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Representation Stability of Power Sets and
Square Free Polynomials

Samia Ashraf, Haniya Azam, and Barbu Berceanu

Abstract. The symmetric group 8, acts on the power set P(n) and also on the set of square free poly-
nomials in # variables. These two related representations are analyzed from the stability point of view.
An application is given for the action of the symmetric group on the cohomology of the pure braid

group.

1 Introduction

The symmetric group §, acts naturally on the power set P(n) of the set n =
{1,2,...,n} as follows:

ifre8,and A € P(n), thennw-A = w(A).

It is obvious that the orbits of this action are Py(n) = {A C n | card(A) = k}
for k = 0,1,...,n. More interesting is the linear representation of the symmetric
group on the linear space LP(n), the Q-span of the power set: the §,-submodules
LPy(n) are not irreducible. We decompose them into irreducible §,-modules and we
describe their bases using the isomorphic representation of §,, onto the quotient ring
of square free polynomials in # variables

Sf(n) = Qlxr, %2, - -, X /T, 55, - - ., x0)-

Next we analyze the sequences of these representations, (P(1)),>o and (8 f(#n)),>0,
and some related sequences from the stability point of view introduced by Church
and Farb [CF] for the representation ring R(S,). We define an analogue of this sta-
bility for the Burnside ring €2(8,,) and analyze the stability of the action of §,, on P(n);
see Section 4.

For the irreducible §,-modules (in characteristic 0 these can be defined over Q)
we will use the standard notation: V) corresponds to the partition A = (A > X\, >
-+« > At > 1) of n, and the stable notations of Church and Farb ([CF,C]) V (), =
VoS pipn gz 01 = (1 > pp > -+ > ps > 1) satisfying the relation
n— 215‘:1 Wi > pq. Similarly, Uy is the permutation module (see [J]) and U (),
is the permutation module Un—3 1 - See [FH, J, K] for references for the
representation theory of 8,,.
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Representation Stability of Power Sets and Square Free Polynomials 1025
Following [CF, C], we say that a sequence
®o ¥1 Pn
X=X — X — ... — X, — Xy — ...),

where X, is an §,,-module, is consistent if i, is 8 ,,-equivariant with respect to the nat-
ural inclusions 8, < 8,+1. The sequence is injective if o, is eventually injective and
8.-surjective if for nlarge 8,41 -Im(,) = Xp+1. The sequence X, is representation sta-
ble if it satisfies the above conditions and also, for any stable type . = (p1, iz, - - -, fts)
of §,, modules, the sequence (¢, ), of multiplicities of V'(u), in X,, is eventually con-
stant. The sequence is uniformly representation stable if there is a natural number N,
independent of 11, such that for any y and any n > N, ¢, = ¢, n. We say that a
consistent sequence is monotone if for each 8, submodule U = V (1)® in X, the
Sy+1-span of the image of U in X,,4; contains V(u)fﬁﬂ as a submodule. See [CF,C]
for other versions of representation stability.

In the Sections 2 and 3, using new geometric ideas we give a completely differ-
ent proof of the next theorem: the decomposition is a classical result of Specht and
representation stability are recent results of [CF, C,H].

Theorem A ([CF,C,H]) The sequence of 8.-modules (LP(n)),>o with
LPi(n) =V (0),®V(1), @---®V(k),

(for n > 2k) is consistent, uniformly representation stable, and monotone.

For the proof we introduce an increasing 8,,-filtration; it will be used in Section 5
to describe an algorithm that will give bases of the irreducible §,, modules of the
square free polynomials. The proof in [CF] relies on a result in [H].

Now we introduce the notion of action stability for a sequence X, of §,-sets and
maps Xg —¥° X; —# X; —%> ... . Here we define the really new notions, the
obvious ones are defined in Section 4.

Definition 1.1 The transitive §,-set S, H is of the type A, = (A1, A2, ..., Ar),
A=A > > N> 1, )\ = n, if the action of H on the set n = {1,2,...,n}
has ¢ orbits and their cardinalities are A\, A, ..., \;. The §,-set 8,,/H is of stable
type (t)n = (1, - - -, fs)n if it is of type (n — Zle iy [1, - - -, [s) (the same condi-
tions are required: n — E?:l Wi >y >y > > s > 1),

For a given sequence . = (1, ..., is), 1 > --- > ps > 1, and an §,-set X,;, we
denote by p.(X;,) the number of §,, orbits in X,, of stable type (u.), and by X,,(p«)
the union of all these orbits.

Definition 1.2 A consistent sequence of 8,-sets (X, ©,)n>0 is action stable if for
any sequence [t = (U1, .., us) there is a natural number N, such that, for any
n > N, the following conditions are satisfied:
(i) @, is injective and 8,41 -surjective: 8,11 - ©,(X,) = X413

The sequence (X, ¢,) is uniformly action stable if it is action stable and one can
take N,,, independent of .
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The sequence is strongly action stable if it is action stable and we have, forn > N,,_,
the equality

(111) Srﬁ—l : @n(xn(ﬂ*)) = Xn+1(l/4*)~

We will prove the following theorem.

Theorem B

(i)  The sequences (Pi(n))y>0 are uniformly and strongly action stable.
(if) The sequence (P(n)),>0 is action stable.

In the next section we transfer the results from LP(n) and LP(n) into the corre-
sponding results for 8 fy(n) and 8 f(n), the algebra of square free monomials. The
Viete polynomials o} = <iy<<ip<nXiXi, ** Xi, give a basis for the invariant part
8 f(n)S". Our Proposition 5.10 is a generalization of this classical result: we describe
canonical bases for all the irreducible §,-submodules of the square free polynomial
algebra. A different approach for the representation theory of nilpotent quotients of
Q[x1,x,...,%,] is presented in [MWW].

In Section 6 we apply some of the previous results to find the irreducible §,,-mod-
ules of the first graded components of the Arnold algebra, the cohomology algebra of
the ordered configuration space of n points in the plane. The stable cases, n > 4 for
the first decomposition and #n > 7 for the second, are given by the following theorem.

Theorem C ([CF]) The degree 1 and 2 components of the Arnold algebra decompose
as

Al(n) = V(0)y ® V(1) ® V(2)n,

AP(n) =2V (1), ®2V(2), ®2V(1,1), ® V(3), B2V (2, 1), & V(3,1),.

These decompositions are given in [CF] without proofs; a different proof, using the “two
combinatorial types” contained in A*(n), is presented in [AAB].

The new contribution is the description of explicit bases of the irreducible 8,
modules in the previous decompositions. We denote by {w;;}i<i<j<, the canoni-
cal basis of degree one component of the Arnold algebra, Al(n); we will also use the
following notation:

n
Q" =wp+wiz+- -+ Wy,

Q= > (wik — wjp),
K j
Qiju = wit — Wik + Wik — wiji.

