ON THE SUBALGEBRAS OF FINITE DIVISION
ALGEBRAS

JOSEPH L. ZEMMER, Jr.

1. Introduction. In 1893 it was shown by Moore that the only commutative,
associative division algebras with a finite number of elements are the well-known
Galois fields [10, p. 220]. Twelve years later it was shown by Wedderburn that
every associative division algebra with a finite number of elements is commutative
[11], and hence a Galois field. It is conceivable that these results, particularly
the theorem of Moore, motivated some of the work done by Dickson and
published in two papers in 1906 [4;5]. The work referred to is an attempt to
determine all commutative, non-associative! division algebras with a finite
number of elements. The most complete result of Dickson states that there are
only two commutative division algebras with unit element of order 3 over a
Galois field GF(g*). One of these is the associative algebra GF(¢*) and the other
an algebra in which the multiplication is not associative. Since this non-
associative algebra is discussed briefly in §4 the details will be omitted here.
The methods used by Dickson in this connection are not capable of immediate
generalization, and the problem of determining all commutative division
algebras of order 7 over a finite field is still unsolved. Although Dickson
apparently abandoned the problem shortly after the publication of the papers
referred to above, his work in this connection should not be taken too lightly.
It has been conjectured that this work may have led Dickson to his important
discovery of cyclic algebras.

Before discussing the results contained in the present paper, it is desirable to
make several definitions and some obvious remarks concerning finite division
rings and finite division algebras.

A set G of elements is called a quasigroup with respect to a binary operation
( -), if and only if:

(1) x - ¥ is uniquely determined for each ordered pair x, y €G,

(if) the equations a - x = b, ¥ - @ = b have unique solutions for each ordered
pair a, b €G.

A quasigroup with unit element is called a loop.

A set A of elements is called a division ring with respect to two binary
operations, ( + ) and ( - ), defined on A, if and only if:

Received April 18, 1951. This paper contains the substance of a thesis prepared under the
direction of Professor R. H. Bruck and submitted for a Ph. D. degree at the University of
Wisconsin.

1Here, non-associative algebra means one which is not necessarily associative. In the re-
mainder of the paper, however, non-associative algebra will mean an algebra in which the
multiplication is actually not associative.
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(1) the elements of 4 are an abelian group under ( + ),
(i1) the non-zero elements of A are a quasigroup under ( - ),

(iii) the two distributive laws x - (y+2) =x-y+x -zand (y+3) -x =
y+-x 4 2z« hold for all x, y, 2€ 4.

A division ring A4 is called a division algebra of order n over a field F, if and only
if:

(1) the additive group of A4 is a linear vector space of order n over F,

(i) a(@-d) =a-(ad) = (aa)- -bforall a€F and a, bEA.

Note that if a division algebra 4 contains a unit element e, then the set of
all multiples, a e, a € F, is a subalgebra of 4 isomorphic to F. There is no loss of
generality in denoting a e by a.

Let A be a division ring, and @ any non-zero element of 4. Then the mappings
x — xa and x — ax are clearly non-singular mappings of 4 upon 4. These
mappings are denoted by R(a) and L(a) respectively. Let a, b be any two
non-zero elements of 4, and consider the system A,, consisting of the same
elements as A, with multiplication defined by x -y = xR(a)~!- yL(b)~L.
Denote by e the product b - @, then clearly e« y = y+e =y for all y€A4,.
Thus e is a unit element of 4,; furthermore, it is easily seen that 4, is a division
ring, and that it is commutative if 4 is commutative and a = b. It is seen
then that the study of division rings is reduced to a study of division rings with
unit element.

Now, if 4 is a finite division ring with unit ey, then clearly 4 contains a subring
M isomorphic to a finite prime field GF(p) for some rational prime p. By finite
induction it may be shown that 4 has a basis e, . . . , e, with respect to M.
Thus a study of finite division rings is reduced to a study of division algebras
with unit element over a Galois field.

In §2 finite commutative division algebras with unit element are studied.
It is shown that every such algebra of even order contains a subalgebra of
order 2, and that no such algebra of odd order contains a subalgebra of order 2.
A well-known, and rather elementary, result in the theory of associative
division algebras states that the order of every subalgebra of a division algebra
is a divisor of the order of the algebra. Whether or not this result is valid for
non-associative division algebras is not known. One application of the results
obtained in §2 gives a little information in this connection in the case where
the division algebra is a finite commutative algebra with unit element.

