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Abstract

Motivated by the work initiated by Chapman [‘Determinants of Legendre symbol matrices’, Acta Arith.
115 (2004), 231-244], we investigate some arithmetical properties of generalised Legendre matrices over
finite fields. For example, letting ay, . . ., a(,-1y/2 be all the nonzero squares in the finite field F, containing ¢
elements with 2 { g, we give the explicit value of the determinant D(,_),» = det[(a; + aj)(q’3)/ 2 I<ij<(g-1)/2-
In particular, if ¢ = p is a prime greater than 3, then

1 if p =1 (mod 4),
(=2 i b =3 (mod 4) and p > 3,

(det Dp-nyy2 )
P

where (1—')) is the Legendre symbol and i(—p) is the class number of Q(v/=p).

2020 Mathematics subject classification: primary 11C20; secondary 05A19, 15A18, 15B57.
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1. Introduction

1.1. Related work and motivations. Let p be an odd prime and let (;) be the
Legendre symbol. Chapman [1, 2] investigated determinants involving Legendre

matrices
i+j—1
a=|(=5=)
p I<ij<(p-1)/2

[ +7—1
&= [(F ) s
p 1<ij<(p+1)/2

and

Surprisingly, these determinants are closely related to quadratic fields. In fact, letting
g, > 1 and h(p) be the fundamental unit and the class number of Q(+/p), and writing
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g, = ap + b,+/p with a,, b, € Q, Chapman [1] proved that

det Cr = (—1)(1’*')/42(1’*')/2191, if p =1 (mod 4),
! 0 otherwise,

and

dtc (_1)(p+3)/42(p—1)/20p if p =1 (mod 4),
ot Cy =
27 2ok otherwise.

Later, Chapman [2] posed the following conjecture.

CONJECTURE 1.1 (Chapman). Let p be an odd prime and write 8;,2_(2/ PP)

a, + bj,A/p with a),, b, € Q. Then

dt[(J_ )] 3 —a;, if p =1 (mod 4),
P hi<ij<p+1)/2 1 otherwise.

Due to the difficulty of the conjecture, Chapman called this determinant ‘the evil
determinant’. In 2012 and 2013, Vsemirnov [9, 10] confirmed the conjecture (the case
p =3 (mod 4) in [9] and the case p = 1 (mod 4) in [10]).

In 2019, Sun [8] studied some variants of Chapman’s determinants. For example,
let

.2 d.2
s, p):det[(’ 4 )] .
V4 1<ij<(p-1)/2

Sun [8, Theorem 1.2] showed that S(d, p) =0 whenever (d/p)=—-1 and that
(=S(d, p)/p) = 1 whenever (d/p) = 1. (See [3, 5, 11, 13] for recent progress on this
topic.) Also, Sun [8, Theorem 1.4] proved that

((l @ +)/p) _ (2/p) (mod p) if p=1 (mod 4),
1<ij<(p-1)/2

i+j ((p—1)/2)! (mod p) otherwise, (1)

and that

det[ = (-1D)P*Y* (mod p)

2 +J'2]lsi,;’s<p—1>/2

whenever p =3 (mod 4). In 2022, the third author and Wang [14, Theorem 1.7]
considered the determinant det[1/(a; + @))]1<ij<(p-1)/k>» Where 0 < aq,...,@p-1yx < p
are all the kth power residues modulo p and showed that for any positive even integer
k such that k | p — 1, if —1 is not a kth power modulo p, then

(_ 1)(m+1)/2

a; + a’j]lsi,jSm L

det [ (mod p),

where m = (p — 1)/k.
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Now let [F, be the finite field of g elements with char(F,) = p > 2. It is known that
F} = F, \ {0} is a cyclic group of order g — 1 and that the subgroups

U={xeF,:x* =1l =1a,....ax} (k=1k|g-1)
are exactly all subgroups of Fy. Let ¢ be the unique quadratic character of F, that is,
1 if x is a nonzero square,

d(x) =<0 ifx =0,
—1 otherwise.

