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Abstract. We characterize model polynomials that are cyclic in Dirichlet-type spaces in the unit ball
of C", and we give a sufficient capacity condition in order to identify noncyclic vectors.

1 Introduction

Studying Dirichlet-type spaces in the unit ball of C", we can draw conclusions for
classical Hilbert spaces of holomorphic functions such as the Hardy, Bergman, and
Dirichlet spaces. General introduction to this theory can be found in [18, 22].

The purpose of this note is to characterize model polynomials and to study special
families of functions that are cyclic for the shift operators on these spaces. Moreover,
we give a sufficient capacity condition in order to identify noncyclic functions. Norm
comparisons, sharp decay of norms for special subspaces, capacity conditions studied
in [3, 4, 6, 21] are the main motivation for this work. The cyclicity of a function f in a
space of holomorphic functions is connected also with the problem of approximating
1/f (see [19, 20] for the study of this subject).

Full characterization of polynomials in more than two variables looks like a hard
problem either in the unit ball or the polydisk. The cyclicity problem of polynomials
for the bidisk was solved in [5] and shortly after extended in [13]. The corresponding
problem in the setting of the unit ball of C? was solved in [14].

1.1 Dirichlet-type spaces in the unit ball

Denote the unit ball by
B, ={zeC":||z]| <1},
and its boundary, the unit sphere by
Su={zeC":|lzl| =13,

Received by the editors September 6, 2022; revised December 24, 2022; accepted January 11, 2023.

Published online on Cambridge Core January 19, 2023.

This research was partially supported by NCN grant SONATA BIS no. 2017/26/E/ST1/00723 of the
National Science Centre, Poland.

AMS subject classification: 31C25, 32A37, 47A15.

Keywords: Dirichlet-type spaces, cyclic vectors, anisotropic capacities.

L)

Check f
https://doi.org/10.4153/50008439523000085 Published online by Cambridge University Press Updates.


http://dx.doi.org/10.4153/S0008439523000085
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008439523000085&domain=pdf
https://doi.org/10.4153/S0008439523000085

A note on cyclic vectors in Dirichlet-type spaces in the unit ball of C" 887

where ||z]| = \/|z1]?> + -+ + |z,|? is the associated norm of the usual Euclidean inner
product (z,w) = zywy + -+ + z,W,,. Denote the class of holomorphic functions in B, by
Hol(B,,). Any function f € Hol(B, ) has a power series expansion

oo ¢ oo oo k x,
(1 f@)=> az"= > > ap, kzt oz, z€B,,
k=0 k=0 k,=0
where k = (ki,...,k,) is an n-tuple index of nonnegative integers, k! = k;!---k,!

and z* = zf‘---zﬁ". The power series in (1) exist, converges normal in B, and it is

unique since the unit ball is a connected Reinhardt domain containing the origin,

ie., (z1,...,2,) € B, implies (e¥z,...,e"%z,) € B, for arbitrary real 0,,...,0,
(see [12]).
To simplify the notation, we may write (1) as follows:
) f@)=> > azf =3 aizf, zeB,,
m=0 |k|=m |K|=0

where |k| = k; + - + k,,.
Let f € Hol(B,,). We say that f belongs to the Dirichlet-type space D, (B, ), where
« € R is a fixed parameter, if

6 2= 3 (s ey (DR

2
——T gy < co.
Ik[=0 (”—11“|k|)!| <o

General introduction to the theory of Dirichlet-type spaces in the unit ball of C"
canbe foundin [1, 2,15, 16, 20-22]. One variable Dirichlet-type spaces are discussed in
the textbook [11]. The weights in the norm in (3) are chosen in such a way that Dy (B,,)
and D_;(B,,) coincide with the Hardy and Bergman spaces of the ball, respectively. The
Dirichlet space having Mébius invariant norm corresponds to the parameter choice
o=n.

By the definition, Dy (B,) c Dg(B,), when a > 8. Polynomials are dense in the
spaces Dy(B,), a € R,and z; - f € Dy(B,), i =1,...,n whenever f € D, (B,).

