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AN OBSERVATION ON THE DIRICHLET PROBLEM AT INFINITY
IN RIEMANNIAN CONES

JEAN C. CORTISSOZ

Abstract. In this short paper, we show a sufficient condition for the
solvability of the Dirichlet problem at infinity in Riemannian cones (as defined
below). This condition is related to a celebrated result of Milnor that classifies
parabolic surfaces. When applied to smooth Riemannian manifolds with a
special type of metrics, which generalize the class of metrics with rotational
symmetry, we obtain generalizations of classical criteria for the solvability of
the Dirichlet problem at infinity. Our proof is short and elementary: it uses
separation of variables and comparison arguments for ODEs.

81. Introduction

We define a Riemannian cone as follows. Let (IV,gn) be an (n— 1)-dimensional smooth
closed Riemannian manifold, and consider the quotient space

M = (N x0,00)) /(N x{0}),
endowed with a complete metric that can be written as

g=dr’+6(r)’gn, (1)

where gy is any smooth metric on N. We shall assume that ¢ : [0,00) — [0,00) is smooth,
with ¢ (r) > 0 if 7 > 0, and that ¢ (0) =0 and ¢’ (0) = 1. When N =S"~! and thus M is a
manifold, the conditions imposed on ¢ guarantee that the metric ¢ can be extended, as a
metric, smoothly up to the pole or vertex of M, as we shall refer to the equivalence class of
N x {0} (see [10]). It is usual to define the cone metric using g = r2, so our definition of a
Riemannian cone is a bit more general. Furthermore, if N =S"~! and ¢ is smooth up to the
pole, with gn any smooth metric on the unit (n — 1)-dimensional sphere, this definition of a
cone contains a family of metrics in R™ that includes those with rotational symmetry: recall
that ¢ has rotational symmetry when N =S"~! is endowed with the round metric. Notice
that the metrics defined by (1) are also referred to in the literature as warped products.
The Laplacian in a cone can be written for r > 0 as

Bo=pet
where Ay is the Laplacian in N. A function u: M — R is called harmonic if it satisfies
Agu=01in N x (0,00), and it is continuous in M. Notice that when M is a smooth manifold
and g is—or extends to—a smooth Riemannian metric, then the continuity requirement
implies that u is actually smooth and that it is harmonic if it satisfies the usual definition,
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that is, if Aju =0 in the whole manifold. Observe also that given a function
u: N x[0,00) — R,

which is continuous and which satisfies Aju =0 in N x (0,00), it can be passed to the
quotient space M as a harmonic function, as defined above, as long as it is constant on
N x {0}, and vice versa: a function u: M — R can be lifted to a function @ : N x [0,00) — R
which satisfies Agi=0in N X (0,00), is continuous in N x [0,00), and is constant in N x {0}.
As is customary, given a manifold V, we denote by C* (V') the space of smooth real-
valued functions in V and by C (V') the set of real-valued continuous functions.
We prove the following result (see below for applications).

THEOREM 1. Assume that

1
/1 50 ds < 00, (2)

and, if dim(N) > 2, that there is an Ry > 0 such that ¢' (r) >0 if r > Ry. Then, for any
f: N — R regular enough (to avoid technicalities, we can just set that f € C°°(N)), the
Dirichlet problem is uniquely uniformly solvable at infinity. By the Dirichlet problem being
uniformly solvable we mean that there is a harmonic function u: M — R such that

lim u(w,r) = f(w) uniformly.
T—00

We call u the harmonic extension of f.

