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Abstract

Given a lattice formation & of full characteristic, an % - Fitting class is a Fitting class with stronger
closure properties involving & -subnormal subgroups. The main aim of this paper is to prove that the
associated injectors possess a good behaviour with respect to & -subnormal subgroups.

2000 Mathematics subject classification: primary 20D10.

1. Introduction

All groups considered are finite and soluble.

In a previous paper [2], #-Fitting classes associated to a lattice formation &
containing .4, the class of all nilpotent groups, are introduced and studied. A lattice
formation is a class of groups whose elements are the direct product of Hall subgroups
corresponding to fixed pairwise disjoint sets of primes. An & -Fitting class is a class
of groups which is closed under taking % -subnormal subgroups and the join of & -
subnormal subgroups (see Definition 2.3). The classical Fitting classes appear as
¥ -Fitting classes.

In [2, Theorem 3.9] a large family of % -Fitting classes, for every lattice formation
& containing /4, is presented. The Fitting classes in this family are also saturated
formations. Other examples of a different nature are also shown in {2, Examples I
and IT].

Since .4 is contained in the lattice formation %, the subnormal subgroups are
Z-subnormal and the Z# -Fitting classes are Fitting classes. Our main aim in this
paper is to prove that the following result, for an % -Fitting class 2", holds: If W is an
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Z -injector of a group G and H is an % -subnormal subgroup of G, then H N W is an
Z -maximal subgroup of H. In fact, this property characterizes % -Fitting classes (see
Theorem 3.9 and Proposition 3.3), as the existence of injectors characterizes Fitting
classes. The result obtained in [4, Theorem 4.5] appears now as one particular case.

2. Preliminaries

The reader is assumed to be familiar with the theories of saturated formations and
Fitting classes and their projectors and injectors subgroups, respectively. We refer to
[8] for the relevant definitions, notations and results.

For the sake of completeness we will recall some concepts and results.

A lattice formation F of characteristic m is a saturated formation locally defined
by a formation function f given by: f (p) = .. if p € n; € 7, where {7, };c; is a
partition of the set of primes 7, and f (q) = @, the empty formation, if ¢ & 7. 7,
denotes the set of all soluble 7;-groups.

In this case, for a prime p € m, the set of primes 7; such that p € ;, will be also
identified by  (p).

LEMMA 2.1 ([S, Remark 3.6], [4, Lemma 3.2]). Let F be a lattice formation with
characteristic m and p € n. Then:

(a) The canonical local definition of & and the smallest local definition of F are
given by setting:
o Ifin(p)l =1, then F(p) =%, andji(p) = (D).
o Ifin(p)l = 2, then F(p) = f(p) = Fr(p) In particular, for a group G,
GFw = Ggf@» — Oﬂ(p)((;)_
(b) A group G belongs to F if and only if G is a soluble w-group with a normal
Hall rt;-subgroup, for every i € I.

Henceforth # will always denote a lattice formation containing .4 and the above
notation will be assumed.
In this section, ¢ denotes a subgroup-closed saturated formation.

DEFINITION 2.2 ([8, III, Definition 4.13, IV, Definition 5.12]). A maximal sub-
group M of a group G is said to be ¥-normal in G if G/ Coreg(M) € ¥; other-
wise, it is called ¥-abnormal.

A subgroup H of a group G is said to be ¥-subnormal in G if either H = G or
there exists a chain H = H, < H,_; < --- < Hy = G such that H,,, is a ¥-normal
maximal subgroup of H,, forevery i =0,...,n — 1. We write H ¥ -sn G.

https://doi.org/10.1017/51446788700008880 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700008880

[3] Fitting classes and lattice formations I 177

DEFINITION 2.3 ([2, Definition 3.11). A class Z (# 9) of groups is called an .#-
Fitting class if the following conditions are satisfied:

G) GeZand HZ -snG,thenH € Z.
(i) fH K& -snG=(H,K)with Hand K in 2 ,then G £ .

The Fitting classes are exactly the .4 -Fitting classes. Moreover, an #-Fitting
class is, in particular, a Fitting class.

PROPOSITION 2.4 ([2, Proposition 3.4 (a)]). Let Z be an & -Fitting class and G a
group. The & -radical G & of G has theform: Gog=(H < G: H % -sn G, H € Z').

