COMPOSITIO MATHEMATICA

Simple zeros of automorphic L-functions

Andrew R. Booker, Peter J. Cho and Myoungil Kim

Compositio Math. 155 (2019), 1224-1243.

doi:10.1112/S0010437X 19007279

A LONDON
FOUNDATION V/\ \Tg MATHEMATICAL
COMPOSITIO AR [socieTy
MATHEMATICA B |isr 1a0s

https://doi.org/10.1112/50010437X19007279 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007279
https://doi.org/10.1112/S0010437X19007279

<{\\\ Compositio Math. 155 (2019) 12241243

%}// doi:10.1112/S0010437X 19007279

Simple zeros of automorphic L-functions

Andrew R. Booker, Peter J. Cho and Myoungil Kim

ABSTRACT

We prove that the complete L-function associated to any cuspidal automorphic
representation of GLa(Ag) has infinitely many simple zeros.

1. Introduction

In [Bool6], the first author showed that the complete L-functions associated to classical
holomorphic newforms have infinitely many simple zeros. The purpose of this paper is to
extend that result to the remaining degree-2 automorphic L-functions over Q, that is, those
associated to cuspidal Maass newforms. This also extends work of the second author [Chol3]
which established a quantitative estimate for the first few Maass forms of level 1. When combined
with the holomorphic case from [Bool6], we obtain the following theorem.

THEOREM 1.1. Let Ag denote the adeéle ring of Q, and let m be a cuspidal automorphic
representation of GLa(Ag). Then the associated complete L-function A(s, ) has infinitely many
simple zeros.

The basic idea of the proof is the same as in [Bool6], which is in turn based on the method of
Conrey and Ghosh [CG88]. Let f be a primitive Maass cuspform of weight k£ € {0, 1} for I'o(N)
with nebentypus character £, and let Ls(s) be the finite L-function attached to f:

Li(s) =Y _ Ap(n)n~".
n=1

We define
2

Dy¢(s) = Lf(s)% log L¢(s) = Zc]c(n)n_s.
n=1

Then it is easy to see that D¢(s) has a pole at some point if and only if L(s) has a simple zero
there.
For a € Q and j > 0 we define the additive twists

Lf(s,a,cos(j)) = Z Af(n) cos) (2rna)n ™, Dy (s, o, cos)) = chc(n) cosY) (2rna)n ™,
n=1 n=1
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SIMPLE ZEROS OF AUTOMORPHIC L-FUNCTIONS

where cos'?) denotes the jth derivative of the cosine function. Let ¢ 1 N be a prime and xo the
principal character mod ¢. Then we have the following expansions of the trigonometric functions
in terms of Dirichlet characters:

2mn
os(Z) = 1= e+ VY o)

q 4 X (mod q)
x(=1)=1
X7X0
2mn
sin(77) = VLS e,
q q—1
X (mod q)
x(=1)=-1

where €, denotes the root number of the Dirichlet L-function L(s, x). In particular, we have

1 q
Dy (s, 7cos) = Dy(s) — LDf(s,Xo) + Va Z &D¢(s, %),
q q—1 q—1
X (mod q)
x(—1)=1
X#X0

where
Dy(s,) = 3 es(m)x(n)n~
n=1

is the corresponding multiplicative twist.

By the non-vanishing results for automorphic L-functions [JS77], all non-trivial poles of
D¢(s) and Dy¢(s, x) for x # xo are located in the critical strip {s € C: 0 < R(s) < 1}. However,
for the case of the principal character, since

Ly(s,x0) = Y As(n)xo(m)n™* = (1= Ap(a)g™* + &(a)g ™) Ly (s),
n=1

Dy¢(s,x0) has a pole at every simple zero of the local Euler factor polynomial, 1 — Af(q)g™* +
&(q)g~?*, at which L(s) does not vanish.
Since f is cuspidal, the Rankin-Selberg method implies that the average of [Af(q)|* over
primes ¢ is 1, that is,
. Zq prime, g<z ‘)‘f (Q)‘Z
lim - =
A% F{q prime s ¢ < 7}

(1)
To see this, write

LI o0
—L—;(s) = Z A(n)a,n™?,
n=1
where A is the von Mangoldt function and a, = 0 unless n is prime or a prime power. Then, by

[LY07, Lemma 5.2], we have

ZA(n)]anP ~ T as T — 00. (2)
n<x
By the estimate of Kim and Sarnak [Kim03], we have |a,| < n"/%* +n~7/64 5o the contribution

of composite n to (2) is O(223/32). Since a, = A;(q) for primes ¢, this implies that

> (logq)[Ap(@)* ~ =,

q prime
qszT

and (1) follows by partial summation and the prime number theorem.
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In particular, there are infinitely many ¢ { N such that |A(q)| < 2. For any such g, it follows
that Dy (s, xo) has infinitely many poles on the line R(s) = 0. In view of the above, D(s,1/q, cos)
inherits these poles when they occur. On the other hand, under the assumption that Ly (s) has
at most finitely many non-trivial simple zeros, we will show that Dy(s,1/q, cos) is holomorphic
apart from possible poles along two horizontal lines. The contradiction between these two implies
the main theorem.

1.1 Overview
We begin with an overview of the proof. First, by [DFI02, (4.36)], f has the Fourier—Whittaker
expansion

o0

Fa+iy) =Y (o) Wia, (drny)e(na) + p(—n)W_y,, (47ny)e(—nz)),

n=1

where W, g is the Whittaker function defined in [DFI02, (4.20)] and v = /1 — A, where A is
the eigenvalue of f with respect to the weight-k Laplace operator. When k& = 1, the Selberg
eigenvalue conjecture holds, so that v € i[0,00). When k = 0 the conjecture remains open, but

we have the partial result of Kim and Sarnak [Kim03] that v € (0, &;] U [0, 00).