The main ingredient in our proof of Theorem 1 is separation of variables (for a precursor
to our proof, see Dodziuk’s work on harmonic L?-forms in [7]). In fact, we shall show that
a whole family of harmonic functions can be written as

u(w,r) = Z‘Pm (’I”) (Z Cm,kfm,k (W)> )
m k

where f,, ; are eigenfunctions of the Laplacian Ay, of N with eigenvalue A2,. Then we
show that the ¢,, can be chosen to be nonnegative, nondecreasing, and bounded. In the
case when the sectional curvature satisfies K < —1 everywhere, we even have a more explicit
estimate, namely,

0 < @m (r) < Ay tanh*r, 3)

for a convenient constant A,,. Since a basis for L? (IN) (we give a brief discussion on the
definition of this space below, right before Theorem 2) can be constructed from a family
of eigenfunctions of the Laplacian of N, then we can solve the Dirichlet problem for any
given f € C*°(N) as boundary data at infinity. By smooth enough in the statement of
Theorem 1, we mean that f must be reqular enough so that its expansion in eigenfunctions
of the Laplacian Apn converges absolutely. The fact that enough regularity of f implies
the absolute convergence of its expansion in eigenfunctions of the Laplacian was shown by
Peetre in [17].

Proving uniqueness of the harmonic extension of f in the case of M not being a manifold
is a bit subtle and, in our proof, it requires showing that the only possible value that v can
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take at the vertex of the cone is actually the average of f, that is,

w0 =T+ = i [ @) Wi )

In a manifold, the fact that u(0) = f follows from Green’s identity. In the case of M not
being a manifold, our proof also uses Green’s identity plus a little extra argument.

The definition of uniform solvability at infinity we used in the statement of Theorem 1
is stronger than the one commonly used when studying the Dirichlet problem at infinity
in Cartan-Hadamard manifolds; that is, when both definitions apply, uniform solvability
implies solvability in the sense of Choi [5]. Theorem 1 implies that cones with metrics
satisfying (2) have a wealth of nontrivial bounded harmonic functions.

For applications of our main result, we specialize to the case when N =S"~! endowed with
an arbitrary smooth metric so that the cone is a smooth Riemannian manifold diffeomorphic
to R™. From Theorem 1, given f € C (S”_l), taking a sequence {f,}, of smooth functions
such that f,, — f uniformly, then solving the Dirichlet problem for each f,, we obtain
a uniformly convergent sequence of harmonic functions (by Choi’s asymptotic maximum
principle [see Proposition 2.5 in [5]], but see also our discussion in §2.1), and thus we have
the following corollary.

COROLLARY 1. Assume that (2) holds and, if dim (S™') > 2, that there is an Ry >0
such that if r > Ry, then ¢’ (r) > 0. Then, for any continuous f:S"~* — R, the Dirichlet
problem is uniquely solvable at infinity. By this, we mean that there is a harmonic function
u: M — R such that

lim u(w,r) = f(w) in the cone topology(see §2).

T—>00
Corollary 1 seems to be new: notice that we do not require the manifold to be of
nonpositive curvature, that is, to be Cartan—-Hadamard; however, if we assume the manifold
to be Cartan-Hadamard, the hypothesis ¢ > 0 can be dropped, as it is automatically
satisfied.
From the previous corollary, we obtain the following.

COROLLARY 2. Let g be a metric of the form (1). If there is an € > 0 such that
—¢"/p < —(1+¢€) /r?logr, for large enough r, and ¢ is unbounded, then for any f € C(N),
the Dirichlet problem is uniquely solvable at infinity.

The proof of this corollary is as follows. By Milnor’s argument in [14], we have that,
under the hypotheses of the corollary, it can be shown that ¢ satisfies

>~ 1

1 (s)

The condition ¢’ > 0 is automatically satisfied for large enough r: if ¢’ <0 for all r large

ds < o0.

