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We consider the following inhomogeneous problems

ou

e2div(a(z)Vu(z)) + f(z,u) =0 in Q,
5, =0 on 012,

where Q is a smooth and bounded domain in general dimensional space RV, ¢ > 0 is
a small parameter and function a is positive. We respectively obtain the locations of
interior transition layers of the solutions of the above transition problems that are
L'-local minimizer and global minimizer of the associated energy functional.

Keywords: Local minimizer; interior transition layer; interface location;
inhomogeneous transition problems

2020 Mathematics subject classification Primary: 35B25; 35J20; 35J61

1. Introduction

We study the following inhomogeneous transition problems

e2div(a(z)Vu(z)) + f(x,u) =0 in Q, (11)
% =0 on 0f, '

where € is a smooth and bounded domain in RY, v is the outer unit normal to 9%,

€ > 0 is a small parameter and function a € C'*(Q) is positive. The nonlinear term
f satisfies

(f1) f(z, -) has two zeros by (z), ba(z) such that by, by € C1(Q) and by (z) < ba(2)
for all € Q;
(f2) O2f (x, by(w)) < 0 and Oz f(z, ba(x)) < O for all z €
(f3) For any given z € Q, F(z,-) > 0. The function /a(-)F(-, -) is Lipschitz
continuous. Here F(z, u) := — sz(m) [z, T)dr.
(© The Author(s), 2022. Published by Cambridge University Press on behalf
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Locations of interior transition layers to inhomogeneous transition problems 765

A typical example of a function f satisfying (f1)—(fs3) is
fla,m) =V(z)f(7), (1.2)
where V is a strictly positive function and f has precisely three zeros by <0< by,

and fBBf f(r)dr = 0, moreover, f(7)/7 > f'(7)(r # 0).
Another typical example of a function f satisfying (f1)—(f3) is

f(@,7) = = (7 = b1 (2)) (7 = b(2)) (T — b2(2)), (1.3)

where b1 (z) < b(x) < bo(z) for all x € Q.

The above two examples are related to inhomogeneous Allen—Cahn problem,
which has its origin in the theory of phase transitions, see [5].

The corresponding energy functional of (1.1) is

Jﬁ(u):/ﬂga(gg)\w|2+§F(x,u)dz.

For a smooth (N — 1)-dimensional closed hypersurface ¥ contained in €2, we denote
the domain enclosed by ¥ as Q5. We denote by x(A) the characteristic function
related to set A.

DEFINITION 1.1. A family u. of solutions to (1.1) is said to develop an inte-
rior transition layer, as € — 0, with interface at some (N — 1)-dimensional closed
hypersurface o C Q if

ue — ug = byx(Qsy,) + bax (N Qs,) in L(Q) as e — 0. (1.4)

We introduce the set

bg(z)
Q= xEQ:/ fle,m)dr=0;.
bl(I)

We call that f satisfies the equal-area condition at the points in €2_. Note that
Q- ={zeQ: F(zx, ba(x)) =0}. It is well known that if 3¢ is the interface of a
family of solutions to (1.1) developing interior transition layer, then ¥y C Q_ (see
[12]). Plainly, if f is given by (1.2) then Q_ = Q. If f is given by (1.3), we have
F(z, 7) = Y[(bi(z) — b(2))? — (7 — b(z))?]? for those = satisfying 2b(z) = b (z) +
ba(z), and so Q- = {z € Q: b(z) = 1(b1(2) + ba(z))}. We denote Qy := Q\Q_.

The following quantity plays an important role in determining location of interior
layer

ba(x)
A(z) = / va(z)F(z,7)dr. (1.5)
by (x)

We first recall some known results of transition layers of (1.1). For the case that
a(x) =1 and f is given by (1.2), in one-dimensional case, [25] shows that for an
arbitrary subset of the local minimum points of A(z), (1.1) admits a solution which
has one layer near each point in the subset. Du and Gui [13] generalized the results
of [25] to a two-dimensional case. Precisely, for a closed, non-degenerate geodesic

https://doi.org/10.1017/prm.2022.12 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.12

766 Zhuoran Du

Yo relative to the integral fz A, (1.1) admits a solution whose layer locates near
Yo. The corresponding results in general dimensional cases are established in [15,
16, 21, 32, 33]. For the corresponding fractional Laplacian, layer solutions are
constructed in [14]. For a(z) =1 and f given by (1.3), there are many known
existence results of transition layer solutions, see [2-4, 6-12, 17, 18, 22, 31].

