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ON AN ANGLE BETWEEN TWO RINGS
GRZEGORZ RZADKOWSKI

Jakébezak and Mazur found the L?-angle between two concentric rings on the
complex plane. In this note we investigate the same case but for spaces of square
integrable functions with various weights. Moreover the continuity of the L*-angle
for the Fock space is examined.

1. INTRODUCTION

The alternating projections and L2-angle in the theory of the Bergman func-
tion were introduced by Ramadanov and Skwarczyhski [2] and Skwarczyhski (3, 4].
Jakébczak and Mazur [1] and Skwarczyhiski [5, 6] have calculated the L%-angle for
many pairs of domains.

Let A and B be two domains in C with nonempty intersection and put D = AUB.
Let a function o(z), positive and continuous in D, be a weight-function. By L*(D, )
we denote the class of all complex valued functions f defined in D with the norm

- 1/2
IFll = (fD f(2)- f(z)a(z)dm(z)) < oo (where m stands for the Lebesgue measure
in C) and scalar product (f, g) = [, f(2)g(z)o(z)dm(z).

Set F = L*H(D, o) := {f € L*(D, a) : f is holomorphic in D} and F;, i =1, 2,
the subspaces of L2(D, o) consisting of functions holomorphic in A and B respectively.
The L%-angle v(A, B) € [0, w/2] between A and B is given by:

[(f1; f2)l
Il 1 £l

Under the additional assumption that L2H(A, o) # 0 or L2H(B, o) # 0 the same
argument as in the case of the uniform weight (0 = 1) (see [2, 6]) leads to:

Ws + |, f € B\{0}, fLF,
I£1% + 1y

f holomorphic in Int(B \ A)}

(1) cosy(A, B) =sup{ : fi € F\{0}, filF,i=1, 2}-

cos’ v(A, B) = sup
(2)

where f is the Bergman projection of f | in B. We shall need the following two easy
lemmas subsequently.
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LEMMA 1. If the functions f(z), g(z), h(z) defined in [a, b] C R are positive
and continuous and moreover f and g/h are both strictly increasing (or both strictly
decreasing) then:

I2 £(2) -g(=)dz 2 (=) -B(a)de

3
(3) _f:g(z)dz f: h(z)dz
PROOF: The inequality (3) is equivalent to
b b b b
[ #e)-ste)iz- [ by - [ 1) ba)ts [ atwrdy>o.
We have
b b b b
[ 1@ sz [ o)ty [ 1) ma)te- [ atw)ay
b b
= [ 1)@ bw) - he) - stw))du
b z
= [ [ (2= 1)) (6(e) - b) — 2) o)) dydz > .
This ends the proof. 1]

LEMMA 2. If the function f(z) is continuous and positivein R and a < b < c <
d, then the function

I2 f(2)dz

4
@ I f(z)de

is strictly increasing with respect to d, and the function

f(z)d=

5) f(z)dz

2l

is strictly decreasing with respect to a.

Proor: The lemma follows immediately by differentiation of (4) and (5) with
respect to d and a respectively. We omit an easy calculation.
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2. A CLASS OF THE WEIGHT-FUNCTIONS

For our purposes it is very useful to define a special class of the weight-functions.
In this paper we investigate only such weights o(z) for which there exists a function

w(z), z > 0, with o(2) = w(|z|2) and for which the following conditions are fulfilled:

(1) w(z)>0;
*) (2) we CYRy);

. !
(3) the function z-u(z)

w(z)

Examples of such functions are: the positive constant function, z* (for any k € R),
exp(—z). In the last case the space L?H (C, exp (— |z|2)) is called the Fock space.

is non-increasing.

3. RINGS AND THE L?-ANGLE
Let A={z2€C:0<7r <|z] <7}, B={z€C: Ry <|z|] < R} where
<Ry <r2<R.
We take as the weight a function o(z) = w(|z|2) which fulfills all conditions (*).

The same argument as that carried out by Jakébczak and Mazur [1] (in the case of
uniform weight) leads to
lz"l%\a - 2”5\ 4

2 2
i1l - 12"l

(6) cos’ (A, B) = sup W(n) where W(n) =
ne€z

Substituting in (6): z = |z|*, a =72, b= R?, c =2, d = R2, we obtain

f: w(z)z"dz fd w(z)z"dz

[

JS w(z)endz f: w(z)zndz

(7) W(n) =

Assuming that n € R, we expand (7) to a real function defined in R.

Jakébezak and Mazur [1] proved that in case of the uniform weight (thatis, w = 1),
the expression W(n) attains its maximum, in respect of n € Z, at the point ny = -1,
and in this case the LZ-angle between the rings A and B was explicitly calculated.