DEFINITION 2.5 ([11, Definition], {12, Definition 5.8]). A subgroup H of a group
G is said to be 4-abnormal in G if every link in every maximal chain joining H to G is
& -abnormal, thatis, H is a ¢-abnormal subgroup of G if, whenever H <M <L < G
and M is a maximal subgroup of L, then M is a 4-abnormal subgroup of L. We write
H%-abn G.

In[12, Definition 3.15], ¢4-pronormal subgroups are defined in terms of complement
@-basis. They are characterized in the following way:

THEOREM 2.6 ([12, Satz 3.21]). A subgroup H of a group G is ¥-pronormal in G
if and only if H satisfies the following property: ‘If g € G, then H® = H* for some
x € (H, H)?’. In this case, we write H 4-pr G.

THEOREM 2.7. For a subgroup H of a group G, the following are equivalent:
(1) HY-prG.
(2) ([12,Satz3.26))IfH < K AL < G, thenL = KY N, (H).
(3) ([6, Theorem 3], [9, Theorem2.10))IfH < L < G, then L = S;(H,49)N.(H),
where S; (H, 9) is the 4-subnormal closure of H in L, that is, the intersection of all
%-subnormal subgroups of G containing H.

By [12, Satz 5.14], a subgroup H of a group G is ¢-abnormal in G if and only if
H is 4-pronormal and self-normalizing in G.

THEOREM 2.8 ([12, Satz 3.18, Satz 5.17}). Let H be a %-pronormal subgroup of a
group G and N < G. Then:

(1) HN/N is%-pronormal in G/N.
(2) Ng(H) contains a 4-normalizer of G.

THEOREM 2.9 ([7, Lemma 5.1], [12, Satz 5.22]). Let H be a subgroup of a group
G. Then H is a 4-projector of G ifand only if H € 4 and H is 4-abnormal in G.
In particular, the 4-projectors of G are also 9-pronormal in G.
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THEOREM 2.10 ([8, IV, Theorem 5.18)]). Let G be a group whose 4-residual G¥
is abelian. Then GY is complemented in G and two complements in G of GY are
conjugate. The complements are the 4-projectors of G.

For a group G, we write Proj4 ( G) to denote the set of all 4-projectors of G. Zg¢(G)
denotes the ¢-hypercentre of the group G ([8, IV, Definition 6.8]).

A subgroup H of a group G is called self-4-normalizing in G, if whenever H ¢-sn
T <G,thenH =T.

THEOREM 2.11 ([2, Theorem 4.2]). For a subgroup H of a group G, the following
statements are equivalent:

(1) H is a¥-projector of G.

(ii)) H is a self-4-normalizing 4-subgroup of G and H satisfies the following
property. ‘if H < K < G, then HN K¥ < (K¥)".

3. Z-Fitting classes and injectors. The main result

In order to prove our main result we proceed in the following way.

DEFINITION 3.1. Let 2 be a class of groups and let # be a lattice formation
containing .#". An (2, &)-injector of a group G is a subgroup V of G with the
property that VN K is an 2 -maximal subgroup of K, for all & -subnormal subgroups
K of G. We denote the (possibly empty) set of (£, & )-injectors of G by Inj 4 £,(G).

Obviously, the Z -injectors are the (2, A")-injectors.
Inj ,- (G) denotes the (possibly empty) set of 2 -injectors of a group G.

REMARK 3.2. Let G be a group and £ a class of groups.

(@) If Velnjg ¢(G)and K F -sn G, then VN K € Inj 4 &,(K).
(b) If V € Inj o ,(G) and @ : G — (G)a an isomorphism, then

V) € Inj o g,(G)a),

in particular, Inj, 4 &,(G) is a union of G-conjugacy classes.

(c) Let Vbean 2 -maximal subgroup of G, and assume that VOM € Inj 4 &,(M),
for every & -normal maximal subgroup M of G. Then V € Inj 4 &,(G).

(d) Inj g #,(G) C Inj, (G). This is because A C &, which implies that subnor-
mal subgroups are % -subnormal subgroups.
Moreover, if 2 is a Fitting class, then Inj o 4,(G) # @ if and only if Inj o &,(G) =
Inj 4- (G). This is clear by the very well known result of Fischer, Gaschiitz and Hartley
about the existence and conjugacy of injectors ([8, VIII, Theorem 2.9], [10]).