Since f is primitive, it is an eigenfunction of the operator Qg defined in [DFI02, (4.65)], so
that
L((1+k)/2+v) &
p(—m) = ¢ p(n) = ev* p(n)
L((1=k)/2+v)
for some € € {£1}. Further, we have p(n) = p(1)A¢(n)/y/n. Choosing the normalization
p(1) = 7= %/2 and writing e(+nx) = cos(2mnz) + i sm(27mx) we obtain the expansion

flx+iy) = Z Af/(g) (Vf+(ny) cos(2mna) + iV, (ny) sin(2mnz)), (3)

n=1
where

4/yK,(2ry)  ifk=0ande=+1,
ViE(y) = n 2 (Wiya (4my) £ eF W0, (47y)) = € 0 if k=0ande==F1, (4)
dyK,icpp(2my) if k=1

Let f(z) := f(—Z) denote the dual of f. Since f is primitive, it is also an eigenfunction of
the operator W, defined in [DFI02, (6.10)], so we have

flz) = <i’z)kf(—1 > (5)
Nz N2
for some n € C with |n| = 1.

Next we define a formal Fourier series F'(z) associated to D¢ (s) by replacing A¢(n) in the
above by c¢(n):

F(x+iy) = Z cs(n)

T (Vf+(ny) cos(2mna) +iVy (ny) sin(2mna)).

n
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We expect F'(z) to satisfy a relation similar to the modularity relation (5). To make this precise,
we first recall the functional equation for Ls(s). Define

ﬁ(s):FR<s+1]F(2_1)ke+u>FR<s+1;[6—11). (6)

Then the complete L-function Af(s) := ’y;{(s)Lf(s) satisfies
As(s) = nel_kNl/Q_SA]z(l —5), (7)

with n as above.
We define a completed version of Df(s) by multiplying by the same I'-factor: Ay(s) :=
'y;{(s)D #(s). Then, differentiating the functional equation (7), we obtain

Ap(s) + ((s) = ¥5(1 = 8)Ag(s) = ne' ENVEEAF(L — ), (8)

where ¢ (s) := (d/ds) log 'yJJ[(s). In § 2, we take a suitable inverse Mellin transform of (8). Under
the assumption that A f(s) has at most finitely many simple zeros, this yields a pseudo-modularity
relation for F' of the form

F(2) + A(z) = 1 <z’j) F <_

for certain auxiliary functions A and B, where F(z) := F(—Zz). Roughly speaking, A is the
contribution from the correction term (¢(s) — w}—(l — 5))Af(s) in (8), and B comes from

)+ B )

Sls

the non-trivial poles of Af(s).
The main technical ingredient needed to carry this out is the following pair of Mellin
transforms involving the K-Bessel function and trigonometric functions [GR15, 6.699(3) and

6.699(4)]:
° 2 2 —
/ x)‘HKN(a:C)sin(bx)w:Q)‘bF( +)\+M>F< A M)
0 X 2 2
24 A+p 2+A—p 3V
2F1< 2 ) ) ’ 2a _a2 (10)
and
o0 de 21 14+ +pu 14+ X—p
A+1
K br)— = T T
/0 x u(ax) cos( x)x oes) < 5 > < 5 )
T+A+p T+A—p 1 b2
- oF = —— 11
2 1< 9 ) 9 "9 g2 ) ( )
where

L ala+)(a+j—1)bb+1) - (b+j—1) 2
2F1(a’b’c’z)_; let1) - (ctj—1) il

(12)
is the Gauss hypergeometric function. The origin of these hypergeometric factors is explained
in the introduction to [BT18], and the need to analyze them is the main difference between this

paper and the holomorphic case from [Boo16] (for which the corresponding factors are elementary
functions).
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Specializing (9) to z = a + iy for a € Q*, we have

Flat i)+ Ala-+ip) =i ’sz’) (o) +Batm. (3

We will take the Mellin transform of (13). Without difficulty the reader can guess that the
transform of F(a + iy) will be a combination of Dy (s, a,cos) and Dy (s, «,sin). The calculation
of the other terms is non-trivial, but ultimately we obtain the following proposition, which will
play the role of [Bool6, Proposition 2.1].

PROPOSITION 1.2. Suppose that A¢(s) has at most finitely many simple zeros. Then, for every
M € Zo and a € {0,1},

Pt(s;a,0)Af(s, o ,cos( @)

M- 1
—n(—sgna)”
m

1
_ Pf(s a,m)Aj <s + m, T Na cos(‘“rm))
is holomorphic for R(s) > % — M except for possible poles for s + v € 7, where

s+2\m/2| — (—1)%v

P | ’y](c_)a(l—S) 5 ifk=1and 21{m,

¢ (s;a,m) = ——; ey e —
%(f ) (1=s—2[m/2]) i)ftl]jerwoisznd Y .

and

Ag(s,a, cos(¥) = 'yj(f)a (s)Dy(s,a, cos).

1.2 Proof of Theorem 1.1
Assuming Proposition 1.2 for the moment, we can complete the proof of Theorem 1.1 for the case
of 7 corresponding to a Maass cusp form, f. First, as noted above, we may choose a prime q{ N
for which Dy(s,1/q,cos) has infinitely many poles on the line R(s) = 0. Then, by Dirichlet’s
theorem on primes in an arithmetic progression, for any M € Z-~¢ there are distinct primes
0, q1, - - -, —1 such that g; = g (mod N) and D(s, —q;/N, cos(@) = Dy (s, —q/N, cos(®) for all
i, a

Let mg be an integer with 0 < mg < M — 1. By the Vandermonde determinant, there exist
rational numbers ¢y, c1, ..., cpr—1 such that

-1
—-m 1 1fm:m0
chqj :{O it m 2 mo for all m € {0,1,...,M — 1}.

