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Abstract

This paper deals with continuous-time Markov decision processes in Polish spaces, under
the discounted and average cost criteria. All underlying Markov processes are determined
by given transition rates which are allowed to be unbounded, and the costs are assumed
to be bounded below. By introducing an occupation measure of a randomized Markov
policy and analyzing properties of occupation measures, we first show that the family
of all randomized stationary policies is ‘sufficient’ within the class of all randomized
Markov policies. Then, under the semicontinuity and compactness conditions, we prove
the existence of a discounted cost optimal stationary policy by providing a value iteration
technique. Moreover, by developing a new average cost, minimum nonnegative solution
method, we prove the existence of an average cost optimal stationary policy under some
reasonably mild conditions. Finally, we use some examples to illustrate applications of
our results. Except that the costs are assumed to be bounded below, the conditions for
the existence of discounted cost (or average cost) optimal policies are much weaker than
those in the previous literature, and the minimum nonnegative solution approach is new.
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1. Introduction

Continuous-time Markov decision processes (MDPs) have received considerable attention
because many optimization models, such as in communication engineering, queueing systems,
and control of epidemics, are based on the processes involving continuous time. As is well
known, the expected discount and average criteria are most commonly used in continuous-
time MDPs; see, for instance, [3], [4], [6], [7], [8], [9], [11], [12], [15, Chapter 4], [16], [18],
[19, Section 5, Chapter 11], [20, Chapter 10], [24], [25], and their extensive references. The
main focus of the aforementioned works is the so-called optimality conditions that ensure the
existence/calculation of optimal policies. For this reason, the state spaces in [4], [8], [9], [11],
[12], [15], [16], [18], [19], and [20] were assumed to be denumerable, and taken to be Polish
spaces in [3], [7], [6], [24], and [25]. In this paper we will further study the case of continuous-
time MDPs in Polish spaces, and, thus, only state results from some of the aforementioned
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works. For the discount criterion of continuous-time MDPs in Polish spaces, rewards in [3] were
assumed to be bounded, and, for the case of unbounded rewards in [7], additional assumptions,
such as the expected growth and absolute integrability conditions, were made. For the average
criterion of continuous-time MDPs in Polish spaces, the main optimality conditions are based
on the corresponding approaches. Roughly speaking, the optimality equation approach in [25]
requires the uniformly exponentially ergodic condition; the optimality two-inequality approach
in [10] requires that a drift (Lyapunov type) function can dominate the relative difference of
the discount optimal value function; the convex analysis method in [6] needs another set of
convergence conditions for sequences of measures; and the optimality inequality approach
in [24] requires some additional absolute integrability conditions and the assumption that the
relative difference is bounded below. Furthermore, the absolute integrability conditions, as
well as the continuity assumption imposed on the class of policies, were required in [3], [7],
[6], [10], [24], and [25], owing to the use of Dynkin’s formula, and the existing examples
verifying the average optimality conditions in [10] and [11] need the monotonicity assumption
to be imposed on the rewards. In this paper we further study both the expected discount and
average criteria, and aim to drop both the integrability conditions and the continuity assumption
required in [3], [6], [7], [10], [24], and [25] for Polish state spaces. To this end, we develop
some new techniques, and also give some new and verifiable conditions as well as examples
for both discount and average optimalities.

More precisely, the state and action spaces in our model are allowed to be Polish spaces,
the costs are bounded below, the transition rates may be unbounded, and each randomized
Markov policy may not satisfy the continuity condition in [3], [6], [7], [10], [24], and [25].
Since we established the existence of a transition function without the continuity condition
in [23], the discount and average optimality problems can be well defined when the costs
are bounded below. To prove the existence of discounted cost optimal policies, we introduce
an occupation measure of a randomized Markov policy and analyze its properties. These
properties are used to prove that the family of all randomized stationary policies is ‘sufficient’
within the class of all randomized Markov policies (see Theorem 3.1). Then, using a value
iteration technique, we not only establish the discount cost optimality equation and show the
existence of a discounted cost optimal stationary policy, but also prove that such value iteration
techniques can be used to calculate (or at least approximate) the discounted cost optimal value
(see Theorem 3.2). For the average criterion, we first give reasonably mild conditions and
present some new sufficient conditions for the verification of these average optimality conditions
(see Theorem 3.3). Then, in order to prove the existence of average cost optimal policies, we
obtain a key fact by developing a new average cost minimum nonnegative solution technique
(see Theorem 3.4), which together with the optimality inequality approach is used to prove the
existence of an average cost optimal policy (see Theorem 3.5). Furthermore, we illustrate the
applications of our results with examples, which satisfy all of our conditions, but in which the
monotonicity assumption commonly used in the examples in the literature fails to hold.

It is worth noting that, except for the fact that the costs are bounded below, the conditions for
the existence of discounted cost (or average cost) optimal policies are much weaker than those in
the literature [3], [6], [7], [10], [24], [25]. More precisely, the improvement in the corresponding
optimality conditions is twofold: (i) the expected growth condition in [3] and [7] for the discount
criterion has been dropped (see Remark 3.4 for details), and (ii) the exponentially ergodic
condition in [25] and the drift conditions imposed on the relative difference of the discounted
cost optimal value in [10] and [25] have been removed (see Remark 3.8). Moreover, the
absolute integrability condition and the continuity assumption in [3], [6], [7], [10], [24], and
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[25] are no longer needed in this paper (see Remarks 3.4 and 3.8). Furthermore, some new
sufficient conditions and examples verifying our assumptions are given (see Remark 3.6 and
Examples 4.1-4.3). The minimum nonnegative solution technique and the results of a transition
function constructed from transition rates under the measurability condition are new and play
key roles in our arguments (see Remark 3.7).

The rest of this paper is organized as follows. In Section 2 we introduce the model that
we are concerned with. The main optimality results for the two optimality criteria are stated
in Section 3, and are illustrated with examples in Section 4. The proofs of these results are
postponed to Section 5.

2. The nonnegative cost model

Notation. If X is a Polish space (that is, a complete and separable metric space), we denote by
B(X) the Borel o -algebra, and by P(X) the set of all probability measures on B (X) endowed
with the topology of weak convergence.

The model of continuous-time MDPs is defined by

{S,(Ax) C A, xe€9),q( | x,a),clx,a)}, 2.1)

where g (- | x, @) denotes the transition rates, c(x, a) is the cost function, S is a state space, A
is an action space, and A(x) € B(A) denotes the set of admissible actions at state x € S. We
suppose that S and A are Polish spaces. The set

K :={(x,a) | x €S, aeAXx)} 2.2)

is a Borel subset of S x A.
The transition rates, ¢ (- | x, a), satisfy the following properties.

(T1) For each fixed (x,a) € K, q(- | x, a) is a signed measure on B(S), whereas, for each
fixed D € B(S), g(D | -) is a real-valued Borel-measurable function on K.

(T2) 0 <q(D | x,a) <ooforall (x,a) e Kandx & D € B(S).
(T3) q(S | x,a) =0forall (x,a) € K.

The model is assumed to be stable, which means that

q*(x):= sup |g({x} | x,a)] <oo forallx € S. (2.3)
aceA(x)

The cost function, c(x, a), is assumed to be bounded below and measurable on K.

A continuous-time MDP evolves as follows. The decision maker continuously observes the
current state of a system. Whenever the system is at state x(#) € S at time ¢t > 0, he/she
chooses an action a(t) € A(x(t)) according to some rule. Consequently, he/she incurs an
immediate cost c(x(¢), a(t)) and the system moves to a new state set governed by a possibly
nonhomogeneous transition probability function, which is determined by the transition rates
q(- | x(t),a(t)). Thus, the goal of the decision maker is to minimize his/her costs with respect
to some performance criterion, such as V, (-, -, -) or J(., -, ), respectively defined in (2.9)
and (2.10) below.

To define a rule precisely, we introduce some notation.
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Definition 2.1. A (randomized Markov) policy is a family 7w := (m;, t > 0) of stochastic
kernels 7r; that satisfy the following conditions.

(a) Foreacht > 0, 7 is a stochastic kernel on A given S such that ; (A(x) | x) = 1 for all
x €S.

(b) Foreach B € B8(A), m;(B | x) is Borel measurable in (¢, x) € [0, 0c0) X S.

We denote by IT the family of all randomized Markov policies.

By Definition 2.1(a), without loss of generality, we regard 7, (- | x) as a probability measure
on A(x).

A policy m = (7, t > 0) € Il is called randomized stationary if there exists a stochastic
kernel ¢ on A given S such that

(-] x)=¢(|x) forallt >0andx € S.

The set of all randomized stationary policies is denoted by IT;.

A randomized stationary policy ¢ € I; is called deterministic stationary or simply station-
ary if there exists a Borel-measurable function f on § with f(x) € A(x) for all x € § such
that

d{f(x)} | x)=1 forallx € S.

For simplicity, we denote such a policy ¢ by f. The set of all stationary policies is denoted by F,
which means that F is the set of all Borel-measurable functions f on S such that f(x) € A(x)
for all x € S. Obviously, [T D Iy D F.

For each m = (7;, t > 0) € I, we define the associated transition rates g (- | x, 7;) by

gz (D | x, 77) 22/ q(D | x,a)m(da | x)
A(x)
forallx € S, D € 8(S),and ¢ > 0.
The function g, (- | x, 7r;) is also called an infinitesimal generator (for any fixed policy
€ I); see, e.g. [3]. As is well known, any (possibly substochastic and nonhomogeneous)
transition function p; (s, x, t, D) depending on 7 such that

pr(t, x,t + &, D) — 8. (D
tim P2 IEED D) vy

e—07t &

forallx € S, > 0,and D € B(S) is called a Q(z, w)-transition function with transition rates
qr (- | x, m;), where &, (D) denotes the Dirac measure at point x € S.
By Theorem 1 of [23] (see, e.g. [S] and [22]), we have the following fact.