(We recall that the .#-Fitting classes are Fitting classes.)
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It is well known that the existence of injectors in every group characterizes Fitting
classes. The first corresponding result for & -Fitting classes is the following one. It
can be proven by arguing as in the classical result with obvious changes (see [8, IX,
Theorem 1.4]). Thus we omit the proof.

PROPOSITION 3.3. Let 2 be a class of groups. If every group has an (%, F)-
injector, then & is an F -Fitting class.

Our aim is to prove that the converse of this proposition is also true. The proof of
our main result (Theorem 3.9) is inspired by the proof of the Fischer, Gaschiitz and
Hartley classical result ([8, VIII, Theorem 2.9], [10]). We begin with some preparatory
lemmas. Also Theorem 2.11 will play an important role.

REMARK 3.4. It is well known that the injectors and the projectors associated to a
Fitting class and to a Schunck class (in particular, to a saturated formation), respec-
tively, are pronormal (see [8, 11, Corollary 3.22, IX, Theorem 1.5]). Even more, the
&-projectors associated to a saturated formation ¢, are ¢-pronormal (Theorem 2.9).
This is not the case for the injectors, if ¥ is a saturated Fitting formation. Take
for instance ¥ = #».%,, the class of all 2-nilpotent groups, and G = Sym(4) the
symmetric group of degree 4. The ¥-injectors of G are the Sylow 2-subgroups of G.
Let P € Syl,(G) and let x be a 3-element of G. Then G¥ = (P, P*)¥ is the normal
four-subgroup of G. It is clear that P and P* are not conjugate in G¥. Then P is not
&-pronormal in G.

If Z is an £ -Fitting class, we will obtain that the (£, & )-injectors are % -
pronormal. This means that the 2 -injectors are #-pronormal, for this Fitting
class Z . A first step is given by the following result.

LEMMA 3.5. Let Z be an F -Fitting class and let G be a group. Suppose that U
isan (Z', F)-injector of G and U satisfies the following property

(*) fUZT <G, then U € Injy /(7).
Then U is & -pronormal in G.

PROOF. Let x € G. Since U is an % -injector of G, then U is pronormal in G.
Consequently, there exists ¢+ € (U, U*) such that U* = U'. In particular, t €
(U, U = (U, U").

Assume that (U, U’) < G. Since U satisfies the property (), arguing by induction
on the order of G we can assume that U is & -pronormal in (U, U’). Then there exists
re (U, UY* = (U, UF)¥ such that U" = U’ = U*".

Consider now the case G = (U, U*).
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If U(U, U*)¥ = G, thenx = um forsome u € U andm € (U, U*)%. Obviously,
we have U* = U™ with m € (U, U*)*.

Otherwise we would have that T = U(U, U*)¥ < G. But in the case under
consideration G¥ = (U, U*)¥, which implies that T is an & -subnormal subgroup
of G. Therefore, TN U* € Inj 4 &,(T). Thus, U, TN U* € Inj 4 ,(T) = Inj o (T).
Consequently, there would exist t = ur € T = U(U, U*)* with u € U and
r € (U, U)¥, such that TN U* = U’ = U'. In particular, U" < U*. Clearly we
would deduce also in this situation that U” = U* with r € (U, U*)%.

Hence U is an # -pronormal subgroup of G. O

LEMMA 3.6. Let & be an F-Fitting class and let G be a group. Let K be a
normal subgroup of G such that G/ K € &. Suppose that there exists an & -maximal
subgroup W of K and an & -maximal subgroup X of G such that W Q G and
XN K = W. Then:

() X/W<Zg(Ns(X)/W).

(b) X = (CW)g, for every C € Proj g (Ng(X)).

(c) If CW/W € Projg(Ng(X)/ W), then CW/W is a self-F -normalizing -
maximal subgroup of G/ W.

PROOF. Let N = Ngs(X).

(a) Let L;/Ly be an N-composition factor of X such that W < L, < L, < X.
Suppose that L;/L, is a p-group, for a prime p. It is clear that XK /K is N-
isomorphic to X/ W is such a way that LK /K and LoK/K are N-isomorphic to
L,/ W and Lo/ W, respectively. Consequently we have that (L1 K/K)/(LyK/K) isa
chief factor of NK /K and Cy(L K /LoK) = Cy(L,/Lo). Moreover, [L;, NN K] <
LiNK =W< Ly thatis, NN K < Cy(L{/Lo). Then we have:

(NK)/ Cni (L1 K)/(LoK)) = (NK)/(Cy((L1 K) /(Lo K))K)
= (NK)/(Cn(Li/Lo)K)
= N/(Cnv(L1/Lo)(N N K)) = N/Cyn(Ly/Lo).