As char(F,) > 2, the subset {+1} C Z can be viewed as a subset of F,. From now on, we
always assume +1 € IF,. Inspired by Sun’s determinant (1.1), it is natural to consider
the matrix

[qs(a, + a,)]l<ld<k

a; + a;

However, if k| g —1 is even, then the denominator a; +a; = 0 for some i,j since
—1 € Uy in this case. To overcome this obstacle, note that for any x € F,, we have
#(x) = x97D/2_ Hence, we first focus on the matrix

Dy = [(@; + )14 jer

The main results involving Dy will be given in Section 1.2.
We now consider another type of determinant. Sun [8, Remark 1.3] posed the
following conjecture.

CONJECTURE 1.2 (Sun). Let p = 2 (mod 3) be an odd prime. Then

2det[_ (1.2)

2 —ij +j2]1§i,j§p—l
is a quadratic residue modulo p.

The third author, She and Ni [12] obtained the following generalised result.

THEOREM 1.3 (Wu, She and Ni). Let ¢ =2 (mod 3) be an odd prime power. Let
B, ..., Bq4-1 be all the nonzero elements of F,. Then

det[ = (-1 D26 DB e

1
ﬁ? - Bif; + ﬁf ]lsiqu—l
where p = char(F,).
Recently, Luo and Sun [6] investigated the determinant
det S,(c, d) = det[(i* + cij + di*)"*1i<ij<p-1- (1.3)
For (¢, d) = (1,1) or (2, 2), they determined the explicit values of (detS,(c,d)/p).
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Motivated by Sun’s determinants (1.1)—(1.3) and the above discussions, we also
consider the matrix

Ty = (@] + aiaj + @) < e
We will state our results concerning 7% in Section 1.3.
1.2. The main results involving det Dy.

THEOREM 1.4. Let F, be the finite field of q elements with char(F,) = p > 2. Then for
any integerk | g — 1 with1 <k < g -1,

detDy = (~D)* D@32y ph e

where

3ol

k=1 1(g-3—

Wi =

5)/2k
=),
s+ 1k r

1l
(=}

s=0 r

Suppose now that k = (g — 1)/2, that is, U,-1)/2 is the set of all the nonzero squares
over F,. Then we can obtain the following simplified result which will be proved in
Section 2.

COROLLARY L5. LetF, be the finite field of q elements with char(F,) = p > 2. Then

detD _ (=1)a+d/4y2 if g =1 (mod 4),
DR T (D@D if g =3 (mod 4) and g > 3,

where u,v € F, are defined by

(g-5)/4 (g-7)/4
=TI ((q—3>/2) wd v=T] ((q—3>/2)'

N
s=0 § s=0

In particular, if g = p > 3 is an odd prime, then D,_yy;» is nonsingular and

{1 if p=1(mod4),

(detD(p_l)/2 )

P (=D)HEPD2 iy = 3 (mod 4) and p > 3,
where h(—p) is the class number of Q(+/—p).

From Theorem 1.4, we see that det Dy, € F,. The next result gives the explicit value
of (det Dy/p) when k is odd.

THEOREM 1.6. Let F, be the finite field of q elements with char(F,) = p > 2. Let
1 <k <q—1bean oddinteger with k | g — 1. Suppose that Dy, is nonsingular. Then

(2] 2)
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where

Sk =k

N @-d2 ) g
(@r-Dk-1)/2 P

r=1

1.3. The main results involving det 7;. To state the next results, we need to
introduce some basic properties of trinomial coefficients. Let n be a positive integer.
For any integer r, the trinomial coefficient (2)2 is defined by

1 nX (n
+ -+ 1) = "
o) = 200
This implies that (f)2 = 0 whenever |r| > n and that (';)2 = (—nr)z for any integer r. In

particular, (3)2 is usually called the central trinomial coefficient because ("

0
the coefficient of x” in the polynomial (x> + x + 1)". For simplicity, (8)2 is also denoted
by .

