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Abstract Let p be a prime number. In the present paper, we prove that the moduli of hyperbolic curves
of genus 0 over an algebraic closure of the field of p-adic numbers may be completely determined by their
tempered fundamental groups.
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Introduction

Let p be a prime number. For any perfect field F, we shall write F for the algebraic closure
(determined up to isomorphisms) of F. We shall write Q, for the field of p-adic numbers;
C, for the p-adic completion of @p. One of the central subjects/results in anabelian
geometry is the Grothendieck Conjecture (cf. [7], Theorem A; [12], Theorem 0.4). The
Grothendieck Conjecture-type results assert that ‘anabelian’ varieties over ‘sufficiently
arithmetic’ fields (for instance, hyperbolic curves over number fields, p-adic local fields

L))
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2834 S. Tsujimura

or finite fields) may be reconstructed from their étale fundamental groups. On the other
hand, we note that the group structure of the étale fundamental groups of hyperbolic
curves over algebraically closed fields of characteristic 0 (i.e. fields far from ‘sufficiently
arithmetic’) may be completely determined by the genus and the number of cusps of the
hyperbolic curves. In particular, the moduli of hyperbolic curves over algebraically closed
fields of characteristic 0 may not be determined by their étale fundamental groups.

Next, let us recall the tempered fundamental groups of smooth algebraic varieties
(i.e. smooth, separated, of finite type and geometrically integral schemes) over non-
Archimedean complete valuation fields introduced by André, which may be regarded as
a p-adic analogue of the usual topological fundamental groups of complex manifolds (cf.
[1], [2])- Let Z be a smooth algebraic variety over a non-Archimedean complete valuation
field; 77 a pro-universal étale covering (determined up to isomorphisms). Then the
tempered fundamental group Hth of Z (relative to a suitable choice of basepoint) may be
defined as

0P < lim Aut((2™)*° /2™,
2=z

where Z' — Z ranges over the finite étale Galois subcoverings of the fixed pro-universal
étale covering Z — Z; (=)™ denotes the Berkovich analytification of (—); (—)®P
denotes the topological universal covering of (—). Here, each group Aut((Z’*")tr/Zam)
may be regarded as a topological group endowed with the discrete topology and thp
may be regarded as a topological group endowed with the subspace topology of the
product topology on [, , , Aut((Z'*")P/Z*"). Note that the calculation of topological
fundamental groups of the Berkovich spaces associated to smooth algebraic varieties is
already difficult in general. Thus, the determination of the topological group structure of
the tempered fundamental group H? may be a highly nontrivial problem. Moreover, one
may expect that, in general, the topological group structure of the tempered fundamental
group Hth tends to become so complicated and depends heavily on the geometric structure
of Z, even if the base fields are algebraically closed fields of characteristic 0. So, it is natural
to pose the following anabelian geometric question:

Question 1. What geometric information does the tempered fundamental group carry?

In the remainder, for a smooth algebraic variety S over @ we shall write Htp for
the tempered fundamental group of S Xg (Cp, relative to a suitable choice of basepomt

With regard to Question 1, the followmg theorems have been obtained by Mochizuki and
Lepage so far:

Theorem 0.1 (][9], Corollary 3.11). Let X, Y be hyperbolic curves over @p;
a: Hg? = Hgf’,

an isomorphism of topological groups. Write Gx, Gy for the semi-graphs of anabelioids
associated to the special fibres of the stable models of X, Y, respectively. Then « induces
an isomorphism of semi-graphs of anabelioids

Gx = Gy
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in a fashion that is functorial with respect to a. In particular, the following hold:

o The isomorphism « maps the cuspidal inertia subgroups of HEI() to the cuspidal
inertia subgroups of Hg? (cf. Notations and conventions, Fundamental groups).

e Write T'x, T'y for the underlying semi-graphs of Gx, Gy (i.e. dual semi-graphs
associated to the special fibres of the stable models of X, Y), respectively. Then
induces an isomorphism of semi-graphs

Qar - FX :> Fy
in a fashion that is functorial with respect to o

Theorem 0.2 ([4], Theorem 4.13; [5], Theorem 0.2). In the notation of Theorem 0.1,
suppose that X and Y are hyperbolic Mumford curves over Q,,. Then the following hold:

(i) The isomorphism ar (cf. Theorem 0.1) is an isomorphism of metric semi-graphs.

(ii) There exists a canonical homeomorphism between the underlying topological spaces
of the Berkovich spaces (X xg Cp)™ and (Y xg Cp)™.
P P

Theorem 0.3 ([5], Theorem 0.3). Let Eq, Eo be once-punctured Tate elliptic curves over
Q,- Write q1, g2 for the g-parameters of Ey, Ea, respectively. Suppose that there exists
an isomorphism of topological groups

P

E —>HE2.

Then there exists an element o € Gal(Q,/Q,) such that g2 = o(q1).

In particular, the above theorems imply that the tempered fundamental groups of
hyperbolic curves carry sufficiently rich scheme-theoretic (or, geometric) information even
if the base fields are algebraically closed fields of characteristic 0.

In the present paper, inspired by the above theorems, we consider Question 1 for
hyperbolic curves of genus 0 over @p and prove that their tempered fundamental groups
completely determine their moduli:

Theorem A. Let n be an integer such that n > 3. Suppose that there exists an
isomorphism of topological groups

tp ~ rtp
a: 11 — 11 .
Py, \{z1,22,...2n ) AN CRS

Note that o induces a bijection
. ~ A /
Qcusp © {&1,Z2,...,xn } = {2],25,...,2,,}

(cf. Theorem 0.1; Notations and conventions, Fundamental groups). Then there exists an
isomorphism of schemes

]P)}@p\{.fl,l?g, T} I[%p\{x’l,zé, cooxh

such that the bijection {w1,xo,...,2,} = {2}, 2h,...,2.} induced by the isomorphism
]P’}@p\{xhxg, T} P}@p\{x’l,xé,...,x;} coincides with the bijection ocusp-
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We will apply Theorems 0.1 and 0.3, together with some complicated calculations
concerning certain Belyi maps (cf. Lemma 1.1, (i), (ii)), to prove Theorem A. Note
that Theorem A is related with the partial reconstruction result of hyperbolic curves
obtained in an author’s previous work (cf. [17], Theorem C), whose proof is a direct
application of Theorem 0.1 (cf. [9], Corollary 3.11), together with the theory of resolution
of nonsingularities (cf. [5], [15]). On the other hand, in light of Theorems 0.3; A, it is
natural to pose the following question:

Question 2. Let Ei, FEs be hyperbolic curves of genus 1 over @p. Suppose that there
exists an isomorphism of topological groups

tp ~ tp
g —1g, .
Then does there exist an isomorphism of schemes E1 = Ey?

