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Abstract

In this article the p-essential dimension of generic symbols over fields of characteristic p is studied.
In particular, the p-essential dimension of the length £ generic p-symbol of degree n + 1 is bounded
below by n + ¢ when the base field is algebraically closed of characteristic p. The proof uses new
techniques for working with residues in Milne—Kato p-cohomology and builds on work of Babic
and Chernousov in the Witt group in characteristic 2. Two corollaries on p-symbol algebras (i.e,
degree 2 symbols) result from this work. The generic p-symbol algebra of length £ is shown to have
p-essential dimension equal to £ + 1 as a p-torsion Brauer class. The second is a lower bound of
£+ 1 on the p-essential dimension of the functor Alg, ,. Roughly speaking this says that you will
need at least £ + 1 independent parameters to be able to specify any given algebra of degree p‘ and
exponent p over a field of characteristic p and improves on the previously established lower bound
of 3.

2010 Mathematics Subject Classification: 16K20 (primary); 20G10, 13A35, 13A18 (secondary)

1. Introduction

The essential dimension of an algebraic object is informally defined as the number
of algebraically independent parameters you need to define the object. In this
paper we consider the essential dimension of objects and functors relating to
central simple algebras and higher symbols in Milne—Kato cohomology, focusing
on the bad characteristic case. Since its introduction in [7], most of the upper and
lower bounds on the essential dimension of central simple algebras have required
that the degree of the algebra be relatively prime to the characteristic of the base
field k. Two excellent surveys on essential dimension, [18] and [20], contain many
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of these results, algebraic and functorial definitions of essential dimension, p-
essential dimension and much more.

When the characteristic of k divides the degree of the central simple algebra,
the so-called ‘bad characteristic case’, upper and lower bounds on the essential
dimension have been more sparse. To illustrate that these cases are fundamentally
different we can look at generic symbol algebras in both cases. First, let us fix
some notation. Let m and n be positive integers with m|n, let p > 0 be prime and
fix a field k. Define functors Alg,, Alg, ., Dec,, ,Br : Fields/k — sets by

Alg, (K) = {isom. classes of central simple K -algebras of degree n}
Alg, ,,(K) = {subset of Alg,(K) whose elements have exponent dividing m}
Dec,¢(K) = {isom. classes of tensor products of £ degree p symbols over K}

»Br(K) = {p-torsion Brauer classes over K}

for any field extension K/k. H'(K, PGL,), the set of isomorphism classes of
PGL,-torsors over Spec(K), has a bijective correspondence with Alg,(K), the
set of isomorphism classes of central simple algebras of degree n over K. In
particular, using the standard notation in [20], ed, (PGL,) = ed,(Alg,).

In good characteristic, we can follow [20, Example 2.8]. Let p be a prime
and let k be a field containing a primitive pth root of unity, w. Let x; and y;
be algebraically independent indeterminates over k and set K = k(x;, y;)'_,.
Consider the length ¢ generic symbol K-algebra A, = ®f:1(x,-, Vi)o- A 1 a
central simple K-algebra of degree p‘ and exponent p. The essential dimension
of A, as both an element of Alg . (K) and of ,Br(K) is 2¢ as one might suspect
[20, 2.6], giving a lower bound ed; (PGL ) = ed; (Alg,e) = 2¢.

On the other hand, if the characteristic of k is p we can consider the analogous
algebra D, = ®f:1[x,»,y,») over K = k(x,»,y,»)le. In [3, 3.2] Baek shows
edy(Dec,) < £+ 1, assuming k contains the field with p* elements. In particular,
the essential dimension of D, as an element of Dec,¢(K) (and hence also as an
element of Alg . ,(K), Alg,(K) and ,Br(K)) is at most £ + 1. We call D, the
length £ generic p-symbol and motivation for this paper comes from finding its
p-essential dimension as an element in ,Br(K) (Corollary 5.9).

As noted in [22, Section 10.1], for a field F' of characteristic p the Milne—
Kato p-cohomology group H’;,“(F ) is defined to be analogous to the Galois
cohomology group H"*!(F, u?") when characteristic F # p. This analogy is
made precise in [15]. When n = 1 these groups each realize the p-torsion in
Br(k(x;, yl-)le) and thus contain the classes of the generic symbol algebras A,
(when u, C k) and D, (when char(k) = p). In both types of cohomology one
can generalize the notion of generic symbols to higher degrees. The main result
of this paper finds a lower bound on the p-essential dimension of the length ¢
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generic p-symbols in H:l)_‘—l(kg,n) when £ is algebraically closed of characteristic
p- More specifically, fix k algebraically closed of characteristic p and for x; and
v;,; algebraically independent indeterminates over k set

ke = k(i yij)igi<e 1<i<n (1)

so that tr.deg, (k,,) = €(n + 1). The length ¢ generic p-symbol of degree n,
gen,(n + 1, ¢, p), is defined as the class

¢
gen(n+1.6,p)=> x

i=1

di d in
Yi1 Ao A y— € H’;,+l(k€$n) (2)

i1 in

(see Section 4, [22, Section 10.1], [14], [15] for the definition of H’;“). Let
edi(gen, (n+1, £, p)) denote essential dimension and let ed(gen, (n+1, £, p); p)
denote p-essential dimension of gen, (n + 1, £, p) as an element of H’;,“ (ko). A
lower bound on the p-essential dimension of gen, (n + 1, £, p) is our main result;

MAIN THEOREM (Theorem 5.8). Let k be an algebraically closed field of
characteristic p. For £,n > 1,

edi(geny(n + 1, ¢, p)) > edi(geny(n + 1, ¢, p); p) > £ +n.

In degree 2, gen, (2, £, p) = D, and the theorem tells us that ed,(D,) > € + 1 as
an element of Hf, (ke 1) = ,Br(ke,;). Combining this with the upper bound from
[3, 3.2] we have

COROLLARY (Corollary 5.9). Let k be an algebraically closed field of
characteristic p. For £ > 1,

edi(Dy) = edi(Dy; p) = £+ 1
where the essential dimensions are taken with respect to Dy € ,Br(k, ;).

For char(k) = p the best known bounds on ed;(Alg . ) and ed; (Alg, .5 p)
are as follows.

- In [3, 2.2] Baek gives a lower bound
edk(Algl,@,Pd p) >3

on the p-essential dimension when 1 < r < £. This result holds regardless of
the characteristic of k.
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- By [5, Ex. 1.1] for any field k and any integers 1 < m < n with m|n,
ed;(Alg, ) = edi(GL,/u,,) and edi(Alg, ,.: p) = ed(GL,/uy; p). Using
this, recent work by Garibaldi and Guralnick, [11, 6.7], gives an upper bound

edi(Alg, ) < p* —3p'+ pt
for p* > 4. This bound is also independent of the characteristic of k.

As a corollary to Corollary 5.9, we improve on the lower bound of 3 when
char(k) = pandr = 1.

COROLLARY (Corollary 5.10). Let k be an algebraically closed field of
characteristic p.
edi(Alg, 5 p) =2 €+ 1.

Proof. The algebra D, satisfies ed,(Dy; p) > £+ 1 as an element of Algp p(k[ 1)
since it satisfies the same inequality as an element of ,Br(k,, ;) by Corollary 5.9.
O

REMARK 1.1. Milne-Kato cohomology groups have also been used to
study essential dimension in bad characteristic in [4]. Baek finds nontrivial
cohomological invariants into Milne—Kato cohomology groups to prove the
lower bound ed(PGL,) > 4 over a field of characteristic 2.

2. Generic symbols with char(k) # p, methods and outline

A discussion of a lower bound for the essential dimension of generic symbols
with char(k) # p provides a proper overview of the char(k) = p arguments
and illustrates a major difficulty we encounter when char(k) = p. Let k be an
algebraically closed field with char(k) # p. The Galois symbol gives the analogue
of the generic p-symbols defined above. That is, let k, , be defined as in (1) and
let hZ/“ o K (ke ) = H' (ke ®("+”) be the Galois symbol map as defined

in [12, 4.6.4]. Define

¢
gen(n+1,¢,p) = hZ,H,, (Z{Xi, Vidsenes yi,n}) .

i=1

In the case n = 1 if we fix a primitive pth root of unity w, and with it an
isomorphism H?(k,1, u%%) = ,Br(k.,), then gen, (2, ¢, p) = [A,] from above.
Using the methods of this paper we can find the same lower bound on the
essential dimension of these generic symbols as elements of H"*' (k;,, u5"*")
as in Theorem 5.8;
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PROPOSITION 2.1. Let gen,(n+1, ¢, p) € H" " (k;,, M?”“) be defined as above.
Then

edi(gen(n + 1, ¢, p)) > edi(gen(n + 1, ¢, p); p) > £ +n.

