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FINITE CLONES CONTAINING ALL PERMUTATIONS

L. HADDAD AND I. G. ROSENBERG

ABSTRACT.  LetA be afinite set with |A| > 2. We describe all clones on A containing
the set S4 of all permutations of A among its unary operations. (A clone on A is a
composition closed set of finitary operations on A containing all projections). With a
few exceptions such a clone C is either essentially unary or cellular i.e. there exists a
monoid M of self-maps of A containing S4 such that either C = M (= all essentially
unary operations agreeing with some f € M) or C = MUT), where 1 < h < |A| and
', consists of all finitary operations on A taking at most h values. The exceptions are
subclones of Burle’s clone or of its variant (provided |A| is even).

1. Introduction. Let A be a finite non-empty set. Without loss of generality we
shall assume that A = k := {0, 1,...,k — 1}. For a positive integer n an n-ary operation
on k is a map f: k" — k. The set of all n-ary operations on k is denoted O®. Put O :=
U, 0™. A clone on k is a composition-closed subset of O containing all the projections
or, equivalently, the set of all term operations of an algebra on k (for a more precise
definition ¢f. 2.0 below). A clone is thus a multivariable analogy of a transformation
monoid or a permutation group on k whereby the projections play the role of idx. The
clones on Kk, ordered by C, form an algebraic lattice Qk. The meet of an arbitrary set of
clones on Kk is their intersection. For F C O denote F the least clone containing F.

Already in 1941 E. Post [Po 41] completely described L,. Note that L, is the lattice
of clones of boolean (or switching or truth functions and so pertains to the propositional
logic, electrical circuits and discrete optimization). The lattice L, is countably infinite and
quite exceptional among the lattices L, and their variants (the lattices of clones of partial
operations, multioperations or delayed operations). Indeed, |l~,k[ = 2% for k > 2 [Ja-Mu
59]; this has been recently refined by exhibiting an interval of ék order isomorphic to
the boolean lattice (P(N), C) of all subsets of N := {0, 1,...} [Ha-Ro 86, 88, 88a] and
so e.g. Lk contains a chain order isomorphic to the set R (of the reals) and an antichain
of size 2. The lattices L, are in general unknown and so on the whole the efforts have
been concentrated on special parts of I;kv mostly the top (all coatoms or dual atoms are
known, cf. [Ja 58], [Ro 65, 70]), some clones covered by coatoms [La 82] and all such
clones for k = 3 [La 82a], or the bottom (some atoms are known for k > 3 and all atoms
for k = 3 [Cs 83)).

The foundation of a clone Cis the set CV := CNOW of its unary operations. Clearly
W is a submonoid of the (full) symmetric semigroup U := (O); 0, idy).
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The foundation may carry a lot of information about C. For example, the foundations
were used as the main tool in the classification of clones of boolean functions [Po 41].

P. P. Pélfy completely described the clones whose foundation consists of permutations
or constants [Pa 84], a result which provided a starting point for the tame congruence
theory [Ho-Mck 88].

At the 1988 Ames conference on Algebraic Logic and Universal Algebra in Theoret-
ical Computer Science, S. Comer asked us about the characterization of clones C on k
whose foundation contains all permutations on k. This problem belongs to the area aris-
ing from Slupecki’s remarkable 1939 result [SI 39] which may be formulated as follows.
For k > 2 the only maximal clone (= coatom of L, ) with foundation O" is the Slupecki
clone M,_; of all essentially unary operations or non-surjective operations (i.e. missing
at least one value from k). This result has been improved. Call B C OV basic if the Slu-
pecki clone M;_; is the only maximal clone whose foundation contains B. It is known
that the symmetric group S; of all permutations on k is basic [Sa 60] Theorem 11.1, [Sa
60a). The alternating group A; and O) \ S; are also basic [Sa 62]; [Ia 58]. A character-
ization of basic sets is in [Ro 70a]. (For k = 2 the analog of the Slupecki clone is the
clone of all linear (mod 2) operations. We mention in passing that for |A| = ¥, there are
exactly two maximal clones with foundation OV and each clone with foundation OV
extends to one of them [Ga 64,64a,65] but the situation seems to be much more complex
for |JA] > No [Da-Ro 85]. Moreover, for any clone C we may ask the same question:
What are the clones covered by C in L, with foundation C\"?)

A. 1. Mal’tsev improved Slupecki’s result [Ma A 67] as follows. For 0 < h < k let
M,, consist of all operations f that are essentially unary or with | imf| < h (e.g. M, is the
clone OO of all essentially unary operations while M,_, is the above Slupecki clone).
Then My C M3 C -+ C M;_; C O is the unique increasing maximal (i.e. unrefinable)
chain in Qk starting from M,. Burle [Bu 67] showed that

M, CBICM2C"'CMk_] co

where {M}, B',M,, ..., My_,, O} is the interval of all clones with foundation O, B’ :=
M; U B and B is the following set of all quasilinear operations on k. Call f € O™
quasilinear if there are ¢o:2 — kand ¢i:k — 2 (i = 1,...,n) such that

(1.1 SO, X)) = go(P1(x1)) + -+ + Pnl(xn))
holds for all x;,...,x, € k where + denotes the sum mod2 on 2. The clone B’ is a

maximal TC or abelian clone [Be-McK 84].
We determine the clones whose foundation contains Sk. They can be described as

follows. Forh = 1,...,k— 1 set
Ihy:={f€o:|imf]| <h},v:i={fe0V:|imf| <2},

and let V, consist of all f €V such that |[f~'(a)| is even for all a € k (notice that V, is
nonempty only for k even and then consists of the constant maps and those f with ker f
having two blocks of even size). Finally denote by B, the set of all quasilinear operations
having a representation (1.1) with all ¢, ..., ¢, € V.. Our main result is:
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THEOREM. Letk > 2,k := {0,...,k — 1} and C be an essential clone containing
the set Sy of all permutations of k. Then either
(i) there exists a submonoid M of (OWV; 0,idy ) containing Sy such that
a) C= MUT; for some2 <i<kor
b) C=MUBor
(ii) k is even and C = §; U B,.