We fix § € {0,1} and apply Proposition 1.2 with a = 6 + mg (mod 2) and o = 1/g; for
j=0,1,...,M — 1. Multiplying by (—1)*¢;(q 2/N)5 1/2, summing over j and replacing s by
s — myg, we ﬁnd that

M-1 q s—mo—1/2 )
Z ( ]> Pf(s_m0§5+m0,O)Af (S_WO,,COS(6+m0+k)>
qj
Jj=
—7’]<27T]V)Pf(3_m075+m07m0)Af< ](‘\Z[,COS((S))

mp!
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is holomorphic on {s € Q: R(s) > 2 + mo — M}, where we set
N={seC:sxv ¢Z}.

Since Dy(s — mog, 1/g;,cos®*™0+R)) is holomorphic on {s € Q : R(s) < mg — 3}, choosing
mo = 2+ 0 + (1—¢€)/2 and M arbitrarily large, we conclude that Dg(s,—q/N, cos) is
holomorphic on €.

Next we apply Proposition 1.2 again with a = k, « = 1/qg and M = 2. When k = 1 or
k =0 and € = 1, we see that Dy(s,1/q,cos) is holomorphic on {s € £ : R(s) = 0}. This is a
contradiction, and Theorem 1.1 follows in these cases.

The remaining case is that of odd Maass forms of weight 0. The above argument with
d = 1 shows that D¢(s,—q/N,sin) is entire apart from possible poles for s + v € Z. Applying
Proposition 1.2 with a = 1, « = —¢/N and M = 3, we find that

q q2 s—1/2 1 1
—Ay (s, —N,sin> +77<N> [Af(s, q,sin) — 27rqu<s + 1, q,cos>

2 1
(27;?) Py(s;1, Z)Af <3 + 2, 7 sin)]

is holomorphic on {s € Q : R(s) > —2}. Since D¢(s,1/g,sin) is holomorphic on the lines
R(s) = —1 and R(s) = 1, we see that Ds(s,1/q,cos) is holomorphic on {s € 2 : R(s) = 0}.
This is again a contradiction, and concludes the proof.

2. Proof of Proposition 1.2

Using expansion (3), we take the Mellin transform of (5) along the line z = (w + 4)y. First, the
left-hand side becomes, for R(s) > 1,

/ flwy +iy)y*™Y 2%y
0 Yy

ZAp(n) [ o . o
:nz_:l f/(ﬁ)/o (Vf"‘(ny)cos(Qﬂnwy)—i-sz (ny) sin(2rnwy) )y 1/2??/

— Gyls,w) Ly (5), (14)
where, by (4), (10) and (11),

Gy(s,w)
9] o . N ;
:/ (Vf+(y) cos(2mwy) + iV (y) sin(2mwy))y 1/232/
0
<27Tiw)(1*6)/2’y;'(3) 2F1<8+(1 —26)/2—{—1/784—(1 _26)/2_V;1_;;_w2> tho
+(1+6)/2+V 8+(1_6)/2—V 1
=377 Fy 2 L2
7f (3) 2 1( 9 ) 5 5 w
+27riwfy;(3_|_ 1) 2F1<8+ (3 26)/ —i-I/7 s+ (3 —1—25)/ V;g;—w2> _—
(15)

Note that we have G #(s,w) = G¢(5, —w).
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On the other hand, the Mellin transform of the right-hand side of (5) is, for —R(s) > 1,

<’L|W+Z|>k/oof<_ w n 1 ) 371/2@
Nwri) J Nw2+1)y  Nw2+1y)? Ty

Making the substitution y — (N (w? + 1)y)~!, this becomes

n(i‘w+i‘>k(]\7(1+w2))l/2_s /OO f(_wy_i_iy)yl/Q—s@
w1 0 Y

Jw + i)\ 2\\1/2—
= N(1 *Gi(l—s,—w)L7(1—s). 16
() ) G - s a1 ) (16)
By (5), (14) and (16) must continue to entire functions and equal each other. In particular,
taking w — 0, we recover the functional equation (7). Equating (14) with (16) and dividing by (7),
we discover the functional equation for the hypergeometric factor Hf(s,w) := G¢(s,w)/ fy;f(s):

N
ok lw NL/2=5 17 (1 _ o _
Hy(s,w) =€ (Zw—i—i) (1+w?) Hp(1—s,~w). (17)
Next, for z = x + 1y € H, define
1 —s
Al) = o~ (' (s +v) + ' (s = v)) Hy (s, 2 /y)A s (s)y" % ds
Tt JR(s)=1/2
and
1 . -
B(2) = o S X¢(s)Ag(s)Hy(s,2/y)y"/*~*ds =Y Np(p)Hy(p,x/y)y" /> 7, (18)
8= P

where the sum runs over all simple zeros of Af(s), and

Xf(S)ZTI:CSC2(g|:S+H(2_1)k6+V:|> —i—cch(g[s—i— 1;6—1/])].

LEMMA 2.1.