enough, then 1/¢ would be increasing for r large enough and then it would not be integrable,
and hence at some point, say r1, we must have ¢’ (r1) > 0, and since the radial curvature
—¢" /¢ is negative, ¢’ will be nonnegative from then on; thus, the hypotheses of Corollary 1
hold and Corollary 2 follows. Again, notice that Corollary 2 includes metrics that are not
necessarily rotationally symmetric, since in the case of N = S"~! it is not required for the
metric carried by the sphere to be the round metric nor to be conformal to it; this is in
contrast to the results proved in [5], [13], which require either one (especially [5] where
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rotational symmetry is strongly required in the calculations [see §3]; on the other hand,
in [13], rotational symmetry does not seem to be essential, in the sense that the metric
that S*~! carries does not need to be the round metric, but the author only proves the
transience of the manifold). In this sense, Corollary 2 is new for dimensions greater than or
equal to 4. As an aside comment: when Milnor’s criterion is used, the “¢ unbounded” part
in its statement is usually replaced by saying that the manifold has everywhere nonpositive
curvature, and so, again, the assumption of ¢ being unbounded might be replaced by
assuming the stronger condition that the manifold is a Cartan—-Hadamard manifold, which
is the assumption made by Choi in [5].

Regarding (2), in a beautiful work [15] (which in turn has been generalized in [16]), Neel
shows that in Cartan-Hadamard surfaces, if we write the metric as

dr? + J (r,0)° d?, (4)

and

> 1
/1 T00) dr < 0o, (5)

then the Dirichlet problem at infinity is uniquely solvable. Neel’s approach is probabilistic,
and his result strengthens the following result of Doyle, at least in the case of surfaces,
which is proved in [11]: for a Riemannian manifold with a metric written as (4), condition
(5) implies transience.

Furthermore, our proof is quite elementary, perhaps strikingly simple when compared
with the published proofs of the results mentioned above, and it reveals that there is a
notion of solvability for the Dirichlet problem at infinity on manifolds for boundary data
in L? that has not been treated before in the literature (to the best of our knowledge),
and which perhaps deserves more consideration. Recall that given a Riemannian manifold
(N,gn), the space of square integrable functions on N is defined as the set of f: N — R
such that

T /N £ (@)2dVy (@) < 0. (6)

We shall denote this space by L? (N). It is not difficult to show that when N is a compact
manifold, if f is square integrable with respect to a given smooth volume form, it is also
square-integrable with respect to any smooth volume form, and also, the norms induced
by any pair of Riemannian metrics, via its volume form, on the space of square integrable
functions are all equivalent: this is why we are not including the metric explicitly in our
notation for the space of square-integrable functions on N.

We thus have the following result on solvability for boundary data at infinity, when the
data belong to L? (S*71).

THEOREM 2. Assume that (M,q), with g as in (/), is a smooth Riemannian manifold
(thus, N =S"~1). Furthermore, assume that there is an Ro such that ¢' (r) >0 ifr > Ro, and
that (2) holds. Then, for any f € L? (S"_l), the Dirichlet problem is L*-solvable at infinity.
By the Dirichlet problem being L?-solvable we mean that there is a function uw: M — R
which is harmonic in M, and such that

lim u(w,r)=f(w) in L*(S"71).

™00
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The Dirichlet problem at infinity has a rich history full of deep and interesting results
(see, e.g., [1], [2], [5], [12], [18]). Theorem 1 and its consequences represent an improvement
in the study of the Dirichlet problem at infinity in the case of rotationally symmetric
metrics as given in [5], and it is a natural extension of the classical result of Milnor in [14].
Furthermore, our main result bears some resemblance with that of March in [13], where
under the hypothesis

/ g0 / " 6(0) " dpdr < o0, (7)

and rotational symmetry, the author proves the existence of nonconstant bounded harmonic
functions in M. The reader will find the proof of Theorem 1 (our main result) in §3 and
the proof of Theorem 2 in §4.

§2. Preliminaries

Here, we define what is to be understood as to solve the Dirichlet problem at infinity.
First, we define a compactification for M. To this end, define the set M:

M = N x [0,00] /(N x {0}),

where [0,00] is a compactification of [0,00) which is homeomorphic to [0,1]. The subspace
OsoM := N x {0} plays the role of a boundary, and in fact, when N is homeomorphic to
S*=1, M has the structure of a topological manifold with boundary. Given the previous
definition, a way of defining that the Dirichlet problem is solvable at infinity is as follows:
given f € C'(N), there exists a function u: M — R which is in C (M), is harmonic in M,
and such that its restriction to dsc M is f. In the case of Cartan—Hadamard manifolds, this
definition of solvability coincides with the definition of solvability given by Choi, who uses
the cone topology as defined by Eberlein and O’Neill [8], and which is equivalent, in the
sense of homeomorphism, to the one defined for the compactification above: the resulting
spaces in both cases are homeomorphic to the closed n-ball.