Denote by V the set of all M such that M is a submonoid of (O"; o, idx) containing
S¢ U V. The set V is described in Lemma 2.2 in terms of number-theoretical partitions
of k (corresponding to kerf for f € M). The diagram of the interval [S;, O] of I~‘k is on
Figure 1 for k odd and on Figure 2 for k even. Its main part is the direct product of the
chain S;UV C S;UB C S, UT; C --- S, UT_; and the lattice (V, ©). For k even we
just insert S; U V, and St U B, near the bottom.

=l

FIGURE 1 (k odd) FIGURE 2 (k even)

The elementary proof is essentially combinatorial and based on the techniques from
[Ma A67].
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2. Preliminaries.

2.0. For1 < i < n the i-th n-ary projection e} is defined by e}(xi,...,x,) & x;.
(Here and in the sequel the symbol means that both sides are equal for all x, ... ., x, € k).

The following definition of a clone, due essentially to Mal’tsev [Ma A 66], is based
on a monoid * on O and three unary operations ¢, 7 and A on O. First we define a binary
operation * on O.Forf € O™, g € O and r := m+ n — 1 define f x g € O by

(f* g)(xl’ L. ’xl') :Nf(g(xlv e ’xm)axm'i-ls LICIEY ’xr)-
It is easy to see that (O; *,e!) is a monoid (i.e. * is associative and el xf = fxel = f
for all f € O where e} is the identity selfmap of k). For n > 1 define ¢f € O™, 7f € O™
and Af € 0D by

N1, - X0) R f(x2, 23, .., X0, X1),
(#)(xl’ e 9-x’l) Nf(x29xl’x37 . »xn)’
(Af)(XI, e ,xn-—l) Nf(xlaxlvxZa s 7xn—1)y
while forn =1 put{f =171 = Af :=f.

The algebra P, := (O;,(,7,A, e}) (where ej—the first binary projection—is a
nullary operation, i.e. a distinguished element) is called Mal'tsev's postiterative alge-
bra on 0 A clone on Kk is a subuniverse of 1~)k’ i.e. a submonoid C of (0, *) containing
the binary projection e% and satisfying {(C) C C, 7(C) C C and A(C) C C. Itis known

(cf: [Ma A 66]) that clones coincide with the sets of term operations of universal algebras
on k.

2.1. Let E; denote the set of all equivalence relations on k and S, the set of all
permutations of k. For € € E; and € S set

e™ = {(x,y) ek?: (7r(x), 7r(y)) € s}.
Call a subset T of E;, symmetric if T™ C T forall m € S (i.e. if e™ € T whenevere € T
and m € S;). Consider € € E;. Order the blocks (i.e. equivalence classes) By, ..., By of
esothath; := |B;j| G = 1,...,¢) satisfy by > .-+ > by. Clearly e := (by,...,by)
is a partition of k (i.e. an integer sequence (bi,...,bg) suchthat by > --- > b, > 0
and by + - -+ + by = k). Denote P, the set of all partitions of k and for 83,3, € P, put
61 X Bif g = ef (i = 1,2) where €1 C ¢, (here the inclusion is between binary
relations and means that each block of € is included in a block of €,). Clearly (Py, X) is
an ordered set. As usual, an up-set (or order filter) in an ordered set (P, <) is a subset
Q of P such that 8 € Q whenever § > 7 for some Y € Q. For a map f:k — B put
kerf := {(a,a") €k? : f(a) = f(@")}. For T C E; put
Mr = {f € OV : kerf € T},
and for a subset P of P; put
Op = {f € 0V : (kerf)" € P}.

Denote by w the least element {(x, x) : x € k} of E;. We need the following easy and
most likely known:
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LEMMA 2.2. The following are equivalent for a subset S of O1:
(i) S is a subsemigroup of the symmetric semigroup (O, o) containing Si.
(ii) S = My for a symmetric subset T of Ey such that w € T and T \ {w} is an up-set
of (Ex, ©).
(iii) S = Qp for a set P of partitions of k such that 1 := (1,1,...,1) € Pand P\ {1}
is an up-set of (Py, X).

PROOF. (i) = (ii). PutT := {kerf : f € S}.Letf € Sand 7w € S;. Thenm € S, C §
andso g :=fom € S.Putf := kerf and 7 := kerg. Now for all x,y € E;

Ly eETESSf (1r(x)) =f (ﬂ(y)) & (x,y) € 6™,

Thus 7 = 6™ and T is symmetric. Clearly w € T dueto e; € Sy C S. Let h € 01
be such that kerh = 6. Then there exists £ € S, suchthath = £of and hence h € §
proving M = My. It remains to prove that 7’ := T \ {w} is an up-set. Let § € T’
and let By,..., By be the blocks of 6. Without loss of generality we may assume that
b= |Bi| >1and By = {0,...,b — 1}. Further for i = 1,..., £ denote by b; the least
element of B; (in the natural order on k, e.g. by = 0). Let 1 < i < j < £ and let § be
obtained from 6 by fusing the blocks B; and B;. Define f € O as follows:

a) Put f(x) := 0 for every x € B; and f(x) := 1 for every x € B;, b) f(x) := b; for every
x € By provided i > 1 and ¢) f(x) = by forallm € {2,...,£}\ {i,j} and every x € B,,.
Clearly kerf = 8 and so f € M. Finally let g € OV be defined by setting g(x) := by, for
allme€{l,...,£}andevery x € B,,. Againkerg = 0 and so g € M. Consider h := gof.
For x € B; we have h(x) = g(0) = b, and for x € B; we have h(x) = g(1) = b; , hence
g(x) = O for all x € B;UB;. If i > 1 then for all x € B; we have h(x) = g(b;) = b; # 0
and form € {2,...,£}\ {i,j} and x € B,, we have h(x) = g(bm) = bp. Since all the
values by, ..., bj-1,bjs1,..., b, are distinct, we have kerh = @'.In view of h € M we
have 6’ € T as required. If i = 1 then for m € {2,...,¢} \ {j} and x € B,, we have
f(x) = by, and h(x) = g(f(x)) = g(bp) = b,. Againkerh =@ andso @ € T.

(ii) = (iii). Evident.