)2 is exactly

THEOREM 1.7. Let IF,; be the finite field of q elements with char(F,) = p > 2. Then for
any integerk | g —1withl <k<gq-1,

detTy = lkkk EFP,

where

eF

P
2

- k—1 L(q—3—S)/kJ( (q _ 3)/2 )
=

s=0 =0 (G=3)/2=s—kr
As a direct consequence of Theorem 1.7, we have the following result.

COROLLARY 1.8. Let F, be the finite field of q elements with char(F,) = p > 2. For
any integer k | g — 1 with 1 < k < q — 1, the matrix Ty, is singular over B, if and only if

-3-5)/k
L(q )/ J( (C] _ 3)/2

(q—3)/2—s—kr)250(m0dp)

r=0

for some s with 0 < s < k — 1. In particular, T, is a singular matrix over F,.

In the case k = (¢ — 1)/2, similar to Corollary 1.5, by Theorem 1.7, we deduce the
following simplified result.

COROLLARY 1.9. Let I, be the finite field of q elements with char(IF,) = p > 2.
(1) Ifg=1(mod4), then

(g=5)/4 2
B (g—3)/2 (g—3)/2
det Tig-nr2 = [O[ (((q—3)/2—s)2 +( 1+ )2) '
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(i) Ifg =3 (mod4)and q > 3, then
~7)/4 2
det T ((q - 3)/2) (ql_)[/ (( (g-3)/2 ) N ((q - 3)/2) )
@b/ o ), LI Wg-»2-s), \ 1+s J,)
In particular, if T,-1y)2 is nonsingular, then

det T2\ (;1)('1_1)/4 ifg =1 (mod 4),
( P ) ((q_—3)/2)(—1)(q+5)/4 if g =3 (mod 4) and q > 3.
p

2. Proofs of Theorem 1.4 and Corollary 1.5
We begin with the following result (see [4, Lemma 10]).

LEMMA 2.1. Let R be a commutative ring. Let P(t) = po + pit + - -+ + pu_1""! € R[1].
Then

det[P(XY>]1<,,<n—]—[p, [ ] & -x)0;-7).

1<i<j<n
We also need the following result.

LEMMA 2.2. Let F, be the finite field of q elements with char(F,) = p. For any positive
integer k | g — 1, if we set Uy = {ay,...,a}, then

[T @-a (———)zkkeF,,.
i a
1<i<j<k
PROOF. Itis clear that
(a; — a;)(a; —
[T -af2-1)- [ @299 ] 0 [] L e
1<i<j<k 1<i<j<k didj 1<i#j<k 1<i<j<k aidj

Let St = [i<izj<k(@j — @) and let S = [],<;cj<x 1/(aia;). We first consider S;. Let

k
G(t) = | |- a) e Fylt]

i=1
and let G} (¢) be the formal derivative of Gy(?). Then by the definition of Uy, we see that
Gi(1) = * = 1. Thus, G}(1) = k*"" and [];<j< a; = (=1)**'. Now we can verify that

[] @-ar=]]Guap=]]kd™" = k1", 2.2)

1<i#j<k I<j<k 1<j<k

We turn to S5. It is clear that

=[] —=1] Y 2.3)
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[7] Generalised Legendre matrices 7
Combining (2.1) with (2.2) and (2.3),
1 1
[T @- a,-)(—_ - f) = 5,5, = K € F,.
1<i<j<k 4 di
This completes the proof. i