A stronger definition of solvability was used in the statement of Theorem 1; let us recall it.
We shall say that the Dirichlet problem is uniformly solvable at infinity if there is a harmonic
function w: M — R such that

lim u(w,r) = f (w)

uniformly on w € N. Notice that using this definition, if f € C'(N), then we can extend
u to M continuously and hence this definition of solvability implies the one given above.
In the case of N =S"~! (not necessarily with the round metric), uniform solvability implies
solvability in the sense of Choi in [5].

Observe that with the definitions of solvability given in the previous paragraph, if the
Dirichlet problem is solvable at infinity for given continuous data, then the corresponding
harmonic extension is bounded; thus, solving the Dirichlet problem at infinity gives a
method for proving the existence of bounded nonconstant harmonic functions.

Furthermore, in the case of M being a smooth Riemannian manifold, we can define the
concept of solvability at infinity for the Dirichlet problem with boundary data in L?. In this
case, given f € L? (S”fl), we say that the Dirichlet problem is L?-solvable at infinity with
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boundary data f € L? (S"_l) if there is a function u : M — R which is harmonic, and such
that
lim u(w,r) = f(w) in L*(S"').

7—>00

2.1 The Maximum Principle

To prove uniqueness, we shall make use of the maximum principle. What follows is not
new, but we have written it down for the convenience of the reader and for easy reference
(see also Choi’s asymptotic maximum principle [5]).

THEOREM 3. Let M = N x [0,00] such that N x (0,00) is endowed with the metric
g:dr2+¢<7ﬂ)291\77

with ¢ smooth and ¢ >0 on (0,00). Let u: M — R be continuous function which is
harmonic in N x (0,00) with respect to the metric g. Then, u reaches its mazimum and its
minimum at N x {0} UN X {oco}. If M is a smooth Riemannian manifold (this, of course,
requires that g extends smoothly to M atr=0), and u: M — R is harmonic, then it reaches
1ts mazimum and minimum at OsxM .

Proof. Assume that u reaches its maximum at a point in N x (0,00), and let the value
of this maximum (minimum) be a. Consider the set

A={(w,r) € Nx(0,00) : u(w,r) =a}.

By the strong maximum principle for elliptic operators (Theorem 3.5 in [9]), there is a small
ball around any point in A where v is constant and equal to a. Thus, A4 is open in N X (0, 00).
However, A is also closed by the continuity of u, and as N x (0,00) is connected, we must
have that A = N x (0,00), and thus u is constant in N x (0,00) and, as a consequence, by
continuity, also in N x [0,00]: this implies the first part of the statement of the theorem.
In the case of M being a smooth Riemannian manifold, if v is harmonic, it is smooth in
M, and thus if it reaches its maximum in M, similar arguments as above show that u must
be constant; the same holds if u reaches its minimum in M. Thus, we conclude that the
maximum and the minimum are reached at 0., M. U

As is well known, an important consequence of the maximum principle is a uniqueness
result for the Dirichlet problem, and which we shall use in what follows.

COROLLARY 3. Let g be as in the previous theorem. Let uj,ug : N x [0,00] — R be
continuous functions which are harmonic in N x (0,00). If u1 =us on N x {0} UN x {oo},
then uy =wuy in N x [0,00]. If M is a smooth Riemannian manifold, and uy,us M —R
are harmonic in M, then if u1 = us in 0o M, then uy = us.

83. A proof of Theorem 1

We first solve the following problem in N x [0,00]. Given f € C°° (N), we shall construct
a harmonic function u in N x (0,00) such that as r — oo, u(w,r) — f(w) uniformly, and
such that

u(w,r) = f: = fdVyy

) s
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also uniformly as r — 0, so that u passes to the quotient M as a continuous function which
is harmonic, as it has been defined in the introduction, and such that it also solves the
Dirichlet problem at infinity. To prove this, we use separation of variables.