Since G/K € #,then NK/K € & and we canconcludethat N/Cn(L,/Ly) € F(p).
This implies that X/ W < Zg(Ng(X)/ W).

(b) We have that X/ W < Zg(N/W) < CW/ W, forall CW/W € Proj s (N/ W),
with C € Projg (N), by (a) and [8, 1V, Theorem 6.14]. Since CW/ W € £, then X
is an £ -subnormal subgroup of CW. But X is an Z -maximal subgroup of G, which
implies that X = (CW) o because Z is an Z -Fitting class.

(c) Assume that CW is #-subnormal in T < G. Then X is also & -subnormal
in T, because X is normal in CW by (b). Again the 2 -maximality of X in G implies
that X = Tg. In particular, T < N. Therefore, CW/ W is also an .#-projector
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of T/N (see [8, III, Corollary 3.22]) and then, CW/ W is &F-abnormal in T/N by
Theorem 2.9. Consequently, CW = T.

In particular, CW/ W is & -maximal in G/N. This is clear because every subgroup
of a group in & is & -subnormal in the group. Q

LEMMA 3.7. Let Z be an Z -Fitting class, G a group and K a normal subgroup
of G such that G/K € &#. Suppose that W is an & -maximal subgroup of K such
that W 9 G. Suppose also that G has an (Z, F)-injector X, which satisfies the
following property

*) ifX < T <G, then X € Inj g 4,(T).

(Notethat X N K = W.)
Then X = (HW) 4, for some H € Proj 3 (G).

PROOF. Lemma 3.6 implies that

X/ W<UW/W, forevery UW/WEe Proj,(NG(X)/ W), and
X =(UW)g4, forevery U € Proj ¢ (Ng(X)).

Note that every subgroup L of G containing X satisfies the hypothesis of the Lemma
just with K N L instead of K.
Consider the sets:

& ={L<G:X <L, Projg(N.(X)/ W) S Projg(L/W)}, and
B={L<G:X <L}

Note that &/ is non-empty because at least X € o/. We claim that & = 4.

Assume that it is not true and take a subgroup L of minimal order in & \ &/. Take
UW/W € Proj g (N.(X)/ W), with U € Proj & (N.(X)).

We use the ‘bar’ notation to denote images under the natural homomorphism
G- G/W=0G.

Whenever X < U< T < L, then U < Nz()?) NT = NT()?) < Nz()_(-). In
particular, U € Proj 4 (N7(X)). The choice of L implies that U € Proj & (T).

By the hypothesis, we can apply Lemma 3.5 to L and X and conclude that X is
& -pronormal in L. In particular, X is Z-pronormal in L which implies that Nz(X)
contains an % -normalizer of L by Theorem 2.8. It is clear that Nz(X) < L by the
choice of L. Thus, there exists M a maximal subgroup of L such that Np(X) <
M < L. Since M contains an #-normalizer of L, M is F-abnormal in L by [8, V,
Lemma 3.4]. In particular, L = LFM. Moreover, M = M¥ U, because U is an
Z-projector of M. Then L = L¥ U. This implies that every maximal subgroup of L
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containing U is #-abnormal. Moreover U is % -abnormal in every proper subgroup
of L containing U, by Theorem 2.9, because U is an & -projector of a such subgroup.
Consequently U is #-abnormal in L and U € &. Then Uis an & -projector of L by
Theorem 2.9. This contradicts the choice of L and proves that & = 4.
Consequently, if U € Projg(Ng(X)), then U € Proj4(Ng(X)) S Proj4(G).
Since U € Proj ¢ (UW), we have that U € Proj & (G). Therefore X = (UW) g with
U € Proj g (Ng(X)) € Proj ¢ (G) and we are done. O

LEMMA 3.8. Let & be an F -Fitting classes, G a group and K a normal subgroup
of G such thar G/K € &F. Suppose that G satisfies the following property

(+%) IfH <G, thenlnj g 4, (H) # 9.