Theorem D  The following list gives bases of the three irreducible components of
Al(n):

B(n) ={Q"},
B(n — L, 1) :{QT23 QT% ) Q’fn}v
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B(n —2,2) ={Q234, N304,
Q1235, Q1325, 21425,

912367 £213267 Q]4267 91526a

Q123ns Qu32n, Qiazny - - - Ql,n—l,Z,n}-

The precise descriptions of these bases are used in [AAB] for cohomological com-
putation of the Kriz algebra, a model for the configuration space of n-points of a
smooth complex projective variety.

To the list of computations present in [CF], we add the stable decomposition of
the cubic part of the Arnold algebra.

Theorem E For n > 12, the degree 3 component of the Arnold algebra decomposes
as

A’(n) 22V (1), ®3V(2), ®5V(1,1), ®4V(3), ®7V(2,1), ® 3V (1,1,1),
BVA), ®6V(3,1), ®2V(2,2), ®4V(2,1,1), B2V (4, 1),
®2V(3,2),®2V(3,1,1),®V(2,2,1),®V(4,1,1), D V(3,3),.

2 Canonical 8, Filtration on LP.(n)

For 0 < k < n, we will define a canonical filtration
F,LPr(n) : 0 < FyLPi(n) < FiLPr(n) < -+ < FLPr(n) = LPx(n)

with 8,-submodules as follows: for A € P;(n), 0 < i < k, denote by o}/(A) the
element of LPy(n) given by

of(A)= Y AUB
BEP;—i(n\A)

and define the §,,-submodule F;LP(n) as the span Q. (o} (A) | card(A) = i).

Example 2.1

FoLP>(4) = Q({1,2} +{1,3} + {1,4} + {2,3} + {2,4} + {3,4}),

FILPy(4) = Q({1,2} +{1,3} + {1,4},{1,2} + {2,3} + {2,4},
{1,3} +{2,3} + {3,4},{1,4} + {2,4} + {3,4}),

BLP>(4) = Q({1,2},{1,3},{1,4},{2,3},{2,4}, {3,4}).

In this example, 0 < FyLP,(4) < F{LP,(4) < F,LP,(4) = LP,(4).
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Example 2.2
FoLP3(4) = Q({1,2,3} +{1,2,4} + {1,3,4} + {2,3,4}),
FLP;(4) = Q({1,2,3} +{1,2,4} + {1,3,4},{1,2,3} + {1,2,4} + {2,3,4},
{1,2,3} +{1,3,4} +{2,3,4},{1,2,4} + {1,3,4} + {2,3,4}),
BLP;(4) = Q({1,2,3} +{1,2,4},{1,2,3} + {1,3,4},{1,2,4} + {1,3,4},
{1,2,3} +{2,3,4},{1,2,4} + {2,3,4},{1,3,4} + {2,3,4})
FLP3(4) = Q({1,2,3},{1,2,4},{1,3,4},{2,3,4}).
In this example, 0 < FyLP3(4) < F{LP5(4) = F,LP;(4) = F3LP;(4) = LP5(4).

Lemma 2.3 Forany 0 < k < n, the sequence {F;LPy(n)}o<i<k is an increasing
filtration of 8,,-submodules.

Proof The group 8, permutes the generators of F;: 7 - 0} (A) = o}(m(A)). The
inclusion F; < F;11,1 < k — 1, is a consequence of the equality

(k—i)of(A) = 3 o (AL {b}). m
bgA

Lemma 2.4 For any g < k < n, we have

Fy(LPr(n) = Fy_n1LPi(n) = - -+ = FtLPr(n) = LPy(n).

Proof In order to prove that LPx(n) < F,_(LPi(n), we will find, for any subset
A € Pi(n), rational numbers {¢; }o<i<n—k such that

n—k
A= ¢si(A), wheresi(A) = > o}(B).
i=0 BEP, _i(n)
|ANB|=i
This is done by (decreasing) induction on i. In the right-hand side, the set A is
contained only in s,,_(A), (n 5 k) times, and this gives the first coefficient

(n — K)'(2k — n)!
=y

Ak-set D € Pi(n) \ {A} has an intersection with A of cardinality |A N D| = i, where
2k —n < i < k— 1. Let us denote by x1; the number of appearances of D in the
sum s;(A). It is clear that y1,_5; > 1 (take B = EL (D \ A), where E C AN D
has the cardinality n — 2k +i < i) and also that u; = 0if j < n —2k+i — 1 (any
set in 0}(B), [BNA| < n—2k+i—1,|Bl = n—k, contains at least k — i + 1
elements in the complement of A). Looking for the coefficients of D in the equation

A= Z::ok cis;(A) we find

Cn—k

0= Cn—kfn—k t Cn—k—1fbn—k—1 t =+ Cn—2k+ifbn—2k+i,

and this gives a solution ¢,_o+; € Q. The equation A = ) ¢;5;(A) is symmetric in
k-sets D with |A N D| = 1, so the solution ¢,_,x+; does not depend on D. [ |
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We introduce two natural linear maps:

Un: LPi_1(n — 1) = LP(n), A AU {n},
res: LPr(n) — LPi(n — 1), A {A %fn £ 4,
0 ifneA.

A semi-exact sequence of vector spaces (or a chain complex) is a sequence of linear
morphisms (V; =% Vi;1)ier in which fio fi_; = 0 foranyi € L.

Lemma 2.5 Forany0 <i <k < n, the following sequence is semi-exact:

res

Spkii 0= Fi\LPy_(n — 1) =2 FLPy(n) = FLPi(n — 1) — 0;
the map Un is injective and the map res is surjective. In particular,

dim F;LPi(n) > dimF;_;LP;_1(n — 1) + dim F;,LP;(n — 1).

Proof The map Un : LP;_1(n — 1) — LPx(n) is injective and its restriction to F;_,
takes values in F;:

Lin(o}~}(A)) = of (AL {n}).

The restriction of the second map is well defined and surjective:

ol Y (A) ifn¢A,

res(0i(4)) = {o ifneA

It is obvious that res o(LIn) = 0, but in general ker(res) is bigger than Im(Lin). [ |

Now we compute the dimension of F;LPy(n), describe a basis of this space, and
we show that the filtration F; is strictly increasing, with the exception described in
Lemma 2.4.

Proposition 2.6  Forany n > 1 we have:

(B,) forany0 <k <nand0 <i < min(k,n—k)ori=k, theset {0} (A)}acp(n) is
a basis of F;LPy(n);

(Dy) forany0 <k <mn,

('.1) for 0 < i < min(k,n— k),

1

(") forn—k<i<k

dim F;LP;(n) = {
k

(E,) the sequence S, ; is exact with the unique exceptionk > % andi = n — k;
(Fy) forany 0 < k < n the filtration {F;LP(n) }o<i<min(kn—k s strictly increasing.