Welet fok, k=0,1,2,...,kn, be eigenfunctions of the mth eigenvalue, A2, m=0,1,2,...,
such that the set {fm k},, , is an orthogonal basis for L?(N) with respect to the inner
product induced by (6). We use the convention that A, > 0, if m > 0, and that A\g =0 is the
trivial eigenvalue of the Laplacian of N whose eigenfunctions are the constant functions; we
shall also fix the convention fyo = 1. Next, we must find functions ¢,, so that the product
Om (1) frm, i (2) satisfies Ay (@m fm,k) = 0; this time we use the convention g = 1. Then, it
is elementary to prove that the equation to be satisfied by @,,, m >0, is

/ 2

Am
Lo om = @i’ﬁr(n—l)g%—ﬁsom =0. (8)

First, we show that there is a solution to (8) such that ¢,, (0) =0, if m # 0, and that we can
choose ¢, > 0 near 0 (for m = 0, as said before, we just choose the constant function 1).
Indeed, since ¢ (r) ~r, r =0 is a regular singular point of the equation, and thus, near
r =0, a solution can be written as

q(r)=r°p(r),

—(n—2)+4/(n—2)>+4X2,
where s = 5 > 0 satisfies the indicial equation

s(s—1)4+(n—1)s—\2 =0,

p is smooth function, and p(0) =1 (see page 45 in [3], a classical paper by Bocher, and
Chapters 4 and 5 in [6]). From this, our assertion follows.

Next, we show that ¢,, is nondecreasing. From its general form, it is clear that ¢, () >0
near 0. Assume then that at some point ro >0, ¢ (r¢) =0 occurs for the first time. Then,
since for 0 < r < rg @n(r) > 0, using equation (8) shows that ¢! (r¢) > 0, which in turn
implies that ¢’ (r) > 0 a little beyond 7. This shows that

sup {r: ¢l (p) >0 forall pe[0,r]}=oc0,

and thus our claim follows.
In order to show that ¢,, is bounded, define the function

i () = exp [_/quf&ds]

Of course, here is where we need the fundamental assumption that

< 1
—d
/1 o(s) 0=

which implies that 7, is bounded on [Ry,00) for any Ry > 0 (the bound depends on Ry).
A straightforward computation shows that if » > Ry, Rg > 0 as in the statement of
Theorem 1, then

/

Lot = (n—2) q;xmnm >0, ()
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This is why we need the hypothesis ¢’ (r) > 0 for r large enough. We note in passing that
when dim (N) =n—1=1, the n,,’s thus defined give explicit solutions to (8) (this was
pointed out to me by J. E. Bravo): this is the reason why in dimension 2 the assumption
¢’ >0 is not required.

Next, we are going to use inequality (9) to show that for r > Ry > 0, it holds that
0 <@ (r) < Apnm (1) for an appropriate constant A,,. So, choose A,,, > 0 large enough so
that

@ (RO) < Amnm (RO) ) and 90;71 (RO) < Amn;n (RO) .

We now claim that (A,,7m — @m) (1) > 0 must also hold for all » > Ry. In order to prove
our claim, let

ro=sup {r: (Annm —¢m) (1) >0 in [Ro,r]},

and let us show that ryp = co. Indeed, assume that ry < co. By continuity, it is clear that
(A m — gom)/ (r) >0 up to ry and equality holds at » = ry. Hence, by our choice of A4,,, it
also holds that h,, := A1y — @m > 0 up to rg. Then, using (9), we have that
)\2
i (10) 2 S (10) > 0,

and hence a bit beyond ry we would still have A/, > 0, which leads to a contradiction, and
thus we must have ro = co. This shows that for all r € [Rg,00), (Amnm — ©m)’ () >0, which
together with the fact that ¢ (Ry) < Amfm (Ro) implies that A,,n,, > ¢, for all r € [Ry, 00),
and this shows that ¢,, is bounded above.