To construct layer solutions of a differential equation, the information of the
location of the interface of a family of solutions is obviously very important and, in
general, is not an easy task to find it.

In the homogeneous case, namely a(z) = 1 and f(z, u) = f(u), classical theory of
I'-convergence developed in the 1970s and 1980s, showed a deep connection between
this problem and the theory of minimal surfaces. By I'-convergence theory, Mod-
ica [23] (see also [20, 24]) proved that a family {u.} of local minimizers of the
energy functional with uniformly bounded energy must converge as ¢ — 0, up to
subsequences, in L'-sense to a function of the form y g — Yz, where xg denotes
characteristic function of a set F, and also that 0F has minimal perimeter.

For the inhomogeneous case, such as a(x) =1 and f is given by (1.2), in one-
dimensional case, transition layers of solutions to (1.1) can appear only near
extremum points of A(z) [26], and, in higher-dimensional cases, the authors in
[21] establish a necessary condition for a closed hypersurface in 2 to support
layers. For a(z) =1, Q_ = Q and general f satisfying assumptions (f1)—(f3), in
one-dimensional case, among other things, the authors in [27] proved the existence
of solutions to (1.1) with interior transition layer and that the layer occurs only
near some extremum point of A(x).

Recently, in one-dimensional domain case (2= (0, 1)), for general a(z) and f
satisfying conditions (f1)—(f3), [28] obtains the following results.

PROPOSITION 1.2. Suppose that a family u. of solutions to (1.1) develop an interior
transition layer at T € Q, where Q@ C Q_ is the connected component of Q_ that T
belongs to. Then

(i) if uc is a family of L'-local minimizer of J., T is a local minimum point of
A(z) in Q, where

Lo [Jdw), we HY0,),
Je(u) == {OO? we L0, 1)\H(0,1).

(ii) if ue is a family of global minimizer of J., A(z) = min{A(x) : z € Q}.

What is the location of interior transition layer of minimizer (L!-local or global)
of the associated functional in general dimensional space? We will give a definite
answer in this paper.

For small positive constant gy, we define

S = {l’ eN: diSt(.’E, Eo) < 2(50}, T:= [—2(50,250].

We parameterize elements x € S using their closest point z in ¥ and their dis-
tance ¢ (with sign, negative in the dilation of {2y,). Precisely, we choose a system
of coordinates z on X, and denote by n(z) the unique unit normal vector to ¥
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(at the point with coordinates z) pointing towards Q\Qyx,. Define the diffeomor-
phism I': ¥ x T — S by
T(z,t) = z + tn(2).

We let the upper-case indices I, J, ... run from 1 to N, and the lower-case indices
iy J, ... run from 1 to N — 1. Using some local coordinates (z;);=1,... nv—1 on Xo,
and letting ¢ be the corresponding immersion into RY, we have

or Oy
82’1' (Z’t) a 821

(2) +tl€z(2)§i(z) fori=1,...,N—1,
Zj

a(za t) = n(z)v

where (k]) are the coefficients of the mean-curvature operator on X. Let also (gi;)i;

be the coefficients of the metric on ¥; in the above coordinates z. Then, letting g
denote the metric on Q induced by RY, we have

P ( {géj} (1)>7

where

55 = (HL6) + 1072 (1, 526 + () ))

= Gij + t(K]" Gmj + K} Gin) + K] K] Gon.-
We have, formally
det g = det g[1 + tTr(g ' a)] + o(t),
where
Qi = Ky Gmj + n;’gm.
There holds
(7 'a)a = g7y = g7 (K" Gmj + K% Gin)s
and hence
Te(g~ o) = g7 (K} Gmj + 15 Gin) = 257 K" Gimj = 25

We recall that the quantity ! represents the mean curvature of ¥, we abbreviate
k; as k, and in particular it is independent of the choice of coordinates.
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We have

dV, = v/det gdzdt = (1 + tk + o(t))/det gdzdt = (1 + tk + o(t))dV;dt.