Proof. The proof is by induction on the length, £. If the p-essential dimension is
less than n + 1 then there exists a prime to p field extension K /k, ,, a subfield
k C E C K withtr.deg,(E) =nand g € H"*'(E, u5"*") so that res ¢ (gen, (n+1,
1, p)) = resg(g). Any such field E satisfies H"*'(E, u5"+") = 0 [19, 6.5.14].
Thus, to finish the case £ = 1, it is enough to show the following lemma.

LEMMA 2.2. Let K/k,(z1,...,2,) be a prime to p extension with gz
algebraically independent over k,, and e an integer with p 1 e. Then
eresg(gen,(n+ 1,1, p)) #0.

Proof of lemma. As mentioned above, when n = 1, the class of gen, (2, 1, p) =
[(x1, y1)wl = [A1]is nontrivial in ,Br(k(x;, y;)). Moreover, for any integer e with
p te, eresg[A] € ,Br(K) with K as in the statement of the lemma is nontrivial
[21, 3.6 & 3.15b]. Fix n > 1, K as in the statement of the lemma and assume
eresg/(gen,(ng+1, 1, p)) # Oforall ny < n and all K’ as in the statement of the

lemma.
Let (K, v) be an extension of (ky,(zi, ..., 2-), V1.,), Where vy, is the y; ,-adic
valuation on k;,(z, ..., 2,), such that e(v/v,,) and f(v/v,,) are each prime

to p. Set K and k,, to be the residue fields, respectively. Let § = {x, y1.1, ...,
Yin} € K,Z,"frl(km) so that gen,(n + 1,1, p) = Rt (E). If eresg(gen(n + 1,

kin.p

1, p)) = 0 then the residue ;"' (eresg (h"*'(£))) = 0, [12, 6.8.5]. The Galois
symbol, residue map [12, 6.8.5] and tame symbol 3" : KM(K) — KM (K)
[12, 7.1] act as follows with respect to restriction of scalars:

0=0)"" (eresg (K" (£))) (3)
= 9" (e h" (resk (§)))
= e h" (M (resg (£))) [12,7.5.1]
=eh"(e(v/v,) resg (3™ (£))) [12,7.1.6(2)]
=ee(/vi,) h"esg({x, yii, .-\ Yia-1)))
=ee(/v,)resg(h"({x1, yi,1, -y Yiu—1})

= ee(v/v,) resg(gen(n, 1, p)). “)
Since e e(v/v, ,) is prime to p, Elin = ky -1 and E/El,n_l (z1, .-, 2,) 1s a prime
to p extension, by the induction hypothesis (4) is nontrivial, a contradiction
to (3). O

https://doi.org/10.1017/fms.2017.11 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.11

K. McKinnie 6

Fix £ > 1 and assume the theorem holds for gen, (n+1, £y, p) forall £, < £. Let
K /k;, be aprime to p field extension, k C E C K afield of transcendence degree
€+4n—1overkand g € H'*'(E, u&"*V) such that res (g) = resg (gen, (n + 1,
£, p)). As above, let (K, v) be an extension of (k;,, ve,) with e(v/v,,) and
f(/ve,) prime to p. Let w = v|g. The valuation w cannot be trivial on E
because if it were the residue 9" (resg (gen, (n + 1, £, p))) € H) (K, wy") would
be zero. However, a computation similar to (3)—(4) shows that

9, (resk (geny(n + 1, €, p))) = e(v/vea) resg(hy, . ,({xe, e, - Yen1)-
&)

After renumbering, hy, X yers s yenm1}) = gen(n, 1, p) and K is a prime
to p extension of EM which is a purely transcendental extension of kj,_;.
Therefore, by Lemma 2.2, the right-hand side of (5) is nonzero, a contradiction to
the triviality of w.

Two crucial things happen when w is nontrivial: first tr. deg(E) = £ +n — 2
and second, the specialization s”*' and residue 9""' of g are defined. This is
a major point, we can take the specialization and residue (called the first and
second residue in case char(k) = p) of g because these maps are defined on all
of "+ (E, /L;?("“)). In the characteristic p case, the first and second residues are
only defined on the ‘tame subgroup’ of H’;“(E ) (with mod p coefficients) [15,
Theorem 3]. This coincides with the Oth piece of the filtration of Izhboldin (see
Section 4 or [14, Section 2]). Though gen,(n + 1, £, p) is easily shown to be
contained within the tame subgroup, there is no easy reason that g, the element it
descends to, is contained within the tame subgroup.

Back to the char(k) # p case. Let = be a uniformizer for (K, v) and T = un*®
a uniformizer for (E, w) with unit # € K. Under extension of scalars £ C K the
specialization and residue maps satisfy

3" (resg/e(g)) = e "' (g) (6)
st (resk/e(8)) = s (g) + 92 (9) U (). (7)

If ple then the right-hand side of (6) is zero whereas the left-hand side is
nonzero since resg,g(g) = resg(gen,(n + 1, ¢, p)) (5). Therefore p { e. Since

pte 0" (g) = e‘lhzz’l’p({x@, Yeis---s Yen1}) is split in the algebraic closure
k' = k(xe, yeu, ...y Yen—1)"8. Replace the algebraically closed field k with the

algebraically closed field k' and take composite fields: K' = K -k,_, , C Ell_i and
E' = E - k'. Our field diagram looks like:
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/w\_
\T"\ N

kl n E

\\/

Note two thilgs Llere; since tr. deg, (Ey=n—+¢—2,tr. deg, (E)<n+£€—-2
and since p { [K : ke,), p {1 [K' k] Let yo,, = w'7¢ with u’ a unit in K and
p1e =e(/vg,). Since

n+l

(resg (gen,(n + 1, ¢, p))) = resg(gen, (n + 1, ¢ — 1, p))
+ 0 (gen, (1 + 1, £, p)) U (@)

and resK/(B,f;l (gen,(n + 1, £, p))) = 0, using (7) we have

resg (gen, (n + 1, £ — 1, p)) = resg/(s" ! (resx (gen, (n + 1, £, p))))
= resg(s; ' (resg (2)))
= resg (s}, (¢) + 3}, (9) U (@)
= resx (s, (2))-

Since resg/(gen,(n + 1,£ — 1, p)) = resg(gen,(n + 1,£ — 1, p)) and
resg (s"7'(g)) = resg (resg/ (s (g))), this shows that after the prime to p
extension K'/k; _, , the generic p-symbol, gen,,(n + 1, £ — 1, p) of length £ — 1

descends to the field E’ with tr. deg,, (E)<n+t-2, contradicting the induction
hypothesis. O

REMARK 2.3. These arguments are reproduced (with more detail) in the proof
of Theorem 5.8 in the bad characteristic case. Moreover, the lower bound in
Proposition 2.1 is not optimal at least in the case n = 1 and £ > 1 by the remark
in section 1 [20, 2.6] and probably more generally.

Methods and outline. As mentioned in the proof of Proposition 2.1, much of
the difficulty of the proof of Theorem 5.8 lies in the need to reduce to the case
when g is in the Oth piece of Izhboldin’s filtration on p-cohomology. This is done
by building on the work done by Babic and Chernousov in [2]. In their paper
so-called canonical monomial quadratic forms

nll,x1on(l,x]®---onll,x|oHS--- S H
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over k(ty, ..., t,, x) with char(k) = 2 are shown to be incompressible. Here [a, b]
is the quadratic form ax® + xy + by? in characteristic 2. The incompressibility
of these forms gives them a lower bound on ed;(O(V, g)) where g is any
nondegenerate quadratic form on a vector space V over k. In the present paper
the techniques from [2, Sections 7-12] are adapted to both the Milne—Kato p-
cohomology and the generic forms in (2) to get the lower bound in Theorem 5.8.

In Section 3 differential bases over fields of characteristic p are reviewed
and [2, 11.1] is generalized in Proposition 3.2 to arbitrary prime characteristic.
Proposition 3.2 serves in this paper, as 11.1 does in [2], as a keystone of the proofs
on essential dimension that follow. In [2, Section 8] Babic and Chernousov use
a presentation of quadratic forms in the Witt group over a field of Laurent series
by Arason. In this paper we instead work with Izhboldin’s filtration on H’I‘)“(F )
for F a Laurent series field [14, Section 2]. When p = 2, H;“(F ) is isomorphic
to a homogeneous component of the graded Witt group [16], but for p > 2 there
is no such connection. The appropriate adaptations for p-cohomology are done
in Section 4. In Lemma 4.6 we show there is a ‘unique decomposition’ of p-
cohomology classes, similar to the unique decomposition in [2, 8.2]. Work is done
in Proposition 4.7 to understand how one manipulates a p-cohomology class into
its ‘unique decomposition’. The proof of the main theorem and corollaries are in
Section 5.

