Canad. Math. Bull. Vol. 67 (1), 2024, pp. 60-73
http://dx.doi.org/10.4153/S0008439523000516 c
© The Author(s), 2023. Published by Cambridge University Press on behalf of

The Canadian Mathematical Society

Compatibility of theta lifts and tempered
condition

Zhe Li and Shanwen Wang

Abstract. In this note, assuming the nonvanishing result of explicit theta correspondence for the
symplectic-orthogonal dual pair over quaternion algebra H, we show that, for metapletic-orthogonal
dual pair over R and the symplectic-orthogonal dual pair over quaternion algebra H, the theta
correspondence is compatible with tempered condition by directly estimating the matrix coefficients,
without using the classification theorem.

1 Introduction

Throughout this article, let y(x) = %™ be the nontrivial additive character of R.
Let dx be Lebesgue measure on R which is self-dual for Fourier transformation with
respect to y. Unless we explicitly mention the contrary, by a representation of Lie
group, we always mean a unitary Casselman-Wallach representation of finite length
(admissible smooth Fréchet representation of moderate growth and 2 -finite; cf.
[18, Chapter XI]), where 2 is the center of the universal enveloping algebra of its
complexified Lie algebra. An inner product on a representation is denoted by (-, —).
Let 7 be a representation. We denote by 7" the space of continuous linear functionals
on 7, and it is given the strong topology (uniform convergence on bounded subsets).
The smooth dual of 7, i.e., the subspace of smooth vectors in 7Y, is identified with 7.

Let H be a real reductive group G or its double cover G (cf. [17, Section 2]). Among
the irreducible (genuine) representations of H, there is an important class of represen-
tations, whose matrix coeflicients are controlled by the Harish-Chandra E function.
Such representations are called irreducible tempered (genuine) representation.

Let (G, G') be areductive dual pair in Sp,,, (R). Let G and G’ be the inverse images
of G and G’ in the metaplectic double covering group Sp,,, (R) by the covering map.
For irreducible admissible representations 77 and 77 of G and G, respectively, we say
mand 7’ correspond if 7®7’ is a quotient of the Weil representation w of Sp,, (R),
restricted to G x G'. Note that the Weil representation is not a representation by our
convention as it is not of finite length.

Let (W, V') be the underlying quadratic space over the field (K, {) of equal rank
n. In this paper, we consider the following two cases:
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Compatibility of theta lifts and tempered condition 61

(A) If K =R, then W is a 2n-dimensional real symplectic vector space and V is
a 2n + 1 real orthogonal spaces. Adams and Barbasch [1] show that the dual
pair (Sp(W),SO(p,q)) with p + g =2n+1 gives rise to a bijection between
the genuine representations of metaplectic group and the representations of odd
special orthogonal group of the same rank with certain discriminant. Note that
there are two extensions of an irreducible representation 7’ of SO(V") to O(V")
and there are precisely only one of such extensions in the domain of metaplectic
theta correspondence.

The explicit theta correspondence is first introduced by Li [13], and in this
case, the nonvanishing result of explicit theta correspondence is proved by Gan,
Qiu, and Takeda in [5, Proposition 11.5] and by Ichino in [9, Proposition 71].

(B) IfK is the quaternion algebra H, then W is a skew-Hermitian space over H of
rank n and V is a Hermitian over H of rank 7 or n + 1. As in [12, Theorem 5.1],
for any irreducible admissible representation of Sp(p, q) with p + q = n, there
are nonzero theta lifts to O(V') both for n and n + 1.

Note that the nonvanishing result for the explicit theta correspondence in
case (B) is not yet proved. Hence, we assume the nonvanishing result in this
case.

Moreover, in [1, 12], the authors explicitly determined the K-types of all the repre-
sentations on both sides of the theta correspondence. Together with the classification
of the irreducible tempered representations, one can deduce the following result.

Theorem 1.1 ~ With the same notation as above. The theta correspondence sends the
tempered representations of Sp(W) to the tempered representations of O(V').