F(2) + A(z) = n<z|j|>kF<—N1Z> +B(z) forall z € H,

Proof. Fix z = x + iy € H, and put w = x/y. Applying Mellin inversion as in (14), we have

1
F(z) = o— Dy(s)G vaylﬂ_sds
(2) =5 - s 1(8)Gy(s,w)
and
12N\'—=/ 1
77<z . F N,
Jw+i\F 1 R
- ) o5 75, —w)Dz(s)(N(1
n<2w+i i %(S)ZQGf(S’ w)Dp(s)(N(1+w?)y)" " ds
=7 Z‘W—‘r?f‘ k‘ i H’(l—s _w)A,(l_S)(N(l_'_wQ)y)l/Zfsds‘
(.U“rl 27TZ %(8):—1 f ’ f
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Applying (17) and (8), and using the fact that 1/13;(1 — s) is holomorphic for R(s) < 3, the last
line becomes

1 - —s
i Ryt net ka(s,w)Af(l — 8)(Ny)/2~# ds
1 , / B
= i e Hy(s,w)[Ag(s) + (¢ (s) — (1 = 8)) A (s)]y"/> > ds
1 / B
= o Joyy Hr S IAL() + A o)y 2 s
1

- — H(s,w)'=(1 — s)Ap(s)y*/>* ds.
o=l SRR DRIV

Shifting the contour of the first integral to the right and using that 1/)}(8) is holomorphic for
R(s) = %, we get
1

ﬁ R(s)=2
1

2i R(s)=1/2

1
27

(W (5) — (1 — ) Hy (s, w)A s (s)y"/>~ ds,

Hf(S,CL))Af(S)yl/QfS ds — /ch(S’w)(Af(S) + w}(s)Af(s))yl/Q*S ds

where C is the contour running from 2 — ico to 2 +i00 and from —1 4 0o to —1 —ico. Note that
/ d?
Ap(s) + ()5 () = Ap(s) 5 log Ag(s),
which has a pole at every simple zero p of Af(s), with residue —A’(p). Hence,

1
21

/CHf(S,w)(Af(S) + w}(S)Af(S))yl/Qfs ds — ZA/f(p)Hf(p’w)ylﬂfp‘
P)

Next, writing ¢r(s) = (I'g /Tr)(s), we have

wf(S)=¢R<s+1_(_1)k€+u> +¢R<s+1_€—u>.

2 2

Applying the reflection formula and Legendre duplication formula in the form

2 s
v = () < k@) and k() +vR(s+ 1) = o)

we derive

Ui(s) = P51 —s) = /(s +v) + (s — v) — Xy(s).
Thus,

1 / / 1/2—s

3t I )71/2(1/7(5) — (1 =) Hy(s,w)As(s)y ds
1 —s

=A(2) = 53— o2 Xy(s)Hp(s,w)Ap(s)y"/>* ds.

Rearranging terms completes the proof. O
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LEMMA 2.2. For any o € Q%,

1 > . s—1/2@
r<s+u>r<s—u>/o Alat ™"

continues to an entire function of s.

Proof. Define ®(s) = ¢'(s + v) + ¢'(s — v). Then we have ®(s) = [ ¢(x)x*/?~* dz, where
¢(x) = cosh(vlogx)log x/sinh((1/2)logx). Applying (15) and the change of variables y — xt,
we have

o) ) s—1/2
O(s)Gy(s,w) = /1 /0 ¢(m)(Vf+(y) cos(2mwy) + iV} (y) sin(2rwy)) <y) dy dx

T Y
= - - T T (tz) cos(2mwta 1V, (tx) sin(2nwtz)) dx 571/2@
[T ([ oty va) costamota) + vy (e sinamato)de o2

Hence, writing w = a/y, we have

. 1 —s
Aoviy) = g [ AR sy ds

Ar(n)
N Z N4 271'2

= Z As(n / o(x Vf (nay) cos(2mana) + iV (nxy) sin(2ranz)) dz,
n=1

®(s)Gf(s,w) (ny)/?~ ds

\

R(s)=2

so that
> d
/ Ala + iy)ys_l/z—y
0 Yy

= 3 Asln) [ x - T (nzy) cos(2ranz) + iV (nzy) sin(2ranx 3*1/2@ T
=20 [ oto) [ 5 () costzmana) 477 ) sin(2rama)y 2L

= Z Af(n)n™*° /100 <Z>(:U)x1/2_s(1~/f+(s) cos(2mranx) + 2'17}7(3) sin(2ranx)) dz,

where

~ o0 _1/2dy vE(s) ifk=1ore=+1
TE(s) — / VE@—Y2Y ) ’ 19
! () 0 f W)y Y 0 otherwise. (19)
A case-by-case inspection of (6) shows that ‘N/fi(s)/(F(s + v)['(s — v)) is entire for both choices

of sign.
Define ¢; = ¢;(x,s) for j > 0 by

=06 amd g =20 - <s+j— )¢j.

Then, applying integration by parts m times, we see that
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oo =l coslitl)
/1 ¢(x) cos(2manz)z'/>~* dx = Z (305_(2770411)%(17 s)

= (2wam)i+t
cos TanT 1/2-m—s
+/1 ~@ranym or(z, 8)x dx
and
0 mlGnG+ (9
. 12-s 5. _ sin (2man)
/1 ¢(x) sin(2ranz)x dx = ;(27T0m)j+1 ¢i(1,s)
 sin(™) (2ran) 1/2
I —m—Ss d .
+/1 @ran)™ or(z, s)x x
Thus,

/ Ao+ iy 1?7
0 Yy

<Z¢]1s (f,s+j+1,a,cosUt)

(2ra )i+l

Gra)m Z ns+m / cos™ (2ranz) b (z, s)at /27" dx)
7r

¢i(1,s)L (f,s+j+1,a,sin0tD)
+iVy (s (Z (2ma)itl

2 m Z ns—i—m / Sln(m)(2ﬂ'anx>¢m<x7 3)«731/2777178 dl‘) .
7TO{

It follows from [BK11, Proposition 3.1] that L¢(s,,cos) and L¢(s,,sin) continue to entire
functions. We see by induction that ¢y, (2, s) < ((1+ [s])(1+ [v|))™2~! uniformly for z > 1,
1

and thus the integral terms above are holomorphic for $(s) > 5 — m. Choosing m arbitrarily

large, the lemma follows. O

LEMMA 2.3. For any ¢ > 0 and any | € Z>, we have
l

%(vfét)(” (y) <o 2y~ fory > 0.