Suppose that W is an Z -maximal subgroup of K and that X is an Z -maximal
subgroup of G suchthat W1 Gand X NK = W.
Then Proj ¢ (Ng(X)/ W) C Proj £ (G/ W), and consequently it follows that

Proj s (N6 (X)) € Proj (G).

PROOF. As in Lemma 3.7, we take into consideration the following facts.
By Lemma 3.6, we have that

X/ W< UW/W, forevery UW/W € Projg(Ng(X)/ W),

where U € Proj & (Ng(X)).

It is clear that every subgroup L of G containing X satisfies the hypothesis of the
Lemma with K N L instead of K.

Consider the following sets

& ={L<G:X <L, Projg(N.(X)/W) CProjg(L/W)}, and
B={L<G:X <L}

Notice that X € & # 0.

Our purpose is to prove that & = . The result then follows easily.

Assume that this is not true and take a group L of minimal order in £\ &. Consider
UW/W € Proj g (N (X)/ W), with U € Proj g (N (X)).

We use the ‘bar’ notation to denote images in the factor group G/ W = G.

We split the proof into the following steps.
Stepl. If X < U< T < L, then U € Proj &(T).

It is clear by the choice of L as in Lemma 3.7. Note that N, (X) < L, by the choice
of L.
Step 2. Every maximal subgroup of L containing U is & -normal in L.
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Assume that there exists M an % -abnormal maximal subgroup of L containing U.
Arguing as in Lemma 3.7 we can deduce that U is an & -projector of L, which
contradicts the choice of L and proves Step 2.

Step 3. If M = M/W is a maximal subgroup of L containing U, then X €
Inj g &,(M). _ _

By Step 1, we have that U € Proj g (M). Arguing as in Lemma 3.6 (b), we deduce
that X = (UW) 4. Moreover, U € Projz(M) as U € Projg(UW). Since M < G,
there exists Y € Inj 4 &,(M), by the hypothesis.

Notice that M satisfies the hypothesis of Lemma 3.7. In particular, we claim that
whenever ¥ < T < M, then Y € Inj 4 4,(7). The hypothesis implies that & #
Inj o g,(M) = Inj o (M) and @ # Inj 4 &)(T) = Inj 4 (T). Then Y € Injo(T) =
Inj o 4,(T), by [8, IX, Theorem 1.5 (¢)].

By Lemma 3.7, we have that Y = (ZW) 4 with Z € Projz(M). Consequently,
X =1Y"€Injg & (M) forsomeme M.

Step 4. Let M be a maximal subgroup of L containing UW. Then L = L¥ N, (X N
MF®) with p the prime dividing |L:M|.

By Step 2, M is #-normal in L. Then LF® = MF® G L, because MF?» =
0™® (M). Step 3 implies that X € Inj g z,(M), then X N MF® = X N LF®
J € Injg &(LF®). Take I € L. We have that J! € Inj g ¢, (LF@)) =
Inj g g)(L7®).

In particular, J and J' are 2 -injectors of L¥®, which implies that J! = J, for
some t € LF®,

Arguing as in Step 3 we can prove that every (2, &)-injector of LF® is an
(Z, &#)-injector of every subgroup of LF® containing the (2, F)-injector. By
Lemma 3.5 we conclude that J is an & -pronormal subgroup of L®.

Consequently, there exists x € (J, J')¥ suchthat J* = J' = J*. Since (J, J')¥ <
LZ itisclearthat! € L¥ Ng(J). Thus L = LEN (X NLF®) = LEFN (XNMF®),
Step 5. There exists a unique maximal subgroup M of L containing UW. Inparticular,
NiX) < M.

Let M be a maximal subgroup of L containing U. By Step 1 and Step 2, it is clear
that M = M# U = L¥ U and the conlusion is obvious.

Let p be the prime dividing |L:M|.

Step6. X "N MF® QL.

Note that UW < N (X) < N.(X N MF®) = N (X N LF®), Consequently, if
Ny (X N MF®) were a proper subgroup of L, then it would be contained in M, by
Step 5. Moreover L¥ < M by Step 2. Then we could conclude that L = M, by
Step 4, which is a contradiction.

