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Abstract. Let 0 be a real number greater than 1, and let (()) be the fractional part
function. Then, 0 is said to be a Z-number if there is a non-zero real number A such
that (AO")) < % for all n € N. Dubickas (A. Dubickas, Even and odd integral parts of
powers of a real number, Glasg. Math. J., 48 (2006), 331-336) showed that strong Pisot
numbers are Z-numbers. Here it is proved that 0 is a strong Pisot number if and only
if there exists X # 0 such that (Aa)) < %for alla € (6" | ne N} U {ZnN=0 0" | N e N}.
Also, the following characterisation of Pisot numbers among real numbers greater than
1 is shown: Ois a Pisot number < 3 X # 0 such that | Ax| < %for all a € {ZnN:() a0 |
ay € {0,1}, N € N}, where | ra| = min{((Aa)), 1 — ((Ax))}.

2000 Mathematics Subject Classification. 11R80, 11J71, 11R06.

1. Introduction. For a point ¢ of the real line R we denote by [7] the largest element
of the ring Z of rational integers, not exceeding ¢. We also denote by ((¢)) and |¢|| the
difference ¢ — [f] and the minimum of the set {((Ax)), | — ((Ax))}, respectively. Namely,
[7]1s the integer part of #, (()) is the fractional part function and ||7|| is the usual distance
from ¢ to Z.

Let throughout 6 € (1, 00), A € R\{0} and n € N := Z N[0, o). Dubickas in [3]
defined a subset Z of (1, co), with the property that for each 6 € Z, thereis A = A(9)
such that ((A0")) < % for all n. An element of Z is called a Z-number. A result due
to Tijdeman, and cited in [3] gives immediately that [3, 00) C Z. Set Y := (1, c0)\ Z.
Some classes of algebraic integers, which belong to ZN (1, 3), or to Y N (1, 2), are
exhibited in [3], and from this one can easily deduce that 2 is a left-hand limit point of Z,
and 1 is a limit point of Y. Dubickas proved in particular that strong Pisot numbers are
Z-numbers. Recall that a Pisot number is a real algebraic integer greater than 1 whose
other conjugates are of modulus less than 1. The set of Pisot numbers is usually noted S.
A Pisot number 6 of degree d is called a strong Pisot number ifd = 1, orifd > 2and 6
has a conjugate belonging to the interval (0, 1), which is greater than the absolute values
of d — 2 remaining conjugates of 6 [2]. We denote by S, the set of strong Pisot numbers.

Let

N
A0=A0(9):={9”|neN}U{Z@”|NGN},

n=0

N
Ay = Ap(0) = !Za,,@” |ane{0,...,m},NeN,,

n=0
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where m € N\{0}, and
B, = By(0) := A,,(0) — A,,(0).

The first aim of this note is to show that strong Pisot numbers are a kind of ‘strong
Z-numbers’ :

THEOREM 1. The following are equivalent.

(i) 0 € S

(1) For any ¢ > 0 and any m, there is A such that (Aa)) < € for all a € A,,(0).
(ii1) There exist m and A such that (Aa)) < % foralla € A,,(0).

(iv) There is A such that (Ax)) < % forall e € Ay(0).

In terms of fractional part function, Theorem 1 may be viewed as a characterisation
of strong Pisot numbers among real numbers greater than 1. This contrasts with the
famous characterisation of Pisot numbers among real numbers, due to Pisot [4], which
says: If there is A such that ), IA6"]]> < oo, then 6 € S. The important question
whether there is a transcendental number 6 satisfying lim,,_, o, |A0"| = 0 for some A,
is still unsolved [1]. We shall mainly use this last mentioned result of Pisot to prove
Theorem 1 and the result below:

THEOREM 2. The following are equivalent.

()6 eS.

(ii) For any ¢ > 0 and any m € N, there is A such that ||AB|| < & for all B € B,(0).
(ii1) For any ¢ > 0 and any m € N, there is A such that || || < € for all a € A,,(0).
(iv) There is A such that || x| < %for alla € A,(0).