(iii) = (i). Clearly Sy C Qp.Letf, g € Qp. Put ¢ :=kerf;6 := kergand h :=fog.
If * = 1 (i.e. g € S), then (kerh)* = ¢* and so h € Qp. Thus let §* # 1. In view of
8 C kerh, we have that (ker h)* € P (because P\ {1}is anup-set)andsoh € Qp. =

2.3.  An n-ary operation f on k depends on its i-th variable (or the i-th variable is
essential) if

f(al,---»an) #f(aly---,ai—lvbiyai+1a~--van)

for some ay, ...,a,, b; € k. If f does not depend on its i-th variable, the i-th variable is
fictitious (also called non-essential or dummy). The operation f is essential if it depends
on at least two variables. Clearly f depends at most on its i-th variable if f(x;,...,x,) &
g(x;) for some g € OV A clone C is unary if all its operations depend on at most one
variable. The essentially unary clones containing Sy are of the form

S={s*xel:5€85,1<i<n}
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where § C OO satisfies the conditions of Lemma 2.2.

Consider a non unary clone C with C D §;. It will turn out that the maximum size
of imf (i.e. the maximum number of values f takes) of essential operations f € C de-
termines the nonunary part of C. Following [Ma I 73] for 1 < h < k the h-cell is the
set

I, :={fe€0:|imf]| <h}
of all at most A-valued operations on k; e.g. I'j is the set of all constant operations on k
while Ty = 0. A clone Conkis cellularif C = SUT, forsome 1 < h < kandS C OO,
The following lemma describes the cellular clones containing ;.
Forh=1,...,kput
Uy = {f € 0V : |imf| < h}
(e.g. Uy is the set of all constant selfmaps of k while U, = 00M).

LEMMA 2.4. A clone C on k containing Sy is cellular if and only if C = Qp UT,
where | < h < k and P is an up-set of (Py, X) consisting of all (b, ...,by) € P, with
either | <{ < hor!f =k

PROOF. (=>). Let C = SUT, forsome 1 <h <kandS, CSC OV andletC D S,.
Note that I, contains the set U, . We may assume that S is a subsemigroup of (O"; o)
containing S; U U,,. Now it suffices to apply Lemma 2.2.

(«). Let C satisfy the condition. We must show that C is a clone. It is easy to see that
(C=1C=C,ACC Cande? € Qp CC.Letf,g € C.1) Letf € Qp. If g € Op then
f*g € Qp C C.Thusletg € T,. Then |im(f x g)| < |img| < hprovesf*g €T}, C C.
2) Letf € Ty From |im(f x g)| < |imf|] <hwegetfxg €T, C C. ]

REMARK 2.5. It is easy to see that for a cellular clone on k containing Sy the up-set
P and integer & from Lemma 2.4 are unique.

2.6.  Our aim is to show that the clones on k containing Sy are (i) unary, (ii) cellular
and (iii) the Burle’s clone and, if k is even, a particular subclone of it. Note that the
clones from (i) are fully described in Lemma 2.2, the clones from (ii) in Lemma 2.4 and
the two clones listed in (iii) will be discussed in §4. To prove this claim it suffices to
consider the clone C := {f}US, for an arbitrary essential n-ary operation f on k. Set
€ := |imf|. For 2 < £ < k we show that C is cellular. For £ = 2 we obtain a cellular
clone, Burle’s clone or its particular subclone (if k is even). The key is the following
Iablonskii’s basic lemma [Ia 58], in Mal’tsev’s formulation [Ma A 67] §2, (it has another
part, due to Salomaa, which is not needed here). For f, g € O™ call g an isomer of f if

there is a permutation 7 of {1,...,n} such that g(x1,...,Xn) & f(Xn(1)s - - - » Xn(n))-
LEMMA2.7. Letf € O™ be essential and £ = | imf| > 2. Thentherearepy, ..., pn,

qi,...,qn € kand an isomer g of f such that

2.1 gp1,....pn) =ao, gq1,p2,....pn) =a1, &P1,q2,....qn) = a2

where imf = {aq,...,a,-1 }. n

For the key Theorem 2.9 we need the following statement whose proof and that of
Theorem 2.9 are essentially taken from [Ma A 67] §3.
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LEMMA 2.8. Ifh € 09 satisfies
2.2) h0,0)=0, An(1,00=1, hn@O,1)=h(1,1)

then G := {h} U U, U Sy contains I;.

PROOF. 'We show that there exists a binary operation A’ € G whose restriction to 2
is the disjunction (i.e. h'(a, b) = max(a, b) for all a,b € 2). Seta := h(0,1). 1) Suppose
a > 0. Define m € O by setting m(0) := 0) and m(x) := 1 otherwise. Clearly m €
U, C G; hence W'(x,y) :~ m(h(x, y)) belongs to G and V is the restriction of A’ to 2.
2) Thus let a = 0. Define n € O by setting n(0) := 1 and n(x) := 0 otherwise. Again
n € G and a direct verification shows that #(x, y) :~ n(h(n(x), y)) € Gand H'|2 = V.
Clearly n|2 is the usual negation ’. It is well known that the algebra (2;V,’) is primal
(i.e. complete) and so every boolean function b: 2" — 2 extends to some b* € G (i.e. b*
agrees with b on 2"). Now let ¢ € O™ satisfy im ¢ C 2. Define the following elements
of 2k:

a©) :=(1,0,...,0), a(1):=(,1,0,...,0),...,atk—1):=(,...,0,1).

Moreover let d: 2™ — 2 be defined by d(a(xl), .. ,a(xm)) = c(x1,...,X%,) for all
X1,....Xm € Kand d(by, ..., by) := 0 otherwise. As observed above, d extends to some
d* € G. A straight-forward verification shows that

(X1, X)) R A (no(xl), ey g1 (X1)s s (X)), - - - ,nk_l(x,,,))

proving that ¢ € G. Thus G contains all ¢ with imc¢ C 2 and, in view of S; C G also
I. ]

THEOREM 2.9. Iff is essential and £ := |imf| > 2, then the clone
D:={f}UU,US;

contains T'y.