Proof The implications (B,) < (D,) = (F,) are obvious as are the statements
FLPi(n) = LPr(n) (from definition) and, for k > %, the equality F,, ;LPx(n) =
LPy(n) (from Lemma 2.4). We will show, by induction on n, that (D,—;) =
(D) and (E,).

For n = 1 we have the equalities

FoLPo(1) = Q(@), FoLP (1) = FLP; (1) = Q({1}),
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two exact sequences

51,0,01 0—0— (OZ<®> — (Ol<@> — O7
S111: 0 = Q@) - Q{1}) - 0—0,

and one semi exact, but not exact:
S110:0—=0—Q({1}) > 0—0.

Now we suppose that the dimension formula is correct for n— 1, and we compute the
dimension of F;LP(n) and check the exactness of S,  ; by cases, according to “small

values” of k, i.e., k < 5, and “large values”, k > 2. We have to analyze eight cases

because k small (or large) for the central term in S:_k‘,i does not imply k — 1 small (or
large) in the first term or k small (or large) in the last term. In fact, there are only
two proofs: a simple one, when i = min(k, n — k), in which case we use Lemma 2.4:
dim F;LPy(n) = ('Z), and the other cases, where a sequence of inequalities gives the

dimension of F;LP;(n) and the exactness of S, x ;.

Case 1: 0 < i <k < 2. Thisimpliesi — 1 < k— 1 < 51,7 < k < %71, and, from
the semi exact sequence

0— F,‘_lLka_l(ﬂ — 1) — F,‘LTk(n) — F,‘prk(ﬂ — 1) — 0,

we obtain

C) > dim ELPy(n) > dim F;_,LP;_;(n — 1) + dim ELPy (11 — 1)

(25 =0)

hence the expected dimension of F;LP(n) and the exactness of the sequence.

Case2: 0 < i < k = g.lnthiscase,i—l <k-1< ”gl,i < ”gl—k:
n—1

min(k, 5= — k), and we obtain the same sequence of inequalities as in the previous
case.

Case 3: i = k = 5. This is obvious: FxLPy(n) = LPi(n), and the sequence is exact.

Case 4: %1 <k<mni<n—k—1 Thisimpliesi —1<(n—1)—(k—1) =
min(n — k,k—1),i < (n—1) — k = min(n — 1 — k, k), and the same sequence of
inequalities gives the correct dimension and the exactness.

Case 5: %1 < k=mn,i=n—k From Lemma 2.4, dim F,,_;LPy(n) = (Z), which is
strictly bigger than the sum of the two other dimensions:

n—1 N n—1\ (n—1 + n—1
n—k—1 k) k k)
The sequence is not exact.

Caseé:kz%l,ogigk—l Inthiscase,i —1 <k—-1< "gl,ig ”;1 — k=

— k, k), and, as in the case 1, we have dim F;LP;(n) = (':) and exactness.

n—1
2

min(
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Case7: k = "T“, i = k—1. By Lemma 2.4, Fy_ LPx(2k— 1) = LP(2k—1), a space of
Zkkjll) = (Zk,:l) , strictly bigger than the sum of dimensions of the other

two terms: (zkk:;) + (Zkljz). The sequence is not exact.

dimension (

Case 8: k = %1, i = k. Again this is simple. FyLPy(n) = LP(n), and the counting

of dimensions gives the exactness of S, ;. [ |
From now on we can assume k < | § |, because of the next obvious proposition.

Proposition 2.7 (i) Foranyk, 0 < k < n, the complementary map C is 8 ,-equi-
variant:

C: Pi(n) > Pp_r(n), A—n\A.

(ii) The 8, representations LPy(n) and LP,,_(n) are isomorphic.

Lemma 2.8 (i) TheS,-module FoLP(n) is trivial.
(i) For0 <i <k < 3, theS, representations F;LP(n) and LP;(n) are isomorphic.

Proof (i) The space FoLPy(n) is generated by the invariant element

op=o0p(@)= > A
AEPy(n)

Using Proposition 2.6 the map (0} (A)) = A is well defined; the maps
w: FiLPi(n) S LPi(n) 4,

where ¥(A) = 0}(A), are 8 ,-equivariant and inverse to each other. [ |

The §,-module LP,(n) is isomorphic with a classical object, the permutation
module U(,_ ), the span of tabloids of type (n — k, k) (see [J]). We will give a
new proof for its decomposition into irreducible pieces.

Proposition 2.9  For0 < k < %, the §,,-modules LP(n) and U, x) are isomorphic.

Proof At the level of sets we have the equivariant bijective map:
Pr(n) — {tabloids of type (n — k, k)}

given by

‘ ‘ < theentries fromn \ A

-« theentries from A

To describe the structure of the §,-modules LPy(n) and F;LPy(n) we will use only
the fact that the §,-module U, k) contains V(,_ k) (with some multiplicity).
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Proposition 2.10 ([J]) Theirreducible decompositions of the 8,,-modules LPy(n) and
FiLPy(n) (0 <i < k < %) are given by

LP(n) =V ® V1) @ & Vi,
FiLPy(n) =V @ Vinc1) @ - @& Vi
Proof The proof is by induction on k. We have LPy(n) = V(,) and, using the
imbedding V(,_rx) < Up—ii = LPi(n) and Lemma 2.8, we obtain
Viy @ Vin—1) @ -+ ® Vip—ir1k—1) = LPr1(n) = Fr_ LPr(n) < LP(n).

Using the hook formula [FH], we have dim V(,_x 4 = (kfl) ikk“, and counting
the dimensions we find

. . n n \n—2k+1 n
dim Fy_1LPy(n) + dim V(n—k,k) = (k . 1) + <k B 1> T = <k)’

and this gives the direct sum

LPr1(n) @ Viu—ip) = Fx—1LPr—1(n) & Viy—ip) = LPr(n). u

Corollary 2.11  The 8,-decomposition of the module LP(n) is given by
LP(n) = (n+ l)V(n) ®(n— I)V(n—lﬁl) D---PB(n—2k+ I)V(n—k,k) D--- @TV(HLL%J),

wherer = [ 5] — [ 5] + L.

A natural operation on the power set P(n) satisfies m(A x B) = w(A) * w(B) for any
permutation 7w € §,. Given a natural operation 1 on P(n) (suchas U, N, A, ...), we
can linearize the map ¢ : P(n) x P(n) — P(n) and obtain an 8,-map L) : LP(n) ®
LP(n) — LP(n). Irreducible decomposition of the tensor product LP(1)®? will add
more irreducible representations of 8, V(,—2.1.1), Vn—321), Vin—311.1); - - - ; €ach of
them is contained in the kernel of Li).