Lemma 2.1. For each policy m = (7w;, t > 0) in I, there exists a Q(t, w)-transition function
with transition rates g (- | x, 7).

Lemma 2.1 guarantees the existence of a Q(¢, )-transition function, such as the mini-
mum Q(t, m)-transition function denoted by pg‘i“ (s, x, t, D), which can be constructed from
qr (- | x, ) (see [5] and [23]). But, as is well known (see, e.g. [1, Theorem 2.2.2]), such a
Q(t, m)-transition function might not be regular, that is, we might have pg‘in (s,x,t,8) < 1for
somex € Sandt > s > 0.

To ensure the regularity of a Q(t, 7)-transition function, we propose the following ‘drift
condition’.
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Assumption A. There exist a measurable function w > 1 on §, and constants ¢y € (—o0, 00),
bg > 0, and My > 0 such that

@1) fS w(y)gdy | x,a) < cow(x) + bg for all (x,a) € K; and

(i) g*(x) < Mpw(x) for all x € §, with ¢*(x) as in (2.3).
Remark 2.1. (a) Assumption A is satisfied when the transition rates are bounded (that is,
SUp, s g*(x) < 00).
(b) Assumption A(i) is an extension of the ‘drift condition’ (2.4) of [17] for a homogeneous

Q-transition function.

(c) Under Assumption A, it follows from Theorem 2 of [23] that pg‘i“ (s,x,t,8) = 1. Hence,
the Q (¢, 7r)-transition function with transition rates g (- | x, 7¢) is regular and unique. Thus,
we write p"(s, x, t, D) simply as px (s, x, t, D).

For each initial distribution v € P(S), initial time s > 0, and 7 = (717, t > 0) € II, as is
well known, there exists a unique probability space (€2, B(2), P{ ), in which the probability
measure Pg , is completely determined by v and p (s, x, ¢, D). Then, Lemma 2.1 of [6] ensures
the existence of a ‘state and action’ process {x(¢), a(t), t > s} such that

P7 ((x(1),a(t) € K) =1, (2.4)
PT,(x(s) € D, a(s) € C) =/ 7,(C | y)v(dy), 2.5)
D
Py, (x(t) € D, a(t) € C) = // 7 (C | ¥y)pr (s, x,t, dy)v(dx), (2.6)
SJD

forallr > 0, D € 8(S), and C € B(A).

Let EY , denote the expectation operator associated with P{ . In particular, if v is concen-
trated on the ‘initial state’ x at time s (i.e. v({x}) = 1), we write P{ , and E{ , as P{ , and E{ |,
respectively. Furthermore, if s = 0, we write P{  and ET | as PT and ET, respectively.

Foreach 7w = (m;, t = 0) € I, let

clx,my) == / c(x,a)my(da | x) foreachx € Sandr > 0. 2.7
A(x)
Then, by (2.6) and (2.7), we have
E’;x c(x(t),a)) =Ef  c(x(@),m) := /Sc(y, ) pr(s,x,t, dy) foreacht>s. (2.8)
Since c(x, a) is measurable in (x,a) € K, and 7,;(C | x) is measurable in (¢, x) € S =
[0, 00) x S (for each fixed C € B(A)), it follows from (2.7) that c(x, 7;) is measurable in
(t,x) € S, and so is the expected cost EY | c(x(t), a(t)) because pr (s, x, ¢, dy) is continuous
int > s; see, e.g. [23].

Let a(> 0) be a fixed discount factor. For each policy m € Il,s > 0, and x € S, the
expected discounted cost and average cost criteria are defined as

Vo (s, x, ) :=/ e U™V ET c(x(1), a(t)) dt (2.9)
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and

T
/ ET, c(x(1), a(1)) dr, (2.10)

J (s, x, ) := lim sup
T—o0

respectively. The corresponding discounted cost and average cost optimal value functions are

given by
Vo (s, x) == infn Vy(s,x, ) foralls >0andx € §
Te
and
J¥(s, x) = inlf_[ J(s,x,m) foralls >0andx € S,
e
respectively.

Definition 2.2. A policy 7* € I is said to be discounted cost optimal if
Vo(s, x, ™) < Vo, *(s,x) foralls >0andx e S.
Similarly, a policy 7=* € IT is said to be average cost optimal if
J(s,x,m*) < J*(s,x) foralls >0andx € S.

Remark 2.2. Note that, since p, (s, x, ¢, D) isregular under Assumption A (see Remark 2.1(c)),
without loss of generality, we may replace the costs c¢(x, a) in (2.9)—(2.10) with c(x,a) + L
for any constant L. Therefore, in the following arguments, we will assume that ‘c(x, a) > (
since c¢(x, a) in model (2.1) is bounded below.

3. Main results

In this section we state our main results. Their applications are illustrated with examples in
Section 4, and their proofs are postponed to Section 5.

3.1. On discount optimality

In this subsection we present the main results of discounted cost optimality. To this end, we
introduce the concept of an occupation measure of a policy.

Definition 3.1. (a) The occupation measure of a policy = € IT is a measure p”* (depending
onw)on S x A, which is defined by

o
p™(I) = / e @TIPT ((x(t),a(t)) e D)dr forT € B(S x A).
N
(Obviously, u™ also depends on the initial distribution v at s > 0, but it is still denoted as u™
for simplicity.)
(b) Two policies 77! and 72 in IT are called equivalent if p™ = ur 2

Remark 3.1. (a) By Definition 2.1(a) and (2.4)—(2.6), we have u™ (S x A) = 1/a, and pu” is
concentrated on K in (2.2), i.e.
w" (K =0,

where K¢ denotes the complement of K.
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(b) The marginal (or projection) it of ™ on S is given by
S
o
(D) =" (D x A) = / e~o(=9) Py ,(x(t) € D)dt foreach D € B(S). (3.1

N

Theorem 3.1. Let v € P(S) be any initial distribution. Suppose that Assumption A holds,
that fs w(y)v(dy) < oo, and that o« > co, with « the discount factor, and co and w as in
Assumption A. Then the following assertions hold.

(a) For each fixed policy w € I, the occupation measure U™ is a solution to the equation
ajis(D) = v(D) —|—/ q(D | x,a)u”™ (dx, da) forall D € B(S).
SxA

(b) Conversely, if a measure . on B(S x A) concentrated on K satisfies W(K) = 1/a,
Jsw»its(dy) < oo, and

ais(D) = v(D) +/ q(D | x,a)u(dx, da) forall D € B(S), 3.2)

SxA
then there exists a randomized stationary policy " € Il (depending on ) such that
w? = w, and p* can be given by
w(D xC) = / " (C | x)jas(dx) forall D € B(S) and C € B(A). 3.3)
D

(c) Vo"(x) :=infgen, Vo(0, x, @) = infren Vo(s, x, ) forall x € S and s > 0.
Proof. See Section 5.

Remark 3.2. Theorem 3.1(a) and (b) state some properties of an occupation measure of a
policy. Moreover, Theorem 3.1(c) shows that the family IT; of all randomized stationary
policies is ‘sufficient’ within the class IT of all randomized Markov policies for the discount
optimality when the costs are bounded below.

To guarantee the existence of a discounted cost optimal stationary policy, we also need the
following assumption.

Assumption B. Suppose that the following conditions hold:
(i) @ > cg, with cg as in Assumption A;
(i1) A(x) is compact for each x € S;
(iii) foreachx € S and D € B(S), the function g(D | x, -) is continuous on A(x);
(iv) for each x € §, the function c(x, -) is lower semicontinuous (I.s.c.) on A(x).

Remark 3.3. Assumption B(i) follows from the condition in Theorem 3.1. It is required for
the finiteness of f g w(x)u” (dx), but not needed when the transition rates are bounded. We
call Assumption B(ii) and (iii) the so-called ‘semi-continuity and compactness conditions’,
which are imposed on the primitive data of model (2.1) and are an extension of the standard
continuity-compactness conditions in [13, Assumptions 4.2.1 and 4.2.2], [ 14, Assumptions 8.3.1
and 8.3.3], and [19, Theorem 6.2.10] for discrete-time MDPs.
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To state our second main result for discounted cost optimality, we define a sequence {u,} as
follows. For each n > 0, let

c(x,a)

o
+
atqglx,a) a+qx,a)Js_ix

Upy1(x) := aeiﬂfx){ un(y)g(dy | x, a)} (3.4)

for x € S, where up := O and g(x, a) := —g({x} | x,a)(= 0).

Theorem 3.2. Suppose that Assumptions A and B hold. Then
(@) limy— oo uy = V', with uy as in (3.4) and V} as in Theorem 3.1(c);
(b) V; satisfies the following discounted cost optimality equation:

{ c(x,a) n 1 /
atqlx,a) a+qlx a)fs_ix

Vi(x) = inf

acA(x) Ve Mgy | x, a)} (3.5)

forallx € S;

(c) any policy f € F realizing the minimum in the right-hand side of (3.5) is discounted
cost optimal;

(d) there exists a discounted cost optimal stationary policy.
Proof. See Section 5.

Remark 3.4. (a) Theorem 3.2 not only shows the existence of a discounted cost optimal
stationary policy, but also provides a value iteration algorithm to approximate the discounted
cost optimal value function V.