PROOF. Letag,...,a¢-1,P15---+Pn>q1,---,9n and g be as in Lemma 2.7. For i =
1,...,n define m; € OV by setting m;(0) := p; and m;(x) := gq; otherwise. Set ¢ :=
g(q1,...,qn) and define r € OV by setting r(ap) := 0, r(a;) := min(t, 1) and r(x) := 1
otherwise. Clearly my, ..., my, r € Uy and so h € O® defined by

hxt,x2) w9 r{g(mi () ma(ea), . ma(2) )

belongs to D. A straight-forward check shows that & satisfies (2.2) and so I'; C D by
Lemma 2.8.

By inductiononi =2,..., ¢, we prove that I'; € D. Suppose2 <i < fandI'; C D.
Let z € T';4; be a p-ary with imz = {ao,...,a;}. PutZ; := z7!(g;) forall j = 0,...,i.
By assumption for j = 3,..., £, we have g(7j1,...,7j») = a; for some rj;,...,rj, € k.
Let s; map Zo U Z; onto p;, Z; onto g; and Z; onto ryy for £ = 3,...,i. Similarly for
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J=2,...,nlets;map ZoUZ; onto p;, Z, onto g; and Z; onto ry; for £ = 3,...,i. Clearly
51,...,8n € I'; C D. A straight verification shows

Xty .., Xp) N g(sl(xl,...,x,,),...,s,,(xl,...,x,,))

and so z € D. Thus I';;; C D. This concludes the inductive step and hence the proof of
the theorem. -

2.10. We eliminate right away the case £ = k. Indeed for imf = k, Salomaa [Sa
62] showed that C = O. This is also an easy consequence of a general completeness
criterion [Ro 65, 70] cf also [Ro 70a]. The proof below also applies if we add the fol-
lowing combinatorial fact. If f is essential and idempotent (i.e. f(x,...,x) & x) then
flai,...,a,) =f(by,...,b,) forsomea;, b; €Kk,a; # b; (i = 1,...,n). (Lemma 2.7 may
be used for the proof.)

Similarly in the case £ = 1 we have directly C = S; UT. In the sequel we assume
1< i<k

2.11. In view of Theorem 2.9 for 2 < £ < k it suffices to show that U, C C =

{f}US; for every essential f € O with |imf| = £. This is done in §3 while §4 is
devoted to the special case £ = 2. In the sequel it will be convenient to put

U:={|n"" (@) :h eV imh={a,b}}.

Note that i € U if for some h € C'V the equivalence ker h has exactly two blocks of size
i and k — i; in particular i € U ¢ k—i € U. Our aim is to show that U = {1,...,k—1}.
We need two lemmas.

LEMMA 2.12. The clone C contains all unary constant operations.

PROOF. Define r € OV by r(x) : f(x,...,x). Asimr C imf clearly r € CV'\ S;.
Denote by P the set of partitions of k from Lemma 2.2.(iii) corresponding to C'V. As
kerr € P, the set P\ {(1,..., 1)} is nonempty which implies (k) € P. .

LEMMA 2.13. The set U is nonempty.

PROOF. We may assume that f depends on its first variable. This means that there

exist ¢a,...,cn € k such that r € OV defined by r(x) :~ f(x, ca, ..., cyn) is non-constant.
Now by Lemma 2.12 all constants are in C and thus r € C. Proceeding as in the proof of
Lemma 2.11 we obtain U # ). ]

LEMMA 2.14. If€ >2thena € U for some1 < a<k—1.

PROOF. We argue the contrapositive. Suppose U = {1,k — 1}. Let py,...,pn,
q1,-..,qn and g be as in Lemma 2.7. Define ¢1,...,¢, € O by setting ¢,(0) := q,
¢i(1) == q; G = 2,...,n) and ¢,(x) := p, otherwise; notice that every ¢, is either con-
stant or ker ¢, has two blocks of sizes 1 and k — 1, and so ¢y,...,¢, € C. It follows
that h € OO, defined by h(x) ~ g(¢1(x), e ¢,,(x)) belongs to C. From (2.1) we get
h(0) = a1, h(1) = a; and h(x) = ap otherwise. If we fuse the blocks {a;} and {a,}, we
get2 € U, a contradiction. n

In the sequel let k’ represent the largest integer not exceeding %k.
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3. Essential operations with more than 2 values.

3.1. In this section f € O™ is essential, |imf| = £ where 2 < £ < k and C :=
{f} U Si. The set U was defined in 2.11 as the set of all [A~'(a)| where h € CV and
imh = {a, b}. We have:

LEMMA 3.2. IfO<r<k'andr € U then

3.1 1,2,...,2r—1€U.

PROOF. Fixs € {r,k—r}and0 <t <r.Letag,...,a¢—1,P1--.>Pn>qi>--->qn and
g be asin Lemma 2.7. Set

Ap = {0,...,t—1}, Al = {t,...,k—s" 1},
Avi={k—s,....k—t—1}, Ay:={k—1t,...,k—1}.

Note that
3.2) |Aol=t, IA1|=k—S—t, |A2|=S—t, IA3|=I

Next define g; € OV by setting g;(x) := p; for x € Ag UA; and g,(x) := q; otherwise.
Forj = 2,...,n define g; € OV by setting g;(x) := p; for x € Ag UA; and gj(x) = g;
otherwise. Note that

IAQUA21=l+k—S—t=k—S, [AOUA,|=t+k—t—k+s=s

andsoforallj = 1,..., nthe equivalence ker g; has exactly two blocks of size s and k—s;
whence by our choice of s and r € U we have g, ..., g, € CV. Now define h € O by

h(x) ~ g(81(5), g20). ... , gu(x)).
As g € Cclearly h € CV. Setd := g(qu, .. .,qn). We need:

CLAIM 1. There exists r € CV with r(A;) = {a;} (i = 0,1,2) and r(A3) = {a;} for
some (0 <j<2.

PROOF (OF THECLAIM). Ifd € {ag,ai,a,}, choose r := h. Thusletd ¢ {ao,a1,az}.
Then Ao, .. .,As are the blocks of ker s and 4 < £ < k. Let r satisfy r(Ag UA3) := {ao}
and r(A;) = {a;} for i = 1,2. From Lemma 2.2 we have r € C(V. .

We distinguish three cases according to j = 0, 1,2 in Claim 1.