3 Representation Stability
Using the stable notation, Proposition 2.10 gives the stable decompositions

LPi(n) =V (0),dV(1),&---dV(k), (for n > 2k),
F,LP(n) =V(0),®dV(1), - DV(>i), (for n > 2k > 2i).

The natural maps
P(n) B Pn+1) and Pi(n) Py Pr(n+1)
and their linearizations
Loy Logn
LP(n) — LP(n+1) and LPr(n) — LPr(n+1)

are induced by the inclusion map n — n+1. The sequences (LPi(n)),>0,
(F;LPi(n))n>0 are consistent, uniformly representation stable, and monotone in the
sense of [C] and [CF]. Identifying the 8,-representations LPy(n) = I nd?:x s, Vs

https://doi.org/10.4153/CJM-2014-029-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-029-2

Representation Stability of Power Sets and Square Free Polynomials 1033

the uniform representation stability is a special case of [H, Theorem 2.4] and mono-
tonicity is a consequence of [C, Theorem 2.8]. We will give new proofs for these
results, including also similar results for the sequences

FLPi(n) = FilLP(n+1) = -+ > B LP(n+k—1i—1)
= LPn+k—1i) > LP(n+k—i+1)—---
First we prove some “polynomial” identities.
Lemma 3.1 (i) ForanelementAinP;(n),0 <i <k < n,wehave
op(A) = oM (A) — o™ (AU {n+1}).
(i) For0<i<k—1,k<n, wehave

1
: >, meop(d) —(i+1,n+1)-07(i),
(n—1)l(n—k+1) reszi

ot (i+1) =

where 8,%’;1 is the subgroup of permutations fixing the elements 1,2, ... i.
Proof (i) The first equality is obvious. A term A LI B, B C n is contained in 07}/(A)
and 0" (A) but not in the last sum, and a term A L C U {n + 1} is contained in the
last two sums but not in the first one.

(ii) All the sets in this formula contain {1,...,i}. In the left-hand side all the
terms contain {i + 1}, the sum } es2in T of (i) is symmetric in the elements i +
1,i+2,...,n,n+1, and therefore all its terms have the same multiplicity. Multiplicity
oftheterm k = iU {i + 1,...,k}, k < n, equals the number of permutations 7 in
8§21 sendinga k — i subset of {i + 1,i +2,...,n} into {i + 1,...,k} (because any
sum 7 - o(i) contains k at most once), and this number is given by

(:—:)(k_i)!(”Jrl—k)!:(n—i)!(n+1—k).

Using the symmetry of the left-hand side and the different symmetry of the right-
hand side, it is sufficient to show that the coefficients of the set k = i+1 U {i +
2,...,k} =iuU{i+1,...,k} on the left hand side and the right hand side coincide,
and the same for the coefficients of the set i LI {i +2,i + 3,...,k,n+ 1}. Now the
term

k=iu{i+1,...k}=i+1U{i+2,...,k}
appears in the average of the sum > _ gzin T o} (i) with coefficient 1, as in

a,’:“(i + 1), and does not appear in the sum o} (i) modified by the transposition

(i+1,n+1). Theterm il {i +2,i +3,...,k,n+ 1} appears in the average of

the sum } | cgin T - op (i) with the same coefficient 1 and has also the coefficient 1
n+l

in(i+1,n+1) of(0). [ |

Lemma 3.2 (i) For0<i<k—1,k<nwehave
Lo n(F;LPr(n)) < Fiy LPr(n + 1),
Sut1 * Lpkn(FiLPr(n)) = Fiy LPr(n + 1).
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(i) Fori =k < nwe have
Lo n(FxLPr(n)) < FLPr(n + 1),
St Lok u(FxLPi(n)) = FxLPi(n + 1).

Proof Part (ii) is obvious at the set level: ¢y ,,(Pr(n)) is part of Pi(n + 1), and 8,41
acts transitively on Px(n + 1). For part (i), the first inclusion is a consequence of
Lemma 3.1(i), and this inclusion implies

St * Logu(FiLPr(n)) < Fiy1 LPr(n + 1).

For the reverse inclusion it is enough to show that o'*!(i + 1) belongs to the 8,
span of the image of F;LPy(n), and this is a consequence of Lemma 3.1(ii). [ |

Remark 3.3 From Lemma 3.1(i), it is also clear that the image of F;LPy(n) is not
contained in F;LPy(n+ 1) fori < k — 1.

Proposition 3.4 ([C,H])

(i)  The sequences (LPi(n), Lok n)n>0 are consistent, uniformly representation stable
(with stable range 2k), and monotone.

(if) For 0 < 2i < 2k < m, the sequence Frin(isn—m o LPr(1)y>m is consistent, uni-
formly representation stable, and monotone.

Proof (i) It is obvious that the maps Ly, : LPi(n) — Resg'n‘“Lka(n + 1) are in-
jective, §,-equivariant, and also that 8,4, - Im(¢k,) = Pr(n + 1). The sequence of
multiplicities of V' (11),, in LPx(n) is constant 1 for = (i), 0 < i < n/2, and 0 for
the other irreducible modules, by Proposition 2.10.

(ii) By Lemma 3.2, the injective map Ly, has restrictions Fuin(i+n—m k) LPr(1) —
Frin(i+n+1—m ) LPx(n + 1), which are 8,-surjective. The multiplicities are eventually
stable, as in part (i).

The proof of monotonicity will be given at the end of Section 5. ]

Remark 3.5 The sequence (LP(n), Ly,),>o is consistent but not representation
stable.

4 Stability of the Symmetric Group Actions

We give a set-theoretical analogue of the representation stability for a (direct) se-
quence of finite §,,-sets X,, and maps X, =% X; =% X; —%2 - - . . The following def-
initions are obvious.

Definition 4.1 (i) The sequence (X,;, pn)n>0 of 8,-sets is consistent if and only
if the map X, 2 Resé:*‘ (X,41) 1s 8,-equivariant.

(ii) The sequence is injective if ¢, is (eventually) injective.

(iii) The sequence is S..-surjective if 8,41 - Y4 (X,) = X,41 for large n.

To define “stability” we need a “stable notation” for transitive §,-sets. These are
of the form 8, /H, where H is a subgroup of 8, defined up to conjugation.
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Definition 4.2 A transitive S,-set X, has type (A1, ..., \y) if it is equivalent to
8,/ H as §,,-sets and the action of H on # has t orbits of cardinalities A, ..., A;.

Remarks 4.3 (a) If H and K are conjugate in S, then §,,/H and 8,/ K have the
same type.