Notice that in the case that the sectional curvature satisfies K < —1 everywhere, by the
Bishop—Gromov theorem (which in the case of rotational symmetry reduces to a simple
ODE comparison argument), ¢ (1) > sinhr, and hence we have that 0 < ¢, < A, tanh™™ 7,
and the claimed estimate (3) holds. In any case, the previous estimates show that, by
multiplying by appropriate constants, we may assume that lim, o @m, () = 1.

Given f € C* (N), we can represent it as

f(w) = Z Zcm,kfm,k (w)a
m>0 k

where the f,, 1’s are eigenfunctions of the Laplacian as defined above. Notice that the
coefficient cg g of ¢gfo,0 is the average value of f:

1
——— | tav...
00 = Yol (V) /Nf Vow

From the Fourier representation of f, we get a harmonic extension

w(@,r) = 3 om () o fonse (). (10)
k

m>0

Since f € C*°(N), it is not difficult to show that w is twice differentiable and that it
satisfies Agu =0 1in N x (0,00). All we need to prove next is that u satisfies the boundary
conditions at infinity and that it is continuous at r = 0. We start by proving that the
boundary condition at infinity is satisfied. Let € > 0, we estimate as follows: By the triangular
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inequality,

|f (W) —u(w,r)| < Z L—@m(r

m>0

Zcm k:fmk

Pick H such that

>

m>H

N

Zcm,kfm,k (W) S
k

This can be done by Peetre’s result on the absolute convergence of a Fourier series as soon
as f is smooth enough [17]. Let R > 0 be such that if » > R, for m =0,1,...,H,

€
1— o (1) < —,
@ ('f“LQL

where L bounds

D

m<H

Z Cm,kfm,k: (w)

k

from above. Under this considerations, we obtain that, for r > R,

f (@) —u(w,r)| <€

and our claim is now proved: the boundary condition at infinity is satisfied.

Notice that u = f at 7 =0, so, to show continuity at 7 = 0, we must show that u (w,r) — f
as 7 — 0. To do so, just observe that

‘u(w,r)—ﬂ < Z ©m (1)

m>0

Z Cm,kfm,k (W)
k

and as for m > 0, ¢, (r) — 0 when r — 0, by the dominated convergence theorem our

assertion follows.

Hence, the function u defined by (10) passes to the quotient and its value at r =0 is
given by f. The uniqueness statement of Theorem 1 when M is a smooth Riemannian
manifold follows from Corollary 3. So all is left to show to finish the proof of Theorem 1
is to prove that there is uniqueness of the solution constructed above in the case of M not
being necessarily a manifold.

To prove uniqueness of the harmonic extension of f when M is not a manifold, we first
show that the only possible value that a solution u to the Dirichlet problem at infinity with
boundary condition (at infinity) equals to f can take at the vertex of the cone is f, the
average of f over N. To proceed, we let

_ 1
u(r)= V()I(N)/Nu(w’r) AV, (w).

We claim that w is constant. Indeed, let 0 < r < r; < co; then, by Green’s theorem, we have
that

o) G ) =00 ) = G [ Auten v =0
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that is,

du, . o))" 'du, . A
%(7)—W%(Tl)—7-

Therefore, if du(ry)/dr # 0, we would have that lim,_,o+u(r) = +oo. Indeed, by the
Fundamental Theorem of Calculus,

ﬂ(’l”) :“(T1)+/T¢5(/:;17z—1

However, near 0, qS(r)n*l ~ 7" 1 n>2 and thus the previous identity shows our claim

dp.

because, depending on the sign of A, which in turn depends on the sign of @ (1), we then
would have that

: A
lim / ——.—7dp=*Foo.
r=0tJr ¢ (p)

However, by the continuity of u, we must have lim, o+ % (r) = u(0). Therefore,
du(ry) /dr=0

must hold. Since ry is arbitrary, this shows that @ is constant, and in fact, since we must
have that lim,_,.u = f, that «(0) = f. The maximum principle (Corollary 3) implies the
uniqueness statement even in the case when the cone is not a smooth manifold.