The main purpose of this article is to prove Theorem 1.1 by directly estimating
the matrix coeflicients, without using the classification theorem. The approach of
estimating matrix coefficients is widely used. In fact, Gan and Ichino use the esti-
mations of matrix coeflicients to prove the convergence of the inner product of two
matrix coefficients of representation obtained by the theta correspondence for the
dual pair (O4, Sp,) over p-adic field (cf. [3, Section 9, Lemma 9.1]). In [4, Lemma D],
they extend this to other dual pairs over p-adic field: (U(n), U(m)), (Sp,,,> O2m+1)>
(Sp,,,» O2m ), and prove that in their setting, the discrete series condition is compatible
with the theta correspondence. In the unitary case over IR, a corresponding estimation
is given by Xue (cf. [19, Lemma 3.2]). In this note, we adapt their estimations to
our case to prove that the temperedness of representations is compatible with theta
correspondence. Note that the dual pairs in this note are not considered by them.

Remark12 (1) In [7], He proved that the theta correspondence is compatible
with unitary condition in the semistable range. Our setting, the equal rank case,
is contained in the semistable range. But since the category of tempered repre-
sentations is a subcategory of the category of unitary representations, we need
to refine the estimations of matrix coeflicients given by He [7, Theorems 6.2.1,
6.3.1, and 6.4.1-3] to achieve our goal. More precisely, to show that the theta
correspondence is compatible with the tempered condition, we will need the
L**¢-convergence of the matrix coefficients to prove our results.
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(2) In [4, Lemma D], Gan and Ichino only provide an estimation of the matrix
coeflicient from a bigger group to a slightly smaller group over p-adic field. In
this note, we only provide an estimation from small group to big group over field
of real numbers. If we do not assume the symmetry of the theta correspondence,
our estimation can be viewed as a complement for the estimation of Gan and
Ichino.

2 Tempered (genuine) representations

Let G be a real reductive group, and let G be the double covering group of G. Let
Ag be the maximal R-split torus of G of rank r (i.e., Ag(R) = (R*)"), and let M be
the centralizer of A¢ in G, which is exactly the Levi factor of a minimal parabolic
subgroup P of G. We will write an element a € Ag(R) by (ay, ..., a,). We denote by
A = R(Ag, P) the set of roots of Ag in the unipotent radical U of P. Set

t={acAg(R):|a(a)]<1,VacA}

(2.1)
={(ap,...,a,):0<|ay| < |az| ... <Na,| <1}

We denote by dp ¢ the modulus character of P. We fix a special maximal compact
subgroup K of G(IR), and we have a Cartan decomposition of G(R):

G(R) = KAGK.
For any integrable function f on G(R), the following formula holds (cf. [10, Sec-
tion 4]):
(22) oy F(&)d - fAz Wa) [ flkak)dkdkeda,

where visa positive function on Ay, such thatv(a) < C - 8;';(a) for some constant C.
Harish-Chandra defined a special spherical function £¢ on G(R), which can be
used to control the growth of C*-functions on G(R) with values in C. We recall
briefly its definition and some useful results.
We denote by C* (G(R)) the space of all complex-valued C*-functions on G(R).
Consider the normalized smooth-induced representation

i (1) = {f € C™(G(R)) : f(pg) = 0p.6(p)"*f(g), Vp € P(R), g € G(R)}
equipped with the scalar product

()= [ ST ®Rdk S i (1)

Let ex € i (1) be the unique function such that ex(k) =1 for all k € K. Then the
Harish-Chandra spherical function E¢ is defined by

8%(g) = (ip ((g)ex ex), Yg € G(R).

Note that if f and g are positive functions on a set X, we will say f is essential bounded
by g, if there exists a ¢ > 0 such that f(x) < cg(x) for all x € X. We will denote it by
f <« g.Wesay f and g are equivalent if f is essentially bounded by g and g is essentially
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bounded by f. The function E¢ is a bi-K-invariant function, and it is independent of
the choice of the maximal compact subgroup K up to equivalence.
Fixing an embedding ¢ : G(R) - GL,,(R), we define the height function
a(g) =1+ sup{log|a;,|.log[bi [},

where (a;,;) is the matrix ((g) and (b;,;) is the corresponding matrix of 1(g™"). In
particular, if a = (a3, ..., 4a,) € A, we have

(2.3) o(a) =1-log|ay| > 1.

We have the following well-known estimation of £¢ due to Harish-Chandra.

Lemma 2.1[16, Theorem 30]  There exist constants A, B > 0 such that for any a € A,
we have

A6} o(a) < E%(a) < A8} ;(a)o(a)®.

The double covering group G of G is not an algebraic group, but behaves in many
way like an algebraic group. In particular, we have the Cartan decomposition for G,
ie,G= KA%K , where K is the inverse image of a special maximal compact subgroup

of G and A7 is the inverse image of Aj; in G. We define the corresponding Harish-

Chandra spherical function by 2¢ = E¢ o p, where p is the covering map.