(b) IfS,  H isof the type (A1, Az, . .., Ar), then (up to conjugation) H is a subgroup
of §), X 8y, x -+ x 8,5 if pr; is the projection of §), X 8y, X --- X §), onto S,
then pr;(H) < 8, acts transitively on the set ); of cardinality ;.

(c) In general there are many non-equivalent transitive 8,-sets of the same type
(A1, A2,..., A¢). There is a minimal one corresponding to the largest sub-
group, 8y, X 8y, X --- X 8),. Its linearization, L(S,, /8y, X 8y, X -+ X 8y,),

V.. (with multiplicity one).

Example 4.4 The sequence (8,/A, = 7,,1d) is uniformly and strongly action
stable. More generally, any consistent, injective and S..-surjective sequence of transi-

tive actions whose isotopy groups act transitively on {1, 2, ..., n} is strongly action
stable.
Example 4.5 The sequence of §,,-sets, n = {1,2, ..., n} (with natural action of 8,

and canonical inclusion i,,: # < n + 1) is uniformly and strongly action stable.

Theorem B generalizes this last example.

Proof of Theorem B (i) As in Section 2, we take n > 2k. The group §, acts on
Pr(n) transitively and its corresponding subgroup is 8, X S; Px(n) is of a unique
stable type (k),, with multiplicity 1. Obviously the canonical inclusions Px(n) —
Pr(n+ 1) are consistent, injective, and 8. -surjective.

(ii) The orbits of P(n) are {Px(n) }o<k<n, with corresponding subgroups S, x
Sy; the stable types are (k), with multiplicity 2 for n > 2k + 1, hence the sequence is
not uniformly stable. Moreover, condition (iii) of Definition 1.2 is not satisfied: for
ps = (k),n>2k+1,

Xn(,uf*) = iPk(n) U :Pn—k(n)v Xn+1(ﬂ*) = iPk(n + 1) U fPn-*—l—k(n + 1)7

and 8,4, - @n(Xn(,u*)) =Pn+ DHUP, 4(n+1). u

5 Canonical Polynomial Basis

Now we translate the power set representations into a quotient representation of
the polynomial algebra Q[x,...,x,]; we compute canonical basis for the irre-
ducible components in this isomorphic algebraic model. The set of squares sq(n) =
{x},...,x2} is 8,-invariant, hence the ideal generated by sq(n) is §,-invariant and
we obtain a quotient representation of §,, on the space of “square free” polynomials

(i.e., the Q-span of monomials in which the exponents of x1, x;, . . ., x,, are < 1.)

8f(n) = Qlxy, ..., %],/ (sq(n) = Qx, | A € P(n))
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where X, = X,,X,, - - - X, is the square free monomial corresponding to the subset
A={ay,...,ax} € Pr(n).

Lemma 5.1 The power set LP(n) and the space of square free polynomials S f (n) are
isomorphic 8,-modules.

Proof The power set P(n) and the canonical basis {x, | A € P(n)} are isomorphic
as S,-sets. |

In the new setting we have a 8,,-decomposition by grading 8 f (n) = @;_, S f(n),
the 8,-filtration (0 < k < | §])
Fi8fi(n) : 0 < FyS fr(n) < Fi18 fi(n) < -+ < Fk8 fi(n) = 8 fi(n),

and also the irreducible components.

Corollary 5.2  Forany i, k, n satisfying0 < i < k < || we have
8 fi(n) = 8 fu_(n),
F8fi(n) =Viy ® V1) D -+ B Vi,
8fi(n) =V @ Viue1) @ -+ ® Vin—i,
Sf(?’l) = (I’l + I)V(n) b---D (11 — 2k + I)V(n—k,k) D---D rV([%L\_%J)’
wherer = [5] — [5] + 1.
Remark 5.3 Fork > | 5] we have

Vi Vin- Vi, fa OSS _k»
ESfuln) = o 00 Vet 0 B or 0 =

Viy ® V1) @ - @ Vg forn—k<i<k
Corollary 5.4  The sequences (8 fi(n))n>0 and (Fuin(isn—m S fi(n))y>m (for m >
2k) are consistent, uniformly representation stable, and monotone.

Using the isomorphism of Lemma 5.1, we will use the same notation for elements
in LP(n) introduced in Section 2 and the corresponding polynomials in 8 f (1) (the
first ones are elementary symmetric polynomials in n variables):

n
or= 2 XiXi X,
1<iy<--<ix<n
B
oy = Y, X = > Xpy X, * " Xiy
CEP(B) b;EB
by <by<---<by

A/
UZ(A) = KAo-kf\A\ = Xgy " * 'xﬂi< Z Xbiy ** 'xhk) .
biZA

(In the last two formulae, card(B) > k > card(A), A = {a;,...,a;},and A’ = n\ A).
If |A| = k, then 07" = x, = 0}(A). We will use new polynomials

(shjthij' (1§h<]§n)

6H*]* = 5h1j16h2j2 s 6}15]'57
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where H, = (hy,ha,...,hs), J. = (j1, j2,--+, Js)» ha < jo and H, U ], contains
2s elements. Using this notation, {o}(A) | card(A) = i} is a basis of F;8 fi(n) for
0 <i < k < 7. Now we will describe bases for the irreducible §,-submodules
V(n—ii) contained in 8 fi(n). For this, the following facts are important:

Remark 5.5 (i) Thespace8f(n) (like LP(n)) has a canonical inner product, i.e.,

(X4, Xp) = 0aB

and the natural representation of §,, is an orthogonal representation.

(ii) The homogenous components 8 fi(n) are pairwise orthogonal.

(iii) The isotypic components are pairwise orthogonal, i.e., if W(A) and W () are
two isotypic components of an §,-module W corresponding to the irreducible
modules V) and V, respectively (A # u), Py and P, are the corresponding
projections Py: W — W(A), P,: W — W(u),and x € W(A), y € W(u), then

1 -
(x,y) = (x, Puy) = — dimV, Zg xv, () (x, 7y)
! =

.. _
=—dimV, > xv,(m)(7 'x, y)
n. TES,

— %dimvu Zs XV, (77 x, y) = (Pux,y) =0
. TES),

(We used the projection formula, the fact that W is a real or rational represen-
tation, the equality 7' = 7~ ! because 7 is an orthogonal transformation, and
also the equality x(7) = x(7 ') because 7 and 7! are conjugate in §,).

(iv) In the case of §f(n), in any isotypic component S f(n)(\) we can find irre-
ducible §,-modules given by homogenous polynomials and for a given degree
k, there is at most one irreducible §,-module V. As a consequence we have a
canonical orthogonal decomposition of § f (1) into irreducible §,,-modules.