A multiplier in D, (B,,) is a holomorphic function ¢ : B,, — C that satisfies ¢ - f ¢
Dy(B,) for all fe D,(B,). Polynomials, as well as holomorphic functions in a
neighbourhood of the closed unit ball, are multipliers in every space D, (B,,).

1.2 Shift operators and cyclic vectors

Consider the bounded linear operators Sy,...,S, : Da(B,) = Dy(B,) defined by
Si:fz;-f. We say that f € Dy(B,) is a cyclic vector if the closed invariant
subspace, i.e.,

[f] := closspan{z}* -z f 1 ki, k, = 0,1,...}

coincides with D, (B,,) (the closure is taken with respect to the D, (B,) norm). An
equivalent definition is that f is cyclic if and only if 1 € [ f].

Since D,(B,) enjoys the bounded point evaluation property a function that is
cyclic cannot vanish inside the unit ball. Thus, we focus on functions nonvanishing
in the domain. Also, nonzero constant functions are cyclic in every space Dy (B,,).
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More information regarding cyclic vectors in Dirichlet-type spaces over the disk, the
polydisk and the unit ball can be found in [3-6, 8, 11, 13, 14, 19, 21].

Just as in the settings of the bidisk and the unit ball of two variables, the cyclicity
of a function f € D,(B,,) is inextricably linked with its zero set

2(f) = {z€C": f(2) = 0.

The zeros of a function lying on the sphere are called the boundary zeros.
1.3 Plan of the paper

Section 3 studies Dirichlet-type spaces. In particular, we give a crucial relation among
them. Using fractional radial derivatives and the Cauchy formula of functions lying
in the ball algebra A(B,,) which contains functions that are continuous on the closed
unit ball and holomorphic in its interior, we give an equivalent characterization of
Dirichlet-type spaces for a wide range of parameters a.

Section 4 studies diagonal subspaces. In particular, we extend result from [21]. It
makes sense to define functions f € Hol(B, ) using functions f € Hol(D(y)) for a
proper p > 0. Geometrically speaking, we are looking at a disk embedded in the ball
but not in a coordinate plane. Thus, we may switch the problem of cyclicity from the
ball to spaces of holomorphic functions of one variable that are well known. Then we
use optimal approximants in order to identify cyclicity.

Moreover, we prove cyclicity for model polynomials for proper parameters. In the
setting of the unit ball of two variables (see [21]), the model polynomials are the
following: 1 — z; which vanishes in the closed unit ball on a singleton, i.e., Z(1-z;) N
S, = {(1,0)},and1 - 22,2, which vanishes along an analytic curve, i.e., Z(1 - 2z12,) N
S, = {(e?/v/2,¢7%/7/2) : @ € R}. In our case, the corresponding candidates are the
following:

p(z) =1-m"z-2,, 1<m<n.
They vanish in the closed unit ball along the following analytic sets:
2(p) NS, = {1//m(e®, ..., 01, 7 (O++0u0) 0 0):6; e R}.

These polynomials are also studied with respect to the Drury-Arveson space in [20].

In two variables, 1 - z; is cyclic in D, (B,) precisely when « <2, and 1- 2212,
is cyclic in D4(B,) precisely when « <3/2. Here, there are more than two
fixed parameters. The characterization of cyclicity of these two polynomials was
crucial in [14].

Section 5 studies the radial dilation of a polynomial. Using the equivalent char-
acterization of Section 3, we identify cyclicity for the model polynomials via the
powerful radial dilation method. In particular, we show that if p/p, — 1weakly, where
pr(2) = p(rz) is a radial dilation of p, then p is cyclic (see [13] for the bidisk settings
and [14] for the unit ball in two variables). This method is quite interesting since it can
be applied to an arbitrary polynomial. Note that in [13, 14], the radial dilation method
is one of the main tools of solving cyclicity problem for polynomials. The main result
of this section verifies the arguments made about polynomials in Section 4.
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Section 6 studies noncyclic vectors. We use the notion of Riesz a-capacity in
order to identify noncyclic functions. Moreover, we study Cauchy transforms of Borel
measures supported on zero sets of the radial limits of a given function f € D, (B,)
and we give asymptotic expansions of their norms. Then employing a standard scheme
due to Brown and Shields [8], we prove the main result. Note that this sufficient
capacity condition for noncyclicity in Dirichlet-type spaces in the unit ball of two
variables was proved by Sola in [21].

