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Abstract

We attempt to discuss a new circle problem. Let {(s) denote the Riemann zeta-function )., n™*

(Re s > 1) and L(s, x4) the Dirichlet L-function )", xy4(m)n™° (Re s > 1) with the primitive Dirichlet
character mod 4. We shall define an arithmetical function R(; 1)(n) by the coefficient of the Dirichlet
series '(S)L' (s, x4) = 2,2 Ra,y(mn~* (Re s > 1). This is an analogue of r(n)/4 = 3 4, x4(d). In the circle
problem, there are many researches of estimations and related topics on the error term in the asymptotic
formula for )}, r(n). As a new problem, we deduce a ‘truncated Voronoi formula’ for the error term in
the asymptotic formula for ., R1,1)(n). As a direct application, we show the mean square for the error
term in our new problem.
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Keywords and phrases: the circle problem, the truncated Voronoi formula, derivatives of Riemann zeta-
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1. Introduction

For each positive integer n, let r(n) be the number of the pairs of integers (k, /)
satisfying k> + I> = n, and

P(x) = Zr(n) —nmx+ 1.

The study on the estimation of P(x) is called the circle problem. It is one of the
important problems in number theory. There are many researches concerned with
P(x). For instance, it is known that

n

P(x) = x ”f;’_) J12r ),

n=1
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where J;(y) is the Bessel function defined by

o YR
1023 G nG D

for y > 0 and I'(y) is the Gamma function. For further topics of the circle problem, see,
for example, [I] and [K].

Many studies of the circle problem are connected deeply with those of the divisor
problem (see, for example, [T] and [I]). In [FMT] and [M], we proposed a new type
of the divisor problem and derived several formulas analogous to the classical divisor
problem. In these two articles, the authors considered the error term for

A () = D" Digiy(n) = xPyisriny(log ),

n<x

where

I
n
Do) 1= (=1 Y dog {10z )
dln
and P++1)(y) is a polynomial of degree k + [+ 1 in y.
The above new divisor function D ;(n) (it is an analogue of the divisor function
d(n) = 34, 1) is the nth coefficient of the Dirichlet series

0 =3 20 Reys 1, (L.1)
n=1 n

where {(s) = Y2, n* (Re s > 1) is the Riemann zeta-function and f*(s) with a (at
least) u times continuously differentiable function f(s) means the uth derivative of the
function f(s), especially fO(s) = f(s).

In this paper, we shall consider a new problem analogous to (1.1) in the case of the
circle problem.

We shall recall that the generating Dirichlet series of r(n) is

WL =Y "2 Res> 1),
n=1

where L(s, x4) is the Dirichlet L-function )} | y4(n)n~* with the Dirichlet character
mod 4. Now we write

(o]

(L (s, x0) = )

n=1

Ry (n
Run® e s> 1)

for u,v = 0, 1 and investigate the error term P(;)(x) defined by

D" Ranm) = axxlogx +arx + ag + Py(x) (12)

nsx

(for the values of a; (i =0,1,2), see (3.2) below); especially, we shall show the
‘truncated Voronoi formula’ for P(;)(x). The first theorem of this paper is as follows.
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Tueorem 1.1. For an arbitrary small positive €, a large parameter x, and a large
natural number N < x* with some positive constant A,

202
P =Sy, oo £ 2
n<N

1
\fzwiwmﬂmn«fz (M%/@
ol n<N

+0(x°) + O(x' TN~ (1.3)

where
S (n) =—-2log m)R0)(n) + Ro,1y(n) + R1,0)(n),
T
T(n)= 2 log ﬂ)(log —)R(O,O)(n) ~log @m)Ro.1»(n)

log(z)R(l 0@ + Ra(n), (1.4)

and in the right-hand side of (1.3) the implied constants in the symbol O depend at
most on €.

Immediately we have the following corollary.

CoroLLARY 1.2. Using the same notation in Theorem 1.1,

1/4 R.0)(n) log*(m?nx
P<1)(x)=—x—z 0@ log’( )cos(2n nx + %)

3/4
an n<N !l
xl/4 S (n) log(n*nx) n
- E ZN TCOS(zﬂ' nx + Z)
n<

Mo T n |

& [2+en7—1/2

-— g S cos(2rr nx+Z)+0(x)+0(x N~/9).
n<N

Moreover, we have the mean square formula for Pj)(x):

THEOREM 1.3.