An attempt is made in §3 to determine, by the use of Theorem 1, all finite,
commutative division algebras with unit element of order 4 over a Galois field.
A theorem due to Dickson is sharpened somewhat, but not enough to solve the
problem completely. In fact, Theorem 1 does not seem to give enough information
to solve the weaker problem of determining all finite, commutative division
algebras of order 4 whose automorphism group relative to the base field contains
the cyclic group of order 4. It is possible, however, to find out something about
the subalgebras of finite division algebras of order # whose automorphism group
relative to the base field contains the cyclic group of order n. This is done in
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§6, after it has been shown in §5 that there exist finite algebras of this kind
which are not associative.

2. Finite commutative division algebras. Before proceeding to the main
theorem of this section, it is necessary to make some remarks concerning nor-
mality of subloops of a given loop L. The subloop G of L is said to be normal
in L if and only if the following condition is satisfied [2, p. 256]: for arbitrary
x, y€L, if in the equation (xy)g: = (xgs) (vgs), any two of the elements g,
gs, g3, are arbitrary elements of G, then the third is a uniquely determined
element of G.

Let 4 be a division algebra over a field F. Denote by L the set of non-zero
elements of 4, and by G the set of non-zero elements of F. It is clear that Gis a
normal subloop of L and that the set of all distinct cosets xG, x € L, is a loop,
called the quotient loop of L modulo G, and denoted by L/G.

The following lemma is due to Griffin (8, p. 728].

Lemma 1. If Q is a finite, commutative quasigroup with an even number of
elements, then the equation y* = a has an even number of distinct solutions for

each a €Q.

The proof, which will be omitted, follows from a consideration of the main
diagonal of the multiplication table of Q.

LEMMA 2. If A is a commutative division algebra of order 2n over a field
F = GF(q"), ¢ > 2, and if L and G denote the non-zero elements of A and F
respectively, then in the quotient loop L/G the equation X* = C has either two
distinct solutions or no solution.

Proof. First note that the loop L/G contains

b=14 g+ g* 4+ ... 4 g0k

elements. Clearly ¢ is even, and hence by Lemma 1, the equation X2 = C has
an even number of distinct solutions in L/G. Suppose that for some C = ¢G
€ L/G the equation X? = C has more than two distinct solutions. Then there
exist at least three distinct elements xG, yG, 2G € L/G such that (xG)? = (yG)?
= (2G)2. These imply x?G = y?G = 2%G, and hence x? = ay? = (3?2, where
a, 8 are non-squares in F. Thus y? = a7z or since a™!8 = ¥?in F, y? = %2,
which implies that y = == vz, or yG = 2G, a contradiction.

COROLLARY. Exactly half of the equations X* = C, C € L/G have solutions in
L/G.

TaEOREM 1. If A is a commutative division algebra with unit element of
order 2n over a field F = GF(¢¥), ¢ > 2, then A contains a unique subalgebra M
of order 2 over F. The subalgebra M is isomorphic to the field GF(g%*), and may be
characterized as the set of all elements of A which satisfy quadratic equations with
coefficients in F.
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Proof. Denote by 1 the unit element of 4. Then, with the notation of
Lemma 2, since the equation X? = 1G has a solution X = 1G in L/G, it follows
that the equation has exactly two distinct solutions. Let X = eG be the second
solution. It is clear that 1, e are linearly independent over F, and that e? = ¢,
where ¢ is a non-square in F. Thus the subspace spanned by 1 and e is a sub-
algebra M of A. Denote by p a zero of the polynomial A? — ¢, irreducible in
F[A]; it is easily seen that M is isomorphic to the field F(p) = GF(¢*) under the
correspondence a 4 Be <> a 4 Bp. A contains no other subalgebra of order 2
over F. This follows from the fact that 1G and eG are the only solutions of X? =
1G in L/G. Clearly, every element of M satisfies a quadratic equation with
coefficients in F. Let .S denote the set of all such elements, so that A/ C .S.
If x €S, and x is a scaler, then x € M, since F C M. Let x €S, and assume that
x is not a scalar. Then x? = ax + 8, for some a, BE F, and

(v = 10)? = 6 + (o)
Thus (x — 3a)G satisfies X? = 1G in L/G, and it follows that (x — 1a) G = G
since x ¢ G. Hence x — 3a = v ¢ for some v €G, and x = ia + ve € M. Clearly

then S C M, which together with M C S implies that .S = M. This completes
the proof of the theorem.