We shall prove now

THEOREM 1. If a function w(z) satisfies (*) then the function W(n) n € R has
a single local maximum. It is simultaneously the supremum of W(n) in R.

PROOF: The first derivative with respect to n of W(n) is

(8) W!(n) = W(n) - (Gas(n) = Gac(n) + Gea(n) — Goa(n))
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where we have denoted

. ff'w(z) -z".lnzdz
Gaﬁ(n) = j'f w(z) e

0<ac<p.

Notice that the function Gag(n) is strictly increasing in respect of n in view of
2
_ff w(z)z™ o’ z dz - ff w(z)z"dz — (ff w(z)z™Inz d:z:)

(ff 'w(z)z"dz)z

_ ff ff w(z)w(y)z"y"Inz -In(z/y)de dy
ff ff w(z)w(y)z™y"dz dy

_ 2 [Z w(e)w(y)emyn(n (o/y)) dydz

2 J2 [ w(z)w(y)eryrdydz

We shall prove now that

Lﬂ(") =

> 0.

1 4
(9) Gab(n) < Gac(n)‘
4y
=
, =X
’
d
d
d
’
'
"
< M3
’,
.
d
d
¢
b e L ’—kx
, 7 y=
rd
’ ,/
/, pig
7’ ’/
d
’, /,’
7 ’// M%a"‘ y=%x
’ - P g
a Kis P - M
’ - -~ L
- -
R [
T T
- x
- 4 T L wd
—,’;5 a a b c
, 13
Figure 1

Denote the triangles KMM,, LMM,, KLL, by P, S, T respectively and the
quadrilateral KLM; M, by Q (see Figure 1).

We have
Jfpw(z)w(y)z™y" - (In(z/y)) d= dy

2 [frw(z)w(y)z"y"dz dy

Gop(n) =
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and
[lpw(@)w)z™y" - (In(z/y))’dzdy  Jlg+JJs

Gucln) = 2 ffp w(z)w(y)z"y"dz dy T2 fo +2 ffs ‘

First we show that

[low(@)w(y)z"y" - (In(z/y)) dz dy
2 fo w(z)w(y)z"y"dz dy

(10) > Ghy(n).

(9) follows from (10) since in the triangle S the function In®(z/y) takes bigger val-
ues than in the quadrilateral Q. Each of the four integrals in (10) we write in po-
lar coordinates (r, ), z = rcosp, y = rsing; ¢ € [arctan a/b, v/4], and the
integration with respect to r we replace by integration with respect to z. Thus
(k := tan g, po := arctan a/b);

) [y
/4

b
= dy /4/k w(z)w(kz)z"(kz)" /22 + (kz)*V/1 + k2dz

Yo

x/4 ]
= / do k™ (1 + k%) / w(z)w(kz)z?"tdz,
@ afk

0

and similarly

/ /Q w(z)w(y)z"y"dz dy

x/4 c
= / de k™ (1 + k?) / w(z)w(kz)z?" ' dz.
a/k

Yo

(12)

Two integrands of the numerators of (10) differ from the integrands of (11) and (12)
only in the factor In? k. Also In? k is decreasing with respect to k (and ¢), and by
Lemma 1, to show (10) it suffices to prove that the expression

-[:/k w(z)w(kz)z?t1dz
fb/k w(z)w(kz)z?"t1dz

a

(13)

is decreasing with respect to k (and therefore ¢).
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The numerator of the derivative of (13) with respect to k is:

(:% w(g)-w@(f) "+ [ :kw(z)w'(kz)z"‘“dz) -/ :bw(z)w(kz)zz““dz
b

(w() o™+ [

= -_]1;1” (%)w(a) (%)2n+2 . /bcw(z)w(kz)zz"“d:c

w(z)w'(kz)z®"%dz | - cwzw z)z?"tldz
u(z)w'(k2) ")/.,,,,”"‘) d

+ /:;k w(z)w'(kz)z?"t2dz - /E:k w(z)w(kz)z***dz
- ' w(z)w'(kz :cz"+2dz-/c w(z)w(kz)z?"* ' dz
[, welte) »
= —-ilc-w (Z—)w(a) (%)2n+2 ./: w(z)w(kz)z®"dz

c b
+/ w(z)w'(km)z2"+2dz-/ w(z)w(kz)z? "t dz
b k

b e
—/a/kw(z)w'(k:c)z "+2d:c-/b w(z)w(kz)z? "t dz
= —%w(%)w(a)(%)2n+2/b w(z)w(kz)z?"tdz
c b
4 /., /., W) @)™ (koo )y — w(ke)u(ky)e)dz dy <0.

The second component of the above expression is nonpositive because in the rectangle
(a/k < 2 € b) x (b € y < c) the conditions (*) give

w(kz) - w'(ky)y ~ w'(kz) - w(ky)z < 0.