Our method is to find vectors in F;_ ;8 fi(n)*, the orthogonal complement of
Fi_18 fy(n) in F;8 fi(n), because this complement corresponds to the irreducible com-
ponent V,_; j of § fi(n). We then describe an independent subset of these vectors,
and finally the computation of cardinality and dimension will give the basis.

Lemma 5.6 For k < 3, the following vectors from 8 fi(n) are orthogonal to
Fi_18 fi(n):

{0n, ). | He = (hi,hoy ooy hi)y Jo = (G1y e oy Jk)s Ba < Ja, card(Hy U Ji) = 2k}

Proof Obviously dy,;, € 8fi(n). The canonical basis of F,_;8 fy(n) is given by
{o}(A) | card(A) = k — 1}. Computing (x, - o7, OmyjyOnyj, - - - O j,) We obtain the
following.
(i) IfA 7,@ H, U J,, there is no match between the monomials of these two polyno-
mials, hence the inner product is zero.
In the next cases A C H, U J, :
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(i) if there is an index s € {1,...,k} such that {h,, j;} C A, there is no match
between the monomials of the two polynomials;

(iii) IfA contains «velements H, C H, and 3 elements J3 C J, (hence a+j = k—1
and the indices of these elements are disjoint), there are precisely two common
monomials of the given polynomials, x,x;, and x,x; , where the index s is the
unique index from 1 to k that does not appear as an index in H, U J3. The two
monomials have coefficients (1,1) in the first polynomial, x, ~0‘1“/ ,and (+1,F1)
in the second one, dp, J, .

Therefore, in all three cases the inner product is zero. |

In the following two lemmas we generalize the last result.

Lemma 5.7 For0<i<k< g, the following vectors are in F;S fi(n):

{0n. .00 |He = (hy, .. ), Jo = Gy oo oy ji), He U J, UL = n}.

Proof Translating Lemma 2.8 into polynomial notation we obtain a linear isomor-
phism
Vi 8in) = FiSfilm), x4 = x40
A direct computation shows that
(H,UJg)

V) =v( X2 (_I)WXH“XL@) = > (_1)‘6‘§H“X]go-k—i

alf=i allf=i

Using the decomposition formula
Xuy b

_ X_y
o, =0, t0o,+ Z, 0 0y,
a+q'=p
2.4’ >1
. H,U]J3)’ -
the symmetric sum U,((_ ; Je) splits into
(HoUl) | HorUly Ho Wy (Ho UL
o to T+ Y o Oy ,
q+q’ =k—i
2,4'>1

where (H, U J.)) =n\ (H. U J.) = L,Hy = H. \ Hy,and Jg = J,. \ Jg. The first
sum in this splitting gives the desired result:

B (H UJ)" L
g; _(*1)‘ ‘XHGXLQU](,,‘ = (sH*]*O—k—i'
alp=t

To show that the second sum

8 HyrUJgr
uZﬁ: ,(_1)l‘ lKHéLa"k—i
alp=i
and the third sum
5 H, U U
D N e D D A
allp=i q+q’ =k—i

_ 18l H, U] . (H U
> 12 )y xp,007 7] 0y
qt+q'=k—i allf=i
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are zero, it is enough to prove that for any g in the interval [1, k — i — 1] the following

sum is zero
. 8 H,/UJg
S= Z ‘(_1)| IKH“X]SJq
allf=i
This sum contains monomials from two disjoint sets of variables, {xy,, ..., xs, } and

{xj,...,xj,} (He = (hy, ..., ki), J« = (ji,- .., ji). Therefore, in such a monomial
m = Xy X; X (M is a g-subset of H,/ LI Jz/), there are indices p such that Xn, and
xj, are both contained in m. On the other hand, precisely one of them is in the “first
part” and the other is in the “second part™: either h, € H,, j, € M, or h, € M,
jp € J. We define an involution (without fixed points) on the set of monomials m
in S, choosing the maximal common index p and changing the places of x;, and x;,
(hy € Hp):

_ I
m = Xy X;, Xy < M= X\ 30X 500G, EMu{h, W\ {p )

In S, these two monomials have coefficients (—1)!%/m and (—1)!?*'m’, hence the
total sum is zero. [ |

Lemma 5.8 For0 <i <k < %, the following vectors from F;S8 fi(n) are orthogonal
to F;_18 fi(n):

{6H*]*O'£_i | H* - (hl7"'ahi)7]* - (j]v"'vji)yH* [ ]* uL:ﬂ}

Proof Choose two elements

V =0}(A) = > X,Xp € Fi_18 fi(n),
BEPy_in (A7)

W =dn,, (71[€—i = > (_I)W‘XHQX]@KLm
allf=i,L,€Pr_;(L) !

where |[A| =i — 1,H, U J, UL =n,|Hy| = |J.| =i,Hy C Hs, Js C J. and H, is
determined by Jg. If p: H. — J, is the bijection given by 6y, j, = [ [}, (%n —Xp(m))s
then H, = H, \ p~'(J3). Modifying W by a permutation, one can suppose that
H.={1,...;i}, . ={i+1,...,2i}.

We have to show that (V, W) = 0, which means to count the number of their
common monomials and to identify their signs. We will use the following notation:

H,, =ANH,, Js =ANJ., L,=ANL
A monomial X X; x; , which is also contained in V, should satisfy the relations
Ha, CHa J3, CJs Ly, CLy.
Therefore, we have the decompositions
Hy,=H, UH,, Js=7JsUJs, L,=L,UL,.

Let us denote the cardinalities of Hy, Hy,, ..., L, by a,ai, ..., c; respectively; for a
common monomial x;; X XL the numbers a4, by, ¢; are uniquely defined by V and
W. For afixed b, by < b <i—a;,acommon monomial Xy X; X; (|J3] = b) is given
by an arbitrary subset Js, C J. \ (Js, U p(Hy,)) of cardinality b, = b — b; and an
arbitrary subset L,, C n\ (AUH, U J,) of cardinality k — 2i + a; + b; + 1 (of course,
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the set H,, is equal to H, \ (H,, U p~'(J, U J3,)) ). Now we can compute the inner

product
i—m i—ﬂl—bl 1’1-3i+€l1+b1+1
V,W)= Y (-1
(v, w) bgl( )( b—b )(k—2i+a1+b1+1>
_( l)b‘ n—3i+a +b +1 i_azl:_bl i—a — b .
N k—2i+a+bi+1) /= b, B
n—3i+a;+b +1 i—a—b
= (-1 1-1) =90
( )<k—2i+a1+b1+1)( ) ’
where in the last equality we use the hypothesis a; + b; < |A| =i —1 < i. [ |

Lemma 5.9 For?2 < 2k < n, the set

{0m.7. € 8fi(n) | Hy = (1, ..., hy),
]* - (jla . ~>jk);ha < ja,Card(H* U ]*) - Zk}

contains a linearly independent set of cardinality () — (," ).

