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Summary

A general metric is considered. Some solutions corresponding to the field equations Ry, — Agu =
- 8nE, are obtained as particular cases. Details of these solutions are also discussed. An Einstein
space corresponding to the field equations R, = A gu is also constructed as a particular case of the
general metric.

1. Introduction

An electrovac universe with a non-zero cosmological constant has been
obtained by Patel and Vaidya (1971) as an exact solution of the field equations

(1) Ri —Agu = — 87E.

where R are the components of Ricci tensor and E, are components of
electromagnetic energy tensor.

In Section 3 of the present paper we shall discuss another solution of the
field equations (1). In Section 4 we shall construct an Einstein space.

For the description of our solutions we require some geometrical pre-
liminaries developed by Patel and Vaidya (1969). So we begin with a brief
outline of these preliminaries.

In Minkowskian space-time we can find four uniform vector fields such that
(i) any two of them are mutually orthogonal and (ii) one of them is time-like and
the other three space-like. Let A’ be the unit tangent to the time-like vector
through a point P (co-ordinates x‘) and A', B, C' be the unit tangents to the
space-like vectors through P. We use the signature (—, —, —, +) and raise and
lower indices with the help of the Minkowskian metric tensor ns or n**. These
four uniform vector fields give rise to a Euclidean reference frame with
coordinates x,y, z,t for P where x = x'A,y = x'B,, z =x'C, t = xA; so that
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X = Ak, Yo = Bi, 2= C, and t, = A, a comma indicating an ordinary
derivative.

2. A General Metric

Consider a Riemannian 4-space described by the metric

) ds® = gudx'dx*
where
3) g« = Mu + MB.B: + NC.C,

Here M is a function of x only and N is a function of ¢ only.
The contravariant components g* and the determinant g of the metric
tensor g« are given by

: ; M . N
@ gt =t Ty BB T CCh g =~ (=M (A-N)

As g is negative (1 — M) and (1 — N) should be of the same sign. From (4) it is
easy to see that

and g*CC, = —I—}N

ik _
(5) 8 B.‘Bk— - M

B. and C; are space-like unit vectors with respect to the Minkowskian metric. In
order to have the spacelike character of B; and C; with respect to the metric (2),
it is essential that 1 — M >0, 1 — N > 0. The 3-index symbols for the metric (2)
are given by

n M’ n _M_’ n
[ = 50— r) B (AsB. + AB.) — - A"B.B,

(6) NC* N,
+2(1 )()\kC+ACk) 2AC.-Ck

Here and in what follows an overhead dash denotes the differentiation with
respect to x and an overhead dot denotes the differentiation with respect to .
The Ricci-tensor R, for the metric (2) can be expressed as

@) Ry = ff"{B.-Bk +%A.'Ak} - Fﬁ{CiCk “% /\il\k}
where 1-M =f>and 1 - N = F~,

3. Electrovac Universes
Case (i). Let us choose the electromagnetic four potential ¢; as

(8) ¢.' =aB; + Bcn
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where «a is a function of x and B is a function of ¢t only. The Maxwell equation
s = 0 becomes

; (fa"~a'f')B’ +4Ff—z(FB' - BEF)C = 0.

From this equation we have a = fk and B = Fl where k and [ are integration
constants.

The electromagnetic energy tensor Ei for the choice (8) of ¢: can be
expressed as

E. = %(kz'*' IZ)[szin + AAL T Ak — FZC.'Ck]

The Einstein-Maxwell equations Ri — Agix = — 87Ey can be expressed in the
explicit form as

<%+ A) (A.'Ak + szin)+ (—g_ A) (A.‘Ak - FZC,Ck)
= - az(A,'Ak +f2Bin + /\,'Ak - FZCCk)

where A is a cosmological constant and a’ = 47 (k* + [*). These equations imply
that

"= —(A+a*’)f and F=(A-a’)F

The solutions of the above differential equations depend upon the nature of the
constant A. Here we have to consider the following possibilities:

MDA=03@)0<A<a’(ii) A =a’(@{iv)A>a’
(V) —a’<A<0Wi)A=—-a’(vi)A< —a’

For brevity we shall write the solution corresponding to the possibility (i) only in
the explicit form. The explicit forms of the solutions corresponding to the other
possibilities can be written down on similar lines.