X 2

1

f Py(x)dx= —— 768 E ;3(72)X3/2 log* X + C3X*% log® X + C, X3 log? X
1 =1

+C1X°log X + CoX* + O(X°1**)
for X > 2, where the coefficients C; are absolute constants defined in Section 4.
As a behaviour of the error function Pj)(x), we obtain the following corollary.

CoOROLLARY 1.4. We have
0(x1/3+£)’

Pay(x) = {Q(xl/4 log? x).
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The O-estimate in this corollary can be proved by taking N = x!/3 in Corollary 1.2,
and the Q-estimate is a direct consequence from Theorem 1.3.
By the same reasoning as the classical circle problem, we conjecture that a bound

P1y(x) = O(x'4+)

holds for x > 2 from the Q-estimate in Corollary 1.4.

2. Lemmas

Throughout the paper, € denotes an arbitrary small positive number which need not
be the same at each occurrence, and the implied constants in the symbols O( ) and <«
depend at most on €.

To prove Theorem 1.1, we shall prepare several lemmas. First we shall recall the
functional equations of {(s) and L(s) (from here we write L(s) instead of L(s, y4) for
simplicity):

12T = 5)
rg

371/21—‘(1(2— )
L(s) = Y(s)L(1 = 5), W):(E) 1"(?(s—+;))
2

£(8) =x(){( =), x(s)=n

4
21 T =)
I'(s) -~

Since () = x'(){(1 = 8) = x()¢"(1 = s) and L'(s) = ¢'(1 = 5) = p(s)L'(1 - 5),

FOL () =x (W ()1 = L = 5) = X' (W ()41 = L' (1 = 5)
=X ()" (1 = L1 = ) + x(()' (1 = HL'(1 = 5). (2.1)

X((s) = 7

Let us define

D p(s) = X (W), Dls) = Dio0)(5) = X ($)y(s).

To apply the method used in [M], we recall the following formulas for the Gamma
function I'(s) (s = o + it, o, t € R).

Lemma 2.1 (The Stirling formula for I'(s)).

O (! lizs +0(5)) dargsi <2, 22)

(o + it)] = «/ﬂe—“"')/%tr’-“z(l + 0( )) (C1<o<omll=2), 23)

li§
where o and o are fixed real numbers.

Under these preparations, we first observe the following lemma.
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Lemmva 2.2. Let s =0 +it (0, t €R), 0y < 0 < 0 (01, 03 are fixed), and |t| > 2. For
the above @ j(5),

(s)| = ( A )1/2 0(1 + 0(#)) 2.4)
weoi=(3) " : 1/2_0(1 ; o( = )) 25)
D(s) = O(f]' ), (2.6)
X(5) = x(s)(=log [f) + x(s) log(2m) + O "/>7), 27
V() = ws)logl) + () log( 3 ) + 0™, 2.8)
Do, 1y(s) = D(s)(—log [t]) + D(s) log(g) + 0(|t|_20), 2.9)
D1 ,0)(s) = D(s)(—log |t]) + D(s) log(2m) + 0(|t|_2(r), (2.10)

.1)(5) = D(s)(~log [1)? + B(s)(log |f) log(x)
+@(s)(log 27r)(log g) + 012 log |1]). @.11)

Proor. The formulas (2.4) and (2.5) are easily deduced from the Stirling formula (2.3).
The estimate (2.6) is a direct result from (2.4) and (2.5).

The formula (2.7) is proved by Gonek [G, page 133, Lemma 6]. By a similar
method of Gonek, we get (2.8). Applying the formula

r |
—(s) =log s + o(m) (1t = 2)

to the logarithmic derivative of y/(s),

/4 Vs 11“’(1 ) IF’(s 1)
i) =1log=———[-2=-9))==—(2 + =
AR Sl VIS IS e P
It
= dog X 110 T 4 0( )
og 5 +logg I
This and (2.5) imply (2.8).
By (2.4), (2.5), (2.7), and (2.8), we get (2.9), (2.10), and (2.11). m]
In a proof of Theorem 1.1, we will consider the integrals of the form
—e+iT
(HX)S
[ wap0™as
—&=iT
in Section 3. Here we give a lemma on this 1ntegra1.

