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ON 2-SUMMING OPERATORS

BY
RICHARD DUNCAN®

In this note all Banach space are assumed to be real and separable and their
norms will be denoted by || ||. The canonical bilinear form between a Banach space
B and its topological dual B’ will be denoted by (x, y), x € B, y € B". Recall that
if B, and B, are Banach spaces a linear operator 4 : B;—B, is said to be p-summing
(0<p< o) if there is a constant p>0 such that for any finite family x,, x,, ..., x,
in B, we have

veUir \ ¢
where U, is the unit ball in B;. The fundamental result of Pietsch [4] states that 4
is p-summing if and only if there'is a finite Borel measure » on U, (here U, has the
weak* topology and is therefore:compact) such that

J4x]? sfu (e, Y)1P dv()

for all x € B;. If 4 is p-summing and 0<p<g<oco then A4 is g-summing [2]. In
the case A:H,—H, where H, and H, are Hilbert spaces then 4 is 2-summing if
and only if 4 is Hilbert-Schmidt and in this case 4 is p-summing for all 0< p<oo
[3]. The operator 4 can then be written in the form

Ax =Y Ay(%, X,)Vn
1

where {x,} and {y,} are orthonormal bases in H; and H, respectively, and {4,}
is a sequence of positive numbers such that 3, A2 <co [1, Chap. 1].
Setting z,=4,x, we see that Ax= >, (x, z,)y, Where
sup 3 (yn, )* = sup [y* =1 < 0

veUg yeUsq
and

3 (x, 2 = 3 A3x, x5 = fu(’" W dv(y)

n
where »>0 is the finite Borel measure on U, given by >, Ziéﬁn, 6m"=unit mass at
x,. We give now an analogous representation for 2-summing operators.

THEOREM 1. A linear operator A:B,—B, is 2-summing if and only if A can be

written in the form Ax= >n (X, Ynz,, the convergence being in B,. The sequence
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{z,} < B, satisfies sUP,er, Don (Zns ¥)?<00 Where U, is the unit ball in B, and the
sequence {y,}< By has the property that

D%,y = fU (x, Y2 du(y)
for all x € B;. Here v>0 is a finite Borel measure on U,.

Proof. If 4 is 2-summing, then

4x|? < fU (x, y)y* dv(y)

for some finite Radon measure >0 on Uj;.

For each x € By, we let f, be the equivalence class in L*(») of the function y—
(x, y) defined on U;. Denote by B? the linear subspace of L?(v) defined by Bi=
{f::x € B;}. If H, is the closure of B, in L*(v), then H, is a Hilbert space with
inner product

(f1, f2) =fU fifedv

and norm |f|,=(f, f)!/2. Consider now the map A* defined on B} with values in
B, by A*f,=Ax. Then A* is a linear and well-defined: if f, =f, in L*(»), i.e.,

]fa:l'_faczll = Ile—xzh = Oa
then

A%, — A%, 1 = | A%y — Ax||* = [ AGer—x,)® _<_fU (o1 =2, Y)*dr(y) =

Ifa:l—azz I% =0
so that 4*f, =A*f, . Moreover,

JA*IE = [ Ax]? < f x, Y dv(y) = |ful?

so that A* is continuous from Bj into B,. Since B is dense in H, the map 4*
extends to a continuous linear map 4*: H,—B,.

Note also that H, is a separable Hilbert space since B, is separable and is a dense
subset of H,. Therefore every dense linear manifold (in particular B%) contains a
countable orthonormal basis by the Gramm-Schmidt process. Let {f, }, be such a
basis. Then every f € H, can be represented uniquely in the form

F=3 LYo

and since A* is continuous,

A% = Z fs fwn)A*f'xm
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the convergence being in B,. Set z,=A%, €B, If A*':B,—~H, is the adjoint
map of 4* and y € B;, then

22 W= 2 A s 1P = 2 (fore A¥'y)? = |A¥ 1}
so that ‘
sup > (z,, y)* = sup [A¥[} = [|4¥|* <

veUz n veUaq

since 4*, hence 4*' is continuous. Note also that the map

%o (fon fu) = fU (%, 3) (s 3) ()

is a continuous linear form on B; so there exists y, € B; such that (f,, f )=
(%, y,) for all x in B, n=0,1, 2, . ... Finally, if x € B, then

g(x, Yl =23 (for o = I Sl =JU (x, »)2dr(y) < co.

Thus if x € B,, then Ax=A4*f,=> (x, y,)z, where the sequences {y,} and {z,}
have the properties announced in the theorem. We turn now to the sufficiency.
Suppose A:B;—B, has the form

Ax = 3 (X, Ya)Zn

where the sequences {y,} and {z,} and the measure »>0 satisfy the conditions
stated in the theorem. Let
p = sup 3 (z, »*

veUz

which is finite by assumption. Let x € B;. Then

| Ax||® = sup [(4x, y)|* = sup

> (X, V) (Zs y>’2

veUaq veUa|n
< sup [(z x, yn>2) (z zn, y>2)} <pS iy =p f x, ) do().
veUq n n n U,

Thus A is 2-summing and the proof of the theorem is complete.
We say that a sequence {y,}< B'is strongly 2-summable if

0
lim sup Y (x,y," =0.
m=w ||z <1 n=m

COROLLARY. Let B, be a separable Banach space such that the unit ball in B
is metrizable in the weak* topology (e.g. if By is separable or B reflexive). Let
A:B—B; be p-summing (0<p<2). Then A can be written in the form

Ax = D (X, Y%,

n
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where {x,}< B, is 2-summable and {y,}< B is strongly 2-summable. Moreover,

Am')c = z (x, yn>xn o> Ax
n=1
uniformly in | x| <1.