3. Differential bases in characteristic p

Throughout this section let k be a perfect field of characteristic p and K a field
containing k with tr.deg, K = r > 0. Let v be a geometric valuation on K of
rank 1 (so that tr. deg, (K) = r — 1 where K is the residue field of K [17]). Note
that with this set up K /K? is a defectless extension, that is, [v(K) : v(K?)] = p
and [K : Fp] = p"!sothat p" =[K : K”] = [v(K) : v(KP)] - K : fp]. Set
as a uniformizer for v and R C K the corresponding valuation ring.

As in [2, Section 9] we say that a differential basis {ay, ..., a,} for K/k comes
from K if there exists an i, with aj, a uniformizer for K, a; € R* for j # iy and
{a; | j # 1o} is a differential basis for K /k. (See [10, 16.5] for the equivalence of
differential bases and p-bases.)

EXAMPLE 3.1. Let k be a field of characteristic p. Take k(¢, ..., t,) to be the
rational function field in » variables over k, v the t,-adic valuation, 7 = ¢, and R =
k(ty, ..., t_1[t-]. In this case {f;, ..., .} forms a differential basis of k(z{, ...,
t.)/k coming from k(t(, ..., t.) =k, ..., t,_1). Let K/k(t, ..., t ) be aprime
to p field extension. There exists an extension of the valuation v, on k(¢y, ..., )
to a discrete valuation v on K with residue degree f (v/v,,) and ramification index
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e(v/v, ) both prime to p [23, 16.6.3]. Since K /k(t,...,t,) is a finite prime to
p extension, it is separable algebraic and thus the differential basis {#, ..., t,} of
k(t,...,t) is also a differential basis of K/k (see [13, 8.6]). Let 7 € K be a
uniformizer for the extended valuation v. The set {z, ..., t,_, T} is a differential
basis of K/k which comes from K since {t, ..., %} is a differential basis for
k(ty, ..., t_1) and hence also for the prime to p extension K (see [2, section 9]).
Note also that K has transcendence degree r over k and the valuation v on K is
geometric of rank 1.

PROPOSITION 3.2 (Generalization of [2, 11.1] to characteristic p). Let k be a
petfect field of characteristic p and K a field containing k with tr.deg, K =r > 0.
Let v be a geometric valuation on K of rank 1. Let E C K be a subfield containing
k with tr.deg,(E) = s < r = tr.deg,(K). Then there exists a differential basis
{ay,...,a,} of K/k comingfrom?such that E C KP(ay, ...,a,) witht <s <.

Proof. (Follows [2, 11.1]) Since k is perfect we can fix a p-basis {c, ..., ¢} of
E/k sothat E = E?(cy,...,c5). Set L = KP(cy,...,cy) sothat E C L. After
reordering if necessary let ¢y, . . ., ¢, be a minimal system of generators for L over
K?. Let Fy = K?» C F, C --- C F, = K be any chain of degree p extensions
which are built using the ¢;:

Fo=K'CF =Fyc))CFh,=Fi(c)C--CF=F_()=L.

Consider the corresponding chain of residue fields

EPZF()CFl C72C"'CFZZZC71+1 [@EOEE CFNZK.
Since v is geometric, [K : K" = p'~!, showing that exactly one of these
r residue extensions is trivial and the rest have degree p. For each nontrivial
extension choose @; € F; \f,-_l and any lift a; € F;\ F;_,. This is the part of the
differential basis that comes ‘from K'. Let fio = f,-o_l be the collapsed part of
the residue fields. We need to find a uniformizer a;, € F;, for K which completes
the differential basis. Since K /K?” is defectless, the subextension F;,_; C F;, is
also defectless, so that

p=1Fy: Fy1l =[v(Fy) : v(F-D] - [Fiy : Figl = [(Fy,) : v(Fo0)].
In particular we can find y € F;, with p { v(y). Take o, B € Z with ap + Bv(y)
= 1 and set g;, = %y P Note that v(a,) =1 and F;,_(a;) = Fio;l(y) = F,.

Hence {a,, ..., a,} forms a differential basis of K/k coming from K with E C
L =KP(ay,...,a)andt <s <. O
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REMARK 3.3. Note that if v|g has ramification index a multiple of p, then each
¢; has a value multiple of p. In particular, in the proof of Proposition 3.2, the
collapse F;, = F;,_; must happen with i, > ¢. Therefore in this case, fori < t,
a; € R*.

As a result of Proposition 3.2 we will be interested in subfields of the form
L =K"ay,...,a;) CK =KP"(ay,...,a,) with {a;}/_, a differential basis of K.
The following Lemma will be used in the proof of Theorem 5.6. Set A; = Z;, and
use multi-index notation e = (ey, ..., e;) € A, to write a® := aj' ---a®. In this
way the set {a® | e € A,} forms a K”-basis for L.

LEMMA 34. Let L = K?(ay,...,a,) C K = KP(ay,...,a,) with {a;}/_, a
differential basis of K. If s < n then the restriction of scalars map 2} — §2% is
the zero map.

Proof. Letbdc, A --- Adc, € $2} be a n-form and write

b= Z,Bfa"’ and ¢ = Z yla¢

e€E Ay ey

with B,, ¥, € K. Extend scalars from L to K and use the fact that 87 and y,, are

now pth powers to expand bdc; A - -+ A dc, into a sum of elements of the form

da® da®"
AN

A
a‘ aeén

)

®)

with § € K and ¢; € A;. Since logarithmic differential forms are linear, for each
e = (e, ...,¢€y),
da® . da;
a5 Z €ij a.
j=1 J

hence the n-forms in (8) are sums of n-forms of the form

5 daj, daj,

aj aj,
for some § € K. These forms are all zero, since j, ..., j, are chosen among
1,...,sand s < n. Therefore, £2] — §2} is the zero map. O

4. Izhboldin’s Filtration

Let F be a field of characteristic p. Recall [14] that the p-cohomology of F is
defined as
H'*(F) = coker (9; L on /d(fz;*‘)) )
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where fora € F, b; € F*, g satisfies g (a (db, /b)) A--- AN (db,/],)) = (a’ — a)
(dby/by) A --- A (db,/b,). We follow the convention of denoting an element of
HZ“ (F) by an n-form to reduce notation.

In [14] Izhboldin gives a filtration on the p-cohomology of F where F is a
characteristic p field complete with respect to a discrete valuation and residue
field F. We heavily rely on this filtration and so we review it here. Given an
integer m, U,, = U, H’;,“ (F) is defined to be the subgroup of H;‘,“ (F) generated
by elements of the form

dg dg, . .
f— A A with f € F, g, € F*',v(f) > —m.
81 n
By [14, 3.3] U_; = 0 and by [14, 2.6] if F" is the maximal unramified

extension of F then Uy = H;*1(F) where H;* | (F) = ker(H"'(F) — H} ' (F™)).

p.ur

Quotients of the filtration are understood by the following theorem.

THEOREM 4.1 [14, Theorem 2.5].

H ! (F) @ HY (F) ifi =0,
Ui/Ui—y = { 2% ifi >0, pti,
n n n—1 n—1 e .
Qu/@n @2 ifi >0, pli.

The isomorphisms in 4.1 will be denoted by p; ' as is done in [14, 2.4]. p; " :
Uy — H';,+ YF) @ H;(f) defines two maps, 0, and 0,, the so-called first and
second residues. For a, b, b;,c; € R* and m € R a fixed uniformizer for F, 9,
and 9, are given by

db1 dbn dCl an_l dn
8] — A A—Fb— A A—— A —

a
b, by, Cq Cn_1 b4
(_ db, db, )
=la—AN-+N—, 0
b, b,
db1 dbn dCl an_l dn
hla— AN A +b— A A e
by b, c Cn—1 T
= (0,5@/\.../\6{5"_1)‘
Ci Cn—1

REMARK 4.2. In [14] the position of dm /7 in the definition of the first and
second residues is in the first slot instead of last slot as above. This will possibly
change the sign of the residues, but will not affect the isomorphisms.
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The following lemma describes how the isomorphisms in Theorem 4.1 behave
with respect to scalar extensions. Let e, m, n be positive integers. Let F| be a
field of characteristic p which is complete with respect to a discrete valuation
v and let F, be a complete subfield on which the valuation is nontrivial with
ramification index e. Within the filtration on H;“(Fz) — Hﬁ“(F 1) there is a
well defined extension of scalars map U,,/U,_(F>) — U,/ Uen_1(F;) (since
e(m — 1) < em — 1) which behaves as follows.