If A =0, we obtain

f=Asinax +Bcosax

©) F=Asinat+ B,cosat
and

a =§(—A cosax + Bsinax)+m
(10)

B=a£(—A cosat+ Bsinat)+n

where m,n, A, B, A,, B, are integration constants.
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The metric for the above solution can be expressed as
ds*=dt’— dx>— (Asinax + B cos ax)dy’
(11)

—(A,sinat+ B,cosat)dz?

The above mentioned solution is discussed by Pandey (1962). Here it should
be noted that when k =1 we get a null electromagnetic field.

Case (ii). Let ustake N = 0 and choose the electromagnetic four potential
(12) ¢j as d),‘ = C(B,'
where « is a function of x only.

Then the Einstein-Maxwell field equations (1) and F*; k =0 imply

B —

(13) f=Bcos(\/2Ax+c),/\=A2,a=—Esin(\/zl\x+c)+l
where B, C and ! are constants. This solution is nothing but the solution
describing a simple magnetic universe discussed by Patel and Vaidya (1971).

Case (iii). Let us take M = 0 and choose the electromagnetic four potential

& as
(14) ¢ =BG

where B is a function of ¢ only.
Then Einstein-Maxwell equations (1) and

F*; k=0 imply
B
(15) F=Bcos\/—2At+C),A=—Az,ﬁ=§sin\/—2)‘t+l

where B, C and [ are constants.
By a co-ordinate transformation one can make B =1 and C = 0. Therefore
the explicit form of the line-element for the above solution is

(16) ds®=dr* — dx*— dy*—cos’(V —2At)dz?
The line-element (16) is plane symmetric as it obviously admits of the group
of motions.
X=x+ay=y+b

and also rotation above z-axis. Further it admits the motion Z = z + ¢. Here

a, b, ¢ are constants. Thus it admits of a four parameter group of motions.
The Riemannian 4-space described by the metric (16) can be embeded in a

five-dimensional pseudo-Euclidean space. The metric (16) can be expressed as
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a”n ds = (dz')Y — (dz7y — (dz*) — (dz*)* — (dz°)?

where
_A .
zi=t—At+ —g sin V —8At, 2 =x,2 =y,

z*=sinz cos’V —2At, z° = cos z cos V ~ 2At.

Thus the Riemannian 4-space describing by the metric (16) is of class one.

The cosmological constant A plays an important role in our solution. If we
set A =0, the electromagnetic field disappears and the geometry of the universe
becomes Minkowskian. Thus in this respect the above solution behaves like the
simple magnetic universe discussed by Patel and Vaidya (1971).

4. An Einstein Space

In this section we shall consider the space-time given by the metric (2).
Now, for an Einstein space we must have

(18) R = Agu

where A is a constant.
We also know that

(19) ik = Ak — AiA. — BB — C.Ci
Therefore

(20) g« = Ah — A A« — f’BB. — F’CC,
The results (18), (20) and (7) imply that

(21) F=AF and f=-Af

If A is positive, say a’, then

(22) f=Aicos(ax +B),F=Ae”+Be ™

If A is negative, say — b?, then

(23) f=Ae™+Be ™ F=Acos(bt+B)

In (22) and (23), A, A\, B and B, are constants of integration. The explicit forms
of the line-element for positive and negative values of A are

(24) ds®=dt’— dx*— Aicos’(ax + B,)dy’— (Ae” + Be *)dz’
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25 ds’=dt*— dx*— (A,e™ + Bie ™ )dy*>— A’cos’(bt + B)dz?
y

respectively.
It is clear that when A =0 the space-time becomes flat. This is a peculiar
feature of the Einstein space discussed above.
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