In a finite commutative loop of odd order the equation x* = ¢ has a unique
solution for each a (as in Lemma 1, consider the main diagonal of the multiplica-
tion table). It follows that if 4 is a commutative division algebra with unit
element of odd order over a field GF(¢*), ¢ > 2, then x? = o € F implies that
x € F. Thus, if G, C are the sets of non-zero elements of 4 and F respectively,
then the loop G/C is of odd order. Hence the equation X2 = C has the unique
solution X = C. Let x? = a € C for some x €G, then (xG)? = C, which implies
that xG = C, or x €C C F. Now, x*€ F implies x € F is equivalent to saying
that 4 contains no subalgebra of order two over F. This, together withTheorem
1, implies that no finite commutative division algebra with unit of odd order
over a field GF(¢¥), ¢ > 2, can contain a subalgebra of even order.

3. Finite commutative division algebras of order 4. Theorem 1 may be used
to sharpen somehwat a theorem of Dickson [4, p. 381]. This will be accomplished
by proving Lemma 4, from which the desired result readily follows. The proof
of Lemma 3 follows immediately from the observation that in any commutative
division ring 5% = a? implies b = =+ a.

LEmMMA 3. Let A be a commutative division ring and M any proper subring
of A. If b is an element of A such that b* € M, then b* is a non-square in M if and
only if?bcA4 — M.

Lemma 4. If A is a commutative division algebra with unit of order 4 over a
finite field F = GF(¢*), ¢ > 2, and if M 1is the unique subalgebra of order 2 over
F described in Theorem 1, then every element of M 1s the square of some element of A.

24 — M means the usual set-theoretic complement of M in 4.
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Proof. Let 1, e be a basis for M. Then, if x €4 — M, 1, e, x, ex, are a basis
for A. Thus, every x €A — M satisfies a quadratic equation with coefficients
in M, for if x €4 — M, then there exist in F four elements a; (: = 0, 1, 2, 3)
such that x? = ay + a1 + asx + azex = ¢ + ux, where ¢, u € M. Define y by
y=x— (3u), then y€A — M and y* =y + (3u)’€ M. Let » = ¢ + (3n)%,
so that y? = ». By Lemma 3, v is a non-square in M. Since yG satisfies the
equation X? = » G in L/G, it follows from Lemma 2 that there exists a second
solution X = 2G # yG. Clearly, 2? = vy? = y», where v is a non-square in F.
By Theorem 1, M is isomorphic to GF(g*), and since GF(¢*) is the root field of
the polynomial A? — 4, it follows that v is the square of some element of M.
Thus, 22 = yv is a non-square in M, and hence €4 — M by Lemma 3.

Suppose that B¢ + Bie + B2y + B3z = 0, where the 8; € F. Then

(ﬁo + 616)2 + 252(50 + 516)3’ + 5223’2 = f3%?

and since 2%, 22C€ M, this equation implies that B:(8o 4 Bie)y € M. Thus,
B2(Bo + Bie) = 0, for otherwise y € M, a contradiction. If B, = 0, so that
Bo + Bie + B3z = 0, then, since s €A — M, it follows that each of the remaining
B is zero. However, if 8y + Bie = 0, so that Byy + Bsz = 0, then 8; = 8; = 0,
for otherwise yG = 2G in L/G, a contradiction. It is seen then that 1, e, v, 2,
are linearly independent over F.

Assume that the elements of G have been ordered in some way and let 7;

denote the 7th element in this ordering. Then for each i =1, ..., ¢ — 1,
define y; by y; =y 4+ 5.2. Clearly each y;€4 — M, and hence there exist
ui € M such that (y; —u)2=v,EMfori=1,...,¢ — 1. Lety ; = y; — uy,

and note that each y';€4 — M. It is easily verified that the ¢* 4+ 1 cosets
v' G, ¥G, and 3G are distinct. It follows that the ¢* — 1 elements of 4 contained
in these cosets are distinct elements of A — M. Denote these elements by
by, (j=1,...,q¢% — 1). By Lemma 3, each 5,2 is a non-square in M. Further-
more, it is easily seen that if b is an element of the set {b,}, then — b is also an
element of the set. Hence, the set {b?} contains no more than %}(¢* — 1)
elements. Since the b; are distinct, it follows from the remark immediately
preceeding Lemma 3 that the set {b,2} contains exactly %(¢*®* — 1) elements.
Finally, since there are 3(¢** — 1) elements of M which are non-squares in M,
it is seen that the set {b,%} is precisely the set of all non-square elements of .
This completes the proof of the lemma.