(b) Except for the fact that the costs are bounded below, the other conditions are much weaker
than those in [7]. For example, we have dropped the following three assumptions required
in [7]: (i) the continuity condition imposed on the class of all randomized Markov policies (see
Definition 2.1 of [7]), (i1)) Assumption B(1) of [7] (i.e. the so-called expected growth condition)
for the finiteness of the expected discounted cost function, and (iii) Assumption C(4) of [7]
(i.e. the absolute integrability condition) for the interchange of integrals and sums.

3.2. On average optimality

In this subsection we focus on the main results of the existence of an average cost optimal
stationary policy.

In addition to Assumptions A and B, to ensure the existence of an average cost optimal
policy, we need the following hypothesis.

Assumption C. For some decreasing sequence {«,} tending to 0 and some state xg € S, there
exist a constant L* and a nonnegative real-valued function H on S such that

1) ay Vo’fn (xp) is bounded in n > 1 (this implies that V;n (xg) < 00, and so we may define the
relative difference of the discount optimal value function Ay, (x) := an (x) — Voj‘” (x0)
on S foreachn > 1);

(ii) L* < hg, (x) < H(x) foralln > 1 and x € S.

Remark 3.5. Assumption C is a continuous-time version of Assumption 5.4.1 of [13] for
discrete-time MDPs. Such a hypothesis is commonly used in discrete-time MDPs, and examples
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satisfying this hypothesis are given in [19, pp. 421-425], but for the case of discrete-time MDPs
with denumerable states.

For the verification of Assumption C, since Theorem 3.3(a) of [7] can be used to verify
Assumption C(i), we need to verify only Assumption C(ii). To this end, we introduce some
notation.

Suppose that there is a set B € B(S) such that, for each f € F and x ¢ B, either
q(B | x, f(x)) > 0 or there are some distinct sets By, Ba, ..., B, € B(S) (depending on f
and x) satisfying

q(B1 | x, f(x)) >0, q(Br+1 | xk, f(xx)) >0, k=1,....,n—1,
and q(B | xu, f(xy)) >0 forallxy e By, k=1,2,...,n.

Then we know that such a set B can be reached from state x ¢ B under any f € F, which is
denoted by ‘x < B’. For the aforementioned B € B(S) and f € F, we denote by

o {inf{t > 0:x(t) € B} if{t>0:x(t) € B} # 2,
B "

+00 otherwise,

the first entrance time to B. We can see that rg < 00, P){ -almost surely (P){ -a.s.). When B

is a singleton set {xg}, we denote T g simply by r;;. Furthermore, for any § > 0 and any
nonnegative Borel-measurable function g on K, define

'[f
UBx, )= E,{[f e e (0), f) dt] forallx ¢ Band f € F, (3.6)
0
where g(x, f) := g(x, f(x)).
Then we have the following fact for the verification of Assumption C(ii).

Theorem 3.3. Suppose that Assumption A holds, and let f € F, x — B € 8B(S), and § > 0.
Then the following statements hold.

(a U 53 (x, f) is the minimum nonnegative solution to the equation

su(x) > gx, f(0) + / u(a(y | x. f) forallx ¢ B.  (3.7)

(b) If, in addition, Assumptions B and C(i) hold, there exists a nonnegative measurable
function u on S that satisfies

c(x,a) +/ u(y)gdy | x,a) <0 forallx # xpanda € A(x),
S—{xo}

with xqg as in Assumption C(i), and hy, (x) < u(x) foralln > 1 and x € S.

(c) If, in addition, there exist some constant B > 0 and B € B(S) suchthatq(B | x,a) > B
foralla € A(x) and x ¢ B, thenE){[rl‘;] <1/Bforallx ¢ Band f € F.

(d) If the conditions in (b) and (c) (with B = {xo}) hold, then Assumption C is satisfied.

(e) Ifthe conditions in (b) hold, and E,{[r,g)] is boundedin f € F and x # xo (with xg as in
Assumption C(i)), then Assumption C holds.
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Proof. See Section 5.

Remark 3.6. Theorem 3.3 is new and can be applied to the case of Polish spaces; see
Examples 4.1-4.3 below. In particular, the condition in Theorem 3.3(d) does not require any
monotonicity assumption, and, thus, it is different from the monotonicity condition imposed
on the transition rates in [9], [10], and [19, pp. 426—427], which further require the additional
monotonicity assumption imposed on the rewards; see, e.g. Lemma 3.3 and Example 5.1 of [10],
Assumption C of [9], and Theorems 8.11.3 and 8.11.4 of [19].

To prove the existence of average cost optimal policies, we need some facts and concepts. For
each f € F, since the transition function p (s, x, t, D) is homogeneous, p (s, x,s + ¢, D)
is independent of s > 0. Thus, we may write ps(x,t, D) := ps(0,x,0 + ¢, D) for all
x €8,D e B(S),and t > 0. Define the ¢-horizon expectation total cost under policy f by

t . t
Jr(x,1) 2=/0 E{ c(x(s). a(s)) ds =/0 /SC(% FO)py(x.s, dy)ds (3.8)

forall x € S and ¢ > 0. We then have the following key result.

Theorem 3.4. For any fixed f € F, let q(x, f) == —q{x} | x, f(x)) = 0, q(- | x, f) =
q(- | x, f(x)), and c(x, f) := c(x, f(x)) forall x € S. Suppose that Assumption A holds,
then

(a) Jyr(x, 1) is the minimum nonnegative solution to the inequality
t
u(x, 1) = c(x, fHre” 40 4 f e /s [q(x, Fetx, s
0

+/S { }u(y,t—S)CI(dy | x,f)} ds
(3.9)

forall x € S andt > 0, satisfying (3.9) with equality;

(b) if there exist a constant p > 0 and a real-valued measurable function u on S bounded
below, such that

p+ulx)gx, f)=>clx, f) +f u(y)gdy | x, f) forallx € S, (3.10)
S—{x}
then p > J(0, x, f) forall x € S.
Proof. See Section 5.

Remark 3.7. (a) Theorem 3.4 needs only Assumption A and allows unbounded costs and
transition rates, whereas similar results in [10] and [24] require some additional conditions.

(b) We call the method used to prove Theorem 3.4 a minimum nonnegative solution approach,
which is new and rather different from those in [10] and [24] for continuous-time MDPs and
those in [13] and [19] for the discrete-time case. Moreover, results of a transition function
constructed from transition rates under the measurability condition play key roles in our
arguments.

The following theorem establishes the existence of average cost optimal policies.
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Theorem 3.5. Under Assumptions A, B, and C, the following assertions hold.

(a) There exist a nonnegative constant p*, a stationary policy f* € F, and a real-valued
measurable function h* on S satisfying the average cost optimality inequality

P = clx, f*() + fs W ey | x. f*()

> inf {c(x,a)—i—/h*(y)q(dy | x,a)} forallx € S. (3.11)
aceA(x) K

(b) Any policy f € F realizing the minimum in (3.11) is average cost optimal. Therefore,
f*in (a) is an average cost optimal stationary policy, and, moreover, p* is the average
cost optimal value.

Proof. See Section 5.

Remark 3.8. The conditions and results of Theorem 3.5 are the continuous-time versions
of those for discrete-time MDPs; see, e.g. [13]. Note that the exponentially ergodic con-
dition in [25] and the drift condition imposed on the relative difference in [10] have been
dropped. Moreover, both the absolute integrability condition and the continuity assumption (see
Remark 3.4(b) above) in [3], [6], [7], [10], [24], and [25] have been removed. Since the proof
of Theorem 3.5 is based on Theorem 3.4, we also call it an average cost minimum nonnegative
solution approach, which is rather different from those in [10], [13, Theorem 5.4.3], [19,
Theorem 8.10.7], and [24].

4. Examples

In this section we illustrate our conditions and show applications of our results with Exam-
ples 4.1-4.3.

Example 4.1. Consider a management problem of a water reservoir with finite capacity C (>
0). The state variable x (¢) denotes the amount of water in the reservoir at time t > 0. Water in
the reservoir can be replenished and used at positive constant rates A and p, respectively. The
quantity of water available to replenish the reservoir depends on the amount of rainfall, and
the largest amount of ‘replenishment’ water is assumed to be M (< C). Moreover, the quantity
of water in the reservoir is divided into three zones: the inactive zone S| := [0, 6], the active
zone Sy := (0, C — M], and the flood control zone S3 := (C — M, C], where the constant
0 (0 < 8 < C — M) denotes the lowest quantity of water that is not normally used. Suppose
that the amount of water in the reservoir decreases to O at a constant rate 8 > 0 due to some
risk, and that the quantity of water to be used can be controlled by a decision maker. Assume
that the amount of water in the reservoir is x and that the decision maker plans for a quantity, a,
of water to be used. Then the decrease and increase in the quantity of water in the reservoir are
measured by Lebesgue’s measure on [x — a, x] and [x, min{x + M, C}], respectively, and the
cost incurred per unit time is denoted by c(x, a). We then obtain a model for continuous-time
MDPs as follows. The state space herein is S := S; U S» U §3 = [0, C], the sets of feasible
actions A(x) atx € S are A(x) := {0} forx € [0,0], A(x) :=[0,x — O8] forx € (0, C — M],
and A(x) := {x — C 4+ M} for x € (C — M, C]. The transition rates ¢ (- | x, a) are given as
follows. For each D € B(S),

q(D | x,a) = BSo(D)+Amp(DN[x, x+M]) — (B+AM)5,(D) forx € Sy anda € A(x);
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when x € > and a € A(x), we have
q(D | x,a) := Bé(D)+ump(DN[x—a, x])+rmp(DN[x,x+M])—(B+pna+rM)é,(D);
moreover, for x € S3anda € A(x),

q(D | x,a) := BSo(D) + ump (D N[C =M, x]) +imp(D N [x, C])
—[B+px —C+ M)+ A1(C —x)18:(D).