However, at the time of writing of the present paper, the author does not know
whether Question 2 is affirmative or not (even if we assume that E; and E; are once-
punctured). Furthermore, interestingly, one may regard Theorem A as an analogous result
in characteristic 0 of the corresponding result for hyperbolic curves of genus 0 over E,
proved by Tamagawa (cf. [13], Theorem 0.2). So, it would also be interesting to investigate
the extent to which the analogous results in characteristic 0 of the various results for
hyperbolic/stable curves over F,, (cf. for instance, [11], [14], [16], [18]) hold.

The present paper is organised as follows. In §1, we observe that the open subgroups

of H;% \{0,1,00} associated to certain Belyi maps are preserved (up to composition with
P

. . . . t
an inner automorphism) via any automorphism of I}

Pl \{0,1,00}" In §2, we execute some
‘\&p

elementary computations concerning the Belyi maps that appear in §1. In §3, we apply
the results obtained in the previous sections, together with Lepage’s reconstruction result

for the once-punctured Tate elliptic curves over Q,,, to prove Theorem A.

Notations and conventions

Numbers: The notation Q will be used to denote the field of rational numbers. If p is a
prime number, then the notation Q, will be used to denote the p-adic completion of Q.
The notation @p will be used to denote an algebraic closure of QQ,,. For each positive integer
r, we fix a primitive p"-th root of unity (,» € Q,. The notation C, will be used to denote
the p-adic completion of Q,. It is well-known that C,, is an algebraically closed field.

Valuations: We shall write v, for the additive valuation on Q, normalised by v, (p) = 1.

Topological groups: Let G be a topological group. Then we shall write Aut(G) for
the group of continuous automorphisms of G.

Curves: Let k£ be an algebraically closed field; X a 1-dimensional, connected, smooth,
separated, of finite type scheme over k. Then we shall write X (k) for the set of k-valued
points of X; X for the smooth compactification of X over k. We shall refer to an element
€ X\ X as a cusp of X. Let (g,n) be a pair of nonnegative integers. Then we shall say
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that X is of type (g,n) if X has genus g and the cardinality of the set of cusps of X
is n. Suppose that X is of type (g,n). Then we shall say that X is a hyperbolic curve
if 2g—2+4+n>0 (so if g =0, then n > 3). We shall write }P’}@ for the projective line

over @p. We shall use t for the standard coordinate of ]P’}@ . We shall identify @p with
PL (@,)\ {co}.
P

Fundamental groups: Let X be a hyperbolic curve over @p. Then we shall write HE?
for the tempered fundamental group of X g, C,, relative to a suitable choice of basepoint
(cf. [1], [2]). Note that the projection morphism X xg, C, — X induces a bijection between
the respective sets of cusps. Let  be a cusp of X (so  determines a cusp x¢c, of X xq, Cp)-
Then we shall refer to the stabiliser subgroup of Hg? associated to some pro-cusp of the
pro-universal tempered covering of X g, C, that lies over zc, as a cuspidal inertia sub-
group of Hg? associated to z. Note that it follows immediately from the various definitions
involved that the cuspidal inertia subgroups of Hg(p associated to = are comjugate. Note
also that, if we write Ix for the set of the conjugacy classes of cuspidal inertia subgroups
of H;?, then the natural map X \ X — Ix is bijective. (Indeed, the surjectivity follows
immediately from the various definitions involved, and the injectivity follows immediately
from the well-known structure of (the abelianisations of) the étale fundamental groups
of hyperbolic curves over algebraically closed fields of characteristic 0, together with [2],
Proposition 4.4.1.). We shall identify X \ X with Ix via this natural bijection.

1. Numerical characterisations of certain Belyi maps

In the present section, we observe that the open subgroups associated to certain Belyi
maps (which will be of use in the proof of our main theorem in §3) are preserved (up
to composition with an inner automorphism) via any automorphism of the geometric
tempered fundamental group of projective line minus three points (cf. Lemma 1.3).

Let p be a prime number.

Lemma 1.1. The following hold:
(i) Let r be a positive integer. Write
Ppr : P}@p\{o,ggr (0<i<p —1),00} — %p\{o,l,oo}
for the Belyi map determined by the assignment
test?

Then the connected finite étale covering ¢p,r may be uniquely characterised (up to
isomorphisms of connected finite étale coverings) as the connected finite étale covering

g9: X — P \{0,1,00},

P
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satisfying the following conditions:

o deg(g)=p";
e g is unramified over 1;
e g is totally ramified over 0 and oco.

(ii) Let (m,n) be a pair of positive integers. Write

. pl m 1
Ymym - IP’QP\{O,L m+n7...,oo} — ]P’Qp\{O,l,oo}
for the Belyi map determined by the assignment

(m—+n)mtn

m™mnn

t— t"(1—1t)".
Then the connected finite étale covering 1y, , may be uniquely characterised (up to
isomorphisms of connected finite étale coverings) as the connected finite étale covering

g: X — P}@ \{071700}3

satisfying the following conditions:
o deg(g)=m+n.
o The genus of X is 0.
o Writeg: X — P}@ for the finite morphism induced by g (cf. Notations and

conventions, Curves). Then g *(0) consists of two closed points of X, and
g (1) consists of m~+n—1 closed points of X.

o The ramification index of G at a closed point over 0 coincides with m, and the
ramification index of § at another closed point over 0 coincides with n.

e ¢ is totally ramified over co.

Proof. Assertion (i) follows immediately from the well-known calculation of the étale
fundamental group of the multiplicative group G,,. Next, we verify assertion (ii). Write
7 40) def {a,b}. Then it follows immediately from the various definitions involved that
we may assume without loss of generality that the ramification index of g at a coincides
with m, and the ramification index of g at b coincides with n. Note that since the genus
of X is 0, there exists a(n) (unique) isomorphism

¥ ~ ol

X = ]P’@p
over @p that map a, b, the unique point € g~!(c0) to 0, 1, oo, respectively. In particular,
we may also assume without loss of generality that

e X is an open subscheme of I% \{0,1,00};
T _ml . !

o X = ]P’@p7

e a=0,b=1, and g(oc0) = 0.

Next, since ¢ is totally ramified over oo, it holds that ¢ is defined by a polynomial
h(t) € Q,[t]. Observe that 0, 1 are roots of h(t) with multiplicity m, n, respectively. Thus,
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since deg(h(t)) = deg(g) = m+n, there exists an element ¢ € Q, such that
h(t)=c-t"™(1—1t)".
Then it holds that
R(t) =c-t™ 11 —t)"" (m — (m+n)t).