Using Harish-Chandra’s E-function, we have the following definition of tempered
representation for real reductive groups and metaplectic groups. Let H be the real
reductive group G or the double covering group G of G.

Definition 2.1  'We say that a unitary representation (7, .7, ) of H is tempered if, for
any e, e’ € 7r, we have an inequality

[(n(g)e,e’)| < A-EM(g)a(g)”, Vg e H(R)

for some constants A, B.

Thanks to the work of Cowling, Haagerup, and Howe [2, 14], a representation of H
is tempered if and only if its matrix coeflicients are almost square-integrable functions
(i.e., it belongs to L**¢(H(R)) for all € € R.).

Let 7 be a tempered representation of H. For any v,v’ € m and g € H(R), by
definition of tempered representation, there exist constants A, By, such that

[(n(g)v,v")| < A1 - B (g)o(g)™.

Moreover, a more precise estimation is given by Sun [14]: there is a continuous
seminorm v, on 7 such that

(2.4) |((g)v,v")| < R (@) v (v) v (v), Vv, v € m.

We deduce, from Lemma 2.1 and the fact that the Harish-Chandra function Y is
bi-K-invariant, that for any g = k;ak, € KA K, we have

gH(g) = E¥(kak,) = EH(a).
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If H = G, there exist two positive constants A, and B, such that

g9 (a) < 4,82 (a)a(a)".
IfH = G, there exist two positive constants A3 and Bj such that

(2.5) 5"(a) = 8%(p(a)) < 438} (p(a))o(p(a))™.
Thus, for any g = kjak, € KA} K, there exist two positive constants A and B such that

26) ((n(g)v V)] < A8 (p(a))o(p()".
3 Theta correspondence

In [13, Theorem 6.1], Li shows that if the dual pair (G, G, ) is in the stable range, then
there is an explicit realization of the theta correspondence using the mixed model of
Weil representation [13, Section 4]. The explicit realization of theta correspondence
for unitary case is studied in [11], and for more general classical groups, it is studied in
[5] and used by Xue in [19]. The explicit theta correspondence for our dual pairs has
been described in [1, 12]. In this paragraph, we recall the explicit theta correspondence
using the mixed model of the Weil representation and study the matrix coefficients of
the explicit theta lift.

The Weil representations are depended on the choice of the additive character y.
Since we have fixed it, we may omit it from the subscript of the Weil representation.

3.1 Mixed model of Weil representations

The mixed models of Weil representations for our dual pairs in the introduction are
defined as follows:

(A) Let (W,(,)w) be a 2n-dimensional real symplectic vector space, and let
(V,{,)v) be a real quadratic space of dimension 2n + 1 with discriminant

disc(V) = (-1)"det(V) > 0.

The space (W ® V,{—,—)w ® (-, —)v) is a real symplectic space. We have a
natural homomorphism

3.1) Sp(W) xO(V) = Sp(W @ V).

Let wy be the Weil representation of Sp(W ® V) associated with W ® V. We
denote by wyy,v the representation of Sp(W) x O(V') by pulling back the Weil
representation w,, by the homomorphism (3.1).

Let ry be the Witt index of V. Let Vj be the anisotropic kernel of V, which is
of dimension 2n + 1 - 2ry. Let Py = My Ny be a minimal parabolic subgroup
of O(V) stabilizing a full flagof V*.Let Ay = (R*)" be the maximal split torus
in My and define

AJ‘r/:{(b],...,brv)|0<blg“'gb Sl}

rv
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We have two dual pairs (Sp(W),0(V)) and (Sp(W),0(Vy)). Let A
be the Schrodinger model of the Weil representation wy,y, of the dual pair
(Sp(W),0(Vp)). Let ¥ = /(W' )®.%. Then the Weil representation wy,y
for the dual pair (Sp(W), O(V')) can be realized on .7, called the mixed model
of wy,y. We view elements in . as Schwartz functions on W'V valued in .%;.

Since Sp(W) is split, the maximal split torus Ay = R” and we define

Ay ={(a1,...,a,)|0<a < <a, <1}.

Forany a € A}, b € A}, and ¢ € ., we have
(3.2) ww,v(a,b)p(z,w) = det(a)%ﬂb_lza, wb).