Proof. In view of (19), since |R(v)| < 3, for any ¢ > 0 we have the integral representation

1

+
Vil = 210 Jp(s)=ot1/2

VE(s)yt?5 ds.
Differentiating [ times, we obtain
! 1
Y 1 5— 8\~ s
LvEO() = (2 ") emeas
2 R(s)=0+1/2 !

Using the estimate
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we have l

Y ) I, o 1 ls—1/2||Tr+ I —o
(Vo)) <297 = 2 VZ(s)ds| <5 2y 7,
nes 27 JR(s)=0+1/2 | 7 |

where the last inequality is justified by Stirling’s formula.

LEMMA 2.4. Let o € Q% and z = av+ iy for some y € (0, |a|/2]. Then, for any integer T > 0, we

|

have
J2\'=( 1
Lind B Ty Y (S
(Z z Nz
T-1
2miN
= Our(y™ ) + (isen(a))* 3 CTN@)
t=0
1 @ y 1/2—s
/ER(S s,a+t,t)Af<s+t,—M,cos ) <Na2> ds. (20)
aE{O 1}
Proof. Let z = a+ iy, § = —1/Na and v = y/a. Then
I . |Bul
Nz 1+4u? +Zl+u2’
so that

EANTan . LN/ B I8
(Jj) F(—NZ> _ <zsgn(a)’1+zz'> F(1+ : +z1|+“i2>
N |1+ iul P& Cf( n) |Bnul 27 Bn
— (zsgn(a) 1—|—iu> ; NG (Vf+<1+u2)cos<1+u2>

_{ |Bnul . [ 27wfhn
+1Vf (1—|—u2>sm(1—|—u2>>'

By Lemma 2.3, for any ¢ > 0 and any ly € Z>(, we have
Bnul 1 Bnu? !
VT | = E
f<1+u2 l'( )0 (1Bnul) 1+ u?

:levi (I l)(BmZ) +Oa<|5”“'_gi<12+i2)l>

=0 I=lo

> L0 5 |>(5”“2) Oy (] ~7u20).

N
H

=~

Similarly, for any a € {0, 1}, we have

o0 ) 2\ J
cos(®) (W> = Z ]1' cos 9 (27 4n) ( 2mfr >

2
= 14+u

Jo—1 2\ J 2 1Jo
1 4 27 Bnu 1 |27Bnu
_ = eogita) _ il
= ;:0 7 cos (277571)( T2 ) +0 <j0' T2 )
Jo—1 2\ J
1 ta 27 Bnu -
= j:E - ﬁ COS(]+ )(27'(571,) <_H-2,L2> + Oa,jo((nug)”),

by the Lagrange form of the error in Taylor’s theorem. Taking jo = 2(lp — ) and applying
Lemma 2.3 with o replaced by o + 2(lp — [), we obtain
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(—)e |Brul () 27Bn
Vf <1+u2>cos T2
Bnu?

(—27T)j (=)*\ (D) (j+a) ! T —a, 2l
— Z i (Vi)W (|Bnul) cosV T (2 fn)u T + Ou.oo (Jnu| ~7u?0).

jH21<2lg

Next, defining

ifk=1or k=0and2|m,
bjklm = {mJ
2

0 otherwise,

we have

1+ ul\* 2\—j—1 \k I-k/2 _
, 1+u?) 7 =1 —iw)fA+u?) 7~ Zb,k%m —iu)™

1+u
mo—1 '
— Z bj,k,l,m(_iu)m+0< Z 2]+l+m/2|um>
m=0 m=mg
mo—1

= ) bjsam(—iu)™ + Oj g g (Ju]™).

Taking mg = 2lg — j — 2] and applying Lemma 2.3 with o replaced by o + j, we obtain

<i ng(a)i|1 ki zu|> Ve <1|sz|2> cos! (fj_%;)

. —27 J —1 m . _\a ta . m
= (isgn(a)® Y (j)n(')bj,k,z,m</3nu>ﬂ“<V} ")O(|81ul) cos+ (2m fn)u 2+
j+2l+m<2lg o
+ Omg’lo(lnulf"u%).

*‘»\A

Recalling the definition of u, multiplying by ¢ f(n) /+/n and summing over n and both choices
of a, the error term converges if o > 1, to give

=) BT ) = ()

ac{0,1} n=1

| & ep(n) (2mi) ny \’"
= > (isgu(e)’ i f/ﬁ ! bj”“’l’m<Na2>

JH+2l4+m<2ly ae{0,1} n=1

_(V(—)")(l) ny (j+a)(2 Bn) Y ]+2l+m+0 (210—0)
f_ W COS Ton E o,0,lo Yy

' . o . ( ) o n J+l
= Y (isen(a)t Y i) J:/ﬁ (]m) bﬂv’f’l’"I(J\wy?)

j+2l+m<2l ac{0,1} n=1
, JH2l+m
—)ati ny y —0
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Taking the Mellin transform of a single term of the sum over j, [/, m and making the change of
variables y — Na?y/n, we get

j+l
Cf ny J
(o) Y i [ TR (S

ac{0,1}
] j+2l+m
(OO (Y (a) v 1728
(Vf ) <Na2> cos\" (27 fBn) o Y ”
) _ J
:(isgn(a))k Z iia(NOé2>Sil/2(—iN&)J+2[+mﬂbj,k,l,m
ae{0, 1} J!
,icf(n)cos )(2mBn) / Y’ Y- 5@ (o222 Y
— ns+g+2l+m 0 ! Y
—o7)d
:(isgn(a))k Z i_a(NOé2)S_1/2(_iNO[)t( ‘7T) bj,k,l,m
ae{0,1} ]'

1

-Df(s—I—t,ﬁ,cos(a))<2 ; —ty >V( ) (s+t—|—j),

where t = j + 2l + m.