(Indeed, the g (- | x, a) defined above are transition rates because they satisfy properties (T1)—
(T3))

For the management problem of the water reservoir, we aim to find conditions that ensure
the existence of discounted cost and average cost optimal stationary policies. To this end, we
consider the following hypotheses.

(H1) Assume that c(x, -) is bounded below and l.s.c. in a € A(x) for each fixed x € S.

H2) B > %)»Mz, and Sup,e4(y lc(x,@)| < Li(x + 1) for all x € S, with some constant
Ll > 0.

Then we obtain the following result.
Proposition 4.1. Under (H1), the following statements hold.
(a) There exists a discounted cost optimal stationary policy for Example 4.1.

(b) If; in addition, (H2) holds, then Example 4.1 satisfies Assumptions A, B, and C. Hence,
(by Theorem 3.5) there exists an average cost optimal stationary policy.

Proof. (a) The proof follows from Theorem 3.2; however, in order to appeal to this theorem,
we need to verify Assumptions A and B. Since (ii)—(iv) of Assumption B follow from the
definition of g (- | x, a) above, (H1), and the description of Example 4.1, we need only verify
Assumptions A and B(i). Let w(x) := x + 1 forall x € S. Then, by the definition of ¢ (- | x, a)
above and a straightforward calculation, we have

X)) < (u+AM+B)(x+1) forallx € S,
x+M

/Sw(y)qmy | x.0) = Bw(0) +A/ (v + Ddy — (B + 2M)w(x)

X
< —Bx+1)+p+IAM? forx e Sy,

X

x+M
(y—i—l)dy—i—)»/ (y + 1)dy
X
— (B + pna+ AM)w(x)
=B — tpua® + IaM* — B(x + 1)
< B+ 1 +p+3AM* forx € S, ael0,x 0],

fsw(y)Q(dy | x,a) ﬂw(0)+u/

X—a

X

C
<y+1>dy+xf (v + D dy
C-M x

—[B4+ux—C+ M)+ A(C —x)]w(x)

Aw(y)q(dy | x.a) = Bw(0) + u/
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= —Bx — yu(x — C + M)* + JA(C + 1)(C — x)
—%A(C—x)(x—i-l)
<—Bax+D+p+IaM?* forxe S, a=x—C+M.

Then Assumptions A and B(i) follow immediately from these inequalities with ¢o = —8,
by := B+ $AM?, and Mo := p + 1AM + B.

(b) Since Assumptions A and B are verified, it remains to verify Assumption C. By The-
orem 3.2, for each 0 < o < 1, there exists an a-discounted cost optimal stationary policy
foa € F, for which Vy(x, fo) = VI(x) forall x € S. Let xo = 0. Then, by (a), (H2), and
Theorem 3.3(a) of [7], we have

aV =aV y + <
1= o o o ﬁ ﬂ

0, 4.1

where L is a constant. This implies Assumption C(i).
To verify Assumption C(ii), let wy (x) := L} (x + 1) with L := L1 /(8 — AM?/2) > 0. For
x #0and a € A(x), by (H2), we have, for x € S§; anda = 0,

Lic+1) +f wi()g@y | x,0) = Ly + 1) + L) (1AM? — Bx + 1)
0

<Lix+1) = Li(B = 3AM?)(x + 1)

forx € Sp anda € [0, x — 0],

Li(x+1) +/ wi(Mgy | x,a) = Li(x + 1) + L (=S pa® + 1am? — (x + 1))

SLix+ 1) = Li(B— 3AM*)(x + 1)
<0 4.3)

and, forx € Ssanda=c—x + M,

Ll(x+1)+/ wi(Y)g(dy | x, a)

= Li(x+ 1) = L (300 = C+ M)* + B(x + 1) = 3A(C + 1)(C — x)
+3M(C =)+ 1))
<Lix+ D)= Li(Iue—C+M?* +Bx+ 1) — Sam?)
<0. “4.4)
Moreover, since g({0} | x,a) > B for all x # 0 and a € A(x), by (4.1)-(4.4) and Theo-

rem 3.3(d), we can see that Assumption C(ii) is satisfied.

Remark 4.1. It should be mentioned that the state space in Example 4.1 is not denumerable,
any monotonicity assumptions imposed on both the rewards and transition rates in [9], [10],
and [11] are not required.

Next we illustrate the applications of our results with another two examples with unbounded
transition rates.
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Example 4.2. Consider a control problem of hypertension, in which we are interested in how
to control the average time when the blood pressure in a body is ‘stable’. As is well known,
by the normalization technique we can describe the blood pressure with the standard normal
distribution N (0, 1), and, thus, the normalized quantity of blood pressure may take values in
S := (—o00, 00). When the current amount of blood pressureis at x € S and a controlled amount
a is given, we suppose that the holding time of the ‘stable’ blood pressure has an exponential
distribution with parameter (y |x| + a)~1, where y is a fixed constant. Thus, the rate of change
of blood pressure is given as

q(D | x,a) := B8y(D) + (y|x| +a) e 2dy — (y|x| + B+ a)b: (D) (4.5)

1
D—{x} V21
for each D € B(S), where the constant § represents the rate at which a risk may happen.
We denote by c(x, a) the cost of taking control @ when the current amount of blood pressure
isatx € §, and regard a as an action, which takes values in [0, «], with some constant ¥ > 0.

Then, the model of continuous-time MDPs is specified with S, ¢ (- | x, a), and c(x, a) as above,
and A = A(x) := [0, k] forall x € S.

Our goal is to find conditions that ensure the existence of discounted cost and average cost
optimal stationary policies. To this end, we need the following hypotheses.

(H3) Assume that c(x, -) is bounded below and l.s.c. in a € A(x) for each fixed x € S.

(H4) SUPea(y) l€(x, )| < Ly(x2 4 1) forall x € S, with some constant Ly > 0.
Then we obtain the following result.

Proposition 4.2. Under (H3), the following statements hold.

@ Ifa+ B > %y then there exists a discounted cost optimal stationary policy for Exam-
ple 4.2.

(b) If; in addition, (H4) holds and B > k + %y, then Example 4.2 verifies Assumptions A, B,
and C. Hence, (by Theorem 3.5) there exists an average cost optimal stationary policy.

Proof. Since the proof of this proposition is similar as that of Proposition 4.1, we only
describe the skeleton of the proof, and omit the details.

(a) The proof follows from Theorem 3.2 and, therefore, it suffices to verify Assumptions A
and B. Since (ii)—(iv) of Assumption B follow from (4.5) and the description of Example 4.2,
it remains to verify Assumptions A and B(i). Let w(x) := x2+41forall x € S. Then, by (4.5)
and a straightforward calculation, we can see that Assumptions A and B(i) are indeed satisfied
with ¢ := —ﬂ—l—%y,bo =« + B, and My :=,6+/<+%y.

(b) Since Assumptions A and B are verified above, we now need to verify only Assumption C.
Take xo = 0. Then, by (a), (H3), and Theorem 3.3(a) of [7], we see that Assumption C(i) is
also true. To verify Assumption C(ii), let

wa(x) 1= L(ﬁ +1).
B—(k+vy/2)

Then, under (H4) and 8 > k + %y, a direct calculation shows that

Ly + 1)+ / wa(»q(dy | x.a) <O0. 4.6)
S—{0}
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Moreover, it follows from (4.5) that ¢g({0} | x,a) = B > Oforall x # 0 and a € A(x).
Therefore, by (4.6) and Theorem 3.3(d), Assumption C(ii) is thus satisfied, and the proof is
complete.

Example 4.3. (A controlled birth-and-death process.) Consider a birth-and-death process with
controlled birth and death parameters, in which the state variable denotes a system’s size at any
time ¢ > 0. There are ‘natural’ birth and death rates represented by positive constants A and p,
respectively, and additional birth and death parameters (a; and a»), which are controlled by a
decision maker. When the state of the processis x € § := {0, 1, ...}, the decision maker takes
an action a := (ay, ap) from a given set A(x), which may admit (a; > 0) or expel (a1 < 0)
the birth rate, and also increase (ap > 0) or decrease (a» < 0) the death rate. Moreover, this
action a incurs a cost at rate c(x, a).

We now formulate this system as a model of continuous-time MDPs. The corresponding
function of transition rates g(y | x, a) is given as follows. For x = 0 and a = (a1, az) € A(0),

q(110,a)=—¢(0]0,a) :=a,

and, foreach x > 1 and a = (a1, ap) € A(x),

A2 4 a; ify=x+1,
—(M+A)x2—a1—a2 ify =x,
g I x,a)={ " . @.7)
ux< + ap 1fy=x—1,
0 otherwise.
The cost function c(x, a) is defined as
c(x,a) = p)c2 + h(x,a) forall (x,a) € K, 4.8)

with some fixed constant p > 0 and A (-, -) a Borel-measurable function on K.

To ensure the existence of discounted cost and average cost optimal stationary policies, we
consider the following hypotheses.

(H5) A(0) := [0, %A], and assume that A(x) is a compact subset of [—A, é—lt)»] X [—%u, ] for
eachx > 1.