Step 7. Let R be an Z -projector of LandT = (LFY. Let

C/T = Xggniry Co, @ /1 (RN M)T)/THF@).
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Then (U T)/T is conjugate to E/T = (C(RN M))/T in M/T

Since R is an &- -projector of L,L =L*R. By Step 2, L¥ < M which implies
that M = LF (M N R). Obviously, (U T)/ T e Proj ,(M / T). On the other hand,
M—/T (L"/T)(((M N E)T)/T) with L’/T an abelian normal subgroup of M/T
and (M NR)T / T) € &. Consider for a moment a subgroup C/ T, constructed as in
the statement, but with the primes in the direct product running all the prime numbers.
Thus the subgroup E/ T constructed as in the statement is an % -projector of M /T by
(8, IV, Theorem 5. 16]. In particular, this subgroup E/T is conjugate to (U T)/T in
M/T.

We claim that 7 (p) N n(f/ T) = @, which proves Step 7.

Notice that the group Z/ T=@1* /TYRT) / T) is a semidirect product because
L¥ N R < T by Theorem 2.10. In particular, M/T = (LF/THMNRT)/T) is
also a semidirect product.

Since M/T is & -normal in L/T, then (M/ T)/(L"/T) is #-normal in (L/T)/
(L% /T), which implies that (M N R)T)/T is an & -normal maximal subgroup of
R T/T with index a p-number. Consequently, (RT))THF® = (((M NR)YT)/T)F®.

Since (R T)/T is an & -projector of L/T = (L’/T)((R T)/T) we can deduce by

using again [8, IV, Theorem 5.16] and Theorem 2.10, that
Co,z#/m (M NRYT)/TY®) = Co,@sm ((RT)/TH™P)

is the trivial group. Obv1ously, the same is true for every prime r € 7w(p) = n(r).
Therefore n(p) N n(C / T) @, which concludes this proof.
Step8. UNH¥ < (H¥Y, for every subgroup H such that U < H < L.

If H < L, U is an &-projector of H by Step 1 and the result is clear for this
subgroup H by Theorem 2.10. Thus, it is enough to prove that UNL¥ < (LFY.

By Step 7 and with the same notation, (UT)/T is conjugate to E/T in M /T. Then
if we prove that (E / THN{L? / T) is trivial, the result will be clearly deduced.

Thus, we are going to prove that (E / TYN(L* / T) is the trivial group. The notation
used in Step 7 is assumed.

Since E = (RNM)Cand RNL¥ < T < C,then ENL¥ = (RNM)C)NLF =
(RNM)NL¥)C=C.

Assume that C/T is non-trivial.

We observe that E/ T= (E/ 7)(((E nM )T) / T) is a semidirect product, because
C/T is normal in E/T, and the intersection of the subgroups into consideration is
trivial.

Since X < U, then (X T)/T (U T)/T = (E/T)™T, for some m € M. Conse-
quently, (X" T)/T QE/T. Let ¥ = X"

Noticethat YNLF <YNGFf <¥vYn K =1, then (Y T)/T) N (L¥/T) is the
trivial group. Therefore, [C/T, (Y T)/T} < (Y T)/T) N (L¥ /T) is trivial.

We claim that RT < L. Otherwise, L¥ = T(RNL¥) = T, which would
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imply L% =1, thatis, L € &. Then X would be .Z-subnormal in L. Since X is
Z -maximal in L, we would conclude that X = L o < L, because 2 is an # -Fitting
class. But this contradicts the choice of L and proves that RT < L.

Assume that (7?) / T is contained in (RN M )7) / T. In particular, Y < RT.
Then X < R®*T < L. By the choice of L, X < R™ € Proj & (R™T), for some
f € T. Arguing as above we can obtain that R™ < Nz(X). In particular, R™ would
be conjugate to U, because they are Z-projectors of Nz(X). Thus U is also an
ZF-projector of L. Then UNL¥ < (L¥) and Step 8 would be proved.

Consider now the case when (7 T) /T is not contained in ((R nMm ) T) /T. We take
into account that ((Y T) / N (C/ T) is trivial and (Y T) / T<E / T. Consequemly
there exists an element 1 # T € (YT) /T such that xT = (@T)(bT), with 1 #
aT € (R ﬂM)T)/Tand 1 #* bT e C/T.