Lemma 2.3. Let any T, x > 0 be large and n a positive integer. For @ j(s) (i, j =0, 1),
1 —e+iT (nx)s

i i D, j)(s)

sz f D, j(—€ + it) (( ))lt (( )(logT)”f). (2.12)

ds
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Proor. For any positive integer n,

1 —e+iT (nx)s —e+iT —e—2i ( x)s 1
— (O} cD ; + O( )
2mi —e—iT ; j)(S) ds= 271-1 —&+2i - —zT ¢ j)(S) s ( )8
By 1/(=& +it) = 1/(it) + O(1/?) (l/t| < 1) and (2.6), (2.9)—(2.11) in Lemma 2.2, we
obtain the formula (2.12). O

To express P()(x) as certain partial sums involving the Bessel function J;(y),
we apply the formula (2.14) below, which is a consequence of the well-known
formula (2.13).

Lemma 2.4 [J, page 20, Lemma 1.5]. For x > 0,

1 [(rd-s)x
i) T ?d s = VxJ1(2Vx). (2.13)

From Lemma 2.4, we have the following result.

LemMma 2.5 (see [M, page 340, Lemma 3.5]). Let x > 0 be large and N a large positive
integer. Choose a large T satisfying N + 1/2 = T?/(n*>x). For any positive integer

n<N,
( )l[
i f f CD( e+ it) o )8

_ \/n_le(znx/ﬁ)+0((;) )+o( ! ) (2.14)

log X2

n

Proor. We shall choose a large T > 0 satisfying N + 1/2 = T?/(n*x). By (2.13), for
any large x > 0 and any positive integer n < N,

i cp()( D ds = Vaxdy2x ). 2.15)

2mi

As in an argument in [T, page 318] by the residue theorem,

] i0o Ky 1 iT —[00 —e+iT —iT Ky
— | o )(”x) —( f + f + f + f )(D(s)(nx) d
271 J oo 271\ Jioo —iT iT —&—iT s

1 —e+iT K
_ O(s )(nx) (2.16)
27” —&—iT
Since (2.6),
—e+iT nx\¢ T2£
o f j: - CD(s)  ds < fQ (ﬁ) do<-——. @17

Next we shall estimate

ico s R . it log(m*nx)
I'(1—it &
f (D()(nx) dS:limf (-me dr.
i T

iT R—co F(lt) t
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[7] On a new circle problem 237
By the Stirling formula (2.2),
) 1 1
T = if) = V2|22 t(—t10g|t|+t¥7r/4)(1 . 0(_)),
(1 —it) = N e ™ e 12it  O\IP
1

T(it) = \/ZrIII_l/ze_"/zltleimog Itl—t¢n/4)(1 + %t + O(W))’
1

(- i ( 1 ( 1 )) a1
— 7 —1-=+0l=))ité og|t|+2r)'
TGr) 6 T O\ ) Me

Here we put G(f) = —2tlog [t| + 2t + tlog(n’nx) for T <t < R. We observe that

2 1

N+§
= —log <0 (m<N).

G'(t) = -2log [f] + log(n*nx) < —log >
m2nx n

Hence, by the first-derivative test,

R 1 1Y), 1 1
f (1 -—+ O(—))e’G") dt < + =,
T 6it |t|2 N T

1
1
2
log =

This upper bound is uniform on R. Therefore, on letting R — oo,

50

log ==

Collecting (2.15), (2.16), (2.17), and (2.18),

1 —e+iT Ky
s
2ri J it s

ds = \ixJ,(2m ix) + 0( r )+ 0(

1
o e ECAC)

n

log

By applying the relation 7% < Nx, we can see that the first error term on the right-hand
side in (2.19) can be replaced by O((N/n)®).

On the other hand, the left-hand side of (2.19) is expressed as (2.12). Then we get
(2.14). O

We remark that we shall replace the error term O(T%/(nx)® logj T) with
O((N/n)? logj T) under the assumption that 72 < Nx in the following process.

From the formula (2.14), we shall deduce important formulas used in a proof of
Theorem 1.1.