2 Standard tools

Let us give some standard tools which will be useful in the sequel.
The binomial series
1 T
= (k+a) .
(1-x)* = T(a)k!

where |x| < 1is a complex number and « is a nonnegative real number. The asymptotic
behavior of the I'-function is the following: I'(k + «) < (k —1)!k®, where the symbol
< denotes that the ratio of the two quantities either tends to a constant as k tends to
infinity or it is rather two sides bound by constants.

The multinomial formula

ko
(x1 4+ x,)F = > 7x{'~--xﬂ,",
lil=k J*

where j = (ji,..., j,) is an n-tuple index of nonnegative integers and x; are complex
numbers.
The Stirling formula that describes the asymptotic behavior of the gamma function

k! = kY2 KK e,

Denote the normalized area measure on C" = R*" by du(z) and the normalized
rotation-invariant positive Borel measure on S, by do({) (see [18, 22]). The measures
du(z) and do () are related by the formula

/(-Cnf(Z)du(z) =2n fooo /s; 271 f(e0)do () de.

The holomorphic monomials are orthogonal to each other in L?(¢), that is, if k
and / are multiindices such that k # [, then

fs *&de(() = 0.

Moreover,

(n-1)k!
(n -1+ |k|)!

n'k!

KRdg(C) = _mk
/s,, IC*Pda(() (2 KD

and fB |25 |*du(z) =
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3 Relation among Dirichlet-type spaces and an equivalent
characterization

We study the structure of Dirichlet-type spaces. Note that

R(f)(2) = 2102, f(2) + -+ + 200, f (2)

is the radial derivative of a function f. The radial derivative plays a key role in the
function theory of the unit ball. A crucial relation among these spaces is the following.

Proposition1  Let f € Hol(B,) and o € R be fixed. Then

! .
feDu(B,) ifandonlyif nif+RI(f)+q> n'RT(f)eDy(B,),
i=1
where a = 2q + v, q € N, and R1 is the g-image of the operator R.

Proof Indeed, it is enough to check that

Inf + Ry = 3 (o e DK

m(”+|k|)2|ak|2: ||f||i- ™
|k|=0 :

We continue by giving an equivalent characterization of Dirichlet-type spaces. In
Dirichlet-type spaces in the unit ball, one of the Dirichlet-type integrals is achieved
in a limited range of parameters.

Lemma 2 (See [16]) Ifa € (-1,1), then f € Dy(B,) if and only if
VO @I - IR(H ()

By (1= [|=[*)

|l =

du(z) < oo.

Above, V(f)(2) = (0, f(2),...,9,,f(z)) denotes the holomorphic gradient of a
holomorphic function f. Note that Proposition 1 allows us to use Lemma 2 whenever
v e (-1,1). Let y, t € R be such that neither # + y nor n + y + t is a negative integer.
If f =Yk axz* is the homogeneous expansion of a function f € Hol(B,), then
we may define an invertible continuous linear operator with respect to the topology
of uniform convergence on compact subsets of B,, denoted by R"': Hol(B,) —
Hol(B,,) and having expression

R f(z)= Y Cp.t,k)az", zeB,,
[k]=0
where
C(n+1+y)L(n+1+k|+y+1)
C(n+l+y+6)[(n+1+|k|+y)

(4) C(y, tk) = < |k|'.

See [22] for more information regarding these fractional radial derivatives.