PROOF OF THEOREM 1.4. As char(F,) = p > 2, the subset {1,-1} C Z can be natu-
rally viewed as a subset of F,. One can verify that

k
) @312
det Dy = detl(a; +a) ]zt = [ [ " det [(1 ; —’) ]
i ai 1<ij<k

. -3)/2
= (=1)**Da=372 get [(1 +@)(q )/] .24
ai 1<ij<k

The last equality follows from [, a; = (=)', Let

k=1 ,1(g=3-25)/2k]
-3)/2\\ .,
fk(t>=2( 3 ((‘1 )/ ))z € F,I1

s+ rk
s=0 r=0

with deg(fi) < k — 1. Noting that (¢;/a;)*** = (a;/a;)" for any integer s, by (2.4),
@
det Dy = (DI g (D))
ai/hi<ij<k
Let

k=1 (g=3-25)/2k]
Wy = (

2,

- (4~ 3)/2) cE,
s=0 r=0

s+ rk
Then by Lemmas 2.1 and 2.2,

I 1
detD; = (_1)(k+1)(q—3)/2 Wy - l_l (aj _ ai)(; _ _) - (_1)(k+1)(61—3)/2 Wy - kk c Fp-

1<i<j<k J i

This completes the proof. |

PROOF OF COROLLARY 1.5. By Theorem 1.4, if k = (¢ — 1)/2, then

(q-3)/2

~3)/2 1)@ D2
det Dgg-ny2 = (=172 EO[ ((‘1 s ! )‘(—1)(4_1)/2(5)
(432
—-3)/2
=-1- ]_[ ((q s)/ )-¢(2). (2.5)

s=0
The last equality follows from

(D2 = gLy = ¢(2).

We now divide the remaining part of the proof into two cases.
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Case 1: ¢ = 1 (mod 4).
In this case, we have V-1 € F,, where V-1 is an element in the algebraic closure of

[, such that (V=1)? = —1. Since 2 = —V=1(1 + V=1)2, we have #(2) = (;S(—\/—_l) and

hence
$(2) = p(—V=1) = (=V=1)4D12 = (—1)@-D/4, (2.6)
Combining (2.5) with (2.6) and noting that
(@-3)/2\ [ (q-3)2
s ) \q-3)/2-5s/

we obtain

(g=5)/4 2
= (<1 (¢-3)/2
detD(q_l)/z =(=1) ( P .

s=0

2.7)

This proves the case g = 1 (mod 4).

Case 2: ¢ = 3 (mod 4) and ¢ > 3.
In this case, since g =3 (mod 4), (1+V-1)?=1+(V-1)?=1-+V-1. This,
together with 2 = —vV-1(1 + V—l)z, implies that

$(2) = 2072 = (NI (A-1)(1 + V-1)""

_ e Lo VL
O A
— (_1)(11*'1)/4‘ (2.8)

Combining (2.5) with (2.8),

(g=7)/4 2
(q- 3)/2) ((q - 3)/2) _ 2.9)

(g-3)/4 s

This proves the case ¢ = 3 (mod 4) and ¢ > 3.

Now we assume that ¢ = p is an odd prime. Suppose first p = 1 (mod 4). Then by
(2.7), we see that det D(,_)/» is a nonzero square in F, that is, (det D(,_1y2/p) = 1. In
the case p = 3 (mod 4) and p > 3, by (2.9) and (-2/p) = (-3/p) = (-1)P™/4,

det D12 = (_1)(q+5)/4(
s=0

p=3 | p—1 —1 p-1

(detD(q—l)/Z) _ (_1)(p+5)/4(T-) _ (_1)(,,+5)/4(T!)(z) _ (T‘) = (=1)HCPDR2,
p p p p p
The last equality follows from Mordell’s result [7] which states that
P=1,_ _|\uepenr
— = (=" d
—!=(D (mod p)
whenever p = 3 (mod 4) and p > 3. This completes the proof. |
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3. Proof of Theorem 1.6

To prove Theorem 1.6, we first need the following well-known result.

LEMMA 3.1. Let F, be the finite field of q elements and let r be a positive integer. Then

Z , {0 ifq—14r,
x' = X
= -1 ifg-1]r.

We will see later in the proof that det D; has close relations with the determinant
of a circulant matrix. Hence, we now introduce the definition of circulant matrices.
Let R be a commutative ring. Let by, by, ...,bs;—; € R. We define the circulant matrix
C(bo,...,bs_1) to be an s X s matrix whose (i, j)-entry is b;_; where the indices are
cyclic module s, that is, b; = b; whenever i = j (mod s). The third author [11, Lemma
3.4] obtained the following result.