LEMMA 4.3. Let e,m,n, F, and F, be as above. Let 1 € F, and t € F, be
uniformizers with t = un® and u a unit. To reduce notation in the commutative
diagrams below we use w, to indicate both a n-form in 2" and the class of that
n-form in a quotient.

(1) If p 1 em then there is a commutative diagram

em/Uem I(Fl) &) Qn

pﬂ’ﬂ n
Un/ Upr (Fy) ="~ 22
in which
Y i, > U "w,.
(2) If m > 0 and p|m then there is a commutative diagram

me

Uem/Uem—l(Fl) ‘Qn /‘QF ,d=0

resT Tl//m

Up ) Un1 (Fy) — —- o jn @ /2!

Fr,d=0

@Szn 1/in

F1,d=0

F,d=0

in which

__ du
wm . (a)na a)n—l) = <I/l w, + w1 A 7 eu” wn—l .

(3) If m = 0O then there is a commutative diagram

—1
HI (F) =1 (F)) @ HY(F))

p,ur

reST TWO
71
H4 L (Fy) —— HiH (Fy) @ HY(F))
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in which

du
Yo @ (W, 0y—1) H> (wn + w1 A = ewnl) .

Proof. Each of these is a diagram chase using the definitions for the maps p,,
from [14, 2.5]. We illustrate the case m = 0 here: let w; € !2%2. Then p, of the
class of (w,, w,_;) in H’p‘“(fz) &) H';,(fz) is the class of @, + @, A (dt/T)
where @; is any lift of w; to F,. Extend scalars to F:

A - dr R d(um®)
wy, + Wy /\7 =w, +wy_1 N

ume

R . du b4
=w, +w,_ | N — +ew,_ 1 N —.
u T

Over Fy, ,og'(cb,, + @1 A (du/u) + ew, - A (dm/m)) equals the class of (w, +
w,—1 A (du/u), ew, ;) in H';,H(Fl)@H'Z,(Fl)- O

REMARK 4.4. There is a similar commutative diagram for the case p  m and
ple, but we will not have the occasion to use it.

Let K/F be an extension of fields. In general the restriction map 27 — 2%
is not an injection. For a simple example consider £2/,, — £/, which sends
0 # d(x?) to d(x?) = px?~'dx = 0. Sometimes 2} — $£2% is an injection.
For example, purely transcendental extension fields K /F give injections 27 —
£2¢ 19, 7.2] and separable algebraic extensions K /F give injections 27 — 2%
[9, 7.1]. We run into a case in the proof of Theorem 5.6 which also gives an
injection, namely

LEMMA 4.5. Let k be a perfect field of characteristic p and let E [ k be a finitely

generated extension with p-basis {a,, ..., a,}. Assume K/E is a field extension
with p-basis {a,, ..., a,,...,a;} over k. Then for n > 0 the natural restriction
maps

25 /82 4o = ¢/ 82k 4o

are injections.

Proof. Since E has p-basis {ay,...,a,} it has differential basis {da,, ...,
da,} over E and £} has basis {da;, A --- A da;}i<.<, With 1 < i; < 7.
K has differential basis {da,, ..., da,} over K and 2% has K-basis {da; A
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--da; }i <..<i, with 1 <i; < s. The extension of these differential bases gives us
the injections §27 — £2%. For the second map, the injection 27 — £2% tells us
that if d(w) = 0 in 24, then d(w) = 0 in £27. O

Consider now the complete case F' = K ((;r)) for a field K of characteristic p
which has finite p-rank. We want to write elements of H’;“ (K ((r))) in a unique
way using Izhboldin’s U; filtration. §2% is a finite-dimensional K-vector space,
hence also a finite-dimensional K”-vector space. Fix n > 0 and {v;};¢;, a K-
basis for §2% . The cycle subset £2% ,_, is not a K -vector subspace of £2%, but it is
a KP-vector subspace, i.e., if dw = 0 then forany x € K, d(x’w) = x’dw = 0.
Therefore there exists a subset I, C I, so that the image of v; fori € I is a K?-
basis for the quotient space £2% /2% ,_,. Similarly fix {w;};e;, ,, a K”-basis for
Q% 'and I' | C I,_; asubset so that the images of the {w;} withi € I!_, form a
K?-basis of 23" /24 .

LEMMA 4.6. Let f € H';;H(K((JT))) and fix KP-bases {v;}ic;, and {w;} e, , of
2% and .Q,'é_l as above. There exist unique oy;, Bii, yxj € K so that f = Z;:I:o hy
with hy € Uy and for k > 0

P
i
prk:h = Vi
~ 71
iel,
V4 14
BL Vi dm
p|khk:E ﬁvi—{— A —
k ko
: s T g
i€l jer

n—1

Moreover, each hy € Ui (K ((1))).

Proof. If f € U, then a; = B = yx; = 0 gives a solution. Let «;;, By;, ¥,; be
another choice of coefficients and let m be the maximum integer with one of o),
B, or y.. nonzero. If m > 0 then by our choice of bases, p,,' (f) # 0 (Theorem
4.1). This contradicts that f € Uy C U,,_;.

Assume f ¢ U, and let m be the minimum integer with f € U,,. Consider
the image of f in U,,/U,,_;. Use the isomorphisms in Theorem 4.1 together with
K (()) = K to find the unique coefficients ay;, B, yi; € K which satisfy f —
Ziel,, ((X,Z-/T[k)l)[ € Umfl lfp'fk and f_zl'e[’; (ﬂlg/nk)vi_{—Zje],LI (yk?/nk)wj/\
(dm/m) € U, if plk. Apply induction to the new element. O

In Theorem 5.6 we will be given classes in H"*! (K ((;r))) which are not quite
in the canonical form of Lemma 4.6. We need to put them in canonical form and
determine what happens to the U term in the process. The answer is the U, terms
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stay the same and the proof will use the following equality in H';jrl (K (())): for
N € Z with p { N and any w € 2% (,,, we have

w/\dn_w/\dn+d N 'w
aN z 7N b4 TN
N—'d
- (10)
T

PROPOSITION 4.7. Let f € H;',“(K((n))) be an element of the form f =
Zivzo [ where fy € Uy and forr > 0

. "odm
_& L8,
" " T

fr

with g, € 2% and g, € Qu'. Then, when we write f in its canonical form
f= ZZ;O hy as in Lemma 4.6, hy = fo. In particular, if f € Uy(K (())) then
f=fo

Proof. We proceed by induction on N. If N = 0 then f is already in canonical
form and there is nothing to prove. Fix N > 0 and assume the proposition is true
for all Ny < N.Let f = fyv + -+ fo with the f,’s as in the statement of the
proposition. If p t N, then by (10):

8N gy dm

fu= 224
&

7TN

—_ /\ R
aN b4

N~'dgy
v o

Write gy + N~'dg), € 2% as ), af;v; withay; € K. Then
P
Ui
o= v
iel,
is in canonical form. The result holds by induction on f — fy. If p|N write
&N = Zﬂf/,-vi +
iel)
)4
Z YNj®j Tt Ma-1

jer

n—1

gy =

with Byi, vnj € K, pn € 24 4_ and p,_; € 2 ,_,. By Cartier’s isomorphism
[14, 1.5.3]1 d(u;) = 0 implies w; = ®(€;) + d(&) for some ¢; € 2%, & € 2"
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Here @ : 2} — £2i is the Frobenius homomorphism

dbl db, dbl dbz
®:a—AN---AN— —>a’ A A —.
b] bi b] bi

All together we have

d n @ n
P ST TR IS
iel)

T TN T

dm d e dm  D(e,_
n Z yNj J (f 1) n (€n—1) A
nl

We need to rewrite the second, third, fifth and sixth terms in this sum while the first
and fourth terms are already in canonical form. We deal with the second and fifth
terms similarly; since p|N,d(€,)/n" =d(&,/7") and (d(§,_)) /7" )A(dn /) =
d(g, /7" ANdr/m) =d (&1 /7" A (dr/7)). Since d(—) = 0 in H (K (()))
we can replace both of these terms by 0. The third and sixth terms are also similar;
by (9) we have @ (¢,) /7" = ¢,/n"/? and

D (e,— 1) dn € dw
A

TN T aN/Pp b4

in Hf, (K (())). The six terms in fy have turned into:

p
YNj@j dm €n—1 dm
+ E p—y AN—+0+ AN —

ﬁN!
Jv = Z v O+ aN/p b4 aNir

iel) el

n—1

€41 dn

€n
=hy+ —2—
N+nN/p N

with &y in canonical form. Moreover,

€, €, dm

f=tw ot fu b fp b S A

where each of f;,i # N/p and fy,, + (Bi/7"'?) + (Bo/7™N'?) A (d7/7) are as
in the statement of the proposition. Note in particular, N/p # 0, so that we did
not alter fy. Apply the induction hypothesis to f — Ay to finish the proof. The last
sentence follows because f € Uy(K ((r))) is already in canonical form. ]

Let K be a discrete valued field of characteristic p with uniformizer 7
and residue field K. In Theorem 5.6 we will be looking at n-forms coming
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from subfields of the form L = K”(a;,...,a,) C K = K?(a,, e a,) where
s < r and {a;}i_, is a differential basis for K/k coming from K. Let a;,, =
m be the uniformizer for K in this differential basis so that the completion

~

K = K,((r)) and the coefficient field K; contains all a; with i # i i.e., all
those with v(a;) = 0 [10, 7.8].