Since [C/T, (YT)/T] = 1, we have that RT)*T = T = (aT)*"(bT), which
1mp11es that aT conmutes with b 7. Notice that (o(a T) o(bT)) # 1. Otherwise,
1 # ET)°@D = (bT)*@ ¢ (YT)/T) N (C/T) = 1, which is a contradiction.
Thus there exists a prime ¢ dividing o(aT) and o(b T) and certainly g ¢ w(p). We
write s to denote the product o(a T)q and o(b T)q , the greatest g'-numbers dividing
o@aT ) and o(b T), respectively. Then (x T)S @T)* (b Ty # 1.

Consequently we can suppose that T = @T)(bT) is a g-element of (YT) / T
with g & n'(p) 1#aeRNMand1l #b e C. Since Z is a lattice formation, we
deduce that T < L¥ < LF® = MF® = 0"®(M). In particular, we obtain that
iTe((YT)/T)NMF®/T) = (Y N MF®)T)/T, which is a normal subgroup in
L/T by Step 6.

We claimthat b T € Co,@* /7 (((R T)/T)T@), but this subgroup is trivial because
(RT)/T is an & -projector of L/ T. Thus, we will obtain a contradiction which proves
Step 8.

LetyT € ((RT)/T)F@. We recall that R € &, which is a lattice formation. Then
GTYT = @T)(bTYT e (YT)/T. Hence (bT)~'(b YT e (YT)/T)N(LF/T),
which is the trivial group, and this concludes the proof.

Step 9. U € Proj g (L).

By Lemma 3.6, U is a self-#-normalizing #- -subgroup of L. Moreover, Step 8
proves that UN H¥ < (H HZY, for every subgroup H of L containg U. By Theo-
rem 2.11 we obtain that U € Proj _,(L), which provides the final contradiction and
proves the lemma. 0

THEOREM 3.9. Let & be an F -Fitting class. For every group G, Inj 4 4,(G) =
Inj 4 (G).

PROOF. Since £ is a Fitting class and (£, #)-injectors are Z -injectors, it is
enough to prove that Inj 4 &,(G) # @, for every group G.
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Suppose that this result is not true and take a group G of minimal order such that
Inj o ,(G) = 8. By the choice of G, there exists W € Inj(x,,)(G’) #0. LetX
be an £ -maximal subgroup of G containing W. It is clear that W = X N G¥.

Let M be an & -normal maximal subgroup of G. The choice of G implies that there
exists I € Inj 4 ¢,(M). Since G¥ < M, then ING¥ € Inj 4 #,(G¥) = Inj 4 (G¥)
and I N G¥ is conjugate to W in G¥. Without loss of generality, we can assume
that I N G¥ = W. Take J an Z -maximal subgroup of G containing /. Obviously,
W=JnG?*.

Assume first that (X, J) < G. It is not difficult to prove that the group (X, J)
satisfies the hypothesis of Lemma 3.6, so that we can deduce that X = (H; W) o~ with
H, € Projg (N (X)) and J = (H, W) o with H, € Proj &(Nx, ;5 (J)). Moreover,
the choice of G and Lemma 3.8 imply that H,, H, € Proj4((X, J)). Again by the
choice of G, we can deduce that (X, J) satisfies the hypothesis of Lemma 3.7. This
allow us to conclude that X and J are (£, & )-injectors of (X, J).

We observe now that X and J are £ -pronormal in (X, /) by Lemma 3.5. Then,
there exists m € (X, J)¥ < G¥ < M, suchthat X" = J.

On the other hand, J N M is & -subnormalin J € 2, because J# < JNM. Since
Z is an & -Fitting class, we obtain that J " M € £ and consequently I = J N M.
Therefore, (XNM)™ = JOM =1 € Inj 4 &,(M)andclearly XNM € Inj 4 4, (M).

Consider now the case when G = (X, J). In particular, W < G and the hypothesis
of Lemma 3.6 and Lemma 3.8 are satisfied with X and also with J. Therefore,
X =(HW)g and J = (H; W) o with H, € Proj g(Ns(X)) € Projg(G) and H, €
Proj ¢ (Ng(J)) € Proj&(G). Thus H, = Hy, for some x € G. Moreover H, is #-
pronormal in G, then it follows that H = H/, for some t € (H,, H{‘)’ <G¥ <M.
Clearly J = X'. Again we have that I = JNM = (X N M)" € Inj 4 &,(M) and
XNM e lnjg g,/(M).