Next we fix t € Z>o and sum over all (4,1, m) satisfying j + 2l +m =t. When k =0, bj y1.m
vanishes unless m is even. Hence, defining

1 ifk=1o0r2|m,
Ik<m>={ |

0 otherwise,
we get

—9x) /i — m k
(sgn(@)* 3 i (Va2 -iNa)t S nt— ) 2 (3” 1+L2J+2>

1 m
ac{0,1} j42l4+m=t J: 1% ]

'Df(8+t,ﬁ,cos(“))< ] t_]>VfE )H(s+t+j)

= (isgn(a)® > iT9(Na®)VA(=iNa)" > Li(t - j) (_j!”)] Dg(s +t,3,cos™)

ac{0,1} j=0
. LE=5)/2] , . t—j k 1 .
S (—)atd . JHIFH 51N\ (s -s—t—}j
Ve st Y ( | z
=0 2
t 9 j
= (isgn(a)? > iT9(Na?)V2(—iNa)" > Li(t - j) (= ,,”) Dg(s +t,3,cos)
ac{0,1} j=0 J:
t—j k—1
=(-) C(E A st
Vel (st +y)< =1 ,

by the Chu—Vandermonde identity.
We now consider two cases according to the weight, k. When k = 0, the inner sum vanishes

identically when (—1)%T" = —¢, so we may assume that (—1)%"* = e. Thus, in this case, we have
2\s—1/2/; t:—a (a) (27T)j (—)ett t;] B % —s—t
(Na?) (iNa)'i"“Dy(s +t, 3,co8') Z T’yf (s+t+7) o .
Jst 2
j=t (mod 2)
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Put t = 2n 4+ b, with b € {0,1}. Then, writing j = 2r 4+ b, the above becomes

(Na?)*"Y2(iNa)tli A Fls+t,8, cos(@)

Z”:( ) P Tr(s+t+2r +b+v)lr(s+t+2r+b—v) (n—r—5—s—t
2r +b)! Ir(s+t+b+v)r(s+t+b—v) n—r

r=0

= (Na?)* V2(iNa)l i *Ag(s + t, B, cos @) (—1)"

’l(zfil)bvég?2(4s+ttb+upe)<—@+¢tf-ﬁgm><32i25).

Applying [BK11, Lemma A.1(ii)—(iii)], we get

T

(Na?)*"12(iNa)'i™As(s + t, B, cos'™)
r \P4mnl2 /(s —1- v s —1-b—-v
'< 2 ) 47 (( +t—1-b+ )/2> <( +t—1-b )/2>

2n+1/ (2n)! n n

_\a+t
s—1/2 (QTFiNa)ti—a ’Yj(c ) (1 B S)

- (Nozz) (—)att Af(s +1t,5, COS(CL))'

t! ol (1—s—2n)
Turning to k = 1, we have
‘ (—2m)d
isgn(a)(Na?)* V2(—iNa)t i Z ——Dy(s +1t,8, cos@)
acfony =0 T
VIR
7](;) J(s+t+])< QLtijJ )
= isgn(a)(Na?)*V2(—iNa)t Z im"Dg(s +1t, 3, cos(@)
ac{0,1}
t ; t—j
—2m) (_q)eti S5 —s—t
Z( '1)'7](? ) J(5+t+3)< ? t—j >
=0 J: LTJ

Writing j = 2r — ¢ with ¢ € {0,1}, this is

isgn(a)(Na?)* V2 (—iNa)t Z i_aAf(s—i—t,ﬂ,cos(a))
ac{0,1}

—2m) ¢ n—r+ Lb+cj s—t
86{201} QTZC:Q% 2r — C ( n-— LIH_CJ >
Tr(s+t+2r—c+(1- (71)“‘”6)/2 +u)IR(s+t+2r —c+ (14 (—1)")/2 —v)
I'r(s+t+ (1 —(—1)%)/24+v)['r(s+t+ (14 (—1)%)/2 —v)

= isgn(a)(Na?)*V2(—iNa)t Z i_aAf(s—i—t,ﬁ,cos(“)) Z (—1)mtbe

ac{0,1} ce{0,1}
> @4yﬂ2<(s+t+ (1)V+mﬁv<—@+t+L“l )ﬂ)<s+t—1>
2r—c<t (2r)! r—ct (21) r—c % n+be—r)
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For b = 0, applying [BK11, Lemma A.1(ii)], the sum over ¢ becomes

(—1)”Zn: (-(‘;);7‘“!2 (—(s+t—1+1)5— )/2)(—(s+t—1 1+<1+V)/2><3+i_ 1>

r=0
A2 (5—|—2n—2+L v)/2 (s+2n—2—|—1+(1 +v)/2
~ : )( y
C(—2m) Tgp(l—s+ (14 (=1)%)/2 + v) FR(1—5+(1— —1)%)/2 — v)
 (2n)! Tr(l—s—2n+ (1+(=1)° )/2+V)FR(1—5—271—|—(1—(—1) €)/2 —v)
(2 2 -s) ey o)

(1~ s - 2n) a5 —2pt/2))

For b =1 and ¢ = 0, the inner sum is

(_1)N7Z:W<—(s+t+ 1_:;”% +,,)/2>( (s+t4+ Ti )/2> <82i; 1>.