On the other hand, since g~*(1) consists of m +n — 1 closed points, and 0 < #_HL <1,it

holds that g ramifies over 1. Thus, we conclude that h(;.%) =1, hence that ¢ = Wi)mm

mpn

This completes the proof of Lemma 1.1. [

Remark 1.1.1. In the remainder of the present paper, for each positive integer m, we
shall write v, for 1, 1.

Remark 1.1.2. Note that v, , is a connected finite étale covering that appears in the
proof of the well-known Belyi’s theorem (cf. [3], [8]).

Definition 1.2. We shall write

e

tp tp tp
o, CIE mpP cik

@p\{071700}7 wwn,n — @p\{o,l,oo}

tp

for the open subgroups (determined up to H% \{0,1,00
P

}—conjugate) of finite index
determined by the connected finite étale coverings ¢,r, ¥m, n, respectively (cf. Lemma
11, (3), (ii).

Lemma 1.3. Leta € Aut(HIt% \{071700}) be an automorphism of topological groups. Recall
that a induces a bijection on t/;e set of the conjugacy classes of cuspidal inertia subgroups

of pr,% \{0,1,00) (cf. [9], Corollary 5.11) that determines a bijection ceysp : {0,1,00} =

{0,1,00}. Suppose that
Ocusp 15 the identity automorphism.

tp
PL \{0,1,00}’
Qp

}) induces an automorphism of HZ};T (respectively, H:fm ) via the

Then there exists an inner automorphism ¢ of 11 such that the composite oo

tp
L€ Aut(H% \{0,1,00
P

inclusion HZ};T - Hf% \{0,1,00) (respectively, prpm’n C H[t% \{071700}) (cf. Definition 1.2)
P P

that maps the cuspidal inertia subgroups of Hf;;,» (respectively, H:bpm n) associated to x

to the cuspidal inertia subgroups of Hf;;r (respectively, szpm n) associated to *, where

x € {0,1,00}.

Proof. Note that since H;f;_ C HE% \{0,1,00) (respectively, prpm’n C H];% \{071700}) is
P P
tp

PL \{0,1,00}
Qp

oz(l’[fppm ) C HItPE \{0,1 Oo}) is also an open subgroup of finite index. Thus, the inclusion
o 5, Mo,

an open subgroup of finite index, it holds that a(HZf;) CII (respectively,
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a(HZf;T) - pr% \{0,1,00} (respectively, a(szpmm) C H;,% \{071700}) determines a connected
P P

finite étale covering

g1: X1 — ]P’}@ \{0,1,00} (respectively, go: Xo — IP’}@ \{0,1,00}).

Next, observe that the numerical information that appears in the conditions in Lemma
1.1, (i) (respectively, Lemma 1.1, (ii)) may be reconstructed from the set of cuspidal

inertia subgroups of H]P,1 (01,00 (cf. Notations and conventions, Fundamental groups).

In particular, since acusp is the identity automorphism, it follows immediately from
[9], Corollary 3.11, that g1 (respectively, go) satisfies the conditions in Lemma 1.1, (i)
(respectively, Lemma 1.1, (ii)). Therefore, by replacing a by the composite of o with a

suitable inner automorphlsm of H]P’1 A (0,1,00}> W€ MAY assume without loss of generality

that

a(Hf;;T):HZiT (respectively, (H:bp )= szpmn)

(cf. Lemma 1.1, (i) (respectively, Lemma 1.1, (ii))
for the automorphism of Hfﬁir (vespectively, II,” tp

t tp
Hp CHIPl \{01 \{0,1, })

automorphlsm Thus, by replacing « by the composite of a with a suitable inner
automorphism of le BYCRRSE again, if necessary, we conclude from the conditions in

Lemma 1.1, (i) (respectlvely7 Lemma 1.1, (ii)) that a, (respectively, a;, ) maps the
cuspidal inertia subgroups of Htppr (respectively, Hfﬁn ) associated to * to the cuspidal

Write a,r (respectively, o, n)
induced by « via the inclusion

)-
)

oo} (respectively, H tp e Ht Recall that acusp is the identity

inertia subgroups of H;‘;T (respectively, Hfbpm ) associated to x, where * € {0,1,00}. This
completes the proof of Lemma 1.3. O

2. Elementary lemmas

Let p be a prime number. In the present section, we discuss elementary calculations
concerning the Belyi maps that appear in §1 and the p-adic valuation v, on Q,, which
will be of use in the proof of our main theorem in the next section.

Lemma 2.1. In the notation of Lemma 1.1, (i), let x,y € @p be such that v,(y) = 0.
Then it holds that

1
max vp(xr —yr) < max . vplx—y)—r;.

Tr 6¢;7'1 (), yr€¢;r'1 (y)

Proof. Fix elements z, € d);rl(a:), Yr € qb;rl(y). Note that it follows immediately from the
definition of ¢,- that, for each element y,. € QS;Tl (y), there exists a nonnegative integer j

such that y,. = Cgr -yr. Next, observe that

rT—y= H (x,.—q,}-y,.).

0<j<pr—1
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Suppose that there exists an integer ¢ such that

OSZSprl, 'Up(l’rfcér'yr)> 'Up(].*Cp):]i
(cf. [10], Chapter I, Lemma 10.1). Then it follows immediately from our assumption that
vp(y) =0 [so vp(y,) = 0] that, for each j =0,...,i—1,+1,...,p" —1, it holds that

Up(@r = G yr) = vp(r — Cor vy + Cor oy (1= C)) =0, (1= G).

On the other hand, observe (cf., e.g. the second display in the proof of [10], Chapter I,
Lemma 10.1) that

Yo wl=g) =u@) =1
0<j<p" -1
i#i

Thus, since

vp(r—y) = Z Up (T — C;g" “Yr),

0<j<p"—1
we conclude that
(T = G yr) = vy —y) —
This completes the proof of Lemma 2.1. O

Lemma 2.2. Let x € @p\{O,l} be such that vy(x) > —p; 1 a positive integer. Then, in
the notation of Lemma 1.1, (ii) (cf. Remark 1.1.1), there exists a(n) [unique] element
xy €y (x) such that

o u,(1—xz1)=rp" +vp(z) (>0), and

e for each y € . () \ {1}, it holds that v,(y) = %”P("”) (>0).