THEOREM 2. If A is an algebra satisfying the hypotheses of Lemma 4, then A
has a basis 1, f, f2, f3, with multiplication given by

1 ()2 = ao + arf?, (f?% = Bo + Buf + Baof* + Bsf?,
= yvo+vif +vaff + vsfts =80+ i + 6af + 85f°

Proof. First, note that f*f = ff? by commutativity, and hence that f? is
unambiguous. As in Lemma 4 let M be the subalgebra of 4 of order 2 over F.
Then M has a basis 1, e, with e? = ¢, where ¢ is a non-square in F. Let the
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elements of M be ordered in some way and denote by 5o + 7:e the first non-
square in M with respect to this ordering. By Lemma 4 there exists an element
f€A4 — M such that f* = 9y 4+ ne. Furthermore, it is clear that 1, f, f2, f? are
linearly independent over F. Define ay and a1 by as = ¢7:2 — 702, a1 = 210,
then clearly

(/D% = (o + me)* = no® + ¢ m®+ 290 me = no® + ¢ m® + 2 9¢f* — 2 9o’
= ag + aif?

Note that the constants ap and a; depend only upon the choice of ¢ € F and the
ordering of the elements of M. Nothing can be said about the twelve constants
B Vi 04 (i =0, 1, 2, 3)

The theorem of Dickson, mentioned earlier, states that an algebra 4 satisfying
the hypotheses of Lemma 4 has a basis 1, f, f2, f* with multiplication given by
(D2 = ¢o 4 &of + &of? 4 &%, and ()2, Sf3, f3® the same as in (1), where the
polynomial A4 — {\3 — {aA2 — £\ — §o is irreducible in F[A].

4. Finite commutative division algebras of order 3. Let 4 be a commutative
division algebra of order 3 over a field F = GF(¢*), ¢ > 2. It has been shown
by Dickson [3; 4; 6; 7] that if 4 is not associative, then 4 has a basis 1, e, e?
with multiplication given by

(2) ee? = v + de, e%? = — §2 — 8ye — 20e?,

where A¥ — 6\ — v is irreducible in F[\], and conversely if A3 — 6\ — v is
irreducible in F[\], then the algebra over F with basis 1, e, e? and multiplication
given by (2) is a division algebra. Dickson has shown further that there is at
most one commutative, non-associative division algebra with unit element of
order 3 over a Galois field GF(¢"), ¢ > 2, and that this unique non-associative
division algebra has as its automorphism group relative to the base field, the
cyclic group of order 3.

The question of the existence of finite, non-associative, commutative division
algebras of order a prime p > 3 appears to be rather difficult to answer. In fact,
to the best of the author’s knowledge, there exist no examples of such algebras.
The most obvious approach to the problem is a study of p-ary, p-ic forms, p a
prime, over a Galois field, which vanish only when each of the p variables
vanishes. The connection between these two problems is seen by noting that
(i) an algebra 4, of order p over a field F, is a division algebra if and only if
|R(x)| = 0 implies that x = 0, where R(x) is the linear transformation defined
by aR(x) = ax for all a €4; and (i) |R(x)| is a p-ary, p-ic form? in the p
components of x. The problem of determining all “definite” p-ary, p-ic forms
over a Galois field has been solved by Dickson [7] for the case p = 3, and this
is one reason for a fairly complete knowledge of finite, commutative division
algebras of order 3.