LEMMA 4.8. Let K, {a;};_,, L, K, and 7 be as above. Let g € HZ‘H(L). Then
upon extension of scalars to K

ge=resg(g) =gu+--+ g

where each g; € H’I’,“ (I/(\) is a sum of elements of the form (f/m") (da® /a®) A
-« A (da® [a) with f € K, e; € A. Moreover:

(1) ifiy > s then 9,(gy) = 0;

(2) for any discrete valuation w on K, with uniformizer T and residue field K |,

there exists a differential basis B' = {a, ..., a._,} for K/ k coming from K |
so that:
(@) ifip > sthen K{ (ay, ...,a,) = K{(aj, ..., a)) and 3,(go) descends to
K{(aj,...,d));
() if ip = s then K{(ay,...,a,—1) = K{(aj,...,d._,) and 9;(go)
descends to K{ (a}, ...,a._,).

REMARK 4.9. In the statement of Lemma 4.8 we are identifying the coefficient
field K, (and hence also K{ (ay, ..., a,)) with the residue field of K. In this way
the statement ‘9, (go) descends to K{ (a}, ...)" in Lemma 4.8 make sense.

Proof. As in Lemma 3.4 we consider the extension of scalars map: £2] — £2%.
Since s is not necessarily less than n, the map may be nonzero, but we can still
express the n-forms using the K”-basis of L. In particular, given bdc A - - - Adc, €

£2] write
b= Z,Be”ae and ¢; = Z yiha®

e€ Ay e'eAg

with 8., i € K. As in Lemma 3.4 we use these expressions for b and ¢; and

extend scalars from L to K to expand bdc; A --- A dcy_y, but this time we are a

bit more careful and expand it into a sum of elements of the form
8Pac da® da®

VANREIIVAN
TPk qge aen

Y
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with§ € R*,k € Z and e, ¢; € A,. Now extend scalars further to gz and note that
if k < 0, then (87a*/m ") (da Ja) A --- A (da* Ja®1) € U_1(K) C Hi(f)
which is zero by [14, 3.3].

We can thus simplify elements of the form (11) over K by expressing § =
fo+ fim+ -+ firk + 7! with f; € K, and f' € R*, so that

8Pa¢ da® dae" fla¢ dae1 da®
A E A
7'[Pk a‘l aeén jTP(k i) a‘l acén
da® da
Ao A

+(f)'n’a,
a! acn

17Ld61 den
Zf“ NS iy (12)

7‘[P(k i) aLl aeér

If iy > s then a® € K, for all e € A;. If ij < s then we assume iy, = s (after
reordering if necessary) and if e = (€, ..., €) then a7 ~% € K. In both cases,
since f; € K, we have shown the class of gz can be written as

g =8n+t--+& (13)

where each g; is a sum of elements of the form (f/7’) (da® /a®) A --- A
(da® Ja*) with f € K| and ¢; € Aj.

To show the final part of the lemma, return to (12) and consider those terms
contributing to the g, component of gz. If iy > s then a term of the form (12)
contributes to gy only if p(k—i) = 0 and it is then immediate that both 9,(gy) = 0
(there are no uniformizers in the wedge product) and g, descends to K{ (ay, .. .,
ay).

If iy = s and the term

ff ,da da*
—_—a — A A
g7 Pk—i) a¢l aén
with e = (€, ..., €;) contributes to the g, piece then ¢, — p(k — i) = 0. In
particular, p|e, and thus €, = 0. The contributing element must therefore look
like
da® da®
fipa" A A
ac aer
with ¢, = 0. Sete; = (€1, . - -, €;5) and separate out the uniformizers in the wedge
product:
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da® da®
fla A A
ac acr
d(a® mw=c) dm d(a® ) dm
=i (CEE D e TV a o (Ce D e T
aE]j-[ €15 T aenn’ €ns T
dm
=w; +Vvi A —
b4
with w; € £2" and v; € £2"' forms over K (ay, ..., a,_1). In particular, gy =

o + v A (dr/m) with @ an n-form defined over K{(ay,...,a,_;) C K;. By
construction we can identify K, with the residue field of K and thus also
K{(ay,...,a,_1) as a subfield of K. In particular, since 9;(g0) = , 9(go)
descends to K (ay, ..., a, ).

Finally, let w be a discrete valuation on K; with uniformizer r and residue field
K. Arguing as in the proof of Proposition 3.2, if iy > s (respectively iy = s) then

there exists a differential basis B’ = {ay, ..., a,_,} for K;/k coming from K so
that K{(ay, ...,a;) = K{(aj, ...,a.) (respectively K{ (ay, ..., a,-1) = K{(a},

..,a._;)). Since we have already shown 9;(go) to descend appropriately, this
finishes the proof. 0

5. Essential dimension of the generic symbol

We now look at generic symbols in characteristic p. Fix integers ¢, n > 1 and
k an algebraically closed field of characteristic p. Set

ken = k(xi, yi, ) i<i<e1<j<n

the rational function field defined by €(n+1) independent variables over k. Denote
by gen,(n + 1, ¢, p) the H’;,*'(kg,,,) class of the length £ generic p-symbol of
degree n + 1 over k, i.e.,

dyi,n
yi,n

dy;
Yi. Ao A
i1

€ HIM (ky. ).
y

¢
gen,(n+1,¢, p) = in
i=1

Throughout this section let v, , denote the y,,-adic valuation on ki, E,n the
completion and k, , the corresponding residue field. Note that gen, (n +1, ¢, p) €

Uy (E,n) and therefore we can look at its first and second residues.

LEMMA 5.1. Fix_an isomorphism EL,, = ke—1a(Xe, Yers .oy Yon—1) and
inclusions k; ; C ke, for all i < Land j <nori < € and j < n. Over
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ke, and with respect to the uniformizer y, ,

di(gen (n + 1, ¢, p)) =resg,, (gen,(n + 1, € — 1, p))
dyg A d}’z,n1> '

BVAN

dy(gen,(n + 1, ¢, p)) = res,, (X@
' Ve, Yen—1

Proof. This follows from the description of the residues above Remark 4.2. [

LEMMA 5.2. Letn > 1, £ > 1, and let k,, C ko (21, ...,2,) C K be fields with
K/ke, (21, ...,2) aprimeto p extension and the z;’s algebraically independent
indeterminates over k, ,. Then for any integer e which is prime to p,

e - resg, ,(gen,(n + 1, ¢, p)) # 0.

Proof. We proceed by induction on n. When n = 1, we can reduce notation a bit
by setting y;; = y;, so that the field k,; = k(xy, y1, ..., x¢, y¢) and the element
gen(2, £, p) corresponds to the 1-form

¢
dy;
gen(2, ¢, p) = in _y‘

i=1 !

Under the isomorphism Hi(kg,l) = ,Br(ke1) [12, 9.2.5] gen(2, £, p) maps to
the class of the length ¢ generic p-symbol algebra ®f:1[x,», y;). The index of
®f:l[x,-, yi) is p‘ and the exponent is p which can be seen via generic abelian
crossed product p-algebras ([24, 2.7] or [8, p. 4]). A purely transcendental
extension ky C k;(zi1,...,2,), a prime to p extension K and multiplication
by e all give injections of the p-torsion part of the Brauer group [21], proving the
result in this case.