Lemma3 LetteRbesuchthatn—-1+1t>0.If f € A(B,), then

“Ltppoy f(©)
R f(z)—fS"Wda((), zeB,.
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Proof The continuous linear operator R?! (see [22]) satisfies
1 ) B 1

(1 _ (z, W))n+1+y - (1 _ (z, W))n+1+y+t

for all w € B,,. Next, define f, for ¢ € (0,1) by

R (

- f()
fs(z)—/s‘n Wda((), ZG]BB,,.

The Cauchy formula holds for f € A(B, ) and hence f = lim,_,;- f;. It follows that

R =1l [ o)

e—1

:hmR_“ f( f(¢) 0(())

e—1- 1-(z,e()"
1

1géjmw“57;mﬂwm

L f(¢)

= lim [s = (z e
0

- ) T,

and the assertion follows. [ ]

Theorem4 Leta € Rbesuchthatn —1+af2>0and f € A(B,). Then f € Do(B,,)
if and only if

fa IHﬂf(lfm%m#HWEmym

and

[ |[ (2504 — 240y Zq(p)f(()d (()‘Zdu(z)<oo,

(1_ Z( n+a/2+1
where p,g=1,...,n

Proof Choose t so that a = 2¢. Note that #, t are fixed and hence

( _1)!k! ta. |2
||f||a’“|]§:0( 1+|k|)'||k| k| .

Thus, (4) implies that |[R™f]|o X ||f||«- One can apply then the equivalent integral
representation of Dirichlet-type norms to R™"' f € Hol(B,,), i.e., R™>'f € Dy(B,,) if
and only if |R™! f]o < co. According to Lemma 3, we get that

9z, (R f)(2) = f(l(()(;,wda((), zeB,,
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where p =1,..., n. Expand the term ||V (f)||* = |[R(f)|? as follows:
IVOIP = RO = A=AV OIP + Y 1250z, f ~ 2402, I
psq

The assertion follows by Lemma 2. [ ]

4 Diagonal subspaces

In [3], a method of construction of optimal approximants via determinants in
Dirichlet-type spaces in the unit disk is provided. Similarly, we may define optimal
approximants in several variables (see [20]).

Fix N € N. We define the space of polynomials p € C[z,...,z,] with degree at
most nN as follows:

N N
Ph={p(2)= ¥+ Y andied).
k|:0 kn:O

Remark 5 Let (X,||-]|) be a normed space and fix x € X, C c X. The distance
between x and the set C is the following:

distx(x, C) == inf{||x — ¢|| : c € C}.

It is well known that if X is a Hilbert space and C c X a convex closed subset, then for
any x € X, there existsaunique y € Csuch that||x — y|| = distx(x, C).Let f € Do(B,)
be nonzero constant. We deduce that for any N € N, there exists exactly one py € P§
satisfying

o8 f =1la = distp, (g, (L f - Py)-

Let f € Dy(B,). We say that a polynomial py € Pf} is an optimal approximant of
order N to 1/f if py minimizes ||pf —1||, among all polynomials p € Py. We call
llpn f = 1]|« the optimal norm of order N associated with f.

Let M = (M, ..., M,) be a multiindex, where M; are nonnegative integers, and
me{l,...,n}. Setting

(M1+"'+Mm)Ml+m+Mm

M, M,
MMM

p(m) =

>

we see that
®) #(””)1/2|Zl|M1"'\Zm|M"‘ <1, zeB,.

Using (5), we may construct polynomials that vanish in the closed unit ball along
analytic subsets of the unit sphere.

Remark 6 Let f € Hol(D(u(m)~"/*)), where
D(p)={zeC:|z|<u}, p>0.

According to (5), we define the following function:

f(Z) :f(zl)~ .- >Zn) :f:([/l(m)l/‘lZfVIl'”Z%m), zeB,.
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Then f € Hol(B,) and it depends on m variables. Note that we may change the
variables zy, . . ., z,, by any other m variables. For convenience, we choose the m first
variables. The power 1/4 will be convenient in the sequel.

Thus, the question that arises out is if we may define closed subspaces of D, (B,)
passing through one variable functions. We shall see that these subspaces are called
diagonal subspaces due to the nature of the power series expansion of their elements.