§4. L2-solvability

If we only require f € L? (S"*I), the harmonic extension u constructed above is locally
integrable and harmonic in the sense of distributions, and hence almost everywhere equal to
a smooth harmonic function, and thus harmonic, and we can also show that u(w,r) = f(w)
as r — oo in L? (S”_l), and in consequence that the Dirichlet problem is L?-solvable. Let
us give a proof of these claims.

We let

where

B (W) = Zcm,kfm,k (w).
k

First of all, the sequence {ul}l:1,2,3,... converges in LIQOC (M). Indeed, for R > 0, we can

compute as follows (we employ the notation Bpg (0) for the geodesic ball of radius R > 0
centered at the pole of the manifold):
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R
/0 /Snl Z P (1) s (1) P () i () dVggnﬂ (W)@ (r)dr

R
/ S o () 2oy 6 () i
0 mi<m<me
<
2

CR Z Hhm”i2(snfl) :CR Z hm )

mi<m<msg mi;<m<ma L2(Sn—1)

where we have used the orthogonality in L? (S”_l) of eigenfunctions of the Laplacian with
different eigenvalues. Since >, hy — fin L? (S“fl), given € > 0, there is an L such that
whenever moy,mq > L, then

Cr|| > hm <€,

m1<m<ima L2(Sn—1)

which shows that {u;}, is a Cauchy sequence in L? (B (0)), which in turn implies that the
sequence converges in L? (B (0)). This proves our claim. We call u the limit of the sequence
w, in L} (M). Notice that u € L}, . (M).

Next, we show that u is weakly harmonic. This is standard: given ¢ € C§° (S”*I) as each

u; is harmonic, it then holds that

/ u (z) Agp (z) dVy, = 0.
M

However, u;, — u in L? (M), and so, since A,¢ € C§° (M), we must have that

loc

/ u(z) Agip () AV =0,
M

which is what we wanted to show. Since u is weakly harmonic and locally integrable, Weyl’s
lemma applies and we can conclude that u is almost everywhere equal to a proper harmonic
function on M.

The following computation, which was originally suggested in [4], and that we reproduce
for the convenience of the reader, shows that the boundary data are satisfied in an L?-sense
as described above. Again, using the orthogonality of the eigenfunctions of the Laplacian
with different eigenvalues, we can estimate

2
If @) = (@) 21y = | D (1= 0m () D cmpfiom (@)
m k L2(Sn—1)
2
= Z |1 —Pm (7‘)‘ 2 Zcm,kfm7k (OJ)
m k L2(Sn—1)
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Pick H such that

2
62

< o
-8
LQ(SH—I)
and let R > 0 such that if r > R, for m =0,1,..., M, we have that

D

m>H

> Sk (W)
k

€

1-— m < 1)
1= om ()] < 55
where K is such that
2
Z Zcm,kfm,k (w) S K.
m<H k L2(Sn—1)

Notice that |1 —p,, (r)| < 1. Therefore, putting all this together, we find that given any
€ > 0 for r large enough,

Hf() 7u("r)||L2(S”*1) <€,

which is what we wanted to prove.

85. Some remarks

In the case when N is a Lie group, Taylor in [19] gave sufficient conditions for
the eigenfunction expansion of f to converge uniformly to f For instance, if N = S? with
the round metric, then if f € C 2 (83), that is, if f is Holder continuous with exponent
%, the Dirichlet problem is not just solvable, but uniformly solvable at infinity in R*
endowed with a rotationally symmetric metric such that the factor ¢ satisfies (2) and
that ¢/ > 0, or if R* with the given metric is a Cartan-Hadamard manifold. On the other
hand, if N is a Lie group of dimension 4k, it is only required that f € H?* (N) for the limit
lim, o0 u(w,r) = f (w) to be uniform.
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