For h satisfying |[|h||ze(s,) < 200, we define the perturbed closed (N —1)-
dimensional hypersurface of ¥y as

Y ={T(2,h(2)) : z € Ep}.
We also introduce

N Je(w), we HY(Q),
Je(w) = {oo, ue LYQ\H(Q).

We call that u, is a L'-local minimizer of J, if there exists u > 0 such that J,(u.) <
Je(u) for any u satisfying ||uc — ul[11(q) < p. Each L'-local minimizer of J, is a H*'-
local minimizer of J. as well, that is to say, it is a weak solution of (1.1). By the
theory of regularity, it is a classical solution of (1.1).

Our main results are the followings.

THEOREM 1.3. Suppose that a family u. of solutions to (1.1) develop an interior
transition layer at X9 C Q, where Q C Q_ is the connected component of 2_ that
Yo belongs to. If uc is a family of L'-local minimizer of J., then Xg is a ‘local
manimum’ surface of fEh A(z) in Q in the sense that there exists a 0 < o(< 2dp)
such that

[ ammin{ [ A lhlleim < o and Vbl s = o)}
o Xh

THEOREM 1.4. Besides the conditions of theorem 1.3, furthermore if u. is a family
of global minimizer of J., then

A = min {/ A : for any closed smooth (N — 1)-dimensional
b b

nontrivial surface ¥ C Q with Q4 \Qsy, = Q4 \Qs,} .
REMARK 1.5. If Q is a simply connected domain, then, for any closed (N — 1)-

dimensional surface ¥ C Q, both Q4\Qy and Q;\Qyg, are equal to 4, so the
result of theorem 1.4 becomes

/ A = min {/ A : for any closed smooth nontrivial surface ¥ C Q} .
o b

2. Preliminaries

We first recall definition of functions with bounded variation and a property to be
used. The interested reader is referred to [19].
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DEFINITION 2.1. A function ¢ € L'(Q) is said to have bounded variation in € if

/ |Do| := sup{/ pdivedr : v = (vi,...,vn) € CH(Q,RY),
Q Q
[v(z)| <1 for z € Q} < 0.

We define BV () as the space of all functions in L!(£2) with bounded variation.
If ¢ € BV(Q), then for any positive continuous function v, we have

/ v(x)| Dol = sup{/ pdivwdz : w = (wr,...,wy) € CL(Q,RY),
o Q

|lw(x)| < v(z) for z € Q}. (2.1)
Consider the following initial value problem

2F (x, W (x, 7))

0, W(w,7) = alz) (2.2)

W(z,0) = Wy(z),

where Wy € C*(Q) satisfies by (x) < Wy(x) < ba(x) for x € Q. This problem admits
a unique solution Wz, 7) in @ x R and

bi(z) < Wiz, 1) < bo(x), V(z,7)€ QxR
Moreover, |V, W (x, 7)| € L>®(Q x R) and lim,, . W(x, 7) = bi(x), lim,; 400
W (x, 7) = ba(x). More precisely, there exists positive constants ¢, o depending on
F such that
(Wy) for 7 large enough, |W(x, 7) — ba(x)| < ge “T;

(W) for —7 large enough, |W(x, 7) — by (x)] < ge®
The above properties of W can be seen in [29] (see also (1, 30]).

3. Local minimum

We first establish a lower bound for J.(uc).