Proof By induction on n, starting with n = 2, Ay, € §£1(2). Suppose we have a
linearly independent subset of polynomials in 8 f(n — 1), A} ™', having cardinality
(5,':71 = (";1) — (Z:;) and a second set, AZ:II, of linearly independent polynomials in
8 fy—1(n — 1) with cardinality 5,’:11 = (Zj) — (Z:;) Then we can define a subset in
8 fr(n) taking 5,?_1 and all polynomials 6, ,-0;, m, with 07, a, In 5,?:11, where the index
r is the smallest element in the complement of L, LI M, LU {n}. These polynomials are
linearly independent: > ¢, m, 0rn - O, + D CH, 7, 0m,j, = O implies ¢, pm, =0
(look at the coefficient of x,,) and next, by induction, ¢y, ;, = 0. Their total number
is

o= ()66 - (- »

Proposition 5.10 For0 <i < k <, there s a set of pairs
B ={(H., J) | He = (b, hos ... i), o = (i1, Joy - -, Ji), He U T C 1}
such that the following set is a basis of the irreducible component V(,_; ;) of 8 fi(n)
{6n,.00_; | (Hi,Jo) € B,H U J, UL = n}.

Proof The irreducible component Vi,_; ;) of 8 fi(n) is the orthogonal complement
of Fi_18i(n) in F;8 f(n). Its dimension is (}) — (,",); by Lemma 5.6, any poly-
nomial Ay, ;. of_; belongs to V(,_;;. From Lemma 5.9 there is a set of linearly
independent polynomials {6y, ;, € 8f;(n)} of cardinality () — (,”,). The image of
this set through the isomorphism v : 8 f;(n) — F;8 fy(n) gives the required basis. M

An Algorithm Using the proofs of Lemma 5.9 and Proposition 5.10 we can describe
an algorithm to compute bases of the irreducible modules Vi,,_; ;y of 8 fy(n), 0 < i <
k<Z

=32
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(a) Ifi = 0, the elementary symmetric polynomial o} gives a basis of V().

For i > 1, the component V(,_; ;) in 8 fi(n) is given by the orthogonal com-
plement of F;_8 fy(n) in F;8 fi(n) < 8 fi(n).

(b) First part of the algorithm: we construct a basis A} of F;_18 fi(n)* in F;8 fi(n) =
S f:(n), by induction on n. We start with x; — x, € Fo8 f;(2)*; after the con-
struction of the bases Af’__f, A?‘l of F;_,8fi_1(n— 1)t and F;_8fi(n — 1)+
respectively, take the basis A = A?fl L (e — xn)A?:ll, where the index r in
(%, — x,) AL, M, 1s the smallest elementinn — 1\ (L, U M,).

(c) Second part of the algorithm: let i = k, A be a the basis of the V(,_i x) compo-

n\(H«UJx)
k—i :

nent. If 1 <i < k — 1, multiply each polynomial Ay, ;, € A witho

Example 5.11 Using the previous algorithm, we find the following basis of the
component Vs 5y of 8 f3(7):

(25 — x4) (X1 — %2) (x5 + X6 + x7),
(22 — x4) (X1 — x3) (x5 + X6 + x7),

(x5 — x5) (X1 — %2) (x4 + X6 + x7),

(22 — x6) (X1 — x4) (x3 + x5 + x7),
(22 — x6) (X1 — x5)(x3 + X4 + x7),

(x5 — x7) (X1 — %2) (x4 + X5 + X6),

(22 — x5) (%1 — x3) (x4 + X6 + x7),
(2 — x5)(x1 — 2x4) (%3 + X6 + X7),

)
)
)
(%2 — x7)(x1 — x3) (x4 + X5 + %),
)
(22 — x7) (%1 — x5) (%3 + X4 + X)),

)

)
)
( (o2 — x7) (%1 — x4) (%3 + x5 + X6),
(x3 — x6)(x1 — X2) (x4 + x5 + x7), )
( )

(2 — x6)(x1 — 2x3) (%4 + X5 + X7), (52 — x7) (%1 — x6) (%3 + X4 + X5).

Proof of Proposition 3.4: monotonicity In order to show that 8,,41-Loy »(V (i),) 2
V (i)u41, it is enough to prove that for P, LU Q. LR = n+ 1, |[P.| = |Q«| = i we have
0p,Q.0%—; € 8us1 - {0m. 0% | He U . UL = n, |Hi| = || = i}

One can suppose that 1+ 1 € R; otherwise, choose anindex j € R(|R| =n+1—
2i > 0) and take (j, n+1)-8p,q.0f ;. If we multiply the equality (n+1 > 2k > k+i)

1
R R\{n+1}
Op_; = ——— E t,n+1)-0,;
o n+l—k—i tER( ) ki

by dp, ., we obtain

1 R\{n+1}
1) O'R = — E t,n+1)-90 o, .
P, QuYk—i n"f‘l*k*lteR( I ) P, Qu k—1
(the “transposition” (n + 1, n + 1) is the identity permutation). [ |

6 An Application to the Arnold Algebra

V. 1. Arnold [A] computed the cohomology algebra of the pure braid group P, de-
scribing the first nontrivial cohomology algebra of a complex hyperplane arrange-
ment, later generalized by Orlik-Solomon [OS] to arbitrary hyperplane arrange-
ments. We denote this algebra by A(n).

Definition 6.1 (Arnold) The Arnold algebra A(n) is the graded commutative al-
gebra (over Q) generated in degree one by (’21) generators {w;; } having the following
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defining relations of degree two (the Yang-Baxter or the infinitesimal braid relations)
YBijk3
Aln) = <W,‘j, 1<i<j<n] YBjjx : wijwi—wijwixtwipwir, 1 <i<j<k< ny.

With the convention w;; = wj; (i # j), we define the natural action of the sym-
metric group 8, on the exterior algebra A*(w;;) by 7 - wij = Wr(iyn(j). The set of
infinitesimal braid relations {Y B;ji} is invariant (up to a sign) so we have a natural
action of 8, on the Arnold algebra A(n). Church and Farb [CF] proved the repre-
sentation stability of A(n) (see also [H]). We will use some results of the previous
sections to describe the irreducible §,, submodules of A'(n), A*(n), and A>(n). We
also use the results of Section 5 to describe bases of the irreducible representations
appearing in A!(n) and A?(n).

Proof of Theorem C (degree 1) This is a consequence of the isomorphism of
8,-modules Al (n) =2 LP,(n), w;j — {i, j}, and of Proposition 2.10. [ |

In the same way we obtain the unstable decomposition.

Proposition 6.2 In the unstable cases the decompositions are

Al2) =V, A'3) =V & Van.