Writing (s:t_;l) = (nfjffrl) - (fo;ll) and applying [BK11, Lemma A.1(ii)], we get

(=" (n+ 1)1 (—(s +t4 =Gy 1/)/2> <—(s 4 G y)/2>]

(2n + 2)! n+1 n+1
n+1 , 1—(—1)%
oyt (—4)r12 (—(s+t+ 7 +v)/2
e [ZO e . )

y (s+t+—5"——-v)/2\[(s+t—1
((4)n+1(n+17~)!2< (s+t2(nr+j>u )/2 < (s+t+ L% )/2)}

(2n +2)! n+1 n—|—1
_ w4+ 112 ((s+t -1+ (— (s+t—(—1)%v)/2
= (1) (2n+2)‘ ( n+1 >( n+1 )

n+1”§ m2(_(s+t—— Yaev + 1)/ )( (s+t+( 1) V)/Q)(Zji:i)

For b =1 and ¢ = 1 the inner sum is

nﬂni r'2 ( (s+t— (—1)%v + 1)/2) (—(s i+ (—1)(@)/2) <s Ft— 1)

r—1 T n+l—r)’

and, adding this to the contribution from ¢ = 0, for b = 1 we obtain

(_1)n(—4)(;1in5 1)12 ((s +t— 1n++(1—1)aey) /2> ((s +t —n(:)aey) /2> Ly (s : i _1 1>
n+1 )" 2 — (s — (—1)%v —(s —1)%v S —
RHZ 7! <1 (s+1t (rl) +1)/2>< ( +t+£ 1) )/2>(n4_ri+11>
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LT+ D2 s+t — 1+ (=1D)%w)/2\ [(s +t — (—1)%v)/2
(2n +2)! ( n+1 >( n+1 >

n+1”§ )'r '2< (SH_(T_ Jee + 1 /2><—(s+t+£—1)“ev>/2><;ji;11>.

Applying [BK11, Lemma A.1(ii)], this is

4 4+ )12 ((s+t— 14 (—1)%v)/2
 (2n+2)! < n+1 >

(st (D)2 ((s+t— (m1)tar)/2 -1
Z[S+l<n+f);—(ls+(1)>a61/§-2n)/2 " )]

~(-1)

(2n + 2)! n+1
‘ ((s+2n—2+ L)% 1/)/2> <(s+2n—2—|— Ll +1/)/2>
_sa2lt2) - () (2m vy
2 oA s —aly2))

In all cases, the result matches the formula for Ps(s;a +t,t). Taking lp = [T/2], 0 = 1 and
applying Mellin inversion, we get (20), with 7'+ 1 in place of 7" when T is odd. In that case,
we estimate the final term of the sum by shifting the contour to R(s) = % — T, which yields

O(y™ ). O

LEMMA 2.5. Assume that Af(s) has at most finitely many simple zeros, and let « € Q* and
z = o+ iy for some y € (0, |c|/4]. Then there are numbers a;(a),bj(co) € C such that, for any
integer M > 0, we have

M-1

B(a+iy) = Oarm(y") +

(o) +bj() 1o ifv=k=0,
y]+1/2 {a( ) ]( ) gy (21)
7=0 J

a)y” +bj(a)y™ otherwise.

Proof. Let s € C with R(s) € (0,1), and set w = a/y. We will show that there are numbers
aj(a,s),bj(a,s) € C satistying

bj(a,s)logy ifv=k=0
H 1/2—s jr1/2 ) ajoss) + ) 29
18wy jzoy aj(a, s)y” +bj(a, s)y™ otherwise, (22)

and
aj(a,s),bj(a,s) <fae (2¢™/2)(H)sl|2 /P +1/2, /741 for all € > 0. (23)

Let us assume this for now. Then, since y < |a|/4, we have

- 2y i+1/2 M+1/2
S () ViE <o,
j=M

so that (by the trivial estimate |R(v)| < 1),
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Hf(s,w)y1/2_s _ Of,a Me ((26w/2)(1+5)|s| M)

"’Z i+1/2 aj ,8) +bj(a,s)logy  ifv=k=0, (24)
a,s)y” +bj(a, s)y”" otherwise.

We substitute this expansion into (18). By hypothesis, Af(s) has at most finitely many simple
zeros, so the sum over p in (18) is a finite linear combination of the series (24) with s = p, which
yields an expansion of the shape (21). As for the integral term in (18), by the convexity bound
and Stirling’s formula, we have

Xi(s)Ap(s) e e~ Bm/2=0)lsl - for R(s) = 1, e>0.

Since 2 < €™, the integral converges absolutely and again yields something of the shape (21).
It remains to show (22) and (23). First suppose that £ = 0. Then, by (15), we have

s+(1—e)/24+v s+(1—-¢€)/2—-v ¢ 2>.

l——;—w

O P e e

Applying the hypergeometric transformation [GR15, 9.132(2)] and the defining series (12), this
is

i sgn( (1=6)/2| | 1/2=511/2 |y/a]1/2iVF(:FV)
(mise )> o Z —(s+(1+e)/2+v)/2)T((s+(1—¢€)/2Fv)/2)

: 2F1<S+(1—€)/2:|:1/ s+(1+e)/2iy;1iy;_<z)2>

2 ’ 2

— (i son (o)) (1=9/2 || 1/2=5 £ 1/2 I'(Fv)
(misgn(e)' el ;)Zi: GrO+02E0)/ 20+ -02F0)/2)

_st(l—e)/2Fv _s+(Q+e) /24
(T,
—1Fv
™)
To pass from this to (22), we replace 2j by j and set a; = b; = 0 when j is odd.
When v # 0 we use the estimates

_ statv stadv 4 5 ) .
‘( .2 )’ — '( 2 ' >‘ < 2|S+a:|:V|/2+j<<f2|S|/2+j for a € {0’ 1}’
J J

2j+1/24v

(25)

a

J

J 1
<1JFV> =]+ H1—1=<.2) >t
Py Py 21 J V25 +1
and
(m’sgn(a))(l € /2|a|1/2fsﬂ_1/2 F(:FV)

FNl1—(s+({1+e)/2+v)/2)T((s+(1—¢€)/2Fv)/2)
<Lfe e(™2Flsl for all e > 0

to obtain (23).