Instead of the classical one variable Dirichlet-type spaces of the unit disk, we may

consider spaces dg, f8 € R, consisting of holomorphic functions f e Hol(D(u7'/%)).

1

Moreover, such functions with power series expansion f(z) = ¥.;7, a;z" are said to

belong to dj if

11, = 2 w2+ 1)@ < oo.
1=0

There is a natural identification between the function theories of Dg(ID): one
variable Dirichlet-type spaces of the unit disk, and dg, and one verifies that the results
in [3] are valid for dj.

We are ready to define diagonal closed subspaces. Set

m+1

Bla)=a-n+
Let a, M, m be as above. The diagonal closed subspace of D, (B,,) is the following:

Ja,M,m = {f € Dtx(Bn) : Ef € d,li(a)>f(z) = f(.‘"(m)l/4zf\/[1"'zir\14m)}'

The existence of a holomorphic function f is unique by identity principle, and
hence there is no any amiss in the definition. Any function f € Jy p,,» has an
expansion of the form

f(2) = Y ai(g"zm)".
1=0
The relation of norms between one variable and diagonal subspaces follows.

Proposition 7 If f € ]y pt,m» then || f]|o = ||fHd,,(,,)~
Proof If f € Ju,p,m> then

(MyD)- (M)

2
o 1e (MDY

Iflla = (1 +1)“(
1=0
By Stirling’s formula, we obtain

A1 = 3o+ 1) 22 (m) a2

1=0
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On the other hand, define the function f’(z) = 3.7°, u(m)~"*a;z". Then f'(u(m)/*
M ZMn) = f(z,...,2,) and

2 N —ntm/2+1/2 -y, 2
15 e = 20+ ) )
The assertion follows since f’ coincides with f. |
The corresponding Lemma 3.4 of [4] in our case is the following.

Lemma 8 Let f € ] m,m>» where a, M, m be as above. Let ry € P}, with expansion

N N
TN(Z) = Z . Z Ak, knzll Zn",
k=0  k,=0

and consider its projection onto Jo p,m

n(rn)(z) = > CM L. My 1,0,..., oszll"'zi\f'"l-
{1:My],.. . M I<N}

Then
llrnf =Ula 2 ll7(rn) f = Ul

Moreover, just as in Proposition 7, there is a relation of optimal approximants
between one variable and diagonal subspaces.

Proposition 9 If f € o p,m> then

distp, (&, (L f - Py) X dista,a) (L f - PX)-

Proof Letry, m(ry) beasin Lemma 8. Then 7(ry) f — 1€ Jo,p,m- It follows that
llrnf =la 2 [|(rn) f = o 2 7 (rn) f = 1laye,, > dista,,, (1L f - Py),
since 7(ry) € P),. On the other hand, let

N
distg,,, (L f - PY) = llanf gy, an(z) = Y ai2'.
1=0
Then, the polynomial
N l l l
q;\T(zl’ cee >Zn) = Z ‘u(m)’ /4a1z{\41 "'Z%"’
1=0

satisfies gy € Jo,m,m N Py and g f — 1 € Jo, p1,m- Thus,

a5 f = Wlageey = lanS = Uldseey =l f = Ul > distp, s, (L f - PR

and the assertion follows. ]
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Define the function ¢ : [0, 00) — [0, 00) by

£k, B<1,
log™(t), B=1,

where log* (t) := max{logt,0}. We have the following.

¢p(1) ={

Theorem 10  Let o € R be such that f(a) < 1. Let f € Jo,m,m be as above, and suppose
that the corresponding f has no zeros inside its domain, has at least one zero on the
boundary, and admits an analytic continuation to a strictly bigger domain. Then f is
cyclic in Do (B,,) whenever a < w and

disty, g,y (L f - PR) X $p(ay (N +1)7".

Proof It is an immediate consequence of the identification between Dg(ID) and dj
and previous lemmas and propositions. ]

If we focus on polynomials, then the following is true.