LEMMA 3.1. Suppose that a family u. of solutions to (1.1) develop an interior tran-
sition layer at g C Q, where Q C Q_ is the connected component of Q_. If u. is
a family of L'-local minimizer of J., then

Jo(u) = V2 [ AdV, +/ 1F(gg,bg(x))dx + o(1), (3.1)
Yo Q+\QEO €

where o(1) means a quantity with limit 0 as e — 0.
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Proof. First we assume that Q is simply connected. We have

Je(ue) = Je(ue, 4) + Je(ue, Q) = Te(ue, Qi) + Je(ue, Q) (3.2)

> / %F(x, ba(x))daz + Je(ue, Q).
Q4

Set
U:={veCi(QRY): ju(x)| < 1},

then we have

J.(ue, Q) = /Q o) |7l + LF (e )z
> V2 [Vl ae) Pl )
:sup{ﬁLVuE~vW}.

velU

If we denote

ue ()

V() = a(x)F(z,)dr,

b1 (x)
then

JE (u€7 Q)

2 ilég {\/i/g [vwe Sv— /blu(:) V( a(m)F(x,r)) -’UdT‘| dw}
:Sup{ vz /b““” @) dive

vel ()
+V ( a(x)F(z, T)) -v} dex} .

Combining the limit u. — ug in L'(2) and the L> boundedness of the several
quantities \/a(x)F(a:, 7), V(\/a(w)F(x, 7)), v, dive, we have

liH(l) Je (uea Q)

> sup{ vz /b”“” A ) dive

vel 1(x)

+Vv ( a(x)F(m,r)) -v]drdx}

= sup {—ﬂ / X(uo(x) = ba ()

/bQ(I [mdlvv+V( a(x)F(z, )) -v] deas}

by

https://doi.org/10.1017/prm.2022.12 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.12

Locations of interior transition layers to inhomogeneous transition problems 771

= sup {—ﬁ/gx(u()(w) = by(z))

xdiv l e \/a(x)F(x,T)vdTl dx}

b1 (z)

bz(m
= \f/ / |V x (uo(z )Va(z)F(z,7)drdx
b

1(w)

~vi[ | Y e aray,

e
=V2 [ A(z)dV. (3.3)

Yo

Note that Q;\Qys, = Q4, since Q is a simply connected domain. From this and
(3.2), (3.3), we obtain (3.1).
For the case that Q is multiply connected, (3.2) becomes

1
)z [ P b+ e, Q)
Q+\QEU
and the same argument as that of the simply connected domain case gives the
desired inequality (3.1). O
We further establish an upper bound for J.(ue).

LEMMA 3.2. Under the conditions of lemma 3.1, then for any h satisfying
[h]| Lo (520) < 0 for some o < 260 and ||V gh]|| (s, = o(e}/*), we have

Jo(u) < V2 [ AdV; + / 1F(aﬂ, ba(z))dz + o(1). (3.4)
Sn Q

+\QE() €
Proof. First we also assume that Q is simply connected. We borrow the idea of [30]
(see also [28]) to define a sequence of functions b.(z, t;7) : X x T x T = R

bg(Z,t), 2\/€ < 7 < 20,

[bo(2,8) — W (2, t:1//E)] - \[\[—kbg(zt) Je< T <2V,

be(z,t;7) = W(z,t;r/e), I7] < Ve,
W (2t —1//8) — b (z.1)] *}f Fbi(at), —2/e<T < VR

bl(z,t), —28y < T < —2V/,

where W is the solution of (2.2). Given h satisfying |[|hl/pe~(n,) <o and
[V gh|| o (s0) = 0(e}/*), we define p. : @ — R by

bg(l‘), T € 9\92507
pe(x) = { be(z,t:t — h(2)), = (z) +1in(z) € QEaO \92760’
bl(l‘), T € inao.
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Claim: For any given u > 0, there exist €p(p) > 0 and o(p) > 0, such that for all
€ < €9 we have [[ue — pel|1 () < p.
Indeed, if we introduce

po = bix(Qs,) + bax(N\2y,),

then we know that there exists o(u) less than 20 such that for ||h]|ee(s,) < o(u),
the following inequality holds [jug — pol|z1(q) < 5. Hence, to prove the claim it is
only need to show that p. — po in L1(Q) as € — 0.

By the definitions of p. and py, we have that

[ octe) = mtaiaz = | 2 1pe() — po() e

h,+2\/E\QEh—2\/€

:/Q |p€($)—po(x)|+/ﬂ |pe(z) — po(z)

Zh+2V€\QEh+V€ Eh—v?\ﬂzh—2v?