Lemma 2.6 (see Gonek [G] and [M, page 340, Lemma 3.6]). Let x > 0 be large and
N a large positive integer. Choose a large T satisfying N + 1/2 = T?/(n*x). For any
positive integer n < N,

I+ 11 T -2 : 4
(_) _(f _f )|t|2561F(I)(ﬂ,2nx)zt d
n (nx)? 2mi\ J, _r

= vnenvim + oY) + o(1 =) (2.20)
og —+
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1 1+2¢ 1 1 T -2 . .
() o f - f )i -tog e @ dr
Vg (nx)? 2mi\ J, _r

= —@11 (27 Vnx) log(n’nx) + 0((%)23 log T) + 0(1010%51 ), (2.21)

2

1\1+26 1 1 T -2 ) ) g
() | f - f JiPe—tog e e di
Vg (nx)2 2mi\ J, _T

2

N Nye log? T

= L en V) log () + 0((—) log? T) i 0( o ) (2.22)
- :
log —=

where F(t) = =2tlog |t| + 2t.
Proor. To deduce (2.20) from (2.14), by the Stirling formula (2.2), we remark that

F(l +e— lt) — "27T|Z‘|1/2+8€¥7T/2[ei(_“0g‘tlin/z(%+g>+t)( + 0(|t| ))

T(=g + if) = V2l /2™ it~ tlog [F/2(L +&)— t)(l + 0( |1| ))

) (nx)it (1)l+2 26 iF() (7‘[ nx)zt |l| ( |t|28 )
O(— t =(- fett) — o , 2.23
(- +i )t(nx)g bd i~ (nx)e t M |f|(nx)® ( )
where F(f) = —2tlog|t| + 2t. Then by (2.12) and (2.23) for any n we observe that
1 —e+iT (nx)s
Ti D(s)
T J—e—iT

- (%)Hk(ni)szim( f2 g I ;2)|z|2se”’")(7r2nx)"’ dr + 0( (Z)) (2.24)

From this and (2.19), we obtain the assertion (2.20).
We shall deduce (2.21) from (2.20). Since (ef?) = (=2ilog |t))e'f?, using
integration by parts,

1 1+2¢ 1 1 T _2 , N i .
(;) (nx)82_n.l' f _f |t| 5(—10g|t|)el (f)(n. nx)ll dt
1 1+2¢ , lF([)
( (nx)s oy ( f f I 8 (7r Tnx)" dt
1\1+2¢ ”e zF(t) T 5 eiF® ) . )
( ) (nx)s i {[| | (7r nx) , [Itl 2 (m°nx) ]_T
lF(l)
_(f +f 2t’3|t|2g 1 5 2nx)" dt
2 -T
T -2 eiF(t) '
- (f - f )|1‘|2(9 2 ilog(ﬂ'znx)(ﬂ'znx)” dt}
2 -T l

log(ﬂznx)( 1 )“2’3 1 1 ( f T f _2) 26 iF(f)( 2. it ( T
_ s\t _Y( 2 - - 1*e Tdt+ O )
2 T (nx)? 2mi\ J, _T e ) - (nx)®

Here we use (2.20); then we get (2.21).
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In a similar way as above, we shall show that

1 1+2¢ 1 1 T _2 , . X A
(;) (T’UC)'SZ_H'Z' f _f |t| 5(—10g|t|) e (I)(ﬂ. nx)lt dt

() | [ M(n ) ]ZT

(nx)? 2mi

tF(t) =2

1P (~log i) 5 —r nx)]
-T

-
(f f 28|t|2€ !(~log |t|) e (ﬂ 2nx)" dt
(
-

+

zF(t) )
f f ||2£|t| oF (ﬂznx)ndt

IF(Z‘)
f f 2‘9( logltl) zlog(n nx)(m*nx)" dt}

1+2¢ . .
_M(_) __. f _ f t28(_10g|t|)elF(l)(ﬂ.2nx)lt dt
2 b8 (nx)? 2mi\ J, T

o)

By (2.21), we obtain the assertion (2.22). O

3. Proof of Theorem 1.1

We shall apply the following Perron formula to the Dirichlet series {’(s)L'(s) =
> Ran(mn™ (Res > 1).

Lemma 3.1 (Perron’s formula [T, page 60]). For a Dirichlet series D(s) = 3,7 a,n”*
satisfying (i) the series D(s) is absolutely convergent for Res = o > 1, (11) the
coefficients {a,},’ , are bounded by a positive increasing function |a,| < A(n), and (iii)
there is a positive constant « satisfying

Z_;a_ff - ((0’— 1)0) (=19,

= [ DS o)+ o A2

n<x

where x and T are large parameters also x = Ny + 1/2 (Ny is a large natural number)
and b > 1 is a constant.