Proof. For each y € wp_rl (x), it holds that
(" + 1Py =y T = ) e =0,

Thus, by using the Newton polygon (cf. [10], Chapter II, Proposition 6.3), we obtain the
desired conclusion. This completes the proof of Lemma 2.2. O

Lemma 2.3. In the notation of Lemma 2.2, suppose that
r=2, vp(x)=0, v,(1-2)<1
Let
s €1, (2) (PG \{0,1,004(Q,) =, \ {0,1})

be such that vris) =2. Write Cs C @p, C, C @p for the subsets of the Galois-conjugates
of s€Q,, ¥ €Q,, respectively. Suppose, moreover, that

—w,) < 1.
wmgéjg{x}vp(x wy) <
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Then it holds that

max v,(s—w) <4.
plBax n( )

Proof. First, it follows immediately from the definition of 1,2 that

2
PP+ e iy
7 (sP" =P T =nx.

Next, let w € Cs\ {s} be an element. Then since w is a Galois-conjugate of s, there exists
a Galois-conjugate w, of x such that

2 Pt )
L -
D

Thus, by taking the difference of the above equalities, we obtain an equality
2 1 p2+1
G (—;2))1)2 (s—w)(( Z slwpz_l_l) — ( Z slwp2_1>) =T —Wg.
0<i<p®—1 0<i<p?
On the other hand, since v,(s) = v,(w) = 2, it holds that
Up(< Z slw”21l) - < Z slw”zl>> > 2p? —2.
0<i<p2—1 0<I<p?

Thus, in the case where x # w;, it follows immediately from our assumption that v, (z —
wg) <1 that vy(s —w) <3 < 4. In particular, we may assume without loss of generality
that

T = W,.

Then since s —w # 0, it holds that

( Z Sl(5+(w_5))pzll=> Z slyP” 11

0<I<p®-1 0<i<p?—1

Z sl?’ 1 (: Z Sl(8+(w_s))p2—l>_

0<I<p? 0<I<p?

Observe that

Z sl(s—i-(w—s))pz_l_l: Z ch-spz_l_h(w—s)h;

0<I<p>—1 0<h<p>—1
21 _ h
E s'(s+ (w—s))P E s (w—s8)",
0<I<p? 0<h<p?
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where
2 2
def P — 1-1 def p —1
D S A N D G
0<I<p2—1—h 0<I<p2—h
Here, we note that
P*(p*—1)
2 )
Next, suppose that v,(s—w) > 4. Then since v,(s) = 2, it holds that, for each h > 1,

co=p° ¢ = vp(er) > 1, do=p?+1.

vp(ch - spz_l_h(w —s)")>2p2 +1, w,(dy- spz_h(w —s)") >2p? +1.
Thus, in summary, we conclude from the above discussion that

vp(P? P T = (PP 1) -8 ) > 297 41,

2
p

v —s ) >3.

P(p2+1 )

2
i e R VO R MO S R

hence that

Write

For each [ =1,...,p?, write

wmy ot ((7) - (7))

Then it follows immediately from the equality in the first display of the present proof
that

S ) =0ty (s )( ) -0

2 2 -
0<i<pi1 p?+1 p“+1

On the other hand, since 0 <wv,(1 —z) <1, and a; =0, it follows immediately from the
various definitions involved that

29p? < vp(ag) < 2% +1, vp(ap241) =0, wvp(ar) = oo,

vylar) = 22 —2z+up(<p;)> (1=2...p%.

Moreover, for each [ =2,...,p?, it holds that
l p?
n((7)

vp(ap) 2p? +1 2
_ Pp20 l—|—1]p(a0)§— p2 l+2p2+1g2p2_2l+’(}p l :Up(al).

hence that
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Then, by using the Newton polygon, we observe that

This contradicts the inequality vp(pf% —8) > 3. Thus, we conclude that v,(s —w) < 4.
This completes the proof of Lemma 2.3. O

3. Reconstruction of moduli of hyperbolic curves of genus 0 from their
geometric tempered fundamental groups

Let p be a prime number. In the present section, we apply the results obtained in the
previous sections, together with Lepage’s reconstruction result for the Tate elliptic curves,
to prove that the tempered fundamental groups of hyperbolic curves of genus 0 over @p
completely determine their moduli.

First, we begin by recalling Lepage’s result:

Theorem 3.1 ([5], Theorem 4.1). Let q1,q2 € Q, be such that v,(q1) >0, and vy(gz) > 0.

Write
def def
Ey = G /dl, Eq = G /a5
(i.e. Tate elliptic curves). Suppose that there exists an isomorphism of topological groups
tp ~ tp
Ty = He vy

Then there exists an element o € Gal(Q,/Q,) such that g2 = o(q1).

Remark 3.1.1. In the notation of Theorem 3.1, write jq, jo for the j-invariants of the
Tate elliptic curves Ey,, E,,, respectively. Then it follows immediately from [6], Theorem
2.1.1, that

J2=0o(j1)-

Next, we apply Lemmas 1.3, 2.2; Theorem 3.1, to prove that the moduli of hyperbolic
curves of type (0,4) over @p may be completely determined by their tempered fundamental
groups.

Proposition 3.2. Let z,7’ € @p\{O,l} be elements. Suppose that there exists an
isomorphism of topological groups

. TTtP ~ 11tP
@ o\ 101,00,0y 7 b2 \ (0,100,207}
Qp Qp
Note that o induces a bijection
Qeusp 1 {0,1,00,2} = {0,1,00,2"}

(cf. [9], Corollary 3.11). Suppose that

acusp(o) =0, Olcusp(l) =1, Qcusp (OO) = Q.
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Then there exists an element o € Gal(Q,/Qy) such that «’' = o(x). In particular, there
exists an isomorphism of schemes

]P’}@ \{0,1,00,2} = ]P’}@ \{0,1,00,2"},
such that the bijection {0,1,00,x} = {0,1,00,2'} induced by the isomorphism
]P% \{0,1,00,2} = ]P% \{0,1,00,2"} coincides with the bijection cucysp.
P P
Proof. First, we verify the following assertion:
Claim 3.2.A: We may assume without loss of generality that v,(1—x) > 0.