Theorem 11 ~ Consider the polynomial p(z) =1— m™/?z,---z,,, where1 < m < n. Then
p is cyclic in D, (B, ) whenever a < W

Note that the Theorem 11 is not a characterization. We shall study the case «a >
2n+l-m
T

5 Cyclicity for model polynomials via radial dilation

The radial dilation of a function f : B, - C is defined for r € (0,1) by f,(z) = f(rz).
To prove Theorem 11, it is enough to prove the following lemma.

m/2

Lemma 12  Consider the polynomial p(z) =1- m"/*zy---z,,, where 1 < m < n. Then

lp/pilla < 00 as r — 1" whenever a < 2=

We follow the arguments of [13, 14]. Indeed, if Lemma 12 holds, then ¢, - p -1
weakly, where ¢, := 1/p,. This is a consequence of a crucial property of Dirichlet-type
spaces: if {f,} ¢ D4(B,), then f, — 0 weakly if and only if f, — 0 pointwise and
sup, {||fulla} < oo. Since ¢, extends holomorphically past the closed unit ball, ¢, are
multipliers, and hence, ¢, - p € [p]. Finally, 1 is weak limit of ¢, - p and [p] is closed
and convex or, equivalently, weakly closed. It is clear that 1 € [ p], and hence p is cyclic.

Moreover, it is enough to prove that ||p/p,||a < 00,as r — 17, for ag = 24" Then
the case a < ay follows since the inclusion Dy, (B,) < D, (B,) is a compact linear
map and weak convergence in D, (B,,) gives weak convergence in D, (B,,).

Proof of Lemma 12 By Theorem 4, it is enough to show the following:

= 2 (1= 2GS 2
I = an(l_ Il )‘ [Sn A =rmAC) (1 - é)z’ )P da(()‘ du(z)
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and

. ,,‘f ((lzfiqm;f {Pc,f)l(liil B o (O] du2)

are finite,asr > 17, where f=n+t+1,¢ = 2”*#, and A = m™/2,
Denote

S (1_/1(1 (m)(p
P (=G ) (T (2, )P

where the last integral is equal to

27 Aeim()( Cm)e—ie'
sk L e e g oo ©)
Let z, { be fixed. Then

da((),

2m e*i@
I

Thus, replacing p(e'?()/p(re’®() by p(e'®{)/p(re'®() -1, we obtain

A -1) 2 EPCI"'(mei(m_l)e
Sp = oo [Sn [0 (1= rmAeim07,- L) (1— e=19(z, {))P doda(0).

Next, expand the binomials

2 ei(m—l)e
o (L—rmiem™0---(p)(1-e"19(z,())F
— F(k+ﬁ) (rmACI"’(m)l(Z)C>k ﬂzn ei(m(l+1)—k—1)6d9

2
> I(m(k+1)-1+p)
— T (B)(m(k+1)-1)!

do

(rm/lcl"{m)k(z) ()m(k+1)—1

=2n

_ °_° C(m(k+1)-1+p) m) k_izi
27'[2::']‘ m(k+1)-1 F(/S) ! ( G CM) Z(
Therefore,
m - C(m(k+1) =1+ B) vk,
= A" - "N 2 c(k),
S = 1>1§)|j|=m(21<:+1)71 L'(p)j! Ay eelk)

where ¢(k) = [ R P® e (), a(k) = (k+1,...,k+1(m-comp.),0,...,0) and
b(k) = (jis--vsJp-15Jp + L jps1s-- -5 jn). Whence, 1 < p < m. Since the holomorphic
monomials are orthogonal to each other in L?( o), we get that

1S =

Zp Y+ )P (" Az,
k=0
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where z/ = z1--2p_1Z 41 Zm. Hence, we obtain
P p-1<p

Iy % (1= ") 3 (k+ 12 (a2 fB (1= Nl ezl du(2),
k=0 "

where has been used again the orthogonality of the holomorphic monomials in L* (o).
To handle the integral above, we use polar coordinates

[ Q= lP)lep Pz du(z)

1
X f ‘/S 821171(1_ SZ)Ska+2m—2|(1/)|2|(1_“(m‘zkdg(()ds
O n

[(k+1)!1]™ k! 1
“mrmk+1)-2) (k+1)?