(i) Letj = 0. According to (3.2) the equivalence ker r has 3 blocks of sizes 2¢, k—s—t
and s — t. Applying again Lemma 1.2 we can fuse the first and the last block to obtain
u € C having keru with two blocks of sizes s + t and k — s — t. We have obtained
s+te U
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CLAM2. [fs+t€ Uforalls € {r,k—r}and0 <t < rthen(3.1) holds.

PROOF (OF THE CLAIM). Chooses =randt=1,...,r—1to get
3.3) r+1,...,2r—1€U.

Similarly, fors =k —randt=1,...,r—1wehavek—r+t € Uandsor—t € U

proving
3.4 ,2,...,r—1€U.
Together with r € U this proves Claim 2. n

(i1) Letj = 1. Then ker r has 3 blocks of sizes ¢, k — s and s — ¢. Fusing the last two
blocks we obtain k —t € U. Thus ¢t € U for all 0 < ¢ < r. Fusing the first two blocks we
getk —s+t € U. The choice s = k — rgivesr+t € U for all 0 < t < r. Together this
yields (3.1).

(iii) Finally let j = 2. Then ker r has 3 blocks of sizes ¢, k — s — ¢ and s. Fusing the
first and the last block we get ¢t + s € U and so Claim 2 applies. n

LEMMA33. U={l,....k—1}.

PROOF. According to Lemma 2.14 the set U contains an element 1 < a < k— 1. By
the symmetry of U the set
V:=Un{l,... k'}.

is nonempty. Denote by v the largest element of V. If v = k’ we are done. Thus let
1 <v<k.ByLemma3.2wehavel,...,2v—1 € U. However,v+1 < 2v— 1, hence
v+ 1 € U in contradiction to the choice of v. =

4. Two-valued operations.

4.11. Asmentionedin 2.11 the case £ = 2 requires special treatment. In this section
C := S, U{f} where f € O™ is a 2-valued essential operation.

The following operations—introduced in [Bu 67]—are exceptional. Denote by + the
sum mod 2 on 2. (The operation +, called exclusive or in logic, satisfies0 + 0 =1+ 1 =
0,041 =1+0=1.)Forn > 1an operation g € O™ is quasilinear if there exist a
map ¢o: 2 — k and maps ¢y, ..., ¢,: kK — 2 such that

@1 81, Xn) R do(P1(01) + -+ + Bu(xn).

The following lemma is an adaption of Lemma 2.7 to nonquasilinear essential 2-valued
operations.

LEMMA 4.2. Iff € O™ is essential, nonquasilinear and | im f| = 2, then

f(ah---;an) =f(b11---’bi—lvahbH],---abn)

4.2)
:f(bl’--~,bn) #f(alv"'9ai'—1sbi,ai+l7""an)'
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forsome ay,...,a,,by,...,b, Ekand1 <i<n.

PROOF. Let f satisfy the assumptions. It is immediate that so do 7f and {f (cf. 2.0).
If f has a fictitious variable, say the first, then Af also satisfies the assumptions. Using
repeatedly ¢,7 and A we can get rid of all fictitious variables obtaining an operation g
satisfying the assumptions and depending on all its variables. If (4.2) holds for g then it
holds also for f and so for simplicity we assume that already f depends on all its variables.
For notational ease assume imf = 2.

Forl1 <i<nandc¢=(c,...,c,) €K" deﬁnefgi € 0 by setting

j:cf(x) :Nf(Ch e s Cim1,X%,Cigly o o - Cn)-

CLAIM 1. Ifthere exista = (a},ay,...,a,) €EK"and b = (b}, by,...,b,) € K" such
that kerf[_,l # kerf,ll, then there are ay, by, € Kk such that (4.2) holds for ay,ay, ..., ay,
bi,by,....,bpandi=1.

PROOF (OF THE CLAIM). At least one of ker fg1 and ker fél has exactly two blocks.
Choose the notation so that ker fgl has two blocks A and B. We claim that

4.3) f1©#f@ and fi(c) =f(d)

for suitable ¢, d € k. Indeed, if (4.3) does not hold, then for every ¢ € A and everyd € B
we have ) (c) # f (d) and so kerfy C kerf;, in particular kerf, has at least two blocks.

As it has at most two blocks, we deduce the contradiction ker fg1 = ker fé. Thus (4.3) is
proved. Put a := f;(c). In view of @ € {f1(©).f} (@)} we can set {a1,b1} = {c,d} so
that a = fy(a1). Now (4.2) is proved for i = 1 as
fa,...,an) =fi(@) = a=fy(a) = flai,bs,...,by)
=fyb1) = f(br, ..., by) # f1(b1) = f(b1,as, ..., ay).
]

If an isomer of f satisfies the assumptions of Claim 1 then (4.2) holds for a suitable
1 <i < n. Thus we are left with the case of f with the following property:

(E)  There exist 2-block equivalence relations €1, . . ., €, on k such that ker fé =
giforallaek™andi=1,...,n.

Fori = 1,...,ndenote by By and B;; the two blocks of ¢; and define ¢;: k — 2 setting
¢i(x) :=jforall j € 2and all x € By.

CLAM 2. There is a boolean function g (i.e. a map g:2" — 2) such that
(4.4) fG ) = g(d10a), -, $aln)
holds forall x, . ..,x, € 2.

PROOF (OF THE CLAIM). We start by showing that for every j = (ji, ..., Jj,) € 2" the
operation f is constant on the cartesian product P = P(j) := Bjj X - -+ X B; . Indeed, let
(C],...,Cn), (dl’---adn) € P.
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We show that Yp := f(ci,...,cn) = f(d1,¢2,...,cp). Indeed, put ¢ = (cy,...,cp).
Since kerfgl = ¢ and ¢y, d; both belonging to the block Byj, of €1, we obtain
Tr =f1 (1) = f1(d) = f(dr,ca,...,cn).
Continuing in this fashion we get Yp = f(d,...,d,) and so f is constant on P. To get
(4.4) it suffices to define g: 2" — 2 by setting g(j) := Yp(; for all j € 2". ]
CLAIM 3. Forallx,,...,x, €2

gxr, ..., xp)=x1 +---+x, +g0,---,0).