(H6) The function h(x, a) is bounded below and l.s.c. in a € A(x) for each fixed x € §S.
HT) 1> 3
(H8) sup,eay lh(x,a)| < L3(x2 + 1) for all x > 1 with some fixed constant L3 > 0.
Under these hypotheses, we obtain the following result.
Proposition 4.3. Under (H5) and (H6), the following assertions hold.
(@) If u > A then there exists a discounted cost optimal stationary policy for Example 4.3.

(b) If; in addition, (H7) and (H8) hold, then Example 4.3 satisfies Assumptions A, B, and C.
Therefore, (by Theorem 3.5) there exists an average cost optimal stationary policy.

Proof. (a) It follows from (H6) and (4.8) that the cost function is bounded below. Moreover,
since (ii)—(iv) of Assumption B follow from (4.7)—(4.8) and (H5)—(H6), we need to verify only
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Assumptions A and B(i). Let w(x) := x2 4+ 1forall x € S. Then, by (4.7) and (HS), we can
derive

gF(xX) <A+ 1)+ pu@x?+1) = Mow(x) forallx € S, (4.9)

Do wg(y | x,a) =200 = wx’ + 0+ x’ + 2@ —a)x +ar+ar.  (4.10)
yes

Moreover, by u > A and (4.10), we have, for eacha € A(x) withx > 1,

> wgly | x,a) < — W+ 1) +bo (4.11)
yeSs

for some constant by > 0. Moreover, for each a € A(0), we have

Zw(y)q(y 10,a) =a1 = (A — ww(0) + bo. (4.12)
yeS

Therefore, Assumptions A and B(i) follow from (4.9)—(4.12) with cg := A — u, by as above,
and My := A + u > 0. Thus, (a) follows from Theorem 3.2.

(b) Since we have verified Assumptions A and B in part (a), it follows from Theorem 3.2
that, for each 0 < o < 1, there exists an «-discounted cost optimal stationary policy f, € F
for which V, (x, fy) = V;(x) for all x € S. To verify Assumption C(i), we take xo = 0. By
(4.8), (H8), and Theorem 3.3(a) of [7], we obtain

(p+L3)by  a(p+L3)
< 0

L <aVa*(0) = aVy(0, fo) <
<aVy"(0) = aVy(0, fu) a— A+ p a—r+p

El

since L <cx,a) <(p+ L3)()c2 + 1) for all x € §, with some constant L (by (H6) and (H8)).
Hence, Assumption C(i) is verified.

To verify Assumption C(ii), let {;, } be a decreasing sequence that tends to 0, and let f,,, € F
be the «,,-discounted cost optimal stationary policies. Then

hey, (X) = Vo, (%, fa,) = Va0, fo,) forallx € Sandm > 1.

Let
__ 2(p+L3)
wi(x) (= ———
130 — 194

By (HS), (H7), and (HS8), we have, for x = 1 and a = (a1, az) € A(1),

(x2 + 8x +9).

2Ap+ L)+ Y wi(g(y | 1.a)

y=1

=2(p+ L3)
2p+ L

2P —a)(14£849)+ (ot a@ + 164 9)]
131 — 192

2p+L3) [ 27 55
<2 L - o |\ 5 -+
=20+ 3”13“—1%( PR )

<0,
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and, forx > 2 and a = (aj, ax) € A(x),

(P+LNE+ 1D+ Y wig(y | x.a)

y=1
=(p+L)E>+1)
20p+ L
M[Z(A—M)x3+(9k—7u)x2+2(a1—az)x+9a1—7a2]
131 — 194
<(p+ LT+ 1)
2(p+ L3) , 1 9 7
= 60, — A —7 —(A i
13#—19/\[ A=+ w)x +2( +/L)x+4 +4u}
2(p+L3) [[19 13 ) 35 31
< L2+ 1)+ =2 =0 - = D+ =a— =
= (p+L3)(x" + )+13u—19k[<2 2u>(x +h+ 44

< 0.

The two inequalities imply that

(p+L3)()c2 + 1) +Zw2(y)q(y | x,a) <0 forallx > 1, (x,a) € K.
y>1

Hence, by Theorem 3.3(b) (with xg = {0} and u = w3), we obtain

2(p+ Ls)

m(x2+8x+9) forall x € S.

hg,, (x) = w3(x) =

We now estimate E/ [1:({ ] (for f € F and x # 0). Denote by

oo o0

1 ApOAr(x+1) - Ap(x +k) >
Rs =
! ;(wm 2 R G )G b G ET T

the mean time of first reaching 0 from state ‘oo’ under policy f (see [21, pp. 146-148] for
details), with A ¢(x) := AxZ 4 fi1(x), mr(x) = ux? + fr(x), and f(x) =: (fi(x), L(x)) €
A(x). Then by (H5) we have u r(x) > %sz and A p(x) < A(x + 1)2 for all x > 1. Therefore,
from (H5) and (H6), we obtain

o0

> 1 [A(x + D2 +2)%] - [A(x + k4 12
U T A le
S\ 3ux?/4 T = B /4Bux + D24 B +k + D?/4]
X 4 ( VAN
Y+ 2(5) )
x=1 SMXZ k=0 SM
= M*
<oo forall feF,

and so (by Theorem 2 of [21, Chapter 5, p. 149]), we have
Ejlcc[f(jf] <Ry <M* forallx > 1.

This together with Theorem 3.3(e) verifies Assumption C(ii), and thus completes the proof.
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Remark 4.2. It is worth noting that the conditions in Examples 4.1-4.3, under which the
existence of an average cost optimal stationary policy is ensured, are different from those in
[6], [9], [10], and [11]. In particular, we do not need the monotonicity assumptions imposed
on both transition rates and rewards in [9], [10], and [11].

5. Proofs of Theorems 3.1-3.5

Note that the function V, (s, x, ¢) defined in (2.9) is independent of time s, and, since
Py (s, x,t, D) = py(0,x,t — s, D) for ¢ € I, we can write Vi (s, x, ¢) = V4(0,x,¢) =:
Vy (x, ¢) for each ¢ € IT;.

5.1. Proof of Theorem 3.1

To prove Theorem 3.1, we need the following result.

Lemma 5.1. For each ¢ € Iy, x € S, and D € B(S), let q(x, ) := —qp({x} | x, ) and
q(D | x,¢) == qe(D | x, ). Then, under Assumption A, the following statements hold.

(a) Vu (@) is the minimum nonnegative solution to the equation

c(x, @)

1
v =3 +q(x, ¢) o q(x, @) /s—{x}

u(y)gdy | x,¢) forallx € S. (5.1)

(b) If a nonnegative measurable function u on S satisfies

c(x, @) n 1 /
atqx,¢)  at+qx, ) Js_(y

u(x) > u(y)gdy | x,¢) forallx €S,

then u > Vy(¢).
Proof. (a) Choose an arbitrary ¢ € I1;. Foreachx € S, D € B8(S), and n > 0, define

_ (D)
o0 (x, D) = { XTI D)
o (n—1)
a+q(x, ) [5"(D) +/S_{X} ¢y (v, D)q(dy | x,qb)} forn > 1.

(5.2)
Note that py (s, x, t, D) is homogeneous and gog’) (x, D) is nondecreasing in n > 0. In view of
the theory of continuous-time Markov processes (see, e.g. Theorem 2.21 of [2]), we obtain

forn =0,

o0
/ e py(0,x,1, D)dt = lim " (x, D).
0 n—oo

Since c(x, a) > 0, this equality together with (2.8)—(2.9), the monotone convergence theorem,
and Fubini’s theorem gives

Va(x, §) = fs ey @) lim ¢ (x, dy)| = tim_ fs 0. )¢y (. dy). (5.3)
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For any n > 1, from (5.2) we can derive
/ (v, ®)pg "V (x, dy)
S

[ [ " )
_/a+q<x ¢)< "(dy”/ (2. dy)g(dz | x, ¢)

7 dy)g(dz | x, ) 5.4
= ¢)( ¢)+/S{x/c<y $00 @, dy)a(dz | x, @) (5.4)

Letting n — oo in (5.4), the monotone convergence theorem and (5.3) give

Vetr, gy = — 2B Vaz 9)a(dz | x, 9)
X, = Z,9)qaz | x,9),
¢ at+qx,d)  atqie,d) Js o ©
which implies that V,,(¢) satisfies (5.1).
Let u be a nonnegative solution to (5.1). To prove that u > V(¢), in view of (5.3) it suffices
to show that

/c(y ®)ey” (x, dy) <u(x) forallx € Sandn > 0. (5.5)

Obviously, it is valid for n = 0. In fact, since u > 0 and g(D | x,¢) > 0 for x ¢ D, by
(5.1)—(5.2), we have

cx,¢) )
) = =8 [ e 05, an). (5.6)

Suppose now that (5.5) holds for some n > 0. Then taking (5.4) and the induction hypothesis
into account, we obtain

/c(y $ey (x, dy)

—_ C(_x, ¢) 1 / [ ) d d
= arad T ar a9 s OO @ Dz 159
- c(x, @) e | 5.0)

a+q(x, @) a+qx, @) Js_iy
=u(x).

Hence, (5.5) is valid for all n > 0, which proves (a).
(b) Under the assumption in assertion (b), there exists a nonnegative measurable function v
on S such that
c(x, @) +v(x) 1

u(x) = «tqx. ) +oz+q(x ) Js_u u(y)g(dy | x,¢) forallx € S.