Indeed, suppose that Proposition 3.2 in the case where v,(1 —x) > 0 holds. First, by
using suitable geometric automorphisms of IP’}@ \{0,1,00} over Q,, we may assume without
p

loss of generality that v,(z) = 0. Next, write

Vp,o : %p\{m,pi, . ,oo} U, H(z) — %p\{m,oo,:c},

p+1

for the connected finite étale coverings induced by 1, (cf. Lemma 1.1, (ii); Remark 1.1.1);

p _
wp,l" : Pé}p\{ov]—a_’_a s 700} Uwp 1(1'/) — P}@p\{ovlvoowrl}

tp tp tp tp
Uop o St \or000r Moo STt \(01,0001)

{0,1,00,2'}~

for the open subgroups (determined up to Hﬁff \{0,1, 00,2}
g, 0100,

-conjugate, H;}i \
Qp

conjugate, respectively) determined by 1, », 1p, 27, respectively. Then since acysp(0) =0,
Qeusp(1) =1, and aeysp(00) = 00, it follows immediately from Lemma 1.3 that there exists

e satisfying the following conditions:

an inner automorphism ¢ of H% \{0,1,00,2'}
P

e The composite o« induces an isomorphism of topological groups
TP X TtP
oE H%w — H%‘m/

. . o TTP tp tp tp
via the inclusions I, | € g1 \1g.1,00,0y 204 My CTp1 \(0,1,00,0)
D P
e Write

p - ~ p -
5cusp : {O,I,p—i_l,...,oo}u”l/}pl(l') — {0’1’]’)4—1’.“700}U1/}p1(1’/)

for the bijection induced by S (cf. [9], Corollary 3.11). Then it holds that
5cusp(0) =0, ﬂCusp(l) =1, 5cusp(oo) = OQ.
Let 21 € 1, ' (2) be such that v,(1—z1) >0 (cf. Lemma 2.2). Write ef Beusp(x1). Note
that the kernels of the natural surjections

Htp _y Htp Htp
¥p

tp
dpe 7 BL \(01,00,0, ) e
P

& PL \{0,1,00,2}}
Qp
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(induced by the natural open immersions of hyperbolic curves over @p) are topologically
generated by cuspidal inertia subgroups of HL‘; o Hz[f; . associated to the cusps ¢

{0,1,00,21}, the cusps ¢ {0,1,00,2}, respectively. Then 3 : prppw = Hz}pp)z, induces an
isomorphism of topological groups
. TTtP ~ T7tP
a1 pi (01,0000} 7 L \(0,1,00,01)
Ty T
via the above surjections. Moreover, for each x € {0,1,00}, it holds that «; maps the

cuspidal inertia subgroups of H];E \{0,1, 00,21} associated to * to the cuspidal inertia
3, 01,00,

tp

subgroups of II
]P%p\{o, 1,00,

.y associated to *. Then since vp(1 =) >0, it follows from
1

our assumption (that Proposition 3.2 in the case where v,(1—2) > 0 holds) that there
exists an element o € Gal(Q,/Q,) such that 2} = o(21). Thus, since 1, is defined over
Q,, it holds that 2’ = o(z). This completes the proof of Claim 3.2.A.

Next, we verify the following assertion:

Claim 3.2.B: Suppose that v, (1 —z) > 0. Then it holds that

-1

2 =o(x), or ()" =o0(x).

Indeed, it follows immediately from [9], Corollary 3.11, that v,(1—2’) > 0. Write
E— Pg \{0,L,00,2}, B’ — Pg \{0,1,00,2"}

for the finite étale Galois coverings of degree 2 that ramify over every cusp of
I[% \{0,1,00,7}, IE% \{0,1,00,2"}, respectively;
P P

tp tp tp tp
e < Hﬂ% V(01002 M & Hﬂ% \{0,1,00,}
v P

for the normal open subgroups of index 2 determined by the above finite étale Galois

coverings of degree 2. Observe that the normal open subgroup H%’ C Hﬁ% \{0,1,00,2}
P

coincides with the kernel of the unique surjection

ot
q: HP% (0L oo} 727

tp

I% \{0,1,00,2} 13 nontrivial. The
P

such that the image of every cuspidal inertia subgroup of II

t t . o L .
normal open subgroup II, C H]PE admits a similar characterisation. Thus, since

\{0,1,00,z'}
Qp
tp

PL \{0.1,50.2} to the cuspidal inertia subgroups
P

« maps the cuspidal inertia subgroups of II

tp
of Ipi 1\ (0,1,00,0}>
Qp

the isomorphism « induces an isomorphism of topological groups
tp X 1rte
Iy — g,
via the inclusions HtEI? C HFPE \{0,1,00.2) and Hg), C HE% \{0.1, 00,27} On the other hand,
Q p

since vp(1—x) > 0, and v,(1 —2’) > 0, the hyperbolic curves E, E" (of type (1,4)) may
be regarded as open subschemes of once-punctured Tate elliptic curves Ey, F over @p,
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where the cusps of E;, F| are the origins and correspond to the cusps of E, E’ that lie
over oo via the finite étale Galois coverings E — ]P’l \{O 1,00,2}, E' — ]P’l \{O,l,oo,;z:’},

. . . t t
respectively. In particular, since aeysp(00) = 00, the 1som0rphlsm RS S r induces an
isomorphism

tp ~ ot
I, = 1.
Write j(E1), j(E) for the j-invariants of Ey, E], respectively. Then it follows immediately

from Theorem 3.1, together with Remark 3.1.1, that there exists an element o €
Gal(Q,/Q,) such that

J(BY) = o (j(En)).

Therefore, it holds that

1 '—11 !
a'(:p)g{x',l_xl,x VR /x ,156/}.

 xxl—1
Moreover, since vp(1—2) >0, and v,(1 —2’) > 0, we conclude that
o =o(x), or (')t =0(x).

This completes the proof of Claim 3.2.B.
To complete the proof of Proposition 3.2, by applying Claims 3.2.A and 3.2.B, we may
assume without loss of generality that

vp(1—2)>0, (/) '=0o(x).

Write
e 1 1 V31— 1—\/ -
X, Pl 401,500 tvi=a ;
2 2 2
o 1 1 1—2 1—+v1—2a'
X, dfPl \{01200 +\/2 v \/2 x };

V12t Xp — ]P’}@p\{o,l,oqx}, V10t Xy — P}@p\{o,Loo,x'}
for the finite étale Galois coverings of degree 2 defined by the assignment ¢ — 4t(1—t).
Then « induces an isomorphism of topological groups
v Ht)?w = HE?I/
(cf. Lemma 1.3). By replacing « by a suitable composite of o with an inner automorphism

of ng,l 01,0007y we may assume without loss of generality that v maps the cuspidal

inertla subgroups of Hg?w associated to 1 to the cuspidal inertia subgroups of Hg?z,
associated to 1. Write

Y, € P \{0.Loo, 1+ vVI—a1 - VI-z});
Yo ©BE \{0,Loo, 1+ VI=a/1-VI=a'}.
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Then 7 induces, via the respective quotients of Hg?z, Ht)? , by the normal closed subgroups
topologically generated by the cuspidal inertia subgroups associated to 1, an isomorphism
of topological groups

CTrte X TTte
0:1Iy —IIy .

Write

Seusp : {0,1,00,1+ VI —z,1-v1—-2} 5 {0,1,00,1+ V1 -2/, 1 -V1—a'}
for the bijection induced by ¢ (cf. [9], Corollary 3.11);

P B —x; ) def Seusp (1)

Observe that

Seusp(0) =0, eusp(1) =1, beusp(00) =00, i€ {1+V1-a/1-V1-2a'}.