When v = 0, (25) has a singularity arising from the I'(4-v) factors, but we can still understand
the formula by analytic continuation. To remove the singularity, we replace y** by (y™* —1) 4 1.
Since

lim T(+v) (y= — 1) = logy,

v—0
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in the terms with y* — 1 we can simply take the limit and estimate the remaining factors as
before; this gives the b; terms in (22) and (23). The terms with 1 can be written in the form
y2H1/2(h;(v) + hj(—v)), where h; is meromorphic with a simple pole at v = 0, and independent
of y. Then hj(v) + hj(—v) is even, so it has a removable singularity at ¥ = 0. By the Cauchy
integral formula, we have

A mweny,
Tim () + hy(—v)) = /M y dv.

27 v

Since the above estimates hold uniformly for v € C with |v| = i, they also hold for
lim,_o(h;(v) + hj(—v)). This concludes the proof of (22) and (23) when k = 0.
Turning to k = 1, by (15) we have

Hy(s,w)y'/?—

a 1/2—s
= Z " (iw(s — ev))°
6e{0,1}
: oF <8 . (_1)6((1; e (_1)5((12_ VD=V s, % +4; —“’2>,

and applying [GR15, 9.132(2)], this becomes

s isgn(a)(s — ev) J Yy
7T1/2|Oé|1/2 Z < 5 ) Z

6e€{0,1} + a
" L(F@ + (=1)°(¢/2)))
L((s+ (=1)°(A1F€)/2) Fv)/2+ )T (1/2 = (s + (1) (1 £ €)/2) £v)/2)

SYEE L R R

(o))

In this case no singularity arises from the I-factor in the numerator, so expanding the final oF;
as a series and applying a similar analysis to the above, we arrive at (22) and (23). O

1/24(1£(=1)%¢)/2+v

With the lemmas in place, we can now complete the proof of Proposition 1.2. Let

1 ify< T,
X(0,lal/4)(y) = ol

and define

M-1
: . +bij(a)logy ifr=k=0,
= Fla+ + Ala + E : Jj+1/2 aj(a) + b
W @) (@ 8) = Xopya W =0 i g(oz)y” +bj(a)y™" otherwise,

M-1

(2miN
pisen()t 3 GTNO g~ it

t! 2
t=0 ac{0,1}

1 y 1/2—s
: Pi(s;a+t,t)A; t,——— cos@ | [ 2= ds.
/éR(s):Z y(siatt,1) f<s+ TN O >(Na2> y
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By Lemmas 2.1, 2.4 and 2.5, we have g(y) = Oqnm(y™ 1) for y < |a|/4. On the other hand,
shifting the contour of the above to the right, we see that g decays rapidly as y — oo. Hence,

I %\(/y)gsfl/ 2(dy/y) converges absolutely and defines a holomorphic function for R(s) > % — M.
e have

/0 F(a —i—iy)ysfl/z@ = Z i*“Af(s,a,cos(a)) {1 ik = 1 or (=1)* =€,

Y ae (o) 0 otherwise.

By Lemma 2.2, fooo A(a + iy)y*=?(dy/y) continues to a holomorphic function on . Similarly,

M—-1
s—1/2dy a;j(a) +bj(a)lo itv=~k=0,
/ v 2 oy Z T2 » ) (o) sy )
0 Y i a;j(a@)y” +bj(a)y otherwise,

Mo |a/48+][aj(a)+bj(a)(log]a/4|—Sj_j)] ity = k=0,

Z s+
+j+v +j—v
= /At a4

therwi
J(a)8+j+y j stj—v otherwise,
is holomorphic on 2. Hence, by Mellin inversion,
1 ifk=1 —1)* =
Z f“Af(s,a,cos(a)) ! o (=1)*=e¢
0 otherwise,
ac{0,1}
M-1
2 N 1
—n(isgn(a))k )s1/2 m . @) Z i " Pr(s;a+t,t)Af (3 +t, “Na’ cos(a)>
t=0 ae{0,1}

(26)
is holomorphic on {s € Q: R(s) > 3 — M}.
Denoting (26) by h(a), we consider the combination £ (i**%h(a) 4+ i7*~%h(—a)) for some

ag € {0,1}. This picks out the term with a = k + agp (mod 2) in the first sum over a, and
a =t+ ag (mod 2) in the second. Therefore, since

1 ifk=1or (—1)% =g,
0 otherwise,

Pf(S;ao,O) = {
we find that
Py (s5a0,0)A¢(s, o, cos(kJr“O))

k 2\5—1/2 -~ (2rNa)* . 1 (t+ao)
—n(—sgn(a))¥(Na*) Z TPf(s,ao,t)Af 3+t,—N—a,cos (27)
t=0 ’

is holomorphic on {s € Q2 : R(s) > % — M?}. Finally, replacing M by M + 1 and discarding the
final term of the sum, we see that (27) is holomorphic on {s € Q: R(s) > 2 — M}, as required.
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