+ 1pe() — po(a)ld.
th+v€\ﬂzh

-ve

For the first integral of the right hand side we have

/ 1pe(@) — po(a)|dz

T AN
2,/
f/ / ba(z, h(2) + 1) — W (2, h(2) + 15 1//0)
X | —2e|[L + (h(2) + p)k + o(h(2) + p)|dVgdp
2,/
< \(/Jg /ﬁ (2ve — p)dp
= O(Ve).

Analogously,

/Q 1pe() — pola)ldz = O(/6).

Eh—ﬁ\QZh—Qﬁ
We have

/ 1pe() — po(@)|dz
Q

A AN
Ipe(@) — po(@)ldz + / pe(@) — po(a)lda
th\ﬂzh—v?

).

e
- / / Ibalz, h(2) + ) — Wz h(z) + 53 /) dVydps

Eh+ﬁ\ﬂzh,
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+LﬁAWWWW@+M—W®M@ﬂmWM%@
0(ve)

All in all we obtain that p. — po in L'(Q) as € — 0.
We decompose

Je(ps) = Je(psa Q\QE;H_Q\E) + Js(pe,QEh_‘_Qﬁ\QEh_,_ﬁ)
+ Je(p€7 QE;H.\E\QE;,,_\E) + J€(p5? th_\/g\QEh_Q\/Z)
+ JE(pE7QZh_2ﬁ)'

From the definition of p., we have

L%@WmmJ:/

1
€ a(@)|Vbs|? + = F(z, by())dz
Q 2 €

\th+2ﬁ

1
== / F(z,ba(x))dx 4+ O(e)
€ Q\thnﬁ

1 [ P ba(@))dz + (), (3.5)

6Q+

where in the last equality we used the facts that F(z, ba(x)) =0 in Q_, and
Q+\Qgh+2\/z = ()4 in virtue of the simply connectedness of Q.
Similarly, we have

Je(pE,Qgh_2ﬁ) = O(e). (3.6)
We have

1
JE(pEvQEh+2ﬁ\QEh,+\ﬁ) = E/ F(z, pe(x))dz + ofe).
D2y 00\ oy e

Recalling that F(x, ba(x)) =0 = F,(x, ba(z)) and Fyy(x, ba(x)) > 0, we have

142 F(z, pe(z))de

€
hr2ye 0 e

12 1
:7/ / F(z,h(z)+u, {bg(z,h+u)—W(z,h+u;)]
€ Ve Zhtp \ﬁ

p—2y/€

1 [2ve
< */ / F(z,h+ﬂ,qe*“/ﬁ+bz(z,h+u)> dVzdp
€ Ve Dhtp

:1/2ﬁ/ {F (z,h+u,qe7a/‘/g+bz(zvh+ﬂ))
€JVe JShip
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1 [2Ve
< - / e_a/\/g'%d:u
€Jye

= ﬁeia/ﬁvﬁa

€

where

Ve = q1 SUp {/ Fu(zt,7)dV5:
po

h(2) + Ve <t < h(z) + 2V, ba(z,t) < T < ba(z,1) + qe*a/ﬁ} .

Note that 7 is uniformly bounded in e. T

herefore we have

Je(pe, Vs, 4, 2\ 3,4 o) = o(e).

Similarly we have

Je(p67QEh—\/€\QE}L—2\/E) = O(G).

Finally, we consider the integral Je(pe, Qs,, \Qs, _ .). We have

Je(p€7 QZth\/g\QEh,\/g)

= *a
/ 2
I N

1
+ -F (z7t, W <z,
€
:/ ¢ {‘V
QE;L+\/E\QE;L Na 2

(e

Qi

w (0, 21D

2

t—h(z)>
))dth

2

(1+0())

(3.7)

(3.8)

[aQW + 83W} } L oF <z,t,W ( f(z)» dvydt,

where we used the formula |Vgu(z, t)]* =

Then

Je(Pe»QEHﬁ\QEh—ﬁ)

:/QE

have 25 e

%a(z, £) {‘vgw (z 1,1 ?(z)>

[Vgu(z, )[*(1 + O(t))

(1+0()

2

2F (m, Wz,

)