Proof. Let K be the unit ball in Bj. If 4 is p-summing (0<p<2) then 4 is 2-
summing, and using the notation in the proof of Theorem 1 we have that for each
x € By the function y—(x, y) defined on U, is in H,. Indeed, since the unit ball
in B, is weak* dense in K [7, p. 114] and K is assumed to be metrizable, for each
x € B we can find a bounded sequence {x,}< B, such that (x,, y)—(x, y) for
all y € U and therefore x,—x in H,. It follows as in the proof of Theorem 1 that
for each x € B,

Ax =D (X, y)X,

where the sequence {x,}< B, is 2-summable and the sequence {y,}< B satisfies

S (x, ) = fU 5, 1)* db()

for each x € B}. Now K is compact in the weak* topology and for each n the func-
tion x—(x, y,) is a continuous function on K which we denote by f,(x). Similarly,
the function

x —>f (x, p)* dv(y) = g(x)
U,

is continuous on K as K is metrizable. Since

Seunt= KEilf;f(x) 1 g(x)

it follows from Dini’s theorem that the convergence is uniform. Hence

lim sup Y (x,y,)" <lim sup > fi(x)=0

m=ow ||z|| <1 n=m m—ow xeK n=m

and the sequence {y,} is strongly 2-summable. Finally, note that

|Ax—A,,x||* = sup [(Ax, y)—(4,x, y)|* = sup
lvll <1 vl <

y]| =1

00 2
g (X, V) (X y>‘

< sup (3 r?) (3 ) <m( 3 0

Tl <1 \n=m
where

M = sup 3 (x,, y)?* < co.
vl <1 =1
Therefore

A=At = sup Ix—Apl < M sup ( 305, 3°) >0

z|| €1 \n=m

as m—>o0 since {y,} is strongly 2-summable, and the proof is complete.
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Denote by Uj the locally compact Hausdorff space U,\{0}. Let x>0 be a Radon
measure on Uj (i.e., a Borel measure x on Uj such that u(K)<oo for all compact
K< Uy), having the property that

f (x, ») du(y) < o
Uy

foreach x € B,. If A: B,— B, is a linear operator, we say that 4 is 2-integral bounded
if there is a Radon measure x as above such that

i <[ 7 duy

for all x € B,. This is a natural generalization of a 2-summing operator. The fol-
lowing theorem characterizes 2-integral bounded operators.

THEOREM 2. An operator A:By—B, is 2-integral bounded if and only if there is a

sequence {y,}< By such that
lAx]* < 3 ¢x, yo)* < 0
for all x € B,. Moreover, every 2-integral bounded operator A: B,—B, can be written
in the form
Ax = 3 (X, yp)%,
n=1
where {x,}< B, is 2-summable and {y,}< B satisfies
2 (x, ya)* < Clx)?

for all x € B,. Here C>0 is a finite constant.

Proof. For x € B; denote by f,(y) the function y—(x, y) on y{ We show first
that if 4 is a Radon measure on Uj satisfying

| wvram=ur<w

for all x € By, then there exists a finite constant C>0 such that u(f i)gc lx)?
for all x € B;. Let H, be the closure of the linear subspace {f,:x € B,} in L*(Uy, p).
Then H), is a separable Hilbert space and the map x—f, is linear and everywhere
defined from B, into H,. If x,—x in B, and f, —fin H,, thenthere is a subsequence
{n'} ={n} such that f o, —f a.e. u. But fw,,, (y)={(x,, y) converges to (x, y)=f,(y)
everywhere. Hence f,(y)=f() a.e. u, and therefore f=f, in H,. This shows that the
map x—f, has a closed graph and is therefore continuous. Hence there is a finite
C>0 such that ,u(fi)gC [|x[|? for all x € B,. Suppose now |]Ax]|2g,u(f:) for all
x € By. Let {e,}, be an orthonormal basis for H, so that

f (o 30 duy) = pSD = 3 (fn )
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from Parseval’s equality where ( , ) is the inner product in H,. But for each n,
[(for €< (fos ) (€ns e)=n(f)<C |Ix|? so that the map x—>(f, e,)=(x, y.)
for some y, € B;. Thus

[A4x]* < u(f2) = 3 (x, y < C lx|?

n

for all x € B,. Conversely, suppose
l4x]* < 3 {x, ya)* < ©

for all x € B] where {y,}€B;. We may choose positive constants 4,>0 with
2,10 such that y,=A2,y, satisfies y, € U; and [y,[|—0 as n—co. Denoting by u
the Radon measure

z 2;261/,,'
n=1
on U; (3, =unit mass at {y,}) we have
1Ax[* < 3 (%, yu)® = 3 2%x, vt = p(f3)

and A4 is 2-integral bounded. This proves the first sentence in Theorem 2. Repeating
the same proof as in Theorem 1 yields a representation of 4 in the form

Ax = 3 (%, yo)xn
where {x,} < B, is 2-summable and

2 (x, yu)* = p(f3) < C %[,
This completes the proof of Theorem 2.

REMARK. It is clear that the results obtained in this paper hold equally well for
complex Banach spaces: one has only to replace expressions of the form ( )2
by | |2 in the theorems and proofs.

The author would like to thank the referee for many helpful suggestions in
clarifying the presentation of the paper.
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