Thus, in view of (a) and (5.3) (with c(x, ¢) 4+ v(x) in lieu of c(x, ¢)), we have

u() = lim f (c(r.9) + vl (x. dy) = Tim / e, e (x, dy) = Vo (x, @)

for all x € S, which yields (b). This completes the proof.
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Proof of Theorem 3.1. (a) Fix a policy w € Il. For each x € S and D € B(S), by the
Kolmogorov forward equation in [23], we obtain

1
pﬂ(s5x5t7D):8X(D)+/ /pﬂ(s7xvta dy)q(D|Y77Tr)dT foralltzs‘
s JS

Moreover, since o > ¢ and f sw(y)v(dy) < oo, by Assumption A and Theorem 3.1 in [7],
we have

00 t
/ e—a(tfs)/s'/ /.D|:/Aq({y} | y,a)m.(da | y):|pﬂ(s,x, 7, dy)drv(dx)dt| < oo.

Thus, by (2.6) and (3.1), we can derive

o0
ﬁg(D)zf e—“<’—S>fp,,(s,x,t, D)v(dx)dt
K S

D > '
_ v(D) +f e—ot(t—s)// fq(D | y, ) pr (s, x, T, dy) drv(dx) dt
s SJs JS

o

00 t
_ v(D) +/ efat(tfs)/‘/‘ / (/ q(D | y,a)m.(da | y))
o s SJs JS-D\JA

X px(s,x, 7, dy)drv(dx)dt

o0 t
+ / o= / / / ( / 4D — () | y.a)me(da | y))
K SJs D A

X pr(s,x, 7, dy)drv(dx)ds

00 t
+/ e‘“(f‘”// /(/ q({y} |y, @)m(da | y))
s SJs JDNJA

X pr(s,x, 7, dy)drv(dx)dr

_ v(D) +/-oo e—ot(t—s)
)

o
t
x/ / q(D | y,a)(/ pr(s,x, 7, dy)m:(da | y)v(dx)) dr dr
s JSxA N
v(D)

oo t
= +/ q(D | y,a)/ e =% (f PT (x(t) € dy,a(r) € da)dt) dr
(o4 SxA s s ’

=224 [ o) y,a>(l [ e R e v € da)dr)
(o4 SxA @ Js ’
D 1

_ D, —f q(D | y,a)u” (dy, da),
a O JsxA

and so (a) follows.
(b) By Lemma 9.4.4 of [14], there exists a stochastic kernel ¢** (depending on 1) on A given

S, which is concentrated on A(x) for all x € S, such that
u(D x C) = / " (C | x)jis(dx) forall D € B(S)and C € B(A).
D

Obviously, ¢* is in I1;. To prove (b), it suffices to show that

/ h(x,a)u(dx, da) :/ h(x,a)u,qw(dx, da) 5.7
Sx A Sx A
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for each nonnegative and bounded measurable function 4 on § x A. To this end, for any
nonnegative measurable function 4 and x € §, define

Vi (x, p*) := fooe—“’Ef“[h(x(t),a(t))]dr and Vi (v, ") :=/\7h(x,¢”)v(dx).
0 S

By Fubini’s theorem, Definition 3.1(a), and (2.6), we obtain

Vi (v, ¢H) = / h(x,a)p? (dx, da). (5.8)
SxA

When £ is nonnegative and bounded (thus, Vi (x, ¢™) is finite), by Lemma 5.1(a) (with 4 in
lieu of ¢) and a straightforward calculation, we obtain

aVi(x, ") = f h(x,a)¢"(da | x) +f Vi(y. ¢")q(dy | x, ¢"). (5.9)
A S
On the other hand, by Assumption A(ii) and ||k := sup, ,)ex |h(x, a)| < oo,

. . A Il
Vals, v, gy | x, ¢ )iis(dx) = | [ lg@y | x, ¢") "= fs(dx)
S S SJS o

2MpllA|l .
< —— | wx)is(dx)
o s

< Q.

Thus, from Fubini’s theorem we can derive

/ h(x,a)u(dx, da)

SxA
=/; Ah(x,a)tﬁ"(da | x)fts(dx) (by (3.3))
= fs<0t‘7h(x,¢“) - /S Vi (y, ¢")q(dy | x,¢“)>/ls(dX) (by (5.9))
=/;Vh(x,¢“)(V(dX)+/; AQ(dx |y, a)u(dy, da)) (by (3.2))

- fs ( fg V(v #M)q(dy | x,qw))ﬂs(dx)

_ fs Vi x. 9M)v(dx) + fs Vi (x. 1) /S a@r |y 0 Wa | y)isy)

- fs ( /S Vi (v, #M)g(dy | x,qs“))as(dx)

= Va(v, ¢ +/S/S‘7h(x,¢“)q(dx |y, ¢")its(dy)

- fs ( /S V(v #M)a(dy | x,¢“>>/:es(dx)
= Vi(v, p™),

which together with (5.8) implies (5.7).
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(c) The desired result follows from (b). Indeed, for any fixed x € §, we take an initial
distribution v such that v({x}) = 1. Then, by Assumption A and Theorem 3.3(a) of [7], we
have b

U w(x)
a(@ —cg) a—co
which implies that fs w(y)asdy) = Vy(x, ) < oo forall w € I1. By (2.9) and (b), for any
policy w e IT and any initial state x € S, there exists a randomized stationary policy ¢7 € Il
(depending on 7 and x) such that

Vw(x,n) < forall x € S and 7w € I,

Va(x, ¢j¢1) = VO[(O’xﬂ ¢)]CT) = V(X(vavn)'

Hence,
V;(x) = inf Vu(x,¢) = inf V4(0, x, ¢) = inf V (s, x, ),
Pells $ells mwell

which is desirable.

5.2. Proof of Theorem 3.2

Before proving Theorem 3.2, we need some general lemmas. Denote by M (S) the family
of nonnegative measurable functions on S.

Lemma 5.2. Suppose that Assumption B(iii) holds. Then the function fS—{x} u(y)gdy | x,-)
is L.s.c. on A(x) for each x € S andu € M, (S).

Proof. Since u € M, (S), there exists a nondecreasing sequence of nonnegative simple
measurable functions {%,} such that 4, ? u. On the other hand, for any fixed x € S and
a sequence {a} in A(x), it follows from Assumption B(i) that there exists a convergent
subsequence {a’; } of {a?} such that afﬁ — ay € A(x) ask — oo. Hence, by Proposition C.4(b)
of [13], forany n > 1,

k— 00

timint [ ua(@y | vad) = tmin [ m 0@y | x.ad
S—{x} k—oo Jg }

—{x
2/ hy(¥)g(dy | x, ax).
S—{x}

Letting n — oo on both sides above, it follows from the monotone convergence theorem that

k— 00

liminf/ u(y)q(dyu,afz)z/ gy | x. ax).
S—{x} S—{x}

which implies that the function fs_{x} u(y)g(dy | x,-) is Ls.c. on A(x). This completes the

proof.
Define operators Ty (for each fixed ¢ € Ily) and T on M, (S) as
Tou(x) = —0® 1 (Wq(y | x,¢) forallx €S
ulx) ;= u(y y | X, or all x .
? at+qx, @) a+qx @) Js—(x 1
Tut) = i {C(""” P (g (dy | )}f llxes
u(x) ;== in u x,a or all x .
acA) |a +q(x,a)  a+q(x,a) Js_i YA

(5.10)

Note that these operators are monotone, that is, u > 1’ implies that Tyu > T¢u’, and similarly
for T.
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Lemma 5.3. Under Assumption A, the following assertions hold.

(a) Foreach ¢ € I, define a sequence {uf} as

uf =0, ul,, :=Tpul foralln=o0. (5.11)

Then {uf} is increasing inn > 0, and lim;,_, o uf = Vy(¢).

(b) If; in addition, Assumption B holds, then the sequence {u,} in (3.4) is increasing inn > 0,
and limy, oo Uy, < V(@) for all ¢ € Tl;.

Proof. (a) In view of the hypotheses on the model (2.1), uf is well defined and uf € M (S)
for all n > 0. Then (a) follows from the monotonicity of T and the proof of Lemma 5.1(a).
(b) From (a), it suffices to prove that

up <u? and wu, € My(S) foralln > 0and ¢ e II;. (5.12)
By (3.4) and (5.10), we know that
uy =0, Upt1 = Tu, foralln > 0. (5.13)

Obviously, (5.12) is true for n = 0. Suppose that u, < uf and u, € M (S) for some n > 0.
Since c(x,a) > 0 and T is monotone, u,y| > u, for all n > 0. Under Assumptions A and B,
from Lemma 5.2, we have fS_{x} u,(¥)g(dy | x,-)is Ls.c. on A(x) for each x € S. Thus, by
Proposition A.3(a) of [13] and Lemma 8.3.8(a) of [14], u,+1 € M (S). Moreover, (5.11) and
(5.13) give

upy1 = Tu, < T“f = Trb”f = Mf—&-l’

where the first inequality follows from the inductive hypothesis and the second inequality is
shown below. In fact, by (5.10) we have
c(x,a)

a+qx,a)
1

a+q(x,a) Js—ix)

Tuf(x) <
uf(y)q(dy | x,a) forallx € Sanda € A(x).

Multiplying both sides by @ + g (x, @) and taking the expectation with respect to ¢ (- | x), we
obtain

(@ + ¢ (x, ) Tul (x) < c(x. ) +fs W (o (dy | x. ),

—{x
which divided by « + ¢ (x, ¢) yields Tuﬁ < T¢uf. Hence, (5.12) is valid for all n > 0. By (a)
and letting n — o0 in (5.12), we obtain lim,_, «c i, < Vy(¢). This completes the proof.