Then since v,(1—21) = vp(vV1—2) = w > 0, it follows from Claim 3.2.B that there
exists an element o1 € Gal(Q,/Q,) such that

oy =o1(z1), or (z))7' =0o1(z1).

Note that ¥1 , and 91 5 are defined over Q,. Therefore, if 2} = o1(21), then 2’ = o1 (z).
In particular, it suffices to consider the case where

(@)t =o(x), (2) 7" =ou(n).
In this case, it holds that
P((zh)™") = 01(P(21)) = o1(z) = 10 ()71,
where P(t) e t(2—t) € Q,[t]. Moreover, it holds that
(2-21) (2= (21)7") = P(a)) P((21) ") = 2'or0 ™ ((2') 7).
This implies that one of the following assertions holds:

(a) 2} and (2})~! are Galois-conjugate.

(b) zf is contained in the Galois closure of Q,(z’) over Q,.

Note that since z} € {1++/1—2’,1—+/1—2'}, it holds that

vp(1—1")
Up(l—wﬁ)zp(f

Note also that the p-adic valuation on the Galois closure of Q,(z") over Q, is discrete.
Then, by applying the above discussion repeatedly, we may assume without loss of
generality that assertion (b) does not hold. In particular, assertion (a) holds. Thus, since
(z4)~! = o1(x1), we conclude that z; and x are Galois-conjugate, hence that z and 2’
are Galois-conjugate. This completes the proof of Proposition 3.2. O
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Remark 3.2.1. At the time of writing of the present paper, the author does not know
whether the given isomorphism « arises from some isomorphism of

schemes IP’}@ \{0,1,00,2} = ]P’}@ \{0,1,00,2'} or not.

Finally, we apply Lemmas 2.1, 2.3, and Proposition 3.2, to prove our main theorem
(i.e. the tempered fundamental groups of hyperbolic curves of genus 0 over @p completely
determine their moduli):

Theorem 3.3. Let n be an integer such that n > 3. Suppose that there exists an
isomorphism of topological groups

. TTtP
Oz.HIP,l

—1I
5 \{z1,z2,...,xn} PL
p

L Mot}
Note that o induces a bijection
Qeusp  {T1,%2, ..., Tn } — {2, 2h, ..., 20}
(cf. [9], Corollary 3.11). Then there exists an isomorphism of schemes
]P)}@p\{l'l,l'g,...,l'n} = P}@p\{xﬁ,x;,...,m;},

such that the bijection {w1,xo,...,2,} = {2}, 2h,...,2.} induced by the isomorphism
]P’}@p\{xl,xg, T} P}@p\{x’l,xé,...,x;} coincides with the bijection cicusp.

Proof. First, if n = 3, then the desired assertion follows immediately from the well-

known structure of the automorphism group of PL . Thus, we may assume without loss
P

of generality that
n >4.

Moreover, by replacing « by the composite of o with the outer isomorphisms arising from
suitable geometric automorphisms of PL | together with the various definitions involved,

P
we may also assume without loss of generality that

o x1=x]=0;x2=0b=1; z3 =14 =00;
o acusp(xi) =af, foreach i=1,...,n.

Then our goal is to prove that
(*5) there exists an element o € Gal(Q,/Q,) such that 2} = o(z;), for each i =4,...,n.

Next, we verify the following assertion:

Claim 3.3.A: We may assume without loss of generality that
vp(xi) =0

for each 1 =4,...,n.
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Indeed, let r be a positive integer such that, for each i =4,...,m, it holds that v,(y;) >
—p, where y; denotes a p"-th root of z;. Write

def j . . r
Y = P}@p\{oagjfyi (1:2’47"'3713 J :Oa"'ap 71)700},

y’ & %p\{o,gg,}y; (i=24,...,n, =0,....p" —1),00};
Gproa: Y — ]P% \{0,1,00,z}, Ppr oY —> ]P’}@ \{0,1,00,2"}
P P

for the finite étale Galois coverings of degree p” determined by the assignment t — t*"

(cf. Lemma 1.1, (i)), where y def 1; v def 1; yi denotes a p"-th root of ;. Then « induces

an isomorphism of topological groups
tp ~ 1t
€: H; — H}P,
(cf. Lemma 1.3). By replacing « by the composite of o with a suitable inner automorphism

of H;,% V{0,100, WE Ay assume without loss of generality that ¢ maps the cuspidal
p

inertia subgroups of Hg? associated to y2 = 1 to the cuspidal inertia subgroups of Hg,p,
associated to y4 = 1. Moreover, by replacing y} by a suitable p"-th root of a7, if necessary,
we may assume without loss of generality that € maps the cuspidal inertia subgroups
associated to y; to the cuspidal inertia subgroups associated to y; for each i =4,...,n.
Then € induces, via the quotients of Hgﬁ’, Hg}’, by the normal closed subgroups topologically
generated by cuspidal inertia subgroups associated to the cusps ¢ {0,1,00,y; (i=4,...,n)},
the cusps ¢ {0,1,00,y} (i =4,...,n)}, respectively, an isomorphism of topological groups

tp ~ T1tP
e \{0,1,00,11000} — TIBL \(0, 100,001}
P P
Since ¢pr , and ¢,r 5 are defined over Q,, by replacing y;, y; by z;, z,
may assume without loss of generality that v,(x;) > —p.

Next, we consider the connected finite étale covering
¥y PLAL0,L, L ool 5 PL\{0,1,00)
P QP p -+ 1 QP

(cf. Lemma 1.1, (ii)). For each i =4,...,n, let z; € ¢, " (x;) be such that v,(1—2;) >0 (cf.
Lemma 2.2). Recall that 1, is also defined over Q,. Thus, in light of Lemmas 1.3 and
2.2, it follows from a similar argument to the above argument that, by replacing z; by
x;, we may assume without loss of generality that v,(z;) =0 for each i =4,...,n. This
completes the proof of Claim 3.3.A.

Write

respectively, we

Ci g @p
for the set of the Galois-conjugates of x;. Next, we verify the following assertion:
Claim 3.3.B: We may assume without loss of generality that

vp(x;) =0, v(l—zy) <1, wercr}e\t?m‘} vp(x; —w) <1,

for each 1 =4,... n.
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Indeed, by applying Claim 3.3.A, we may assume without loss of generality that v, (z;) =
0 for each ¢ =4,...,m. Then, in light of Lemma 2.1, one may apply a similar argument to
the argument applied in the proof of Claim 3.3.A, together with the use of the connected
finite étale covering

¢pr 1P \ {0, (0 <p"—1),00} — P \{0,1,00}

(cf. Lemma 1.1, (i)) for sufficiently large r, to obtain the desired conclusion. This completes
the proof of Claim 3.3.B.