Consequently, we can conclude that X is an (2, & )-injector of G. This provides
the final contradiction which proves the theorem. a

As a consequence of the above proof we obtain the following result:

COROLLARY 3.10. Let & be an & -Fitting class and let G be a group. Let K be
a normal subgroup of G such that G¥ <K,andlet W ¢ Inj ¢ (K) = Inj o g,(K).
Then an Z -maximal subgroup of G containing W is an Z - injector of G.

COROLLARY 3.11. Let Z be an F -Fitting class and let G be a group. Let V €
Inj 4 (G) = Inj 4 ,(G) and let K 1 G. Then:
(a) Vis &F-pronormal in G. In fact, VN K is &F-pronormal in G.
(b) G=KFNgG(VNK).
(¢) If V<L < G, then L = S, (V,F)N.(V), where S.(V, F) is the F-
subnormal closure of V in L.
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PROOF. (a) Since the Z -injectors are the (27, &)-injectors, Lemma 3.5 implies
that V is & -pronormal in G. For the rest, argue as in the proof of [8, VIII, Proposi-
tion 2.14 (a)] taking account moreover Theorem 2.6.

Parts (b) and (c) follow from (a) and Theorem 2.7. O

PROPOSITION 3.12. Let 2 be an & -Fitting class, let G be a group and let 1 =
Gy < Gy £--- £ G, = G be a chain of subgroups such that G;’ < G, for every
i=1,...,n

For a subgroup V of G, the following statements are equivalent:

(1) V €elnjg(G) =Inj 4 4/(G);
(i) VN G;isan & -maximal subgroup of G;, fori =0, ... ,n.

PROOF. If V € Inj, (G), then statement (ii) is clear because every G; is F-
subnormal in G.

For the converse, argue as in the proof of [8, VIII, Proposition 2.12] taking Corol-
lary 3.10 into account. a

Acknowledgement

The research has been supported by Proyecto PB 97-0674-C02-02 of DGESIC,
Ministerio de Educacién y Cultura of Spain.

References

{11 M. Arroyo-Jord4, # -Normalidad (Ph.D. Thesis, Universitat de Valéncia, 2000).
[2]1 M. Amroyo-Jord4 and M. D. Pérez-Ramos, ‘Fitting classes and lattice formations I’, J. Aust. Math.
Soc. 76 (2004), 93-108.
, ‘On the lattice of & -Dnormal subgroups in finite soluble groups’, J. Aigebra 242 (2001),
198-212.
[4] A. Ballester-Bolinches, K. Doerk and M. D. Pérez-Ramos, ‘On the lattice of % -subnormal sub-
groups’, J. Algebra 148 (1992), 42-52.
[5] , ‘On % -normal subgroups of finite soluble groups’, J. Algebra 171 (1995), 189-203.
[6] A. Ballester-Bolinches and M. D. Pérez-Ramos, ‘¥ -subnormal closure’, J. Algebra 138 (1991),
91-98.
{71 R. Carter and T. Hawkes, ‘The % -normalizers of a finite soluble group’, J. Algebra 5 (1967),
175-202.
[8]1 K. Doerk and T. Hawkes, Finite soluble groups (Walter De Gruyter, Berlin, 1992).
[9] A.D. Feldman, ‘% -bases and subgroup embeddings in finite solvable groups’, Arch. Math. 47
(1986), 481—492.
[10} B. Fischer, W. Gaschiitz and B. Hartley, ‘Injektoren endlicher auflgsbarer Gruppen’, Math. Z. 102
(1967), 337-339.

(3]

https://doi.org/10.1017/51446788700008880 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700008880

188 M. Arroyo-Jord4 and M. D. Pérez-Ramos [14)

[11] C.J. Graddon, ‘% -reducers in finite soluble groups’, J. Algebra 18 (1971), 574-587.
[12} N. Miiller, & -Pronormale Untergruppen von endlich auflésbarer Gruppen (Diplomarbeit, Jo-
hannes Gutenberg-Universitiat Mainz, 1985).

Departamento de Matemadtica Aplicada Departament d’ Algebra
Universidad Politécnica de Valencia Universitat de Valéncia
Camino de Vera, s/n Doctor Moliner, 50
46071 Valencia 46100 Burjassot (Valéncia)
Spain Spain
e-mail: marroyo@mat.upv.es e-mail: dolores.perez@uv.es

https://doi.org/10.1017/51446788700008880 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700008880