We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. (a) Let {u,} be as in (3.4), and let V be as in Theorem 3.1(c). Since
0=ug <u <--- < uy, the limit u™* := lim,_, 5 u, exists, and 0 < u* < V,(¢) for all
¢ € Iy (by Lemma 5.3(b)), which imply that
V= ¢in1f1 Vo (@) > u* >u, >0 foralln > 0. (5.14)

€Il

o

Then, to complete the proof of part (a), it suffices to show the converse, that is, u* > V.

https://doi.org/10.1239/aap/1293113146 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1293113146

976 X.GUOANDL.YE

To this end, by the monotonicity of 7 and u,,, we have Tu™ > Tu, = u,y;. Lettingn — oo
on both sides, we obtain
Tu* > u*. (5.15)

On the other hand, from the proof of Lemma 5.3(b), we know that u,, € M (S) for any n > 0.
Hence, for any fixed x € S and any n > 1, by Lemma 5.2, Proposition A.3(a) of [13], and
Lemma 8.3.8(a) of [14], there exists a!! € A(x) (depending on x and n) such that

U (x) = upy1(x)

i { g 1 (aq(dy | )}
= in u X, a
acAW) |l +q(x,a)  a+q(x,a) Js_(y Y
c(x,ay) 1

- dy | x,dy). 5.16
05'|'Q(X,a)'c’ a+q(x,a ) S—(x) up(y)g(dy | x ax) ( )

Since al} € A(x)foralln > 1, by Assumption B(ii), there exists a subsequence of {a }, denoted
by {ax"} such that ay* — a, € A(x) as k — oo. Then, for any fixed kg > 0, letting n = ny
in (5.16) and k — o0, it follows from the monotonicity of u,, that

c(x, axk)

{0l+61(x az*) Ol+q(x az*) /7x
c(x, ay)

Tatqx,ay)

u*(x) > liminf
k— 00

un, (¥)gdy | x, aﬁ")}

—— liminf u dy | x,a™ forall k > k
@+ q(x, ay) k—oo /S—{x} iy ()4 Ay | x, @) ( 0)

c(x,ay) 1
Tatqx,ax)  a+qx,ax) Jsoqx

Ungy (g (dy | x,ay) (by Lemma5.2).

Letting k) — o0, by the monotone convergence theorem we obtain

c(x,ay) 1

u(x) > + u*(y)g(dy | x, ax)
dtq@ay) et q@ay) Js o DTG
, 1
> inf { clx. a) u*<y>q<dy|x,a>},
acA) |l +q(x,a)  a+q(x,a) Js_(x

which means that u* > Twu*. This together with (5.15) gives u* = Tu*.
Moreover, since u* € M (S), from Lemma 5.2 and Lemma 8.3.8(a) of [14], it follows that
there exists a policy f* € F for which

o clx, fr(x))
uwx)y=————-—
a+q(x, f*(x))
1
+ - w* Mgy | x, f*(x)) forallx € S.
at G 1) Syt PSS
Thus, by Lemma 5.1(a), we obtain u* > V, (f*) > infgem, Vo (¢) = V.5, which together with

(5.14) gives
F=Vo(fH =V (5.17)

This completes the proof of part (a).
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(b) Since u* = Tu* (just proved), (b) follows from (5.17) and (5.10).

(c) Suppose that f € F attains the minimum on the right-hand side of (3.5). By (a) and
Lemma 5.1, we have V} > V,, (f), which together with Definition 2.2 yields the fact that f is
discounted cost optimal.

(d) The existence of a discounted cost optimal policy is ensured by (5.17).

5.3. Proof of Theorem 3.3

In the following, we prove Theorem 3.3 by using some properties of continuous-time Markov
chains in [2, Chapter 2].

Proof of Theorem 3.3. (a) Denote by
So:=0 and S,41:=inf{r > S,: x(¢) #x(S,)} forn=0,1,2,...,

the nth jumping time. Fix § > O and f € F. For any x ¢ B, by a direct calculation we have
f
B il [ s
Us (x, f) = Ex ,© gx(n), f)de
T s e Ve(x(t), £)de
x 0 {tp >t} ’
oo
=/0 e—(”/sg(y, APL(x) ¢ Bforallu e [0,1t], x(t) € dy)dt

=/ e"”/g(y, 2
0 S

x Y PL(Sw <t < Sps1, x(S) ¢ B, 1=0,1,....m, x(Su) € dy)dr

m=0

x /g(y, FIPL (S <1 < Spats x(S) & B, 1 =0, 1,....m, x(Sn) € dy)dr,
S

where 1p denotes the indicator function of D. Define, for any n > 0,

Us(x, f) = Z/ e“”/g(y,f)
m=0"0 N

X P{(Sm <t <Sut1, x(S1))¢B,1=0,1,...,m, x(S,) € dy)dr.

(5.18)
Then
UB(x, ) = lim Ug(x, f) forallx ¢ B. (5.19)
n—oo
Now define operator Tl{ as follows. For each nonnegative measurable function u defined
onS — B,
Tgu(x) = 8 )
§+q(x, f)
1

S+qx, f) for all 2
+ R SiBi{x}u(y)q(dy | x, f) forallx ¢ B, (5.20)
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Whereg(x9 f) :=g(xvf(x))’ Q(x’f) =_4({x} | X, f(x)),andCI(' | X, f) = CI( | X, f(-x))

Then we have

UMl (x, ) = TJUS(x, f) foreachn > —1, (5.21)

where U{l(x, f) :=0forany x ¢ B.

Indeed, by (5.18) and a straightforward calculation, we obtain

Uptlx, )
n+1

o
= / e f gy, f)
m=0 0 S
X PL(Sp <t < Spat, x(S) & B, 1=0,1,...,m, x(Sy) € dy)ds
o0
= / C_St/g(y, f)Pf:(So <t <81,x(So) & B, x(Sp) € dy)ds
0 S
n+l a0
+Z/ e‘“/g(y, 2)
m=1 0 S
X PL(Sp <t < Spit, x(S) & B, 1=0,1,...,m, x(Sy) € dy)dr
] .
=g(x,f)/ e Pl (t < §))dt
0

n+1

Oofst
+m2:31/0 e /Sgw,f)

x E{ [P{ (Sm <1< Suets [(|(x(SD & BY, x(Sn) € dy | So, x(S), Sl,x(sn)] dr
=0

o
= g(x, f) / e e 1 gt
0

n+1

+ 00*5’/ ,
n;/() e | 80 )

x E{ |:1{x(50)¢3,x(S1)¢B}

x P)]:(Sm <t < Supt, [ Jx(S1) & BY, x(Sn) € dy | So, x(S0), Sl,X(51)>:| dr

=2
g(x, f)

T 5 +q(x, f)
n+1

N “_5,/’
mgfoe 80 )

t
xf f dP! (S; < v, x(8) € dz)
S—B—{x} JO

m
X P{(Sm <t < Sn+1, ﬂ{x(Sl) ¢ B}, x(Sy) €dy | 0,x,8 =v,x(S)) = z) dr
=2
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gx, f)

T 5 4q(x, )
n+1

+ oo*‘”/ ,
mX_:l/oe Sg(yf)

t
x/ / g(dz | x, fe 1DV gy
S—B—{x} JO

m
x Pf(Sm <t < Supt, [ Jx(S) & BY, x(Sw) €dy [ 0,x, 81 = v, x($1) = z)
1=2

g(x, f)
§+q(x, f)

o
+/ q(dz | x, f)/ e—q( [Hva—dv
S—B—{x} 0

x [Z /Ooe_‘s(’_”)/g(y,f)
=0V S

X P (S <t < Spit, x(S) ¢ B, 1=0,1,...,m,x(Sp) € dy)dti| dv

_g(x—’f) / /oo —q(x,fHv,—Svyrn
_5+61(X,f)+ S—B—{x}q(dz|x’f) o e e "Us(z, f)dv

_ 8. f) 1
8+q<-x1 f) 8+q(-x1 f) S—B—{x

}Ué'(z, gz | x, f).

Hence, letting n — o0 in (5.21) and recalling (5.19)—(5.20), we obtain

g, f) 1

; for all B
S+qG. ) T it g ) Jspogy 0 D@ T ) forall v £ B

UB(x, f) =

which implies (3.7).

On the other hand, suppose that « is a nonnegative solution of (3.7). Note that (3.7) can be
rewritten as

g, f) + 1

f
u(x) > u(y)gdy | x, f)=Tspu(x) forallx ¢ B;
§+qx. ) §+q@, ) Js—p-n i
(5.22)
hence, u(x) > U(S_l(x, f)andalso u(x) > U(?(x, f)- Suppose that u(x) > Uy (x, f) for some
n > —1. It follows from (5.20)—(5.22) that u(x) > Ug“(x, f)forallx ¢ Bandn > —1.

Thus, the proof of (a) is complete by (5.19).

(b) Under Assumptions A and B, by Theorem 3.2, for any « > 0, there exists an o-discounted
cost optimal stationary policy f, € F such that V,(x, f) = V;(x) for all x € S. Choose
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xo € § satisfying Assumption C(i). By (2.9) and the strong Markov property, we derive

ho(x) := Vo (x, fo) — Va(x0, fo)

—Ef f T e e (), f) dz} — Vo (X0, fu)
0

_ Jo -
— EJ* /% e~ c(x (1), fo)dt +E'f“|:/ooe"”c(x(t) f)dt:|—V(x £a)
— Ex s Ja X fa s Ja a\ X0, Ja
LJO i o
_ fa -
_ foc IXO —at foz _ fu _
=Ey A e e(x(r), fo) dr | + Ex*[exp(—atyy) Vo (xo, fo)] — Va(xo, fo)
ke -
_nte| [T —ar fa o fay
=Ey e Me(x(1), fo)dt | + Ex*[exp(—atyy) — 1]V (x0, fo)-
LJO i

Since ¢(x, a) > 0 and exp(—arjgg") < 1, we have

Ja
Efa[exp(—a-cf“ _ 1]V ()C f ) <h ( < fu |:/Tx0 —at j|
’ . a (X0, fo) < ha(x) < By e e(x (), fdt | (5:23)
0

Hence, the desired result follows from (b) with § := o, B =: {x0}, f := f4, and g := c in
(3.6)-(3.7).