In the remainder, we prove (%, ) by induction on n. We already observed that (x4) holds
(cf. Proposition 3.2). Let m be a positive integer such that m > 4. Suppose that (x,) in
the case where n < m holds. Then our goal is to prove that (*,,+1) holds.

Next, we verify the following assertion:

Claim 3.3.C: Suppose that

o Up(wa) = vp(Tm41);
® maxX,ec,\{z:} Vp(xi—w) <2, for eachi=4,...,m;
o v(l—zpq1)>2.

Then (#,;,41) holds.
First, we note that since cusp(@m41) = 2,41, the isomorphism « induces an isomor-
phism of topological groups

tp ~ TTtP
M1 \ (0,100,040} 7 TIp
P

,p\{0,1,00,14,...,x£n .

Then, by applying the induction hypothesis, we may assume without loss of generality

that
/
xXr; = .’L'Z-,
for each 1 =4,...,m. Next, write
tp ~ tp
1T —1I w
f PL 00,0020 n} 0 PE V{01,002, 1205 }
!, Htp ~ tp
e —1I
PL \{0,1,00,z4,...,2" L B
Qp\{ ,1,00,T4, ,zm+1} PQP\{07170C>15E47 .
. . . . t
for the isomorphisms of topological groups (determined up to H]PE \{0, 1,00, 4y
a s Ly s Ldyeeey T—
Qp Tm41

tp

conjugate, I1 }—conjugate, respectively) induced by the isomorphism of

PL \{0,1,00,24,..., 54—
Qp T4l
schemes defined by the assignment ¢ +— “*. Then we obtain an isomorphism of topological
groups
déff/OaOf_I'Htp :>Htp
K TP {0100 72} T P \ (01,00,
Qp Fm+1 Qp 41

Next, write

T4 ~ T4
Neusp {0,1,00,964,..., } — {0,1,00,304,...7 ; }
Tm+1 Tt
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for the bijection induced by 7. Recall that acysp(x;) =z}, for each ¢ =1,...,n. Then it
follows immediately from the definition of 7cusp that

77(:usp(0) =0, ncusp(]-) =1, ncusp(oo) = 00, 7]cusp(='174) = T4,

Ty T4
Neusp| — | = =7
IL‘]‘ IZZ'j

for each j =5,...,m+ 1. In particular,  induces an isomorphism of topological groups

tp ~ 17tP
ot \t01,00,28, . 21y 7 g1\ 1 o0 2a s
Qp ® Qp zg :

57 Ty EI

Thus, by applying the induction hypothesis, we obtain an element 7 € Gal(@p /Qp) such
that

for each j =5,...,m+ 1. Next, observe that

Vp(Tmy1) = vp(27,41) (cf. [4], Theorem 4.6);
Up(1 = Zmq1) = vp(1 =27, ) (cf. [4], Theorem 4.6);
Up(a = 54) = vp(a = 7(2a) +7(2a) = T(524));

Tm41
hd ’Up(l"l - .'L‘:i:—l) = UP(T(x4) _T(mij-l ))

Note that the first, second and forth equalities imply that

Up <x4 — x;,i;) = (T(m) —T(x:il))

Thus, it follows immediately from the third equality that

i r(e) 2 vy (21— ).

m—+1

On the other hand, since

”p(x4) > ”p(xm—H) = U;D(‘T;n+1)? ”p(l - x;n—&-l) = Up(l —Tpmt1) > 2,

it holds that
vp(x4— ,374 ) > 2.
merl

vp(xa —7(24)) > 2.

Then we obtain an inequality

Thus, by applying our assumption that max,,ec,\{z,} Vp(74 —w) < 2, we conclude that

x4 =7(24).

Therefore, by combining with the equality 7# = 7(5*), we also conclude that
J J

o =7(x;),
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for each j =5,...,m+ 1. This completes the proof of Claim 3.3.C.
Next, we verify the following assertion:

Claim 3.3.D: Suppose that, for each i =4,...,m+1, it holds that
vp(x;) =0,
vp(l—z;) <1, and
maXyec;\{z;} vp(xi 7”[0) <L

For each i =4,...,m, let s; € wp_zl(xi) be, such that v,(s;) =2 (cf.
Lemma 2.2). Let 8,11 € wp_z,l(xmﬂ) be such that v,(1 —sm+1) >0 (cf.

Lemma 2.2). For each i =4,...,m+1, write u; defy W, Cy,; for the

set of the Galois-conjugates of u;. Then it holds that
vp(ua) > 0=vp(um+1), Vp(l—Umt1) =2,

max Up(U; — ;) < 2
ci €Cu; \{ui} p( ’ Z) ’

for each 1 =4,... ,m.

The assertions in the first display follow immediately from the facts that v,(s4) =2, and
Up(Sm+1) = 0. Next, we verify the assertion in the second display. For each i =4,...,m,
write Cs, for the set of the Galois-conjugates of s;. Let w; € Cs, \ {s;} be an element. Then
since vy (s;) = vp(w;) = 2, it suffices to prove that

vp(s; —w;) < 4.

However, this inequality follows from Lemma 2.3. This completes the proof of Claim
3.3.D.

Finally, we complete the proof of the assertion (#,,+1). By applying Claim 3.3.B, we
may assume without loss of generality that

vp(x;) =0, vp(l—wx;) <1, wercn_%i(x_} vp(x; —w) <1,

for each i =4,...,m+ 1. Write

def

def
= {24t )y TS

{9547 ;n+1}§
2

.l —1 1
Yy o 'P@p\{o’l’]ﬂ—i—l 7oo} U¢p2 (T) — P@p\{xl,xg,...,xn},

2
p _
Up2 o PL \{ Lo ,oo}w,,;(T’)H%p\{xa,x’g,...,z;}

for the connected finite étale coverings induced by 12 (cf. Lemma 1.1, (ii); Remark 1.1.1);

tp tp tp tp
szﬂ « CHP] \{w1,$27 oTn ) Hw;ﬂ o —HIP” \{%@27 sz}

for the open subgroups of finite index (determined up to e . }—comjuga‘ce7

IP’l \{xl,acg

e

P N2l -conjugate, respectively) determined by 92 ,, z/Jp +, respectively. Here,
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2
we note that % is a unique cusp * such that > ramifies at *, and * lies over 1
via 1Pp2 (cf. Lemma 1.1, (ii)). Then since ccusp(0) =0, ceusp(1) = 1, Qeusp(00) = 00, and
Qeusp(2;) = o}, for each i =4,...,n, it follows immediately from Lemma 1.3 that there
exists an inner automorphism ¢ of H% (@t} satisfying the following conditions:
P

e The composite morphism ¢ o« induces an isomorphism of topological groups

0:11)  SIIP

’1111,2“,”/

. . . tp tp tp tp
via the inclusions H%%z - Hﬂ% {122, )} and H%Z,w - Hﬂ% (s}

P P

o Write
p? 1 »? 1
' _ ~ — ’

chsp. {071,1)2—H,...,OO}U’¢11)2 (T) — {0,1,1)2H7...,OO}U'(/)1)2 (T)

for the bijection induced by € (cf. [9], Corollary 3.11). Then it holds that

2 2
ecusp(o) = Oa ecusp(l) = ]-7 gcusp(oo) = 00, gcusp (p2p+ 1) = p2p_|_ 1 .