3For a further discussion of this see Bruck [1] and Dickson [4].
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In the next section an important method due to Dickson [5, p. 515] will be
employed to obtain non-associative, commutative division algebras of order 2%
over a Galois field, whose automorphism group relative to the base field is the
cyclic group of order 2x. This result of Dickson may be summarized as follows: if

FO) =N — @\ =1 4 aa\"% — . .. £ a, € F]A]

(where a, is a non-square in the field F) is an irreducible, normal, cyclic polynom-
ial, if p is a zero of f(\) and S a generating automorphism of the automorphism
group of F(p) relative to F, then the set 4 of all ordered pairs (x, y), x, y € F(p)
is a division algebra of order 2n over F under the operations

a(x7 y) = (xr y)a = (ax, a'y)r aEF,
(9 + (@b =&+ay+0b), (x) (a0d) = (va+ ySbSp, ya + xb).

5. The existence of finite non-associative division algebras. Asnoted earlier,
the non-zero elements of a division algebra with unit element form a loop under
multiplication. It is interesting, and somewhat useful, as the next theorem will
indicate, to be able to determine whether or not the set of non-zero elements
of a given division algebra with unit contains a subloop of index 2. No non-
associative, commutative, finite, division algebras with this property are known
to the author. However, the set of all squares in a Galois field is a subgroup
of index 2 in the group of non-zero elements, and it is easy to see that if the
loop of non-zero elements of a finite, commutative division algebra contains a
subloop of index 2, then this subloop is necessarily the set of all squares. It
should be mentioned at this point that there exist non-associative division
algebras, not finite, with this property. Thus, in the linearly ordered algebras
constructed by Zelinsky [12] the set of all positive elements is the desired
subloop of index 2.

The following theorem is closely related to the result of Dickson referred to
at the end of the last section and will be applied to the Galois fields.

THEOREM 3. Let A be a division algebra (not necessarily associative) with unit
element of order n over a field K. Denote by G the set of all non-zero elements of A.
If the loop G contains a subloop H of index 2 in G, then the set A* of all ordered
pairs (x, v),x, y €A, is a division algebra with unit element of order 2n over K under
the operations
3) a(r, y) = (%, y)a = (ax, ay), @ €K,

(9 + (@w) = @+zy+w), () @) = &+ yUwlVle, yz + xw),
where e is any fixed element of G — H, and U, V are non-singular linear transforma-
tions of A such that HU = HV = H.

Proof. First note that if (x,y) (z,w) = (0,0), (x,y) # (0, 0), (z, w) ¥ (0, 0)
then x, v, 2, w are all different from zero. Suppose that there exist elements
x, ¥, 2, w €G such that (x, y) (, w) = (0, 0). Then by (3) it is seen that

4) 1) xz+ (yUwV)e =0, (ii) yz 4+ xw = 0.
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Eliminating x from equations (4) it is found that

(5) yz = yUR(wV)R(e)R(z)"'R(w).
Now, denote by 1 and — 1 the elements of C,, the cyclic group of order 2, and
define the mapping F of G upon Cs by F(x) = 1, if x€H, and F(x) = — 1, if

x § H. Clearly F is a homomorphism of G upon Cs, and it is easily verified that
FlaR(b)™'] = F(a)F(b), and F(aU) = F(aV) = F(a), for all a, b€G. From
equation (5) it follows that F(yz) = F(y)F(w)F(e) F(z) F(w), which implies that
F(e) = 1, contrary to the hypothesis e § H. Thus, (x, v) (3, w) = (0, 0) implies
either x = y = 0, or 2 = w = 0. The absence of divisors of zero in the set of
non-zero elements of A* insures, in this case, that they form a loop with respect
to the multiplication defined in (3). It is readily verified that the remaining
postulates for a division algebra are satisfied by 4*. This completes the proof
of the theorem.

It is easily seen that if the algebra A4 of Theorem 3 is a Galois field, if
U=V =1, and if e is a non-square in A4, then the algebra A* of Theorem 3
is simply A(e), the quadratic extension of A. It should be noted, however,
thatif U = V # I, then the algebra A* is not associative. Thus, let 4 = GF(¢™¥),
so that A is an associative division algebra of order n over F = GF(q").
Choose U and V = U from the set of automorphisms of 4 relative to F. Then,
if ¢4 H, that is, if e is a non-square in A, the algebra A* is a commutative,
non-associative division algebra with unit element of order 2z over F. The
following theorem shows that under certain conditions the automorphism group
A* contains the cyclic group of order 2.