In these pages when we speak about conjugates, minimal polynomial and degree
of an algebraic number we mean over the field of the rationals @. For a Pisot number
0 of degree d, we denote by 0 := 6y, ..., 6,4, the conjugates of 6, and by o1, ..., o4, the
embeddings of () into the complex field C, where o7 is the identity of Q(6). As usual,
for an element « of the field Q(#), we denote by Trace(«) the sum o(e) + - - - + o4(@),
namely the trace of o for the extension Q(0)/Q. The proofs of Theorems 1 and 2
appear in the following sections, consecutively. It is interesting to determine whether
the constant 1/3 in Theorem 2(iv) is optimal, or whether we may replace A4;(6) by
one of its proper subsets without affecting the conclusion. Analogue questions may
be posed for Theorem 1. Distribution in R of the elements of the set Sy, is another
problem related to Theorem 1. Some computations suggest the following conjecture:
min Sy, = 2, min(S,,\{2}) = 3 + ﬁ)/2 and min S}, = 3, where S, is the derived set of
Sy From the proof of the result below, one can easily deduce that 3 is a left-hand limit
point of Sy,.

PROPOSITION. The set S, contains N N [3, 00).

Proof. Let b be a rational integer greater than 2 and let P,(x) := x"(x — b) + 1,
wheren > b. Since |bz"| = b > 2 > |z"*! 4 1| when the complex number z runs through
the unit circle, Rouché’s theorem gives that P, has n roots with modulus less than 1, and
so the polynomial P, has a unique root, say 6, of modulus greater than 1, as P,,(0) = 1.
Hence, P, is irreducible over Q and is the minimal polynomial of ,). Notice also that
the real function P, () is decreasing on the interval (0, nb/(n 4+ 1)) and is increasing on
(nb/(n + 1), 0o) because its formal derivative is (n 4+ 1)¢"~'(t — nb/(n + 1)). It follows
by the relations P,(0) =1, P,(1)=2—-b, b—1 <nb/(n+ 1) and P,(b) =1 that P,
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has a unique root, say p, in the interval (0, 1) and 6, € (b — 1, b). Consequently, 6,
is a Pisot number, and

lim 6, = b,

n—o0
1 1 1
w <oy =
bla|" = ™ + 1| < |a|"*! + 1; hence P(la|) = |a|"t! — bla|" +1 > O and so |a| < p,
as P,(p) = 0 and P,(¢) is decreasing on (0, 1). Moreover, the equality |«| = p holds

since0 < b —6) = 7 < If « is a conjugate of 6, such that « # 6y, then

only if |@"*! + 1] = |a|""! + 1 that is when o ! is a positive real number. It follows in
this case by the equality o"*! = ba” — 1 that o’ > 1/b > 0, and so « = o"*! /a" is also
a positive real number; thus, @ = p and so 6, € Sy. O

REMARK. A simple computation shows that any polynomial of the form x> —

bx + k, where b e NN [3,00[ and k € {1,...,b — 2}, is the minimal polynomial of
a quadratic strong Pisot number, say 6, satisfying b — 1 < 6, < b. Similarly, as in
the above proof, by considering the sequence of polynomials x"(x*> — bx + k) + 1, we
easily obtain that 6 is a left-hand limit point of the set Sy;, when b > 4and k < b — 3.
Consequently, each interval of the form [n, n + 1], where n > 3, contains at least n
elements of the set S,.

2. Proof of Theorem 1. To make clear the proof of Theorem 1, let us recall some
results on Pisot numbers. The first two results are due to Pisot [4] and Smyth [6].

LEMMA 1. (4]) If 35, IL6"]|* < oo for some X, then 6 € S and A € Q(H).

LEMMA 2. (|6]) Two distinct conjugates of a Pisot number having the same modulus
are complex conjugates.

Theorem (ii) and Lemma 2 of [7] yield the following :

LEMMA 3. If X satisfies lim,_, o |A0"|| = O for some 6 € S, then A € Q(0) and there
is N € N such that Trace(A0") € Z for alln > N.

Finally, let us show a simple argument on the conjugates of a Pisot number.

