the full system (1.2), we implemented a code for the full system (1.2). For the first
equation, we used the Crank—Nicolson method for the linear terms and the Adams—Bashforth
method for the non-linear terms, in the same way as for Scheme 1. For the second equation, we
used the same discretisation method for both fractional Laplacians so that the numerical scheme
satisfies the conservation law exactly which lead us to choosing the forward Euler method. We
took a small value for 7, namely v =0.1. The other parameters are the same as in Scheme 1.
Again, we take into account 2'° Fourier modes. The time step has to be taken smaller than in
Scheme 1 in order to avoid numerical instability. We chose 0.001 for s = 0.60, 0.75, 0.0005 for
s =0.90 and 0.0003 for s = 0.99.

We have chosen as initial values A(x) = H% and B(x) = 0.

The following figure shows the shapes of the spikes obtained by using Scheme 1 based on
the reduced system for the first equation of (1.2). These shapes have been confirmed as long-
time limits of the full system by using Scheme 2. Numerically, in both schemes, the solutions
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FIGURE 1. Spiky steady states of (1.2) for ' =1.001, T = 0.1 achieved as long-time limits of Scheme 1
with initial conditions A(x) = H% and B(x) = 0. Spiky steady states for (1.2) have been presented for the
parameter values s = 0.60, 0.75, 0.90, 0.99. We have shown A(x) on the left and B(x) on the right, both
restricted to the interval —10 < x < 10. The maximum values of the spike pattern 4(x) increases with s, and
we have computed the maximum values as 3.52, 10.73, 14.31, 15.68.

converge to the same spike profile. Since the shapes for Scheme 2 are indistinguishable from
those of Scheme 1, they have not been included.

We observe from Figure 1 that for increasing values of s the spikes become narrower and their
spatial decay becomes faster, in agreement with Theorem 1.1.

For s = 0.51 in both schemes, the solutions converge to the homogeneous steady state 4 =1,
B=0. Scheme 1 gives an error of the order 1073 due to the use of the trapezoidal rule for
integration. Scheme 2 does not use any numerical integration, and the error is of the order 1071,

We further investigated the threshold value of s for which the solution converges to a spike
solution or the homogeneous steady state 4 = 1, B = 1. Using both Scheme 1 and Scheme 2, we
found that for s = 0.58 or below we get a homogeneous steady state but for s = 0.59 or above a
spike solution is formed. The computations have to be done carefully near the threshold, since
the solution can stay for a long time in a state which looks like a spike solution before it either
contracts to a homogeneous steady state or approaches an exact spike solution. This threshold is
in qualitative agreement with the theoretical result in (1.8). Since the value of I, is unknown,
further quantitative comparisons are not possible. We leave this as an open problem for future
research.

In summary, we have computed the spike solutions and the homogeneous steady states
A=1, B=0 as long-time limits of the parabolic problem (1.1), using two different numeri-
cal schemes for ' =1.001. For s =0.59 or above, the solutions converge to a spike solution
which indicates that the spike solution exists in this parameter range and is stable. For s = 0.58
or below, the solutions convergence to the homogeneous steady state 4 = 1, B =0 which indi-
cates that in this parameter range the homogeneous steady state is stable. From Theorem 1.1, we
know that the spike solution does not exist in this parameter range. We have found qualitative
agreement between the theoretical threshold predicted in (1.8) and the numerical results.

The threshold (1.8) is a typical feature of the Ginzburg-Landau equation with a mean field,
and it is ultimately a consequence of the consistency condition (2.2). We also found that by
using consistency condition (2.2), the numerical computations can be simplified substantially
and included (2.2) in Scheme 1.

https://doi.org/10.1017/50956792522000286 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792522000286

Fractional Ginzburg Landau equation with a mean field 1267
6 Conclusion

We summarize the results of this paper, draw some conclusions and give an outlook.

We have considered the existence and stability of three types of singular patterns in a frac-
tional Ginzburg—Landau system with a mean field which has been derived from a fractional fluid
mechanics model with symmetry-breaking term.

The expansion for the amplitude equations given in (1.4) and (1.5) uses an interesting scaling.
In particular, the scaling of time has a fractional order of the small parameter &€ which comes
from the fractional Laplacian. However, the scaling of space does not have a fractional order
of the small parameter. Alternatively, scalings can be chosen which have the small parameters
distributed between the temporal and spatial terms. We remark that it is possible to define a new
small parameter: & = &2, whereby the fractional scaling will move from  to x. It is also possible
to split it: T = £ and X = £1/VZx. Any arbitrary split such that £ = &, would work.

There are a lot of studies on the derivation of amplitude equations for fractional-order partial
derivatives in the recent decades, see [14, 17, 25] for instance. We expect the results of the
current article could provide some new insights to stimulate the development of this direction in
the future.

The periodic patterns investigated are the most basic ones, namely double fronts, single spikes
and double spikes. It is an important question to understand which of these patterns is pre-
ferred by the model equations and will persist in the dynamical behaviour. This motivates the
study of stable vs. unstable solutions. It turns out that one of the single-spike solutions is stable,
whereas the other solutions are all unstable. We can conclude that in this model spiky patterns
are preferred over front patterns.

The methods used in this paper are extensions of [19]. We find it interesting that it was
possible to generalise the approach in [19] to the fractional Laplacian setting. Although many
qualitative properties remain the same, we have observed that the asymptotic behaviour for
increasing spatial period changes throughout the analysis.

It will be interesting to extend the results of this study from one space dimension to several
spatial dimensions. Another possible direction for future work is the investigation of pattern
formation in systems of PDEs with different types of fractional terms.
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