THEOREM 4. Let F be the Galois field GF(¢¥), ¢ > 2, and A the field GF(q™%),
where n is any positive integer. Let S be a generating automorphism of the auto-
morphism group of A relative to F. If A* is the non-associative algebra of order
2n over F defined as in Theorem 3 with U = V = S, and e any non-square in A,
then the automorphism S of A may be extended to an automorphism T of A*
relative to F. Furthermore, if n is odd, T has period 2n.

Proof. Since e is a non-square in 4, it follows that e~! and &S are non-squares
in 4, and hence that e~! - &S is a square. Denote by ¢ either of the two square
roots of e~ - &S. For any x €4, let N(x) be the usual norm of x over F, that is
N(x) = x-x5-x5?. .. x5, then clearly N(c) = 4 1. Note that if » is odd,
¢ may be chosen so that N(c) = — 1. Let f = ¢S*1, and define the linear
transformation T of A* by (a, b)T = (aS, f - bS). It is readily verified that T
is an endomorphism of A* and that 7" = I. These two facts imply that T
is an automorphism of 4*. When # is odd, f may be chosen so that N(f) = — 1.
If j is the period of T, and b a non-zero element of 4, it is readily verified that
(a, 5)T™ % (a, b). It follows that j # n. However, (a, )77 = (aS?, *) = (a, b),
for all a, b €A, whence aS? = a, for all e €4. Hence j = hn, for some positive
integer £. Finally, 7%* = I implies that 2n = rj, for some positive integer 7.
From these relations involving the integers j, %, 7, and 7 it may be inferred that
7 = 2n. This completes the proof of the theorem.
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Before proceeding to the next theorem it is necessary to make the following
definition. Let 4 be a division algebra with unit element of order # over a field
F.1f A has a basis 1, ¢, €%, . . ., ¢!, with multiplication given by*

(6) en=¢, ei'ej=¢(i7j)ei+j) ’i,j=1,--.,n"‘1,

where it is understood that 7 4 j is reduced modulo #, and ¢, ¢(z, j) € F, then
A is said to have a cyclic basis relative to F.

THEOREM 5. Let n be any positive integer and F = GF(¢*), ¢ > 2, a Galois
field with ¢¢ = 2ns 4 1, for some positive integer s. Then there exists a commutative,
non-associative division algebra A* of order 2n over F with the following properties:

(1) A* has a cyclic basis relative to F,
(i) the automorphism group of A* relative to F is the cyclic group of order 2n,

(iif) A* contains a unique associative subalgebra of order n over F isomorphic to
the field GF(q"™).

Proof. Note that ¢¢ = 2ns 4+ 1 is equivalent to the statement: F contains
2n distinct (2%)th roots of unity. In this case there exists a polynomial \* — ¢,
irreducible in F[A], and such that if # is even, — ¢ is a non-square in F, and if #
is odd, ¢ is a non-square in F. Let 4 = GF(¢™) and denote by .S a generating
automorphism of the automorphism group of 4 relative to F. Now, there exists
an element e €4, which satisfies A — ¢ = 0, and is a non-square in 4. With
this choice of ¢, and with U = V = S, the algebra 4* of Theorem 3 is clearly a
commutative division algebra with unit element of order 2z over F. First it
will be shown that 4* possesses a cyclic basis. Denote by ¢ € F a primitive
(2n)th root of unity. Then {? is a primitive nth root of unity and without loss
of generality it may be assumed that eS = {%. If g = (0, ¢*1), it is easily
verified, by finite induction on 7, that the relations

(1) (i) 7' = a0, €70, (i) g = an(e",0),

where a; % 0, a;€F (j=1,...,2nr) hold for 2 =1, ..., n Since 1, ¢, €2,

., € 1is a basis for 4 over F, it follows that 1, g, g%, . .., g2l is a basis for
A* over F. Again, by induction it may be shown that there exist non-zero
elements ¢(r, s)EF (r, s=1, ..., 2n — 1) such that g"- g* = ¢(r, s)g’t3,
where 7 4+ s is reduced modulo 2% if necessary. Note also that, by relation
(7, ii), g2 = aue € F. Thus, 4* has a cyclic basis relative to F.