LEMMA 4. Let 0 be a Pisot number of degree d. Then for any positive rational integer
p, 07 is a Pisot number of degree d. If pe®™ is a conjugate of 0, where i> = —1 and
(p,a) € (0,1) x (0, 1), then for any b € R, the sequence (((na + b))), is dense in [0, 1].

Proof. Let p be a positive rational integer. Then, 67 € Q(#), and the conjugates
of 67 are among the numbers 67, 65, ..., 6. Since |0;| < 1 forallk € {2,...,p}, 67 is
not repeated by the action of embeddings o1, ..., gy; thus Q(8) = Q(#”) and 67 is a
Pisot number of degree d. Let pe™®™ be a non-real conjugate of 6, then pe™™" is also
another conjugate of 6, and so (by the first part of Lemma 4) p”eP*™ and pPe~Pe"
are two distinct conjugates of 67. Hence, a ¢ (2, and the result follows immediately by
Kronecker’s theorem (see for instance Appendix 8 in [5]). ]

Proof of Theorem 1. Let 6 be a strong Pisot number with degree d, and let ¢ > 0.
If d =1, then 4,, c N and so ((«)) =0 < ¢ for all « € 4,,. Now, suppose d > 2,
and 6, > |63] > ... > |64]. Then, t, :== Trace(6") =6"+605 +---+6; € 2,05 +-- -+
0 =t,—0"eR, 00 +---+6] <db)andlim,_, Z,‘fzz(%)” = 1. Let n; be a positive
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rational integer such that for all n > n; we have

0<Ol 4 +0" (1)
and
oy
M < min{l, ). ?)
-6,

Setting A := —0™, we have A0" = —0""" = —t,,, + 8;”‘ +--- 464 and the
relations (1) and (2) give 0 < 65" + - .. + 01 < doy*™™ < (1 —62)/m < 1 for all n.
Hence, —fyn, = [A0"], (A0")) = 657" + - .- + 04 and so (A0™)) < (1 — 6r)e/m <
¢ for all n. Similarly, ifa = Zﬁ:’zo a,0", wherea, € {0,1,...,m}and N € N, then ha =
SN @hd = =Nt + XN @ (05T - 462, and the inequalities
() and (2) again yield 0 <YV _ @, (03 +-- 4+ 01m) < N a(doyt™) <
mdoy N 01 < 11—902‘ < min{l, &}; thus, (Aa)) = 3V _g @03 +- - +605™) < ¢,
as — ZJLO Antpin, € Z, and so Theorem 1(ii) holds. The implications (i) = (iii)) =
(iv) in Theorem 1 are trivially true, since A9 C 4] C A,,. To show that the proposition
(iv) = (i), is true, let us first verify the equalities

N N
> (o) = ((A > 9)) : 3)
n=0 n=0

where A satisfies (Aa)) < % foralla € 4y, and N € N. It is clear that (3) holds for N =
0. By the relations 2 Y V11 67 = (A N _0 071+ (0 N _0 0M) + OV T+ ((ROVH))
and 0 < (A N_o M)+ (160V1) < L + 1 where N € N, we have ( Y1 6m) =
(@ ZA,',:O 6™)+ (A@N*1)), and a simple induction gives (3). Letting N tends to infinity
in (3), we obtain

1

|

> o(@em) <
n=0

and so Y °_ IA0"| < % It follows by Lemma 1 that 0 € S and A € Q(#). The last
inequality also gives lim,,_, o |A0"| = 0, and so by Lemma 3, there is n, € N such that
t, := Trace(r0") € Z for all n > n,. Let d be the degree of 6. If d = 1, then 6 € Sj,.
Suppose d > 2, and |6;] > ... > |64]. Lemma 2 says that we have to prove that 6, is a
positive real number. Assume that n > ny. Then, 1, = 10" 4+ 1205 + - - - + X146}, where
M=o forke{l,....d}, 0]+ -+ A0] =1, — 16" € R, and

tn — [A0"] = (A0")) + X263 + - - - + Xaby. “4)
Let n3 be the smallest element of N satisfying
d 6, Al < 1/2.
621" max [3,| <1/
Then, (4) gives, for n > max{ny, n3},