Proof of Theorem D This is a consequence of the inductive method for construct-
ing bases of the different pieces of §f,(n) =2 LP,(n) = A'(n). For instance, the
polynomial

5120,(112)/ = (1 —x2) (3 + xg + -+ +xp)

corresponds to the linear combination of sets

({13 + {14} + -+ {1,n}) — ({2,3} +{2,4} + -+ {2,n}),
and this corresponds to €2f,. Similarly, the polynomial d;;0x = (x;i — x;)( — xx)

corresponds to €; jy. [ |

The vector space LP5(n) is isomorphic to I?(n), the degree two component of the
ideal of the infinitesimal braid relations

{i,j, k} < YBijk : wijwix — wijwix + wiwij,

but they are not isomorphic as §,-modules, since the symmetric group action on
I%(n) involves signs. For instance, (12)-Y Bjy; = wiyWas —wiawis+waswis = —Y Bos.

Proposition 6.3  For n > 4 the degree two component of the ideal of relations decom-
poses as

P(n)=V(1,1),®V(1,1,1),.
For n = 2 we have I*(2) = 0 and for n = 3 we have I*(3) = V(1.1.1).

Proof The characters of the irreducible modules V,_5 ;1) and V(,_311,1) can be
computed using the Frobenius formula and are given in the character table in the
proof of the next lemma. We obtain the character of I>(n) by direct computation.
The symmetric group acts on the canonical basis {Y B;j} of I*(n) by permuting the
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elements of this basis and adding a £ sign due to graded commutativity. The relation
Y B;ji is invariant (up to sign) by a permutation 7 if and only if {i, j, k} is a union of
cycles of 7. If the permutation 7 has type (i1;i2;...;1,) (i4 is the number of cycles
of length g), then 7 leaves invariant the elements Y B; jx corresponding to three fixed
points i, j, k (the number of relations of this first type is (’31)) and also elements Y B,
corresponding to a three cycle (p, g, r) (and the number of relations of this second
type is i3). In the last case, if {i} is a fixed point of 7 and (1, v) is a two-cycle, we have
7« Yy = —Yi,, (and the total number of such relations is i;7,). Therefore the value
of the character on 7 is

.. . 1 . .
XIZ(n)(11§lz;~-~;ln) = <3> +13 — 1113,

and this is equal to xv(u—2,1.1)(i15 125 - - -3 10) + Xvn—31,1,0 (15125 - - .5 1p). [ |

Lemma 6.4 Forn > 7 the degree two component of the exterior algebra A (n) =
A*(Wij)i<i<j<n decomposes as

A*(n) =2V(1), ®2V(2), ®3V(1,1),BV(3),D2V(2,1), BV(1,1,1), ®V(3,1),.
The unstable cases have the following decompositions:

Az(z) =0,

A*(3) =V @ Vaa,

A*(4) = 2V(51) @ Vo) ® 2V ® Vi,

A*(5) = 2V © 2V @ 3Vei) @ Vel ® Ve,
A*(6) = 2V(5.1) ®2Viu) ®3Via11) @ Viz3) S 2Vi21) ® Vi11)-

Proof These decompositions are obtained from the expansion

AP (A = A*(V(0), &V (1), ®V(2),)
=AV(1), ®AV(2),dV(1),dV(2),d(V(1), ®V(2),),

where

V1), @V(2),=V(1),&V(2),®V(1,1), &V (3), ®V(2, 1),
AV (1), = V(1, 1)y,
AV (2),=V(1,1),eV(2,1),eV(1,1,1), & V(3,1),.
The decomposition of the tensor product is from [M] (and can be checked using
Littlewood—Richardson rule or using the characters from the following table). For the

degree two exterior algebra one can use the following character table ((i1;12;...51,)
stands for the conjugacy class with i, cycles of length q):
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xv (it .5 in) xv (it - - 51n)%) xnev (it -5 i)
VD), |ii—1 i +2iy—1 (>N — i
VD, [() — i
V), @j”-z (i1+2i2)(i21+2i2—3) +2i, il(i173>(§73i172>
+ (if—sl'l;rs)iz—iﬁ —i,

V(3)’7 il(i1716)(i175)

+ir(ip — 1) +13
V(Z, 1)11 i](i1—23)(i1—4) o i3
V(1,11 (") +i2(1—iy) + i3
V(3, 1)11 il(ilfl)(i1873)(i176)
+ir(") —(5) —is

The entries in the second column are computed using the Frobenius formula; in the
third column we used

(iv3igsissias. .. )" = (i1 + 202 2045155 ..),
and in the last column we used the formula
1
Xaw)(m) = 5 [ (v () = xv ()]
(see [K]). [ |

Proof of Theorem C (degree 2) This is a consequence of Proposition 6.3 and Lem-
ma 6.4. u

Similarly we have the following proposition.

Proposition 6.5 In the unstable cases we have
A(2) =0,
A*(3) = Vi,
A*(4) =2Via1) Vs ® Ve,
AX(5) = 2V @ 2Vi30) B 2V 11 @ Vo,
AX(6) = 2V(s1) @ 2V B 2V @ Vs ® 2Vis0)-
These decompositions coincide with the formulae from [CF]. The last proposi-
tion is refined in [AAB], using the “type” decomposition of the Kriz model for the

configuration space of a complex projective manifold. The results of this section are
necessary for the cohomological computations of [AAB].

Proof of Theorem E  For the degree three part of the Arnold algebra, we compute
the character polynomial directly. For an arbitrary permutation ¢ € §, of type
(113125 . . .3 1n), any 6-tuple of 1-cycles (i) (7)(k)(D(m)(p), 1 <i< j<k<l<m<
p < n, fixes the monomials having six distinct indices from {1, j, k, I, m, p} and there
are 15(2) such monomials. The permutations (i, j) (k) (I) (m) (p) have non-zero

https://doi.org/10.4153/CJM-2014-029-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-029-2

Representation Stability of Power Sets and Square Free Polynomials 1045

contribution to the character for the monomials w;;WyWyp, Wi jWikmWip, Wi jWinWip-
For a permutation involving (i, j)(k, I, m) for i < jand k < I < m the monomial in
the Arnold basis

WiiWkiWim —> WijWimWikm = —WijWkmWim = —WijWiiWim + WijWiWim

contributes —1 to the character giving in total —i,i3; similar computations for other
permutations give the character of A°(n):

XAz (013125 51n)
1 i . i iy iy is i . o
=1 +3 - -5 +3 — _
(6> (4)12 <2) <2> (3) (2) (2)14 1714
; i ir). .. i1\ . i i
+ 16 +20<51> +2(31)12 — 1iyi3 — (;)13 +6<41> 2<22>

Using the characters of the corresponding irreducible modules given explicitly in [S]
we get the decomposition. ]
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