1
+ | 02 + D
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1 t—h
ey (z,t, W<z7t, (z))> dVydt
€ €

t—h
:/ Lea Uvgw <z,t, (Z))
QE}L«F\/E\thf\/E €

+ aQW\/mF <z,t7 Wt = h<z))>

€

2 _
+Zp <z,t, W (z,t, ! h(z)» dVydt.
€ €

Note that

J

in virtue of the properties of the solution W of (2.2) and the fact that
IVghll Lo (s,) = 0(e"/*). The term 9,W+/2aF is bounded in Oy, , \Qs, . Now,
letting 1t = (t — h(z))/e and so t = t(z, p) = h(z) + €, we have

2

(14 0O(t)) + (9, W)?

2

’vgw (z,t,t_?(z)> (1+0(t))+(82W)2] = o(1),

B4 ve \25,_ e

Je(pEvQEh_*_ﬁ\QEh—ﬁ)
—h
= / -F <27t7 w <Z7ta t(,Z))) dngt + 0(1)
¢ €

€
2Eh+f\ﬂzh—ﬁ

1/Ve
/ [ 2P Goha) + cn W hl2) + e )
1/Ve /%o

(1 + (h(2) + ep)k + o(h(z) + ep))dVzdu + o(1). (3.9

One has

W (z,h+ep;un)
wl \/ alz b+ )P (2 h(z) + ep, 7)
3o Jb1(z,hten)

X (14 (h(z) + ep)k + o(h(z) + ep))drdV;

(z,htep;p) d 1
- [ / \/ Loz b+ en)F (2, h(2) + €1, 7)
3o Jbi(z,h+epn) 2

<(1+ (h(z) + ew)r + o(h(z) + e)] drdV

1
+ VS0t ) (2 ) W e, )
Yo

X (e02W + 03W)(1 + (h(2) + ep)k + o(h(z) + epn))dV; (3.10)
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Note that

1
\/2a(z, h+ ) F (z,h(2) + ept, W (2, h + €5 1)) 03 W (2, b + €pu; o)
= F(2,h(2) + ep, W(z,h+ ep; p)) -
By (3.10) and (3.11) we have

1//€
/ /2th<>+eu, (2, h(2) + e 1))
1/ve %o

X (14 (h(2) + epn)k + o(h(z) + en))dVzdp
W (z,h++/€1/1/€)
/ / \/Qa(z, h+Ve)F (z,h(z) + Ve, 1)
S b (2,h+ /)
+ (h(z) + Ve)r +o(h(z) + Ve))drdV
W (z,h—\/€6=1//€)
/ / \/Za(z, h—e)F (z,h(z) — e, 1)
o Jb1(z,h—/e€)
1+ (h(2) — Ve)r + o(h(2) — Ve))drdVj

1/\/e 1/\/e
- 2/ Il,ed/}' - 2/ I275d/1'a
—1/v/e ~1/\E

where

W (z,h+ep;un) d 1
= J Lz h+ ) F (2,h(z) + e, 7)
3o Jb1(z,hten) 2

X(1 4 (h(z) + en)r + o(h(z) + ep))] drdV3,

= E/z \/;a(z, h+ep)F (z,h(z) + ep, W(z, h + ep; u)) 0o W
X (14 (h(2) + e + o(h(2) + )V,

Plainly

1/ve
[ Ban=ove.
—1//e

Recalling t = t(z, p) = h(z) + e, we have

+ (h(2) + ep)k + o(h(z) + €p))]

\/ (z,t,7)(1 4+ tr + o(t))
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Hence

1/ Ve
/ I1.odp = O(+/e). (3.14)
W

From (3.9), (3.12), (3.13) and (3.14) we obtain

ehm Je <p67 QZ;LJr\/g\QEh—\/E)

ba(z h(z))
/E /b A WV E (2, h(2),1)(1 + h(2)k + o(h(2)))drdV,

1(Zh

=V2 [ Az, h(2))(1+ h(2)k + o(h(2)))dV;

o

=V2 [ AdV,. (3.15)

3

Combining the above claim and the assumption that u, is a family of L!-local
minimizer of J., we obtain