Since |R1,1(n)| < d(n) log2 n, and {’(s)L'(s) has a pole at s = 1 of order 2, we apply
this lemma to D(s) = £’ (s)L'(s).

To apply the residue theorem in the above integral, we shall recall estimates on (s),
L(s), {'(s), and L'(s).
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Lemma 3.2. Let € > 0 be any sufficiently small number, |t| > 2, and k a nonnegative
integer. For (™ (o + it) and L® (o + it),

|t|1/2—0'+8, o< O,
O +it), LP(o + i) < {g'20-0% o< <1,
7%, o>1.

Proor. The estimates on /®¥)(s) are stated in [G, page 127]. We shall check them in the
case of LX) (s). Putting o = 1 + &, trivially, we have L(1 + & + if) = O(1). On the other
hand, by the functional equation L(s) = ¢/(s)L(1 — s) and (2.3),

L(—& +it) = O(1)'"**¢) (1] > 2).
Then, for —e <0 < 1 + g and [f| > 2, by the maximum-modulus principle,
L(o + ir) < [0,

which implies the estimates of L(s) for o > 0. Moreover, using the results and the
functional equation for L(s), we see the estimate of L(s) for o < 0.

By the Cauchy integral formula,

sy = K f Ls+w

27 wk+l

where C; is the circle |w| = 1/log |¢|. From this and the previous results, we complete
the proof of Lemma 3.2. O

Also, we calculate the residues of ’(s)L'(s)x°/s at s = 0, 1. Since L(s) is regular at
s = 1, we write

L(S):Z+ll(s_1)+12(s_1)2+'“‘

Using these symbols and the facts (see, for example, [T, page 20] and [AC, page 344],
also see [FT])

{'(0)=-1log2r, L'(0)=1logIl*(}) —logn - 2log2,
we have

Res {'(s)L’(s)x—s = —lixlogx + (I} — 2D)x,
s=1 S

x$ 1 1 3 G.1
%zeos {'(s)L’(s)? = —(log 27r)(10g F(Z)) + E(log 2m)(log ) + Z(log 2m)(log 2).
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From Lemmas 3.1, 3.2, and (3.1) and the formula (2.1),

1 1+&+iT 3 x1+s
Ran(n) = — (L (s) - d 0( )
;(um)zmlwﬁgw(@ss+ -
1 —e+iT xs
= o Q,1y()(1 = )L(1 — 5)—ds
T J—e—iT s
1 —& , XS
- 2— (I)(I’O)(S)é’(l — S)L (1 — S)— ds
T J—e—iT S
1 —e+iT X
— 2— (I)(O’])(S)g/(l - S)L(l - S)— dS
L J—e~iT s
1 —e+iT ¥
+ Tt D) -s)L'(1 - s5)—ds
T J—e-iT s

1+ T2£
“lixlogx + (I —212)x+0(xT )+0( )
xg

=L-L-L+1;- llxlogx+ (ll - 212)x
— (log2m)(log F(%)) + %(log 2m)(logm) + %(log 2m)(log 2)

1+ 2e
; o(x ) N o(T )
T xe
say. Hence, we have exact values of ay, a;, and a; in (1.2).
a)=-l, a =11 -2b,
ap = —(log 2m)(log I'(3)) + 3(log 2m)(log ) + 3 (log 27)(log 2).

First, using Lemma 2.6, we shall deduce the following lemma.

(3.2)

Lemma 3.3. Let x be a large real number and N a large positive integer. Choose T
satisfying N + 1/2 = T?/(n*x). Then

Li=Vx) (1\1/)—(n)J (27 ) + O(NF).

n<N

Proor. By the above N, we shall divide /4 into two parts as follows.