Now, it is evident that the mapping T of A* upon 4* defined by g'T = ~g*
is an automorphism of period 2. Thus, the automorphism group of A* relative
to F contains the cyclic group of order 2x#. Let K be any automorphism of A4*
relative to F and note that for the case » = 2, the uniqueness (see Theorem 1)
of the subalgebra of order 2 implies that K induces an automorphism of  this
subalgebra. It will be assumed then that #» > 2, and it will be shown that the

4The following convention is adopted for positive integral powers in a non-associative
algebra: if x is any element of the algebra and ¢ any positive integer, then x! denotes the right
power of x, deflned by x! = x[R(x)]"".
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subalgebra 4 is a unique associative subalgebra of 4*, of order n# over F. Indeed,
if it is assumed that K does not induce an automorphism of 4, then K maps 4
into an isomorphic subalgebra B of A*. Since 1, ¢, €2, . . . , e is a basis for 4
over F, it follows that (eK)? (¢ =0,1,..., n — 1) is a basis for B. Then,
eK = (a, b) 4 A, so that b % 0. Let f = eK = (a, b), then, since B is an
associative subalgebra of 4%, it follows that (f?)? = f%. This last equation,
written in terms of a, b, is

[*, 4ab(a® + (BS)%)] = [*, 4a® + 2ab(bS)% + 2(aS)b(bS)2e].

Equating the second ‘‘components” of (f?)? and f?%, it is found that a = aS.
Thus a € F, and denoting a by a, the relation (f*)? = f%, in terms of a, b
simplifies to

[at + 6a%(0S)% + (bS)%?%*] = [a* + 6a®(bS)% 4 (bS)?(bS?)%eS, *].

Equating the first “components’” and noting that eS = {?, it is seen that
(bS)? = ¢2(bS??2. This last equation may be written (b2S)S = ¢~2(b2S), from
which it follows that %S = ¢e"~!, ¢ € F. Now,

P2 tat—vo=(F—at—ve=(0,0—vs=0.

Thus, 1, f, f? are linearly dependent over F, which implies # = 2, contrary to
the assumption # > 2. This shows that the subalgebra A4 is the only associative
subalgebra of order # over F, contained in A*. In particular then, the arbitrary
automorphism K of A* induces an automorphism of A4, so that (¢, 0)K
= {%¥(e, 0) for some positive integer j. Since [(0, 1)]2 = (e, 0), it follows that
(0, DK = =+ (0, 1); hence

¢K = (0, =YK = [(0, 1)] [(*, 0)K] = = {/eny,

Thus, gK is the product of g and a (2#)th root of unity, that is, K coincides with
a power, 17, of the automorphism 7" defined above. It is seen then that the
automorphism group of A* relative to F is the cyclic group of order 2n. This
completes the proof of the theorem.

6. Finite division algebras of order » whose automorphism group contains
the cyclic group of order n. Let A be a division algebra of order # over an
arbitrary field F. If 4 has a cyclic basis relative to F and if m is a divisor of #,
then it is evident that 4 contains a subalgebra of order m. The following
theorem gives a sufficient condition, not quite as immediate as the above, for a
finite division algebra of order # to contain a subalgebra of order m, where m
is any divisor of .

THEOREM 6. Let A be a division algebra of order n over a field F = GF(¢"),
where n = hq', (h, q) = 1. Let T be an automorphism of A relative to F with
period n. If the minimum function of T is of degree n, then, for every divisor m
of n, A contains a subalgebra A, of order m over F, whose automorphism group
relative to F contains the cyclic group of order m.
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Proof. Let Q be the root field of the polynomial \* — 1 € F[A]. Then there
exists an element { €Q such that

M —1=J] (=)

i=0
in Q[A]. Since T satisfies A* — 1 = 0, and since its minimum function is of

degree #, it follows that A* — 1 = 0 is the minimum equation of 7. Now in
QAL

h—1
N—1=N-1"= I=Io (= ¢H7.