Je(ue) < Je(pe)- (3.16)

The upper bound estimate (3.4) follows from (3.16), (3.5), (3.6), (3.7), (3.8) and
(3.15), where the relation Q4 \ s, = Q. is used again, since Q is simply connected.
For the case that Q is multiply connected, (3.5) becomes
1
Tlpe s, ) =+ [ Floba(a)de +0(),
€ Q+\QEO

and the same argument as that of the simply connected domain case gives the upper
bound estimate (3.4). O

Proof of theorem 1.3. Lemmas 3.1 and 3.2 give the desired results of theorem 1.3
after a simple proof by contradiction. O

4. Global minimum

Given another smooth closed hypersurface ¥ C Q, similarly as the geometric ground
in § 1, for some 6 > 0, we define

S ={zreQ:dist(z,%) <28}, T =][-20,26].

We parameterize elements x €~§ using their closest point z in ¥ and their distance
t. Define the diffeomorphism I' : ¥ x T — S by

[(z,t) = z + tii(z).
Letting ¢ be the corresponding immersion into RY, we have
or ¢
- t) =

or _
a(z, t) =n(z).

(z)—l—ti%f(z)g%p(z) fori=1,...,N—1,
J
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Let also (g;j)i; be the coefficients of the metric on % in the above coordinates z.
Then, letting § denote the metric on © induced by RY, we have

Gry = ( {ééj} (1) >7

where
Gij = Gij + LR Gy + £ Gin) + CEES G-
We have also
det § = det g[1 + 2t&!] + o(t) =: det §[1 + 2t&] + o(¢),
and

AV = \/det gdzdt = (1 + t& + o(t))v/det gdzdt = (1 + t& + o(t))dVsdt.

For h satisfying ||A[| (s < 25, we define the perturbed closed hypersurface
Sp o= {T(z,h(2)) : z € £}.
LEMMA 4.1. Assume that u. is a family of global minimizer of J., we have
_ 1
Je(ue) < \/5/ AdV; +/ —F(x,ba(x))dx + o(1). (4.1)
b Q:\Q5 €

Proof. First, we also assume that Q is simply connected. Similar to that of § 3 we
define p. : 0 — R by

ba(w),  wEQ\Qg,
pe(x) =S be(z,151), x = P(2) +thi(2) € Qs \Qs;
bi(z),  TE€Qy .

Decompose

Je(ﬁe) = je(ﬁer\QiQ\ﬁ) + je(ﬁer \Qiﬁ)

DN

+Je(pe, U5 s )+ Je(pe, 25 N\ | )
+ Je(Pe, Qs , )
Similar to that of (3.5), we have
. 1
T 005, ) = 1 [ Flaba(@)do+0(0), (42)
+
and
Te(Pes Qs , ) =0(). (4.3)

2e
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We have

- 1 3
Je(pﬂﬂizﬁ\gi\/?) T /Qz \0s F(z, pe(x))dz + o(e).
ave VB e

Using that F(x, ba(z)) = 0 = Fy(x, ba(z)) and Fy,(z, b2(x)) > 0 again, we have

1
/ Fla, po(a))dz
€ 922\[\92 Ve

L v ()] 25

+ba(z,t)) dVzdt

1 [2Ve —a) e

- F (z,t,qle + bg(z,t)) dVzdt
€ 5, ‘

1 \f
< - / e_a/\/gﬁledt
€ Jye

= o(e),

where

Ve 1=SUP{/ Fu(Zali,T)dvgi\@<M<2\ﬁ,
b

ba(z, ) < T < ba(z, ) + qlefo‘/‘/g} .
Therefore, we have

je(ﬁe) sz\Q ) = ofe). (4.4)

Similarly we have

J(pe s\, )=ole). (4.5)

S . Ny ) we have
t

:/ EUL VW (z,t, )
Os N\ o 2 €

:/ Sa ‘vgw (z,t,t>
Q5 \Q5 2 €
\/g —

NG

1 2 1
o o] Y e e (.8
€ € €

For the integral J.(p.,

Je(pe: Q5 Qs )
Ve Ve

2
1 t
+ —-F (z,t, w (z,t, ))
€ €

2
(1+0(@))
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t
:/ ea{‘ng <z,t, )
Qiﬁ\ﬂi_ﬁ2 €
1 /2F ’ 1 t
+ [W + =4 = +F(z,t,W(z,t,)>
eV a € €
1 £\
:/ — < €a ‘V9W<zt >
s 2
_e

2

(1+0(@))

(14 0(t)) + (82W)2]

Note that

€a UV;W (Z,f, z)

is bounded in Qy, , \Qs, __ in virtue of the properties of the solution W of (2.2).