B R(l,l)(”) 1 —e+iT (nx)
14—2 ; %f () P

n<N —e—iT
+ i IML f_HZT O(s )(nx)s
nene1 27i Jemir s
T e (3.3)
say. In the case of Iy, by (2.24),
I :n;rl(}r)uza I‘R(:llliin) zjn f f |t|2.e iFO (2 nx) dt + 0( )
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Moreover, we remark that

d
(F (1) + tlog(x'n) = =2 log 1| + log(x’n) > log "_>o.
t N 3
Then, by the first-derivative test,
T% < RaH») T%*
14220( P Z —1+£( ) m )+O( )
osaa log N+} xe
T2£ 2N-1 R TZ&
—o(o Y ) o)
= e RO x
T2 S [Ran(N +m T2
=0( - Ra.¢ ﬂm)m( )
x* £ (N +m)l*¢log Nl x®
TZ& 1 TZS
-0 2ol )
X m<N m xe
T2£
= 0(— logN). (34)

On the other hand, in the case of I4;, by (2.24),

R(l 1)(71)( 1 )1+25 1 1 (fT f—Z) 2 iF(t), 2 it T23
Iy = — = — - f*%e Tdt + 0( )
4 Z n bl (nx)? 27i\ J, T =e ™ n) xe

n<N

Here we use the formula (2.20) in Lemma 2.6; then

R
In=vVx) Run® 1 o vim) + ove). (3.5)
n<N \/ﬁ
From (3.3), (3.4), and (3.5), we obtain the assertion of Lemma 3.3. O

Next we shall consider /3 and prove the following.

Lemma 3.4. Keeping the same assumption in Lemma 3.3,
VX © R,0)(n) log(*nx)

b3 ), T

n<N n

R
; (log ) «/?cZN “f;%(”) 12 \x) + O(N°).

Proor. We put I3, and I3; as follows:

R . (I’l) 1 —e+iT nx)*
13 = Z&—f (D(()’])(S)( ) ds

J12n \nx)

= on 21 )it s
R n) 1 —e+iT nx)’
Z ©.n( )Tf <I>(o,1)(S)( ) Js
e T J—e-iT §
=:151 + I5.
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For n > N, by (2.12), (2.6), and (2.9),

R 1 T —2 it T2.9 1 T
Z Rao@) f + f )‘1)(0,1)(—8 +if) (nx) dt + 0(—og )
n  2mi _ t(nx)¢ pad

Iy =
n>N+1
RlO(”) 1 (n )"
=y = o f f cp( & + if)(~log|f))
n>N+1 i ( )
R 1 it
+(log 7—1-) Z (10)(1’1) f f D(—¢ + it) Z (nx)
2 n>N+1 n 27” n>N+1 t(nx)g
T%¢logT
o)
x¢
Ra o (n) '+2€ 1 . N nx)
-y Ruo® f f JiPe-tog e &
nsNel 2ni (nx)*
ey
S m (nx)
T*log T
o[ —22=)
xE
Applying a similar method used in the estimation of Iy,
T*log T
Iy, = o(i).
x&‘

For n < N, by (2.12) and (2.9),
Raom 1 (" - . (nx) T*log T
Li=)y ———— o1y (—€ + it dt (—)
31 Z (L +j_\T ) (0,1)( S-H)t(nx)a + O pr

= n 2mi

Raon@®) 1 T 2 . (nx)
_Z p 2mf +‘[ )(D(_8+lt)(_10g|t|)t(nx5)d

(logz)nS R“Z)(n)zi,f f P 8+”)( ))t (TZSngT)'

Here we use (2.23), and (2.20), (2.21) in Lemma 2.6; finally, we get the assertion of
Lemma 3.4. O
By using a similar way to (2.10), we obtain the formula for /,.

Lemma 3.5. Under the assumption in Lemma 3.3,

2
_ﬁ Z R(o’l)(n) lOg(ﬂ' nx) ]l (27( \/}’E)

2 n<N \/ﬁ
+(log2m) Vx )| (0\1;_( Ron(™ ; or vm) + ove).
n<N

To complete the proof of Theorem 1.1, we shall show the following formula for /;.
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Lemma 3.6. Under the assumption in Lemma 3.3,

R 1
\/_Z (00)(”)\;)%% (r? YUC)JI(2 Vim)
n<N

~ (log 1) Vx ZR(OO)(")f;g(” " (2 Vi)
n<N

+ (log 7 )(log )«/‘ Z Ro. 0)(") L0 ;27 \E) + O(NF).