Fix n > 1 and assume the theorem holds for gen, (ny 4+ 1, ¢, p) for all 1 <
ng < n, £ > 1 and fields k of characteristic p. Let K/k,, and e be as in the
statement of the theorem. Choose a valuation v on K which extends v, ,, the
Yen-adic valuation on k,,(zy, ..., 2,) so that both the residue degree f(v/ve.,)
and ramification degree e(v/v, ,) are prime to p (see Example 3.1). Let K and
76\@,,, (z1, ..., 2,) be the respective completions and consider the second residue
maps, d,, on these fields. By Lemma 4.3(3) we have
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Hy 1 (K) ——=—— Hy LK) K H (K)
e-resT Te-e(v/ug'n)»res
H R (@1, 20) — B (ke @1, - 20))
res ~ 0 —
HY (k) —— > HYE L (Re) : H, (k.0

Using Lemma 5.1 and tracing the diagram in both directions shows that if e -
resg i, , (gen,(n + 1, £, p)) = 0 then

d dyen_
e-e(v/vg,) - Tesg i, (xz Yl A L) —0. (14)

Yea Yen—1
The field extension E/EM can be decomposed into extensions
K
f@/ven) | primeto p
Ken(Z1s oo es 20) S ko1 a(Xes Yors oo s Yeno1s 2l s Zr)

purely transcendental

m = ke—1a(xe, Yeu, oo You—1)

purely transcendental

k(xe, Yo, -y Yen—1)

In other words, the extension is a composition of purely transcendental extensions
followed by a prime to p extension. Since, up to numbering, x; (dye.1/Ye 1) A+ A
(@dyon—1/Yen—1) = gen,(n, 1, p), (14) violates the induction hypothesis. [

Let k be an algebraically closed field of characteristic p. Let K/k;,(z1, ...,
z,) be a finite prime to p extension as above and fix the uniformizer y,, for
the valuation v, , on k¢, (21, ..., 2-). As in the proof of Corollary 5.2 choose an
extensmn v of v,, to K with both e(v/v,,) and f(U/U[ ») prime to p. Let K
and k@ . be the corresponding completions and K and ke . the residue fields with
respect to these valuations.

COROLLARY 5.3. Let K /k;, be as above with valuations v and v, ,. For any
n, Z 2 1) az(genk(n + 19 gv p)]’(\) # 0’
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Proof. By Lemma 5.1 the first and second residues of gen,(n + 1,¢, p)z,,
are sums of generic p-symbols (at least after renumbering the variables) with
scalars extended to E,_;,n. Recall Eg,,, is isomorphic to k,—1 ,(X¢, Ye1s -+ s Yen—1)
and therefore K is a prime to p extension of a purely transcendental extension of
k(x¢, Yo, -5 Yen—1). By Lemma 4.3(3)

d Ay,
)’13,1/\”./\ Ve, 1).
Ve, Yen—1

The latter is nonzero by Lemma 5.2. 0

8Z(genk(n_‘_l’ Eﬁp)l?) = e(v/vﬁ,n) : resf/k(xg,ygvl,.“,ygn,l) <x€

Following the notation in [20], for D € H’,‘,“(K ) we denote the essential
dimension of D as an element of H’l’f1 (K) over k by ed; (D) and the p-essential
dimension by ed; (D; p).

LEMMA 54. edi(gen,(n + 1,1, p)) =edi(gen,(n + 1,1, p); p) =n+ 1.

Proof. The essential dimension is bounded above by n+ 1 since gen, (n+1, 1, p)
is defined over k;, = k(xy, y11, ..., y1..). For the lower bound, suppose there is
a prime to p extension K /k;,,afield k C E C K anda g € H';“(E) so that
resg/e(g) = resg i, ,(gen,(n + 1,1, p)). If tr.deg, (E) < n + 1, then E is C, for
some r < n + 1, hence H'p’“(E) = 0 as in [1]. This contradicts Lemma 5.2. [

REMARK 5.5. The proof of Lemma 5.4 also shows that ed,(gen, (n + 1, £, p)) >
edy(gen, (n + 1, £, p); p) = n + 1. But this result will be subsumed by Theorem
5.8.

THEOREM 5.6 (Generalization of Babic & Chernousov’s 11.3). Let £,n > 1
and (K, v) a valued prime to p extension of (kg (21, ..., 2,), Vo) With residue
degree and ramification index prime to p. There does not exist a differential basis
B ={ay, ..., auni1)+r} for K/ k coming from K such that resg (gen, (n+1, ¢, p))
descends to K¥(ay, ..., y,1e_2).

Proof. This proof follows the general outline of the proof of [2, 11.3] and
proceeds by induction on the length of the generic symbol, £. Case £ = 1.
Let B = {ay,...,a,14,} be a differential basis for K/k coming from K and
g € HZ“(L) with L = K”(ay, ..., a,—;) so that resg,.(g) = resg(gen,(n + 1,
1, p)). By Lemma 3.4 the extension of scalars map §2] — §2% is the zero map,
hence the extension of scalars H';)“(L) — H'I',“(K ) is also the zero map. This
contradicts resg (gen,(n + 1, 1, p)) # 0 (Lemma 5.2).

Fix £ > 1 and assume the theorem holds for gen, (n 41, £y, p) with 1 < £y < £
for all algebraically closed fields k of characteristic p, all » > 1 and all r > 0.
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Assume there exists a differential basis B = {ay, ..., @yu+1)+-} for K/k coming
from K and g € H’I‘,“(L) with L = K*(ay, ..., ag1s—>) such that resg,, (g) =
resg(gen,(n + 1, ¢, p)). Let L and K have completions K and L and residue
fields K and L with respect to v. By [10, 7.8] the differential basis B for K /k
corresponds to a coefficient field K| C K containing {a; | v(a;) = 0}. Leta,, =7
be the uniformizer of K in the differential basis so that K = K 1((m)) and g; € K,
for all i # iy.
Using Lemma 4.8 we can write

g =T1e8g/; 8 =8m+ -+ &o (15)

where each g; is a sum of elements of the form ( f/7’) (da® Ja® )A- - -A(da® [a®")
with f € K| and ¢; € Ay, ,_». We now consider the two cases iy > £ +n — 2 and
ip < £+ n — 2 separately.

Ifig > £+n—2thena‘ € K, foralle € Ay, , and each g; in (15) can be written
as g = w;/m' with w; € 2§ . In other words, gg = ), w; /7' with &; € 2} ,

so we can apply Proposition 4.7. Since gz = resg(gen,(n + 1, ¢, p)) € Uo(f),
Proposition 4.7 says gg = go. Since go € £2% , 0 = 9x(gg) = d(gen(n + 1, ¢,
p)#)- This contradicts Corollary 5.3.

When iy < £ 4+ n — 2 we derive a contradiction using the induction hypothesis.
Assume iy = ¢ + n — 2 (after reordering if necessary). As in (15) we can write
gg = Y_ g where g; are homogeneous with terms of the form

f da® da‘
R Ao A
Tt aé! aén

(16)

with f € K, ande; € Ay, 5. Using ay,—» = a;, = 7, we want to separate out the
uniformizers in the logarithmic differentials in (16) as in the proof of Lemma 4.8.
Set e = (6,"1, ey 6,‘,,'0) € Ag+n,2. Then

da® da®m =
= € ;. —
a¢i a®i ~Siio + o

and a0 € K, for all i. The terms in (16) become

f da® da®
; a‘l AN acn
f (da®m™ "o dm da® dm
B (n—+7> hen (n—+?)

w; Vi dm
A —

A 4 T
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with w; € 2% andv; € Q,’Zl gg 1s once again in a form in which we can apply
Proposition 4.7; gg = go. Because the residue degree f (v/v, ) is prime to p, K

is a prime to p extension of ky,, (21, .., 2:) = ko—1.a(Xe, Yots o« o s Yonm1s s« - s
Z-), a purely transcendental extension of k,_; ,,. Let w be an extension of the y,_; ,,-
adic valuation on k1 ,(X¢, Ye1s -+ Yen—1,21,---,2,) to K; with prime to p
residue degree and ramification index and having completion K 1 and residue field
K. By Lemma 4.8(2b) there exists a differential basis B’ = {aj, ..., aé(nﬂ)”_l}
for K/k coming from K, such that K/ (ay, ..., am,_3) = K/ (a], ey, 3)
and 9;(go) descends to K| (aj, ey, _3). Since 91(go) = resg, (gen (n + 1,
£ —1,p)) and K,/k,_,, is a prime to p extension of a purely transcendental
extension of k,_; ,, this contradicts our induction hypothesis. O

COROLLARY 5.7. edi(gen,(n +1,¢,p); p) =2 €+n—1.