For each i =4,...,m+ 1, write s/ def Ocusp(si) (cf. Claim 3.3.D). Then the isomorphism 6
induces an isomorphism of topological groups

g : Htr; p2 :> Htlj p2 ’ ’ :
Pﬁp\{o,l,oo,W,&;,...,SMJA} P@p\{o,1,oo,ﬁ,s4,..4,sm+l}
Write
1 ~ p?
:PL ———,0,...,1 3 SPL\J0,1,——,...
w @p\{OO7p2+]_’ ) 5 } Qp\ 5 7p2+1’ ,00
for the inverse of the isomorphism determined by the assignment ¢ — 1 — ﬁ. For each

2
i=4,...,m+1, write ] defy W. Then £ and w induce, in a similar way to the

construction of 7, an isomorphism of topological groups

tp
H]P’l

~ tp

— 11

5 \{0,1,00,u4,...,Um+1} PL
p

@p\{o,1,oo,u§1,...,u;n+1}'
Note that, if we write
h:{0,1,00,u4, ..., umi1} — {0,1,00,u), ... ul, 1}
for the bijection induced by the above isomorphism, then it holds that
h(0)=0, h(1)=1, h(cc)=o00, h(u;)=u,,

for each i =4,...,m+1. On the other hand, observe that the composite morphism 1,2 ow
is defined over QQ,,. Then, by replacing u; by z;, together with Claim 3.3.D, we may assume
without loss of generality that

Vp(x4) > Vp(Tmt1), wercn?\l?xv}vp(xi —w)<2 (4<i<m), vp(l1—Xmy1)>2.
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Thus, we conclude from Claim 3.3.C that (#,,41) holds. This completes the proof of
Theorem 3.3. O

Acknowledgements. The author would like to express deep gratitude to Professor
Yu Yang for his interest, stimulating discussions and helpful comments concerning the
contents of the present paper. The author also would like to thank Professor Yuichiro
Hoshi for helpful discussions concerning the contents of the present paper. Finally, the
author also would like to thank Professor Emmanuel Lepage for stimulating comments
concerning the contents of the present paper during his stay at Kyoto University
in 2019. The author was supported by Japan Society for the Promotion of Science
(JSPS) KAKENHI Grant Number 18J10260. This research was also supported by the
Research Institute for Mathematical Sciences, an International Joint Usage/Research
Center located in Kyoto University.

Conflicts of Interest. The author declares none.

References

[1] Y. ANDRE, Period mappings and differential equations: From C to Cp, in MSJ Memoirs
12, Math. Soc. of Japan, Tokyo (2003).
[2] Y. ANDRE, On a geometric description of Gal(@p/(@p) and a p-adic avatar of ﬁ7 Duke
Math. J. 119 (2003), 1-39.
[3] G. V. BELYL, On Galois extensions of a maximal cyclotomic field, Izv. Akad. Nauk SSSR
Ser. Mat. 43(2) (1979), 269-276; English transl. in Math. USSR Izv. 14 (1980), 247-256.
[4] E. LEPAGE, Tempered fundamental group and metric graph of a Mumford curve, Publ.
Res. Inst. Math. Sci. 46 (2010), 849-897.
[5] E. LEPAGE, Resolution of non-singularities for Mumford curves, Publ. Res. Inst. Math.
Sci. 49 (2013), 861-891.
[6] W. LUTKEBOHMERT, Rigid geometry of curves and their Jacobians, in Ergebnisse der
Mathematik und ihrer Grenzgebiete 61, Springer (2016).
[7] S. MocHIzUKI, The local pro-p anabelian geometry of curves, Invent. Math. 138 (1999),
319-423.
[8] S. MocHIZUKI, Noncritical Belyi maps, Math. J. Okayama Univ. 46 (2004), 105-113.
[9] S. MOCHIZUKI, Semi-graphs of anabelioids, Publ. Res. Inst. Math. Sci. 42 (2006), 221-322.
[10] J. NEUKIRCH, Algebraic number theory, Grundlehren der Mathematischen Wissenschaften
322, Springer-Verlag (1999).
[11] A. SARASHINA, Reconstruction of one-punctured elliptic curves in positive characteristic
by their geometric fundamental groups, Manuscripta Math. 163 (2020), 201-225.
[12] A. TaAMAGAWA, The Grothendieck conjecture for affine curves, Compos. Math. 109 (1997),
135-194.
[13] A. TAMAGAWA, On the fundamental groups of curves over algebraically closed fields of
characteristic > 0, Int. Math. Res. Not. (1999), 853-873.
[14] A. TAMAGAWA, On the tame fundamental groups of curves over algebraically closed fields
of characteristic > 0, in Galois groups and fundamental groups, Math. Sci. Res. Inst. Publ.
41 (L. SCHNEPS, ed.), Cambridge University Press (2003), 47-105.
[15] A. TAMAGAWA, Resolution of nonsingularities of families of curves, Publ. Res. Inst. Math.
Sci. 40 (2004), 1291-1336.

https://doi.org/10.1017/5147474802200024X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802200024X

2856 S. Tsujimura

[16] A. TAMAGAWA, Finiteness of isomorphism classes of curves in positive characteristic with
prescribed fundamental groups, J. Algebraic Geom. 13 (2004), 675-724.

[17) S. TsusMURA, Combinatorial Belyi cuspidalization and arithmetic subquotients of the
Grothendieck-Teichmiiller group, Publ. Res. Inst. Math. Sci. 56 (2020), 779-829.

[18] Y. YANG, On the admissible fundamental groups of curves over algebraically closed fields
of characteristic p > 0, Publ. Res. Inst. Math. Sci. 54 (2018), 649-678.

https://doi.org/10.1017/5147474802200024X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802200024X

	Introduction
	Notations and conventions
	1 Numerical characterisations of certain Belyi maps
	2 Elementary lemmas
	3 Reconstruction of moduli of hyperbolic curves of genus 0 from their geometric tempered fundamental groups
	References