n<N

Proor. Using (2.6) and (2.11),

O Roo(m) 1 T 2 _(nx)t T%1log’> T
I, = Z —n %(f +I )@(1’1)(—8 + lt)t(nx)s dt + 0(—)68 )

n<N
R(O‘”(") 1 f f D(-¢ + ir)(~log |f])’ "

n<N n  2mi t(n )
R 1 . it
+Qlogm) Y. o) —.( f + f )cb(—s + inx—log ) " 4

= oon 2mi _ t(nx)®

R 1 it

+ (log 27r)(10g ) ~00 o) f f D(—& + lt) nx)

2 = oon 27 )

T%¢log> T
o(—og )
xE
By (2.23), (2.20) (2.21), and (2.22), we get the assertion of Lemma 3.6. O

Finally, by Lemmas 3.3-3.6, we complete the proof of Theorem 1.1.

4. Proof of Theorem 1.3

In this section we shall investigate the mean square of P()(x) and prove
Theorem 1.3. In Theorem 1.1, we apply the well-known formula

Jl(y)z—\/%cos(wa )+0( 3/2) >1.

We easily get the assertion of Corollary 1.2. Using the corollary, we shall show
Theorem 1.3. Moreover, by noting that log 7°nx = log x + log 7°n,

x410g% x < Ro.0)(n) 7T
Py(x) =~ 4ﬂg Z (n3; 7 cos(27r nx + Z)
n<N

x4 log x Z a(n)

2n n3/4

bg
cos(27r nx + —)
n<N 4

XN B oy + T+ 00f) + 0 EN), (41)
T 4
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where
a(n) = Roo)(n)log (7*n) + S (n),

sy = Roo® Logzorzn) LS 1<>2g (*n)

Here S (n) and T (n) are the functions defined by (1.4).
In order to deduce Theorem 1.3 from (4.1), we prepare the following lemma.

+ T(n).

Lemma 4.1. Let a(n) and b(n) be arithmetical functions satisfying a(n), b(n) < n? for
any € > 0 and X a large parameter. For a fixed nonnegative integer k,

2X a(m)b(n) T
L X172 log Z os(zn Vmx + )cos(Z;r nx + Z)dx

3/4
m,n<X ( )

-1 Z a(n)b(n) ' [ 3/2(%)i+1(_1)i k!. 10gk‘ix]ix+0(xl+£)- 4.2)

n3/2 3 (k—10)!
Proor. Since 2cosfcos’ = cos(f — )+ cos(@+ &),
b 2X
(LHS of (4.2)) = 3 3 220 (7 172 jogk xax
2 n<X n / X

)

+0 ‘ Z a(m)b(n)f (x'? 1og" x) sin(2m Vmx + 27 \nxdx) dx

(mn)3/4

=W + W2+W3,

2X
‘ Z a(m)b(n)f (x'? 1ogk x) cos(27 Vimx — 27 \nx) dx

(mn)3/4

)

say. For Wy, by integration by parts,
k 2X

2X 2\i+l k! .
1/2 140k _ 32( = i k=i
L x'“log" xdx = E [x (3) -D (k—i)!lOg x]X.

i=0

Moreover, we easily see that

a(n)b(n 0
Z (m)b( )<<f e gy o x-1/2ve
1302 Py
n>X

Therefore,
2X

D

:( > a(’;);)z(n))Z[ 3/2( ) . - (kk Ay logh~ ]1X+0(X1+8).
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For W,, since (21 \/mx — 2 \[nx)’ = n(\m — \/n)/ V/x,

(mn)® 1
W, < X logh X
m,nZSX (mn)’* |\fm — \/n|

m#n

1 1

< X1+8 ,

2 T
m#n

by the first-derivative test. In the last sum, we shall divide the range of m and n into

two parts. One is S| = {(m,n) | 1 <m,n < X,|\m — vn| > (mn)"/*/10} and the other is

So>={(m,n) |1 <m#n<X,|\m—+n| < (mn)"/*/10}. We observe that

D 1 L D 1 1
(mn)>/* |\fm — (mn)>/* (mn)!/4

Sl Sl

1 2
< (Z —) < log’X.
n

n<X

On the other hand, we remark that n < m for (n,m) € S,. To see this, we can
assume that m < n. By the condition, we note that 0 < n —m < 35(vm + Vn)(nm)'/* <
§n3/4m'/4, hence ‘S—Ln <n(l - é(m/n)”“) < m, hence n < m. Moreover, by the mean-
value theorem of differentiation, there exists ¢ satisfying

Vi = i

m-—n

= 1 (min(m, n) < ty < max(m, n)).