Proof. Let K /k,, be a prime to p extension and k C E C K be a subfield with
tr.deg, (E) = £ + n — 2. Assume resg(gen,(n + 1, £, p)) descends to E. Fix
an extension v of the valuation v,, to K with residue degree and ramification
index prime to p. By Example 3.1 and Proposition 3.2 there exists a differential

basis {ay, ..., ayu+1)} of K/k coming from K such that E C K”(ay, ..., a,) with
t < £+ n — 2. Since resg(gen,(n + 1, £, p)) descends to E it also descends to
K?(ay,...,a;) € KP(ay, ..., asnn). This contradicts Theorem 5.6. O

The next theorem improves the lower bound for the essential dimension of
gen,(n + 1, ¢, p) given in Corollary 5.7 by one.

THEOREM 5.8. For{,n > 1,

edi(gen,(n + 1, ¢, p)) > edi(gen,(n + 1,4, p); p) = € +n.

Proof. The proof is by induction on the symbol length £ and follows the outline
of the proof of [2, 10.2]. For £ = 1 we are done by Lemma 5.4. Fix £ > 1 and
assume the theorem holds for all gen, (n + 1, £y, p) for all algebraically closed
fields k of characteristic p, alln > 1 and all £y < £. Let K/k, , be a finite prime
to p extension. Assume there exists afield k C E C K withtr.deg, (E) = £+n—1
and g € H’;)“(E) such that resg (g) = resg(gen,(n + 1, £, p)). As usual fix v,
to be the y, ,-adic valuation on k;, and fix v, an extension of v, , to K with both
e(v/v,) and f(v/v,,) prime to p. Write K and X for the completion and residue
field of K. All first and second residues considered below will be with respect to
the valuation v on K.
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Case 1. w = v|g is the trivial valuation. Let g € H';“(E) be the class of the
n-form

Since w(b;) = w(c; ;) =0foralli, j, 0,(gen, (n+1, £, p)g) = 3,(gg) = 0. This
contradicts Corollary 5.3.

Case 2. w = v|g is nontrivial and ple(v/w), the ramification index of v
over w. Since K/k,, is a finite extension, tr.deg,(K) = tr.deg, (k;,) and
tr. deg, (K) = tr. degk(hn). Hence v is a geometric valuation on K of rank 1.
We can therefore apply Proposition 3.2 which says there exists a differential

basis {ay, ..., ayu+n ) for K/k coming from K sothat E C K”(ay, ...,a,) with
t <L+n—1=tr.deg,(E). Moreover, since ple(v/w), v(a;) = 0forall 1 <i <+t
(see Remark 3.3). Set L = K”(ay, ..., a,) and from this point forward we denote

g =res;p(g) € H’;“(L). By [10, 7.8] [2, 9.2] the differential basis {a;} for
f/ k corresponds to a coefficient field K| C K containing {a; | v(a;) = 0}. In
particular, there is an isomorphism K= K, ((r)) withm = a;,ip > tand a; € K,
for 1 <i <t ByLemma4.8, gg = > g with each g; a sum of elements of the
form £/’ (da® Ja®) A--- A (da® /a®) with f € K, and ¢; € A,. Since a“ € K,
foralle; € A, f (da/a®) A--- A (da* [a*") € 2% and therefore gz = ) g
satisfies the hypothesis of Proposition 4.7. Since gz € Uo(K), we can conclude
g% = 8o- Lemma 4.8(1) shows d,(go) = 0. This contradicts Corollary 5.3.

Case 3. w = v|g is nontrivial and p 1 e(v/w). Set e = e(v/w), let 7 be a
uniformizer for (K, v) and T = um¢ be a uniformizer for (E, w) and B’ = {a,,
..., Qyin_2, T} a differential basis for E/k coming from E, the residue field of E
with respect to w. We want to show the subset {a;, ..., asy,_»} of B extends to a
differential basis for K /k. To do this we first prove that the set

{a°lee Apya} CK a7

is linearly independent over K”. Recall in the proof of Theorem 3.2 we took
a minimal generating set of these elements over K” to build a full differential
basis of K. In general the set in (17) will not be linearly independent over K”,
but it is in our case because we have assumed something special on E, that is,
resg(gen,(n + 1, £, p)) descends to E and we can harness the power of Theorem
5.6.

Assume, after renumbering if necessary, there exists t < £ + n — 2 such
that ay, ..., a, are a minimal system of generators of K”(ay, ..., d;,_2) over
K?, ie., Kf(ay,...,ap4n2,7) = KP(ay,...,a,, 7). Arguing as in the proof of
Proposition 3.2, there exists a differential basis for K /k, {a], ..., aé(n+l)—l’ T},
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such that K”(ay,...,a,,7) = K’(aj,...,a;,7). Since t +1 < £+ n — 2 and
resg (gen,(n + 1, £, p)) descends to E, the inclusion

E C K’ (ay,...,a;,1) =K (a;,...,a,,7) C K”(ai,...,aé<n+1)7l,1)=K

contradicts Theorem 5.6. Thus the set in (17) is linearly independent over K”
and we may choose dgy,_1, ..., diuin—1 € R* such that B = {ay, ..., amin-1,
'} is a p-basis for K/k and hence a differential basis for K/k coming from
K. We have lined up our two completions E C K to admit compatible coefficient
fields. That is, we can choose coefficient fields £ and K; of Eand K respectively
so that R R

E=E((r)) CK = K, ((7))

and E; C K,. Since these coefficient fields correspond to the units in the
differential bases B’ and B respectively, we have {ay, ..., a,,_»} is a differential
basis for E,/k and {ay, ..., agus+1)-1} is a differential basis for K;/k. Note in
particular that the transcendence degree of E| over k is £ 4+ n — 2, the order of the

differential basis [10, 16.14].
We now show g € H"*! (E) = UO(E). Let m be the smallest integer such that

p.ur

g € Um(E). Assume m > 0 and consider the map
Un/ Un-r(E) = Uun/ Uu—1(K) (18)

from Lemma 4.3. If p t m, then p 1 em and by Lemma 4.3(1) the differential form
side of the commutative diagram is multiplication by u™" (recall T = um® with
v(u) = 0) composed with extension of scalars. In particular, (18) is an injection if
and only if Q5 — 2%, is an injection. By Lemma 4.5, the set inclusion {a, ...,
apin—} € {ay, ..., aguyy—1} of p-bases for E; and K; shows that Q2% — 2%,
is an injection. Since gz € UO(E) - Uem,l(ll(\), this is a contradiction to the
minimality of m.

Assume m > 0 and p|m. Let p,'(gz) = (@, + 2}, 4_0» @1 + QZ;LZO) with
w; € §2;;. Since gg € Ug(K) C Upp—i(K) Lemma 4.3(2) gives

(07 0) = Ipm (a)n + leyd:()a a)n—l + ‘QZ;,II’:O) (19)

du
_ —=—m n -—m n—1
= (u w, + w1 A = + leﬁd:m eu "w,_1 + ‘le,d:O .

Since e € K{ — {0}, (19) shows d(w,—;) = 0 in 2%, . Therefore, by Lemma
4.5, d(w,-1) = 01in 25 and also d(w,1 A du/u) =0, ie.,

du
——m n ——m n
u "w, + w,_ /\_IZ +9K1,d:0=u a)n+.QK1,d:0.
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In particular, @, + 2%, ,_ € ker(§2% /25, 4—o — 2%, /2%, a=o) Which is 0 by
Lemma 4.5. Therefore, w, € §2}, ,_,. We have shown that gz € ker(p,,') = 0,
ie., gz € Um_l(f), contradicting the minimality of m. Therefore, g € UO(E)
and we can use Lemma 4.3(3); set ,oo_l(gg) = (w,, w,_1) where w; is a i-form
representing a class in Hjj' .

—1
H(K) —2> H (K) @ HU(KD) (@ + 001 A% e, )
T T% IW (20)
—1
HIU(E) — HiHU(E)) @ HY(E)) (@ns Op1)

Let gen,(n 4+ 1, £, p)g denote the extension of scalars from k;, to K and set
Yen = w'7¢ with u’ a unit in K and ¢ = e(v/ve,), an integer prime to p. By
Lemma 4.3(3) the map p, ' = (9;, 3,) applied to gen, (n + 1, £, p) is:

di(gen,(n+ 1, £, p)g) = geny(n + 1, £ — 1, p)g,

d Ay, du’
+ x¢ ye’lAn-/\ Y, 1/\_u
Ye.1 Yen—1 u
d dye
dh(gen,(n+1,€, p)g) =€ x; Yol n oo p Dot
Ve, Yen—1
Combining this with (20) we have two equalities in H’;,“(K 1) and H;‘,(K 1)
respectively:
d dyg,— du’ du
gen(n+ 1,4 —1, p)g, + x¢ 43 /\-~-/\L/\:u = w, + w,_ /\Tu
Ve Yen—1 u’ u
d dye
e xg LA ANDETL 1)
Ve Yen—1

If 0,y A (dii/it) and x¢ (dye1/yer) A+ A dYen 1/ Yen1) A (did i) were 0,
then gen,(n + 1, £ — 1, p)x, would descend to E;, a field with transcendence
degree n +¢ —2 =n+ (L — 1) — 1 over k [6, VI.10.3, Corollary 4] and
we would proceed by analysing and manipulating the extensions E; and K, to
contradict the induction hypothesis. But these are not necessarily zero, so to get
our contradiction we need to split them.