Thus, there exists a basis for the algebra Ag such that a representation for T
is given by [9, p. 128, Theorem 65]

T=E®E®.. ©®E,1, E={IT+E G=01,...,h—1),

where [ is the ¢* X ¢* identity matrix and E is the ¢° X ¢ matrix with 1 every-
where in the diagonal just below the main diagonal and zeros elsewhere. If m
is a divisor of #, let ¢” be the highest power of ¢ which divides m, so that m = sq’
(s, ¢) = 1, and s divides k. Since (s, ¢) = 1, it is seen that the field Q contains s
distinct sth roots of unity, each of which is also an kth root of unity. Thus in
the matrix 7% given by T° = E* @ E4 ® . .. @ E,+*, exactly s of the
components E;* will have 1 everywhere in the main diagonal and the remaining
h — s components will have diagonal elements different from 1. Let E;* be one
of the components with 1 along the main diagonal, that is, let {? be one of the
sth roots of unity. Then,

Ef = (' I+ E) =1+ s""E+ (;);f“‘%# +...+ E' = I+ EF,

where
F =351+ <;)§“““”E + ...+ E7L

By the definition of E, and since (s, ¢) = 1, F is non-singular. Furthermore,
Ejm - I = (Ejs - I)qr = Eq"qu,

and hence the nullity of E;® — I is equal to the nullity of E¢". Noting that the

first v rows of E’ consist entirely of zeros, and that the remaining ¢* — v rows

are linearly independent, it follows that the nullity of the matrix E;» — [ is

exactly ¢". If {7 is one of the 2 — s &th roots of unity which is not an sth root

of unity, then clearly E,™ — I has nullity zero. Thus, in the expression of
T™ — I as a direct sum, given by?®

" —I=Em—D®E =D @...+ Em— 1),

exactly s of the components have nullity ¢”, and the remaining components
have nullity zero. Thus, the nullity of 7™ — [ is sq” = m. Since the nullity of a

5In T™ — [ it is understood that I denotes the #» X 7 identity matrix.
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matrix with elements in a field F is invariant under an extension of F, it follows
that in the original algebra A over the given field F there exist exactly m
linearly independent elements in the null space of 7™ — I. Thus, the subalgebra
A, consisting of all elements of 4 which are mapped into themselves by 7™,
is of order m over F. It is obvious that the automorphism T of A induces an
automorphism 7" of 4,, of period m. Hence the group of automorphisms of the
algebra A4, relative to F contains the cyclic group of order m. This completes
the proof.

Suppose that F is a Galois field, F = GF(¢*), and »n = hq', (h, q) = 1. If
h divides ¢* — 1, then F contains % distinct Ath roots of unity. If 4 is an algebra
of order n over F whose automorphism group relative to F contains the cyclic
group of order #, then it is seen that every Ath root of unity is a characteristic
root of any automorphism 7" of 4 which generates the cyclic group of automor-
phisms of order #. Thus, if

M=TY,

so that the transformation M has period %, then it is clear that every character-
istic root of M is an Ath root of unity. Furthermore, the set of distinct
characteristic roots of M is a subgroup of the set of kth roots of unity, for if
71, M2, are any two characteristic roots, then there exist a1, a2, €4, a; # 0, a2 % 0,
such that a1M = ma1, a.M = n.a., whence

(a1a2) (M — n19oI) = 0, aas # 0,

so that %y 52 is a characteristic root. If the set of distinct characteristic roots
does not contain all of the kth roots of unity, then it is the set of sth roots of
unity for some s < %, with s dividing 4. Since a basis for 4 may be chosen
in such a way that M is represented by a diagonal matrix, whose diagonal
elements are sth roots of unity, it follows that M*® = I, contrary to the hypo-
thesis that M is of period k. Thus, every kAth root of unity is a characteristic
root of M. Finally, since the mapping

t
a— al’

of F upon F, is a premutation of the ith roots of unity, it is seen that every
characteristic root of M is a characteristic root of 7. If £ > 0, it is not known
whether or not the minimum function of T is of degree n. However, if ¢t = 0,
so that # = k| (¢* — 1), then the previous remarks indicate that the minimum
function of T is of degree #, and Theorem 6 is applicable. In fact, in this case,
it is possible to choose a basis 1, ey, . . . , e,_1 for 4 over F in such a way that
e;T = t'e;, where ¢ is a primitive nth root of unity. It is readily verified that
the multiplication for 4 is given by (6). Thus the following theorem has been
proved.

TuroREM 7. If A is a division algebra of order n over a field F = GF(g"),
where ¢* = hn + 1 for some positive integer h, and if the automorphism group of A
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relative to F contains the cyclic group of order n, then A has a cyclic basis relative
to F.

Added in proof. The question discussed in the second paragraph of §4 has

been answered by A. A. Albert. See abstract 421, Bull. Amer. Math. Soc., vol.
57 (1951), p. 457.
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12.
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