2+t

Since m < n,

|m — n| |m — n|

Vio T (nm)A”

Vi i =

From this observation,

1 1 1 (1 1 ) 1
E < E —_ < E -+ —
374 121, _ _
(mn)3* |\Jm — \/n| = (mn)/2|m — n| \n - m |m —nl

S>

1
< logXZ - < log’ X.
n

n<X

Therefore, we have W, < X'*2. Similarly (or more easily), we have W3 < X!*¢.
Collecting these results, we obtain the assertion of (4.2). We complete the proof of
Lemma4.1. o

To prove Theorem 1.3, we first consider the integral fxz X P(zl)(x) dxfor X > 1. Taking
N = X in section 4, since x < X, we can write

1 1 1 X
Py(x) = _EKI(X) - ng(X) - ;K3(X) + O(x°), 4.3)
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where
R0.0)(n) n
Ki(x) = x'/* logzxnix (n3;4 cos(27r nx + Z),
14 a(n) n
K>(x) = x'""logx E WCOS(ZH nx + Z) (4.4)

n<X
Ks(x) = x'/* Z '83/4 COS(27T nx + g)
n<X

Squaring (4.3) and integrating from X to 2X,

2X
f P(Zl)(x) dx
X
1 x 1 2X
" T j;( Ki(x)dx + ) j}; Ki(x)K>(x)dx
1 2X 1 X
+— (K3(x) + 2K (x)K3(x)) dx + = f Ko (x)K3(x) dx
45 2 )y
1 2X X
+ ) f K3(x)dx + O(X«9 (1K1 (0] + |K2(x0)] + |K3(x)) dx) + 0(X'*?)
6
= ) I+ 0™,
=1
say. By Lemma 4.1 and (4.4), we have the following explicit representations for J;
(G=1,...,5):
- (L Rioo ™ 2\ D4 X ve
J'_(32n2 IRTE: )23[ (3) mPTRR .4X +0(X'"9),
_ 1 s R(Oo)(lfl)a(ﬂ) 32 2 1+l( 1) i3 i X .
Jz—(@; 312 )Z[ (3) ) log x]x +O0(X'),
1 & 2(71) + 2R(0,0)(fl)ﬁ(n) 3/ i+1 (=1) i o X .
J3=(@; n3/2 )Z[X (3) (2_1)!]0g x]X +O0(X'9),
1 (n),B(n)) [ 3/2( )t+l( il - ]zx N
= — —1 i X .
J4 (271’2 n3/2 Z 3 (1 _ l)! g X X + 0( ),

ﬁ (n))[3x3/2]x + O(X').

32

As for Jg, we notice the upper bound

2X
j‘@mw<ﬁm€gﬂga
X
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obtained by Lemma 4.1; therefore, by the Cauchy—Schwarz inequality,
Jo < X342,

Summing up these results,

2X
f P(Zl)(x) dx
X

(oS

Ay(n
=> :3(/2)((2)()3/2 log*(2X) - X" log* X)

n=1
+C3(2X)*? 10g® (2X) — X3? 108’ X) + Co((2X)** log?(2X) — X*/* log® X)
+C1((2X)*? 10g(2X) — X*? log X) + Co((2X)*? — X3%) + O(X°1**%)  (4.5)

with C; = 3% A;(n)n~>/, where

R(ZO,O)(H) _ rz(n)

Al = = = Tesne”
R% 0 Roo(ma(n)
_ (0,0) (0,0)
Asm == 22
Ao — R0 Rogman)  2RonmB®) + a*(n)
Z(n) - - + ]
On2 672 1272
4R% () 2R (ma(n) 2R m)B(M) + () a(n)B(n)
_ (0,0) (0,0) _ (0,0)
A = 2712 * o2 o2 * 32
() = 8R00(™ _ 4Roomat) 4RoompB(n) +20°(n) _ 2ampn) B
0T T8I 27n2 27n2 on2 32

Using (4.5) and calculating ( fx)jz + X)jiz

Theorem 1.3.

+-- )P(zl)(x) dx, we obtain the assertion of
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