Let k' be an algebraic closure of k(x,, yo.1, ..., Ye.n—1) and set

’ /
ky 1, =Kk (xi, yiji<i<e11<i<ns

so that gen,(n + 1,£ — 1, p) € H;’f‘(k;_l,n). We derive a contradiction to the
induction hypothesis on this length £ — 1 generic p-symbol. Let K| be the

https://doi.org/10.1017/fms.2017.11 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.11

K. McKinnie 28

composite of K; and k;_, , (both fields are contained in an algebraic closure of
k; ) and note that K| /k;_, , is of degree prime to p. Set E| to be the composite
of E; and k' over k (each of these fields are contained in K).

SN

We now extend scalars: H)*'(K,) — H% "' (K{). First note that gen, (n 41, £ — 1,
p)kzim = gen,(n + 1,£ — 1, p). Also note that since the y,; are pth powers in

d dyg .—
(xe Ve A Ve, 1>=0.
Yea Yen—1

res}(é—ln
In particular, resy;, /g, (e w,-1) = 0 and since p te, resg; (w,—1) = 0. Therefore,
extending scalars all the way up to H;“ (K1), the two equations in (21) collapse
to

resgi/k , (geny(n+1,€ — 1, p)) =resk; /g (resg; /g, (@n))-

Since K /k;_, , is a prime to p extension and the field E| satisfies tr. deg, (E') <
tr.deg, (Ey) = n 4+ (£ — 1) — 1, this contradicts the induction hypothesis. I

Let n = 1, then gen(2, ¢, p) = Zi:l,l x; (dy;i/y;) € Hi(K“) is the class of
the generic length £ p-symbol division algebra D, = ®f:1[x,-, yi) in ,Br(k(x,,
Vi, .-+ Xe, Y¢)). Combining Theorem 5.8 with [3, 3.2], we get the p-essential
dimension of D, as a p-torsion Brauer class:

COROLLARY 5.9. ed;(Dy; p) = edi(Dy) = £+ 1.

Fix an algebraically closed field k of characteristic p. Recall Alg . - : Fields/k
— sets is the functor taking a field extension K /k to the set of isomorphism
classes of central simple algebras over K of degree p‘ and exponent dividing
p". As mentioned in the introduction there is a natural bijection between H' (K,
GL,¢/1pr) and Alg e - (K) (see [S, Example 1.1]). In particular, edi (Alg ¢ ) =
edi(GL ¢ /1) and edi (Alg e 5 p) = edi (GL e /15 ).

COROLLARY 5.10. edy(GL,¢/pp; p) = edi(Alg, ,; p) 2 €+ 1.
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Proof. By Corollary 5.9 D, is an algebra defined over an extension of k with
degree p‘, exponent p and essential dimension £ + 1 as a p-torsion Brauer class.
The p-essential dimension of D, as an element of Alg . ,(K) isatleast{+1. []

Acknowledgements

The author would like to thank Skip Garibaldi for introducing the problem.
He also thanks Parimala and Suresh Venapally at Emory University, for their
helpful comments, time and support during a visit. The author would also like to
thank Stephan Tillmann (ARC Discovery Grant DP140100158) at the University
of Sydney for support during the writing of this paper.

(1]
(2]
(3]
(4]
(3]
(6]
(7]
(8]
[9]
[10]
[11]
[12]

[13]

[14]

References

J. K. Arason and R. Baeza, ‘La dimension cohomologique des corps de type C, en
caractéristique p’, C. R. Math. Acad. Sci. Paris 348(3-4) (2010), 125-126.

A. Babic and V. Chernousov, ‘Lower bounds for essential dimensions in characteristic 2 via
orthogonal representations’, Pacific J. Math. 279(1-2) (2015), 37-63.

S. Baek, ‘Essential dimension of simple algebras in positive characteristic’, C. R. Math. Acad.
Sci. Paris 349(7-8) (2011), 375-378.

S. Baek, ‘A lower bound on the essential dimension of PGL, in characteristic 2°, J. Algebra
Appl. 0(0) (2016), 1750063.

S. Baek and A. Merkurjev, ‘Invariants of simple algebras’, Manuscripta Math. 129(4) (2009),
409-421.

N. Bourbaki, Elements of Mathematics (Berlin), Commutative Algebra. Chapters 1-7
(Springer, Berlin, 1989), translated from the French, Reprint of the 1972 edition.

J. Buhler and Z. Reichstein, ‘On the essential dimension of a finite group’, Compos. Math.
106(2) (1997), 159-179.

J.-L. Colliot-Thélene, ‘Exposant et indice d’algebres simples centrales non ramifiées’,
Enseign. Math. (2) 48(1-2) (2002), 127-146, with an appendix by Ofer Gabber.

A. Dolphin and D. W. Hoffmann, ‘Differential forms and bilinear forms under field
extensions’, J. Algebra 441 (2015), 398-425.

D. Eisenbud, Commutative Algebra, Graduate Texts in Mathematics, 150 (Springer, New
York, 1995), with a view toward algebraic geometry.

S. Garibaldi and R. M. Guralnick, ‘Essential dimension of algebraic groups, including bad
characteristic’, Arch. Math. 107(2) (2016), 101-119.

P. Gille and T. Szamuely, Central Simple Algebras and Galois Cohomology, Cambridge
Studies in Advanced Mathematics, 101 (Cambridge University Press, Cambridge, 2006).

D. W. Hoffmann, ‘Diagonal forms of degree p in characteristic p’, in Algebraic and
Arithmetic Theory of Quadratic Forms, Contemp. Math., 344 (American Mathematical
Society, Providence, RI, 2004), 135-183.

O. T. Izhboldin, ‘On the cohomology groups of the field of rational functions’, in Mathematics
in St. Petersburg, Amer. Math. Soc. Transl. Ser. 2, 174 (American Mathematical Society,
Providence, RI, 1996), 21-44.

https://doi.org/10.1017/fms.2017.11 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.11

[15]

[16]
[17]
[18]
[19]
[20]

[21]

[22]
[23]

[24]

K. McKinnie 30

K. Kato, ‘Galois cohomology of complete discrete valuation fields’, in Algebraic K-Theory,
Part II (Oberwolfach, 1980), Lecture Notes in Mathematics, 967 (Springer, Berlin-New York,
1982), 215-238.

K. Kato, ‘Symmetric bilinear forms, quadratic forms and Milnor K -theory in characteristic
two’, Invent. Math. 66(3) (1982), 493-510.

A. Merkurjev, ‘Unramified cohomology of classifying varieties for classical simply connected
groups’, Ann. Sci. Ec. Norm. Supér. (4) 35(3) (2002), 445-476.

A. S. Merkurjev, ‘Essential dimension: a survey’, Transform. Groups 18(2) (2013), 415-481.
J. Neukirch, A. Schmidt and K. Wingberg, Cohomology of Number Fields, 2nd edn,
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences], 323 (Springer, Berlin, 2008).

Z. Reichstein, ‘Essential dimension’, in Proceedings of the International Congress of
Mathematicians, Hyderabad, India (Hindustan Book Agency, New Delhi, 2010).

D. J. Saltman, Lectures on Division Algebras, CBMS Regional Conference Series in
Mathematics, 94 (American Mathematical Society, Providence, RI, 1999), on behalf of
Conference Board of the Mathematical Sciences, Washington, DC.

J.-P. Serre, ‘Cohomologie galoisienne: progres et problemes’, in Astérisque (227), Exp. No.
783, 4, Séminaire Bourbaki, 1993/94 (1995), 229-257.

B. Singh, Basic Commutative Algebra (World Scientific Publishing Co. Pte. Ltd, Hackensack,
NJ, 2011).

J.-P. Tignol, ‘Cyclic and elementary abelian subfields of Malcev—Neumann division algebras’,
J. Pure Appl. Algebra 42(2) (1986), 199-220.

https://doi.org/10.1017/fms.2017.11 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2017.11

	Introduction
	Generic symbols with char(k) =p, methods and outline
	Differential bases in characteristic p
	Izhboldin's Filtration
	Essential dimension of the generic symbol
	References