PROOF (OF THE CLAIM). Putc := g(0,...,0). Toeveryj = (ji,...,j,) € 2" assign
Ul =ji + 22+ + 2"
Suppose
4.5) g #Fj - Hjnte
holds for some j = (ji,....j,) € 2". Letj € 2" satisfy (4.5) with the least possible |j|.
Due to our choice of ¢ clearly |j| > 0. Denote by i the first index such that j; = 1 and
setj/ := (0,...,0,ji1,....jn)- Clearly |/'| = |j| —2~! and so by the minimality of |j| we
have
gU) =jur - Hju e
According to (4.5) we have g(j) # 1 + jiu1 + -+ +j, + ¢, and so in view of g € 2 we
have g(j') = g(j). Choose c¢,, € By forall 1 <m <iandc, € By,j, fori <m < n.Put
¢ = (c1,...,¢n) and consider f;. For x € Bjy we have fi(x) = g(/) and for x € By the
value of fé(x) is g(j). Since g(j') = g(j) the function fgi is constant, in contradiction to the
property (E). L]
Combining Claims 2 and 3 we obtain that f is quasilinear (with @¢ the identity map
on 2). This contradicts our assumption and settles the last case of f satisfying (E). u

LEMMA 4.3. Iff satisfies the assumption of Lemma 4.2, then U = {1,...,k — 1}.
PROOF. We start with the following:
CLaM 1. If0<d <k andd € U, thend+1,...,2d+1 € U.

PROOF (OF THE CLAIM).  For notational simplicity assume that (4.2) holds fori = 1.
Fix zsothatk —2d — 1 <z <k —d. Put

Ao:={0,....k—d—z—1}, A =4{k—d—z...,d—1}
(4.6) Ay:={d,....d+z—1}, Ay:={d+z,....k—1}
and define g1,..., g, € O as follows: (i) g1(x) = a; forall x € AgUAy, (ii) g;(x) = g
forall 2 <j < nandx € Ag UA; and (iii) gj(x) = b; otherwise. Note that each ker g;
has either one block (if g; is constant) or exactly two blocks of sizes d and k — d. Thus
gl,---,8n € Cand so h(x) & f(gl(x), ... ,gn(x)) belongs to C. According to (4.2) the

equivalence ker 4 has exactly two blocks A; and k\ A,. As |A2| = z, wehave z,k—z € U.
The above restriction k —2d — 1 <z <k —d translatesintod < k —z < 2d + 1. =
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CLAM?2. If0<d<Kkandd€Uthenl,...,d—1€U.

PROOF (OF THE CLAIM). Let0 < z < d. Put

Ag:={0,....d—z—1}, Ay :={d—z....d—1},
4.7 Ay:={d,...,d+z—1}, As:={d+z....k—1}

Define g1,...g, € OV by setting (i) gi(x) := a; forall x € AgUAy, (i) gi(x) = q;
forall2 < j < nand x € A UA; and (iii) g;j(x) = b; otherwise. Again & defined by
h(x) R f (gl x),... ,g,,(x)) is such that ker h has exactly two blocks A, and k \ A, proving
zeU. ]

PROOF OF THE LEMMA. From Lemma 2.13 we know that U # @ and so there is
d € U,d < k'. By Claim 2 we have 1,...,d € U. Suppose to the contrary that U #
{1,...,k — 1} and denote m the least element of {1,...,k— 1} \ U. Then 1 <m <Kk’
Now m — 1 € U and so by Claim 1 also m,...,2m — 1 € U, a contradiction. ™
Now we have:

PROPOSITION 4.1.  Let f be an essential operation with |imf| = 2. If f is not quasi-
linear then C := {f} US, contains I;.

PROOF. We have U, C C by Lemma 4.3. Let ay,...,a,, b1,...,b,, and i be as in
Lemma 4.2. We may assume that f(ay,...,a;-1, b;,ai41,...,a,) = 0 while the other
three values in (4.2) are 1. Define u; € OV by u;(0) := b; and u;(x) := a; otherwise. For
1 <j < n,j# iputu;(0) := a; and u;(x) := b; otherwise. Clearly uy, ...,u, € U, C C.
Define h € 0? by

h(x1,x2) wf(“l(XZ)»---aui—l(XZ)’ ui(xy), ui+1(x2)»--->un(x2))-

Clearly & € C and h(0,0) = 0, A(1,0) = h(0,1) = h(1,1) = 1. Now it suffices to apply
Lemma 2.8. u

4.5. We turn to the remaining case of a quasilinear f.

In the sequel f € O™ is an essential quasilinear operation. We may assume that
imf = 2. Clearly in the expression (4.1) of f the map ¢,: 2 — 2 is non-constant and thus
either ¢g(x) = x forx = 0, 1 or ¢o(x) = x + 1 forx = 0, 1. In the second case replace ¢,
by ¢, where ¢/,(x) := ¢,(x) + 1 for all x € k. We have obtained that

4.8) JOu, . x) N i) + - Gulxn).

Without loss of generality we may assume that f depends exactly on its first £ variables
(i.e. @1,...,¢, are non-constant while ¢4, ..., @, are constant). Proceeding as above
we get

f(xl,...,x,,) N ¢1(X1) +00 4 455()65).

Denote by C the clone generated by f and the constant selfmaps of k.
We start with the following:
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FAcT4.6. Letl <m < £. Then
)]
4. 9) ¢m+1(cm+l) +---+ ¢n(cn) =0

for some cpa1,...,Cn €Kk, and
(i) C contains the operation

(4.10) Jnx1s o Xm) N Gr(x1) + -+ Pm(Xm)

PROOE. We argue the contrapositive. Suppose (i) does not hold. Then ¢ (x1) +
-+ 4 ¢u(xn—m) is the (n — m)-ary constant operation with value 1 and so

fOa, X)) R Pr(xq) + -+ + Pulxm) + 1

contradicting the fact that f depends on its first £ variables. (i) Denote by cma1, .. ., Ca
the elements from (i). Clearly

fm(xl,---,xm) Nf(X],...,xm,Cm+],...,Cn)

belongs to C. n
As before U stands for the set of all positive integers u such that for some f € C\) the
equivalence kerf has two blocks of sizes u and k — u. We have:

LEMMA 4.7. Letf, Cand U be as in 4.5.
(i) Ifa,b € Usatisfy0<a <b<k~—1then

(3.9) b—a, b—a+2,....,ceU

wherec:=a+bifa+b<kandc:=2k—a—>bifa+b >k,
(ii) ifuu+1 € Uthenl € U,
(iii) if 1 €U then?2 € U, and
(iv) if1,2 €Uthen3 € U.