If we recall that B =n +t+1, t = 221=" and A?F = m™*, then applying the Stirling
formula more than one time, we see that

I < (1= > (k+ 1)r2mk,
k=0
This proves the assertion made about I,.
It remains to estimate the following term:

b= L1, ((1254;%2 (pc)m()l(lfil Fppo(@ o,

We shall show that I, ; X I,,. Denote again the inner 1ntegral by S; 4 which is con-
venient to expand it as S, 4 = 2,5, — Z4S,. Recall that z;, = 21" Zp_1Zp41"* . Similar
calculations to the one above lead to

1Spql = (1=1™)|2pzy — (" Az zm)k‘.

Moreover, the orthogonality of the holomorphic monomials in L*(¢) gives the
following estimation:

oo B k B _ k
Ipa % (=" L2 [ 122 202 PlaczPdu(2)

It is easy to see that |Z,2" — Z,2.|* = |z Z 2 4 z,?|2] |* - 2|21+ -z |*. Let us estimate
Y pZq ~ 24%p P q

2
l
the integral
k
fm(|zp|2|z;|2 vzl zm P du(z).
Passing through polar coordinates, we get, for p # g, that

[ tepPizy Pz du(z)

[(k+1)!1]™ k! k+2
(mk+n+m-1)! 2km+2n+2m

= 2n(n-1)!
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and

[ e

~2n(n-1)! [(k+1)!1]™ k! k+1

(mk+n+m-1)!2km+2n+2m’

Hence, we obtain

fB (I2plP 125 = |21+-2m |21 2| dus(2)

[(k+1)1]" k!
" (mk+n+m-2)(k+1)2

Again, applying the Stirling formula to the one above estimates, we obtain
Ipg=(1- rm)? Z(k + 1)r2"'k.
k=0
This proves the assertion made about I, . ]

6 Sufficient conditions for noncyclicity via Cauchy transforms and
a-capacities

We consider the Cauchy transform of a complex Borel measure y on the unit sphere
by

@)= [ gy O 2B

Note that this definition differs from the classical one.

Let f € Do(B,) and put a measure p on Z(f*): the zero set in the sphere of the
radial limits of f. The results in [21] about Cauchy transforms and noncyclicity are
valid in our settings. We deduce that [ /] # D, (B, ), and hence noncyclicity, whenever
Cru] € D—a(B,). Thus, it is important to compute the Dirichlet-type norm of the
Cauchy transform.

Let ¢ be a Borel measure on S, and set u* (j) = [ {/du({), @*(j) = Jg, Jdu(Q).
We have the following.

Lemma 13  Let y be a Borel measure on S,,. Then

k+1
Il = 3 3 DR

k=0j|=k

)" R G

Proof  Our Cauchy integral of 4 on B, has the following expansion:

Cﬂ](z) Z Z F(k+n)_*

()2
k=ojjmx T(n)j!
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Therefore, one can compute the norm of Cp,j in the space D_,(IB,,). The assertion
follows. ]

The following lemma is crucial in the sequel. It is probably known, but we were not
able to locate it in the literature, and hence we include its proof.

Lemmal4 Letjy,..., ju, k be nonnegative integers satisfying j, + --- + j, = nk. Then

bl > (KD,

Proof The I'-function is logarithmically convex, and hence we may apply the
Jensen inequality to it:

log (2 + -+ %) < log'(xi) . logl'(x)
n n n n

Setx;:=j;+1,i=1,...,n.Since j; + - + j, = nk, the assertion follows. [ |
We may identify noncyclicity for model polynomials via Cauchy transforms.

Lemma 15  Consider the polynomial p(z) =1 - m™/*z,--z,,, where 1 < m < n. Then
p is not cyclic in Do (B,) whenever a > 2#5=".