LEMMA 3.2. Let R be a commutative ring Let s be a positive integer. Let
by, by,...,bs_1 € Rsuchthat b; = by_; for 1 <i<s-— 1.
If s is even, then there exists an element u € R such that

det C(bo, ..., byy) = (i b,-)( Si(—l)"b,-) P
i=0 i=0

If s is odd, then there exists an element v € R such that

s—1

det Clbo. . ... byy) = (Zb,-) A2,

i=0
PROOF OF THEOREM 1.6. As k is odd, we have 2 | (g — 1)/k For simplicity, we let

— 1 = nk = 2mk. Since k | (¢ — 1)/2 in this case, ¢(a;) = q D2 = 1 for each a; € Uy.
Let g be a generator of the cyclic group ]FX By the above, one can verify that

k
\(g=3)/2 o
det Dy = [ [ a" det [( ’) ] = det[(1 + g2
i a; 1<ij<k

The last equality follows from

al k+1 1

~:1»

By the above and using the properties of determinants, one can verify that
det Dy = det[(1 +gV™") @2 (= 1Y " oijesr. (3.1)
ForO<i<k-1,
bi = (1+g")Tg"(=1y.
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We claim that b; = by_; for 1 <i < k— 1. Infact, for 1 <i <k — 1, noting that

1 )(q—3>/2

gkm:¢(g):—1’ gnkz 1,2+tk and (E =g",

one can verify that

bk—i — (1 + gnk—ni)(q—3)/2gmk—mi(_l)k—i

1+gni (g-3)/2 . .
=() e
— (1 +gni)(q—3)/2g(n—m)i(_1)i
= b

Hence, by (3.1), det Dy, = det C(bg, by, . .., by—1). Now by Lemma 3.2 and (3.1),

k-1

det Dy = (Z b,-)vz (3.2)

i=0

for some v € F,. Now we consider the sum Zf;ol b;. It is easy to verify that

k=1 k=1 k=1
Z bi — Z(l + gni)(q—S)/zgmi(_l)i — Z(l + gni)(q—3)/2gmigmki
i=0 i=0 i=0
_ 1 1 ny\(g=3)/2  m+mk _ 1 & (q - 3)/2 xm+mk+2mr 33
= ; Z( + X ) X = ; Z ’ Z . ( . )
x€F, r=0 x€F,

Now by Lemma 3.1, since 2 1 k,

me-%—mk+2mr_ 0 1fk1’1+2r,
-1 ik 1+ 2n

x€F,

Applying this and Lemma 3.1 to (3.3) and noting that —1/n = kin F,,

k=1 m
= = (g-3)/2
Sk = 4 b; - kz (((2,._ 1)k _ 1)/2) (34)

i=0 r=1

Suppose that Dy is nonsingular. Then by Theorem 1.4, we have det Dy € ]F;. Hence, by
(3.2) and (3.4),
(detDk) B (sk)
p p/

This completes the proof. |
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4. Proof of Theorem 1.7
It is clear that

(g-3)/2
det T, = rkaquzde1+— (’)) ]
ai ai 1<ij<k

i=1

gj aj 2\(q-3)/2
:daK1+——+(—)) ] . @1
ai a; 1<ij<k

The last equality follows from

k

l_[ai - (_1)k+l‘

i=1
Let

Sy
gk(t):;( 201 (s+rk—<q—3>/2)2)f & ol

with deg(gr) < k—1. Then by (4.1), Lemma 2.1 and the definition of trinomial

coefficients,
9
det T, = det [gk(—)]
ai/l1<ij<k
k=1 L(g=3-9)/k]
-3)/2
- [Lest-D S )
J;Lk U rz s+rk—(qg—-3)/2
= Lk* eF
The last equality follows from Lemma 2.2. This completes the proof. O
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