PROOF. Define g € O by setting
8(x1,x2) iR ¢1(x1) + Pa(x2).

According to Fact 4.6, the operation g belongs to C. As neither ¢; nor ¢, is constant, we
have im ¢ = im ¢, = 2. Fix ;, 8; € k (i = 1,2) so that

d1(o1) = () = 0,  ¢1(B1) = ¢2(B2) = 1.

(i) Let e satisfy max(a + b — k,0) < e < a. Define 11, ¢, € O by setting
D Yi(x) == forall0 < x < a, Y(x) ;== oy forall 0 < x < a— eand
a<x<k—b+e
2) j(x) := B; otherwise (j = 1,2).
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Notice that ker ¢; has blocks of sizes a and that k — a and ker 1, has blocks of sizes
k — b and b; and so 91, ¢, € C (due to a,b € U). The unary operation

h(x) & g (1 (x), Yo(x))
belongs to C. Note that

d1(a)) + Pr(an) =0+0=0 forallO<x<a—e
d1(a)) +$2(B2)=0+1=1 foralla—e<x<a
1B+ P(a)=1+0=1 foralla<x<k—b+e
d1(B1) + $2B3:2)=14+1=0 forallk—b+e<x<k

h(x) =

and so |h~1(0)] = a + b — 2e. Thus a + b — 2¢ € U. Choosing e in its range (which
depends on whether a+ b < k or a + b > k) we obtain (3.9).

(ii) Define pi,py € 0D by setting p(x) = a; for 0 < x < u, p(x) =
foru < x < k— 1 and p;(x) = B; otherwise. Straight verification shows that
s(x) & g(m(x), uz(x)) satisfies s71(0) = {u} andso 1 € U.

(iii) Define vy, v, € OW by setting v1(0) := a1, v2(1) := o, and vj(x) := f; other-
wise. Then v1,v; € C and s(x) :~ g(l/l(x), uz(x)) has s~!(1) = {0, 1} proving
2€eU.

(iv) Define €1,&, € OD by setting £1(0) = £1(1) = a1, £2(3) = a1 and g;(x) = B;
otherwise and proceed as above. =

LEMMA 4.8. Iff, C and U are as in 4.5 then either (i) U = {1,....k — 1} or
(ii) U={2,4,...,k—2} and k is even.

PROOF. Letk = 3. Since U # ) by Lemma 2.13, we have 2 € U which implies
U = {1,2} and (i) holds. Thus let k > 3. According to Lemma 4.7(iv) we have U #
{1,k— 1} and so a € U for some 1 < a < k. Suppose U does not contain all even
numbers not exceeding k’. Denote m the least even number < k’ such that m € U while
m+2 ¢ U.Choosinga = b = minLemma4.7(1) we get2,4,...,2m € U. Asm+2 ¢ U
we have 2m < m in contradiction to m = 2. It follows that U contains all even positive
numbers < k’. We proceed by cases.

A. Letk =4f+1. Wehave2,4,...,20 € Uandsok—2{ =2¢+1 € U.In
Lemma 4.7 (i) choose a = b = 2£ + 1 to obtain ¢ = 2k — 2(2£ + 1) = 4/ and so
2,4,...,4¢ € U. If we add the elements of the form k —u we get 1,2,...,4£ —1 € U,
proving (i).

B. Letk =4£+3. Wehave 2,...,2¢ € U,hence 2{ +3 = k —2£ € U. Choosing
a=>b=20+3inLemma4.7(1) we get2,4,...,4£ € U.Now U containsk—2, ..., k—4¢
and s0 3,5,...,4¢ + 1 € U. Finally choosing a = 2 and b = 3 in Lemma 4.7(i) we get
1 € U, and so (i) holds.

C. Let k = 2£. As all positive even numbers not exceeding £ are in U we have
U>D {2,4, ...,2£ — 2}. If we have equality we have (ii). Thus assume that U also
contains some odd number 0. We may assume that it does not exceed k' = £.If 0 = 1,
then by Lemma 4.7(v) also 3 € U and so we may assume 3 < o < {. Suppose that U
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does not contain all odd numbers between 3 and £. Denote by u the least integer such

that 1,3,5,...,2u+1 € U,2u+1 < £ while 2u +3 ¢ U. Choosing a = 2u + 1 and

b=2u+2inLemma4.7(i)) wegetc =4u+3 (asa+b=4u+3 <2¢—3 < k)andso

4u+3 < 2u+3 leading to u = 0 whereas u > 1. This contradiction shows that U contains

all odd numbers between 3 and £. By Lemma 4.7(iii) we have 1 € U proving (ii). n
The two cases in Lemma 4.8 lead to the clones investigated in the next section.

5. Clones of quasilinear operations containing S.

5.1. Call aselfmap ¢ of k even if |¢~'(a)| is even for all a € k, i.e. if kerf consists
of blocks of even size. Put

T:={$ €0V :im¢ C2}.
Recall that f € O™ is quasilinear (4.1) if

(5.1) FG1, o Xn) R do(@1(X) + -+ - + Bu(x))

where ¢¢:2 — k and ¢y, ..., ¢, € T. Denote by B the set of all quasilinear operations.
Call f € Bevenif it can be expressed as in (5.1) with all ¢4, ..., ¢, even. Denote by B,
the set of even quasilinear operations and Q := {e! : 1 <i < n < w} the clone of all
projections. We have:

LEMMA 5.2. QU Band QU B, are clones.