(c) Let f € F be any stationary policy. Then, under the current condition in (c), we have
qB | x,f)=pBforallx ¢ Band f € F. Letu(x) = 1/B forall x ¢ B in (3.7). Then

_ qB|x,f)
1+ u(y)g(dy | x, f)=1— ——"> <0 <8u(x) forallx ¢ Band$§ > 0,
S—B

B

since g(S | x, f) =0forall x € S and f € F. Hence, it follows from (a) that

f Z —5t l
Ex e dr 5’3 forallx ¢ Band f € F.
0

Therefore, (c) follows by letting § — 0 in the above inequality.
(d) Since e™ — 1 > —u, it follows from (5.23) and part (b) that

—ava<xo,fa)E£“[r)£,“]shau)sEﬁf“[ fo e_“’C(X(t),fa)dt}Su(X), (5.24)

with # asin (b). On th~e other hand, by Assumption C(i), there exists a constant M > 0such that
0 < aVy(xp, fo) < M < oo. This fact together with (5.24), and taking B = {xo} and f = f,
in (c), implies that

< he(x) <u(x),

t@lgl

which yields Assumption C.
(e) Obviously, (e) follows from (5.24) and the proof of part (d).
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5.4. Proof of Theorem 3.4
In the proof of Theorem 3.4, we develop a so-called average cost minimum nonnegative
solution approach.

Proof of Theorem 3.4. (a) To prove assertion (a), we first show that the function J¢(x, r)
satisfies (3.9) with equality, that is, for each x € S and r > 0,

Jr(x,t) = c(x, f)te—q(x,f)t
t
+/(; eQ(x,f)S[q(x,f)c(x,f)s+/

S—{x

}Jf(%l—S)CI(dy | x, f):| ds. (5.25)

Then, we further prove that u(x, t) > J¢(x, t) for any nonnegative measurable function u(x, 1)
satisfying (3.9).

In order to prove (5.25), we apply the construction of p(x, t, D) (for any fixed f € F):
foreachx € S, D € B(S),t >0,andn > 1, let

P(J;(X, t, D) :=1p(x)e 9%t

t ~
pl(x,1, D) := / e 4S5 / p! (vt —s,D)qdy | x, f)ds, (5.26)
0 S—{x}
n
S{(x.t. D)=y pl(x.1, D), (5.27)
k=0

t
mg(x,t) :=/0 /Sc(y, f)S({(x,s, dy)ds
t
= c(x, fHre 41 +/ q(x, e 1 Dse(x, f)sds, (5.28)
0

mi(x, 1) = /Otfsc(y, ST, s, dy)ds. (5.29)
Then it follows from (5.27) and Theorem 2.21 of [2] (or Theorem 2 of [5]) that
S (x.1,D) 1 ps(x.1, D) asn — oc.
Hence, from (3.8) and (5.29), we have
mj (x.,1) 1 Jp(x.t) forallx € Sandt > 0. (5.30)
On the other hand, by (5.26) and (5.29), for each n > 1, we derive

mj (x, 1)

t
_ / / ¢, 1S (x5, dy)ds
0 S

t n
:mé(x,t)%—/o /Sc(y,f)Zp,{(x,s, dy)ds
k=1

= m(];(x, t)

t n s
+/ fc(»f)Z(/ e‘q“"f)’f pl_y (s —r, dy)q(dux,f)dr) ds
0Js =1 \JO S—{x}
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= m({(x, t)
t t n
+/ e—q(x,f)r/ (/ /c(y, D) Zp,{_l(z,s —r, dy) ds)q(dz | x, f)dr
0 S—{x} r JS k=1
= mg(x, t)

t t—r n—l
+/ e*q(x,f)r/ (/ /c(y, f)Zpg (z,s, dy) ds)q(dz | x, f)dr
0 s—{x) \Jo s =

t
=m(j;(x,t)+/0 efq(x,f)r/ { }m"{_l(z,t—r)q(dz | x, f)dr,
S—{x

which together with (5.28) gives

mj (x, 1) = c(x, frre=a4x D1

t
+/0 e‘“x’f’s(q(x, Hex, f)s +/S { }m,{_l(y,t —$)g(dy | x, f)) ds.
(5.31)

Thus, (5.25) immediately follows from (5.31) and (5.30).

Now suppose that a nonnegative function u(x, t) on S x [0, co) satisfies (3.9). Since c(x, f)
and g(D | x, f) are nonnegative for all x ¢ D, it follows from (3.9) and (5.28) that u(x, ) >
my (x, t). Then, by induction and (5.31), we know that u(x, 1) > m',{(x, t) for alln > 1. This
fact together with (5.30) completes the proof of part (a).

(b) Since the transition rates in model (2.1) are conservative, (3.10) still holds when the
function u is replaced by u + L with any constant L. Therefore, without loss of generality, we
may further assume that u > 0.

Leti(x,t) =u(x)+ pt > 0forall x € Sand s > 0, with u > 0 and p as in (3.10). Then,
by (3.10) and g(S — {x} | x, f) = q(x, f), we have

t
c(x, frre” 1 4 / e d S (q(x, et fs+ /
0 S

= c(x, f)te_q(x’f)[

( }ﬁ(yrt _S)Q(dy | X, f))ds
t
+ /0 eq(*’f)s<q(x,f)c(x,f)s+ fs { }[u<y>+p<r—s>]q<dy | x,f>) ds
< c(x, fHre 1w

t
+ /0 e 1T (g(x, Hex, s +qx, Hux) +p —cx, f)

+ pq(x, f) —s))ds
= u(x) + pt —u(x)e 4% (by a straightforward calculation),

and so,

Gx, 1) > c(x, f)re 100t

t
+/0 e_q(xvf)s<q(x,f)c(x, f)s—l—/; { }ﬁ(y,t—s)q(dy | x,f)) ds.
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Hence, u(x, ) is a nonnegative solution to (3.9). By (a) we obtain
u(x)+pt =i(x,t) > Jp(x,t) forallx € Sandz > 0.

Multiplying both sides by 1/¢ and letting 1 — oo, from (3.8) and (2.10), we obtain the desired
result.

5.5. Proof of Theorem 3.5

We now prove Theorem 3.5 by using the average cost minimum nonnegative solution
approach and the optimality inequality method.

Proof of Theorem 3.5. By Assumption C, there exists a subsequence {o,,} of {c,} with
o, | 0, aconstant p*, and a real-valued measurable function 2™ on S such that

p* = lim @,V) (x0) >0 and h*(x) ;= liminf Ay, (x) > L. (5.32)
m— 00 mn m— 0o

Then, for each m > 1, Theorem 3.2(b) ensures the existence of a policy f,, € F (depending

on ;) such that

c(x, fm) 1
am +q(x, fm) am +q(x, fm) S—{x

which together with |V0j‘m (x)q(x, fin)| < oo (by Assumption C(ii)) implies that

Vi () =

} Vo Mgy | x, f),

U V;m (x) =c(x, fn) +/ V(;"m (»)g(dy | x, fin) forallx € Sandt > 0. (5.33)
S
Moreover, by Assumption C and ¢ (S | x, f;;) = 0, it follows from (5.33) that

am Vo, (x0) + otmha,, (x) = c(x, fn) + /S[ham(y) — L*1q(@y | x, fm),

and so

nVE (50) + Uiy, (¥) = (5, fi) + /S hea )= Llg (@ |5 fo)

+ [ha, () = L*1g({x} | x, fn(x)). (5.34)

On the other hand, for any fixed x € S, Assumption B gives the existence of a subsequence
{fi(x)} of { fin(x)} and a} € A(x) such that

lim fy(x) =af and liminfc(x, fi(x)) > c(x, a).
k—o00 k— 00
These facts together with Lemma 8.3.7 of [14] (generalized Fatou’s lemma) and (5.32)—(5.34)
yield
p* = c(x,ay) +/

- }[h*(y) — L¥g(y | x,a) + [h*(x) — L*1g({x} | x, ay)

=c<x,a;‘>+/sh*<y>q(dy | x,a})

> inf {c(x,a)+/h*(y)q(dy | x,a)} forallx €S,
acA(x) Ky

and so (a) follows.
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(b) Suppose that f € F realizes the minimum in (3.11), so that

P = cr, () + / W*(q(y | x, f(x)) forallx € S.
S

Thus, it follows from Theorem 3.4(b) that
p*>J0,x, f) forallx € S. (5.35)

On the other hand, in view of (5.32) and Assumption C(ii), we have

p* = lim o, Vy (xo) = lim o,V (x) forallx € S.
m— 00 mn m—00 mn

This implies, by the well-known Tauberian theorem, that, for each m € ITand x € S,

p* = lim «,V, (x)
m—»00 mn

IA

lim sup &, Vg, (0, x, )
m—0o0

o0
= lim supam/ e " ET c(x(1), a(r)) dt
am0 0

1 T
< lim sup T E7 c(x(1), a(r)) dt
0

T—o0

= J(O, x, 7).

This inequality together with (5.35) gives J(0, x, f) < p* < J(0,x, ) for all # € IT and
x € S, which yields (b).
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