(14+0(t)) + (82W)2]

Hence, letting 11 = £ and so t = t(u) = ept, we have
je(ﬁeri \927 E)

1V
/ / 2F (z, e, W (z, €pu, 1)) (1 + epic + oep))dVzdu + O(Ve).  (4.6)
1/ve

One has

W (z,ep;p)
/ / \/ a(z,ep)F (z,ep, 7)(1 + ek + o(ep))drdV;
dM b1 (z,epn)

W (z,ep;p) d 1
/ / \/2a(z, €)' (z, e, 7)(1 + ek + o(ep)) | drdV
b

1(2,€p)
/ \/ (2, en) F (2, e, W (2, ep; 1))
X (€0oW + 03W)(1 + epfs + o(ep))dV; (4.7)

Note that

1
\/2a(27 ) F (2, e, W (z, ep; 1)) 0sW (2, h + epu; o)
=F(z,ep, W(z, e p1)) - (4.8)

By (4.7) and (4.8) we have

1V
/ /2F z e, W(z, e, ) (1 + ek + o(ep))dVzdpu
1V

VNG
//uz V2005, VOF (2, Ve, ) (1 + VR + o(/e)drdV;
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W (z—VE=1/v0)
/ /b V20(z,~VOIF (2, /e, 7) (1 — Ve + o(Ve))draV;

1(z,—
N Ve |
- 2/ Il,edu - 2/ IQ,edM7
—1/e —1/e

(4.9)

) Wenn) g [ 1
T = / / i ¢ a2 w)F (2, €1, 7) (1 + epit + o{epr)) | drdV,
b

1(z,ep)

Plainly

N
/ I.cdp = O(v/e).
~1/ve

Recalling t = t(u) = ep, we have

o W Loz ) F (2, e, 7)1 +6u%+0(6u))]

)

_ e% N;a(z, DF (2,8, 7))(1 + i + o(t))

which yields

1/Ve
/ ILEd,u = O(\/E)
—1/Ve

From (4.6), (4.9), (4.10) and (4.11) we obtain
hm Js(pe,Qi \Qi,\/g)

/ /bbzzo V2a(z,0)F (2,0, 7))drdV;

1(2 0)

:\/i[A(z,O)dVg.
b

1
Iy = 6/ \/2a(z, ep) I (z, e, W (2, ep; 1)) 02 W (1 + epfi + o(ep))dV.
3

(4.10)

(4.11)

(4.12)

The upper bound estimate (4.1) follows from (4.2), (4.3), (4.4), (4.5), (4.12) and
the assumption that Je(uc) < Je(pe), where the relation Q1 \Qg = € is used, since

Q is simply connected.
For the case that Q is multiply connected, (4.2) becomes

T s, ) = 1 [ o Pl bl 00

and the same argument as that of the simply connected domain case gives the

desired result.
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On the other hand, from lemma (3.1) we have
- 1
Jw) = vz [ Adv, + / L P, bo(2))dz + o(1), (4.13)
o Q4\Q0x,

Proof of theorem 1.4. Recall the assumption that Q1 \Qs = Q4 \Qyx, for any closed
smooth (N — 1)-dimensional nontrivial surface ¥ C Q. Combining this, lemma 4.1
and (4.13) we obtain the desired results of theorem 1.4. O

To find the locations of the interfaces of interior layers to L'-local and global
maximizers of the associated energy functional, or even to general layer solutions,
seems to be an interesting question. What about H'-local and global minimizers
or maximizers is also deserved to be studied.
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