Thus we have proved (10) and therefore (9).

By the same manner one can prove that
(14) Gea(n) < Giy(n).
Finally in the proof of (14) it remains to observe that the expression

f:/k w(z) - w(kz) - 22*+1dz

fd/k w(z)w(kz)z?nt1dz

[

(15)

https://doi.org/10.1017/50004972700028793 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700028793

[7] On an angle between two rings 85

is decreasing with respect to k.
The numerator of the derivative, with respect to k, of (15), after similar calculation
as was carried out for (13), is

c/k
—%w(d)-w(kd)d"‘“ / w(z)w(kz)z*dz
b/k

1 o/ ‘ an+1 ' '
+ % ./b/k ‘/c/k ?(kz)w(ky)(zy) + (w'(z) - w(y) - = — w(z)w'(y)y)dz dy
<0

The second component of the above sum is nonpositive since in the rectangle (¢/k <z < d
(8/k < y < ¢/k) the conditions (*) give

w'(z) - w(y) -z —w(z) -w'(y)-y<0.
By (9) and (14) it follows that the expression in brackets of (8) is strictly decreasing
with respect to n.

Moreover it is easy to verify that

7:}
"Inzd
(16) im Gag(n)= lim L 1:(2)1 2 e
n——o0 no—ce [Mw(z)znde
and analogously
(17) Lm Gap(n) =1np.
Therefore by (16) and (17) we have
W)
18 im ——==Inc—Inbdb>0
(18) noCeo Wi(n) - >
and
]
(19) nango-WWT((-;-l—))-zlnb—lnc<0.
Thus by (18) and (19) the derivative W'(n) has exactly one zero, say ny € R, at which
W(n) attains the global maximum. This ends the proof of Theorem 1. 1]

REMARK 1. Our proper problem is to find for given function w(z) the supremum of
W(n) for n € Z. In view of Theorem 1 and its proof we can first find, using for example
approximation methods, the only zero ng € R of the expression (8), and then look at
which one of two values W([ng]) or W([no] + 1) is greater.

REMARK 2. In the case w(z) =1 it is easy to verify that W’'(-~1) = 0; thus no = -1
does not depend on a, b, ¢, d (see {1]). More generally if w(z) = z*, k € R then
ny = —k—1 and this also does not depend on a, b, ¢, d. In the particularly interesting
case of the Fock space, that is, w(z) = exp(—z), the situation is not so easy and one
can show that ny does depend on @, b, ¢, d.
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4. CONTINUITY OF THE L?-ANGLE FOR THE FOCK SPACE

Let 4o ={z € C:|z] <r;} and B, = {z € C: |z| > R;}. A and B are
the same as previously and r; < Ry <r; < R, a =173, b=R?, ¢ =13, d = R},

w(z) = exp (—z).

A similar calculation as in [1] that we omit here yields:

cos® y(4oe, B) = sup U(n)
ne€zZ

f: exp (—z)z"dz

forn < -1,

. f: exp (—z)z"dz

= forn 2 0,
- [, exp(—z)z"dz

- [ exp (—z)z"dz

where U(n) = =5
J, exp(—z)z"dz
U(n) = foz exp (—z)z"dz
J; exp(—z)zndz
cos? 9(A, Bo,) = sup V(n)
nez
b
_ nd.
where V(n) = f‘z exp (~z)z"dz
J, exp(—z)z"dz
and finally

where T'(n) = limyg_,oc U(n).

It is easy to see that for n € -1,

- J” exp (—z)zndz’

cos? 7(Ag, Bs) = sup T(n)
neZ

f: exp(—z)z"dz

(20)

a—o+ f: exp(—z)z"dz -

By Lemma 2 and (20) we have for any n € Z

W(n) < U(n) < T(n),
W(n) < V(n) < T(n),

(21)

and moreover

Jim W(n) =U(n),

e Jim W) = V(n),

dlitgo U(n) = T(n),

..l_i.T+ V(n) = T(n).
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By (21), (22), and because the functions W(n), U(n), V(n), T(n) are bounded, we
obtain successively

(23)

lim sup W(n) = sup U(n),
a—0t neZ

hm sup W(n) = sup V(n),

—owe

hm sup U(n) = hm sup V(n) = sup T(n).
—0t nez n€Z .

d—oo ez

In other words (23) means that (in contrast to [1]) the L?-angle between rings for the
Fock space is continuous.

REMARK 3. The discontinuity of the L?-angle in case of the uniform weight (see [1],
Theorem 3) is caused by the fact that the function z~! is neither in L2H (4, \ {0})
nor in L2H(B,).

(1]
(2]
(3]
(4]
(5]
(6]
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