Proof Recall that the model polynomials vanish in the closed unit ball along
analytic sets of the form:

2(p) NSy = {1//m(e®, ..., e =i Or0u) o 0):0, e R}.

It is easy to see that for a proper measure y, y*(j) is nonzero, when mj,, = k and
#*(j) x m~*/2, By Stirling’s formula and Lemma 14, we get that

+1)" 1 (mk)!

e S

k=0

&, (mk
ICLIP 4 < CkZ
=0

Thus, p is not cyclic in Do (B,) for a > 2251=m |

We consider Riesz a-capacity for a fixed parameter « € (0, n) with respect to the
anisotropic distance in S,, given by

d(&n) == (&)

and the nonnegative kernel K, : (0, 00) — [0, o) given by

e a€(0,n),
Ka(t) = {log(e/t), o =n.

Note that we may extend the definition of K to 0 by defining K(0) := lim,_,¢+ K(t).
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Let 4 be any Borel probability measure supported on some Borel set E c S,,. Then
the Riesz a-energy of y is given by

= ]| Kellt= (@ du(@)dutn)
and the Riesz a-capacity of E by

cap, (E) = inf{Ia[p] : p € P(E)} 7,

where P(E) is the set of all Borel probability measures supported on E. Note that if
cap, (E) > 0, then there exist at least one probability measure supported on E having
finite Riesz a-energy. Moreover, any f € D, (B,) has finite radial limits f/* on S,
except possibly, on a set E having cap , (E) = 0. Theory regarding to the above standard
construction in potential theory can be found in [1, 9, 11, 17].

The relation between noncyclicity of a function and the Riesz a-capacity of the
zeros of its radial limits follows.

Theorem 16  Fix a € (0,n] and let f € Dy(B,). If cap,(Z(f*)) > 0, then f is not
cyclic in Do (B,,).

Proof Let y be a probability measure supported in Z(f*), with finite Riesz n-
energy. If r € (0,1), then

log =1+ Re( log

1-r({, 1) (C 11))

—1+Reiz

k=1|j|=k

Note that y is a probability measure, and hence
>, rkk! . N2
L ror ey @ =14 3 5 S )P
)l k=1jl=k *J:

Since |1 — w|/[1 - rw| < 2forr € (0,1) and w € D, the dominated convergence theorem
and Lemma 13 give

IC I < Z |H () < oo

k=1|j|= k

The assertion follows.
We continue setting a probability measure y, supported in Z( f*), with finite Riesz
a-energy, where € (0,n).If r € (0,1), then

1 > I(k+n—-a)kirk

)
(1=l n))e ;J‘Zk IRCE
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Similar arguments to the one above show that

2] [ Rel( gy JOdutn)

- |kZ|Z w [ et

0|jl=k
i Z w k|‘u (J)|2

Again, letting r — 1~ by Lemma 13, we obtain that Cj,] € D_,(B,). The assertion
follows. u

Remark 17 According to [14], one can expect that the cyclicity problem of polyno-
mials in the unit ball of C" depends on the real dimension of their zero set restricted
on the unit sphere: dimg (Z(p) N'S,,).

Let us point out the nature of the boundary zeros of a polynomial nonvanishing
in the ball. See [14] for the two-dimensional case where had been used the Curve
Selection Lemma of [10].

Let p € C[z,...,z,] be apolynomial nonvanishing in the ball. Looking at Z(p) N
S, as at a semi-algebraic set, we conclude that it is the disjoint union of a finite number
of Nash manifolds M;, each Nash diffeomorphic to an open hypercube (0, 1)4im (M),
Note that the Nash diffeomorphisms over the closed field of the real numbers satisfy
some additional properties (see [7, Proposition 2.9.10]).

One can expect then that the characterization of cyclicity and the nature of
the boundary zeros of the model polynomials, as well as, the unitary invariance
of the Dirichlet norm and the sufficient capacity condition, will be crucial in the
characterization of cyclic polynomials in arbitrary dimension.
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