—1/2 < t, —[A0"] < 1/2+ 1/2,
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since [A205 + - - - 4+ Aq0)| < d |62|" max;<j<q |A;| (recall that 0 < ((10")) < 1/2 for all
n); thus 1, — [A6"] = 0 and so

Ml 4+ bl = —(0") < 0. ®)

Now we claim that the result follows dlrectly by (5) and Lemmas 2 and 4. Indeed,
1f 6, ¢ R, then d > 3, 63 =6, and A3 = ;. Set 6 := pe®® and A, = ne®™, where

=—1, (Jal, p) € (0,1) x (0,1), b € (—1,1] and n > 0. Then, Lemma 4 states that
there are infinitely many » such that the corresponding quantities 27 cos((na + b)) +
ZZ=4 kkz—é are all positive because lim,_, o i—"{, =0 for all k € {4, ...,d}; this leads

to a contradiction since by (5) we have p"(2n cos((na + b)) + ZZ=4 )LkZ—Az) = A07 +
30§ + -+ + X460 < 0. Finally, if 6, € R, then the relation (5), together with Lemma 2,
again gives lim,,_, w =Xl,andso 6 >0and A, <0, as A = az_l(kz) = (0 when
A = 0;thus @ € S;. ’ O

3. Proof of Theorem 2. Let ¢ > 0, and let 8 = ZnN:o b,0", where 6 is a Pisot
number of degree d, N e N and b, € {—-m,—m+1,...,m}. If d =1, then B,, C N
and so ||B]| =0 < e. Suppose d > 2. It is clear that B8 is an integer of the field
Q(H), the conjugates of B are among the numbers B := ox(8) = quv:o bn6}!, where
kef{l,...,d},and

|Bel < mZW

n=0

| " forke{2,...,d}. (6)

Set A :=0”, where p € N and satisfies |67 < 5511((1'%‘)) for all k € {2,...,d}. Then,

t = Trace(A\B) = 0B + 05 B, + - - - 4+ 0] B4 € Z, and by the relation (6) we obtain
Bl < 1A —t] = [63B2 - - +6]Ba| < e

thus, Theorem 2(ii) holds. The implications (ii) = (iii) = (iv) in Theorem 2 are trivially
true because 4; C 4,, C B,. Now assume that there is A such that |rx| < % for
all « € 4;. We shall use Lemma 1 to prove that 6 € S. Set 16" := x,, + y,, where
X, € Z and |y,| = ||A0"]. If sy = fo:o a,0", where a, € {0, 1} and N € N, then Asy =
qu\,:o AnXn + Zi\[:o ayyn and fozo apXx, € Z. Similarly, as in the proof of Theorem 1,
let us show the relation

< % for all V. (7

N
> ann

n=0

If N =0, then apyy € {0, o}, and so —1/3 < agyo < 1/3, as [yo| = ||All. Suppose that
(7) holds for some N € N, and let sy, = Zn o an0", where (a,)o<n<n+1 1S @ sequence
of elements of the set {0, 1}. By the hypothesis and the induction hypothesis we
have | Y0 auynl < | X0 anyul + |a@ns1yus| < 1+ 1. Since Asyi1 =x+y, where
x €7 and |y| = |Asyo1ll < 1/3, and Asyyg = Z;V:Ol AnXy + 2}11\1461 a,yn, we see that
Ziv +01 any,, y € Z. 1t follows by the inequalities | fo:ol anyn <| ZNH anynl +
vl <3 24 ; that Z;Vf)l ayyn —y =0, |Z;VJ})1 aynl =y < 3 and so (7) is true. Now
fix (for a moment) a positive rational integer N, and cons1der the subsets, say U and
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V,Nof {0, 1, NA; defined as follows: ne U & y, > 0,andn e V < y, < 0. Then,
Zn:O ”)\'en” = Zn:O |yn| = ZnEUyn + ZHEV(_y”)’ and SO

N
2
o lhenl <3 ®)
3
n=0
since by (7) we have [}, ., vl < % and )", (=yn)l < % Letting N tend to infinity in
(8), we obtain the result by Lemma 1. d
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