PROOF. Let C be one of QU B and Q U B, and let {,7,A and * be as in 2.0. a) It
is easy to see that (C = 7C = C.b) Letn > 1 and f € C be given by (5.1). Put
#1(x) ;R $1(x) + ¢2(x) and @) := ¢y (i =1,...,n— 1). Then

AOE1, .., Xnm1) R Go(@1(x1) + -+ + Gy (K1)

Clearly ¢ € T and so Af € B settling AC C Cin the case C = QU B. Let ¢; and ¢,
be even. It suffices to verify that |¢;~'(0)| is even. For i,j € 2 put A; := ¢7' (i) N ¢5'(j)
and oy := |A;j|. Clearly

a0+ a0 = |67 (0 =0 (mod 2), ao +an = |65 (1)] =0 (mod 2)

and so
|6771(0)] = a0 + 11 = g1 + 1 =0 (mod 2)

proving that ¢} is even and Af € Cin the case C = QUB,.c) Setf € C™ and g € C™.
Putr := m+n—1and h := f * g. Suppose that at least one of f and g is a projection.
Then it is easy to check that 4 € C (to express & in the form (5.1) choose ¢; to be the
constant ¢ with value 0 whenever & does not depend on its i-th variable). Thus suppose
that neither f nor g is a projection. Let f be given by (5.1) and g by

81, Xm) R o (1 (xr) -+ + Pm(m)).
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Now
h(xi,. .. %) & o (qsl (Wo(r6xa) + - & Ymlam) ) + Galimen) 4 -+ 4 ¢n(xr>)

= Go(x(10x0) -+ + YnCxm) + Baimin) + - + )
where x = ¢; 0 ¢p:2 — 2. Note that either 1) x is constant, or 2) x(x) = x for all
x€2,0r3) x(x) =1+xforallx € 2.

CASE 1. Let x be constant. Put co(x) := O for all x € k. Then h(x;,...,x,) &
o(xCr) + coln) + -+ + o) + Gt Ctme1) + -+ + $a(x)), and so h € C.

CASE2. Letx(x) = xforall x € 2. Thenclearly & € C.

CASE3. Letx(x) = x+ 1 forall x € 2. Setting ¢g(x) := Po(x + 1) for all x € 2 we
get
hx1, .o x) & G (Vi 0an) + -+ F Ymm) + d2(met) + -+ + Pa(xy)),

and so again h € C. n
PutV:= {¢ € OV : |im ¢| < 2}.

LEMMA 5.3. The set MU B is a clone for every V C M C OV,

PROOF. Notice that V C B. It suffices to check that MU B is closed under *. Clearly
this holds for M and by Lemma 5.2 also for B. Let f € B® be given by (5.1) and let
g € M be m-ary. Then

g1, ..., xm) A g'(x;)

for some 1 < i < m and some unary operation g’ € M. Putr := m+n — 1. We have
(F % )1, 37) 8 o colin) + -+ + colxio) + 1 (¢'(v)
Fo(¥ian) + -+ F colim) + $altmen) F -+ + Ba(x),

(where again co maps k onto {0}). If i > 1 then (g * f)(x1,...,x;) & g'(x;) while for
=1

(8 %)) & g (Bo(g1r) & - + 6) & colomn) +--- F co(x) ). m

We derive a Slupecki type criterion for Q U B,. Denote by V, the set of all even maps
from V (i.e. V, := {¢ € OV : |im ¢| <2, |#~!(a)| even for all a € im ¢}.
We have:

PROPOSITION 5.4.  Let f be a quasilinear and essential operation. Then:
(i) V.U{f} = QUB, providedf is even, and
(ii) VU{f} = QU B otherwise.

PROOF. (i) By Lemma 5.2 the set Q U B, is a clone; and, in view of V, C B, and
f € B, theclone D := VU {f} is a subclone of QUB,. For D it suffices to prove D D B,.
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We may assume that imf = 2 (if not, replace f by ¢ o f for a suitable ¢ € V,) and
that f depends exactly on its first £ variables, i.e.

FO, X)) R G1Oe) + -+ + Pplxe),

for some ¢;:k — 2 (i = 1,..., £). Notice that the existence of an even f implies k" is
even and so k is even. It follows that all constant selfmaps of k belong to V,. Applying
4.5-4.6 (for m = 2) we obtain that

g(x,y) iR ¢1(x) + d2(y)

belongs to D. As ¢ is non-constant, we have ¢;(c) = O and ¢;(d) = 1 forsome c,d € k.
There is A € V, with A\(0) = c and A\(1) = d. Put u := ¢; o A. Similarly, ¢2(c’) = 0
and ¢,(d’) = 1 for some ¢’,d’ € k. The map v mapping A := p~'(0) onto {c’} and
B := u~!(1) onto {d’} clearly belongs to V,. The operation

(5.2) 82(x1,%2) R 1 (A1) + o (v(x2)) A () + p(x2)

belongs to D and agrees with + on 2 (due to u(x) = x for x = 0,1). For m > 2 define

gm inductively by setting g,, := gm—1 * g2. Clearly all g,, belong to D. By induction on
m > 2 we show that

(5.3) Em(X1,. ., Xm) R u(xl) +o-- 4 ﬂ(xm)'

The equation (5.2) shows the validity of (5.3) for m=2. Let m > 2 and suppose (5.3)
holds for m-1. By the definition of g, (5.2), (5.3) and u(x) = x for x = 0, 1 we get

BmX1s s Xm) R () + - F 1)) + pom)
Rop(xr) + -0+ pom—1) + pxm),

concluding the induction step.
Finally letf € B, be an arbitrary n-ary operation. Then (5.1) holds for some ¢p: 2 — k
and even ¢y,...,¢, € T. From u(x) = x for x = 0, 1 it is immediate that

S0t xn) 2 o (1) + -+ 1(9aem) ) & do(8a(9161), .., Balxm) )

and so f € D proving the required B, C D.
(ii) The proof is virtually the same as that of (i) but simpler since we can drop all
restrictions to even operations. n

REMARK 5.5. Let ¢ € O be not even and satisfy 1 < |im¢| < k. Set D :=
{¢}UB,. Using V, C B, it is easy to show that D contains some ¢ € V \ V,. Now D
contains some g, of the form (5.2) and proceeding as in the proof of Lemma 4.7 one can
show that V C D. Applying Proposition 5.4(ii) we get D 2 QU B.
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