(B) Let (V,(,)") be an n-dimension Hermitian space over H, and let (W, (, }!)
be an m-dimensional skew-Hermitian space W over (I, }) with m =n or
n — 1. The space (W ®n V, Trg/r({,) ® (,))) is a real symplectic space of
dimension 4mn. This defines an embedding of dual pair (Sp(W),O(V)):

Let ww,v be the oscillator representation for the dual pair (Sp(W),0(V)),
which is a representation of Sp,, . (R). Let ryy and ry be the Witt index of W
and V, respectively. Let W, and Vj be the corresponding anisotropic kernels of
W and V. Then we have

dimg (W) = m - 2ry, and dimg(Vp) = n—ry.

Let Py = My Ny be a minimal parabolic subgroup of Sp( W) stabilizing a full
flagof Wy Then My, = GL;(R)"™ x Sp(Wy).Let Ay = (R*)™ be the maximal
split torus in My, and let

Ay ={(ay,...,a,,)|0<a; < <a,y, <1}
We have three dual pairs
(Sp(W), O(V)), (Sp(Wp), O(V)), and (Sp(W), O(Vo))-

Let o be the Schrédinger model of the Weil representation wy,, v, of the dual
pair (Sp(Wp), O(Vp)). Let 4 = (W, " )®.po. Then the Weil representation
wyw,,v for the dual pair (Sp(Wp),O(V)) can be realized on .#. Finally, the
Weil representation wyy,y of the dual pair (Sp(W), O(V)) can be realized on
S =S (VV)8.7, called the mixed model of the Weil representation wyy,y.
We view elements in .% as Schwartz functions on V™" x WV valued in ..
Define

A-“—, = {(b],. . '»brv)|0 < b] <. < brv < 1}
Forany a € A}, b € A}, and ¢ € ., we have

(3.3) ww.v(a,b)d(z,w) = det(a)” det(b)" > ¢(b~'za, wh).
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3.2 Matrix coefficients of Weil representations

In this paragraph, we give the estimation of matrix coefficients of Weil representations
wyw,y using the mixed model described in the previous paragraph.

Lemma 3.1 For ¢, ¢’ € (R) and t € R*, there exists some constant C such that

(3.4) | [ 904 (x)dx

<C-Y(1),

1, if [t <1,
where C is a constant and Y (t) = {|t|_1 l:}i:t: )
> 1 > 1.

Proof By changing of variable, one can reduce to show that for ¢, ¢’ € . (R), there
exists a constant C such that

‘[R([)(tx)(p'(x)dx <c,

forall 0 < |¢] < 1. It follows from a direct estimation of the integration for three regions:
|x| <1,1<|x| <1/t, and |x| > 1/t. [

Using this lemma, we get the following important estimation.

Proposition 3.2 For our dual pairs (G, G,) over (K, ) of equal rank n with under-
lying spaces (W, V') as in the introduction, there exists a constant C, such that:

(A) IfK =R, then for (§,h) € Sp(W) x O(V) and ¢, ¢’ € wy .y, we have

(3.5) (wwr ()¢ ¢ < C- TTlad ™ TTTT Y (axbi)-
i=1

k=1 j=1

(B) IfK =H, then for (g, h) e Sp(W) x O(V) and ¢, ¢' € ww v, we have

36)  |(owv(gm)e ¢ <C-TTlail" [TIb;/" ™ TTT] Y (aibj").
i=1 =1

i=1 j=1

Proof  The two cases can be proved by the same argument, and we only show
the case (A). For any (g, h) € Sp(W) x O(V), by Cartan decomposition, we can
write (g, h) = (kiaky, k;bk,), with k; in the inverse image Ky of a special maximal
compact subgroup of Sp(W), k;- in a special maximal compact subgroup Ky of
O(V),a € A},,and b € A}, Thus, for ¢, ¢’ € wy v, there exists some constant C; such
that

2n+1

((0w.,v (& h)$:¢")| < Ci-det(a) > (¢(b7" - a), ¢").

Together with the previous lemma, we get the desired estimation. [ ]

In the unitary case, the above estimation is refined by Xue [19]. Similarly, we can
provide a more precise estimation for our dual pairs.
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Proposition 3.3 Let (Gy, G,) be one of our dual pairs over (K, ) as in the introduc-
tion with underlying spaces (W, V). Then there exists a continuous seminorm v.» on
wyy,v such that:

(A) IfK =R, then we have

37 (ewr(@h)¢¢) < l_III [TTTY (a7 v (8)vr (9.

k=1 j=1
(B) IfK =H, then we have
(3.8)

((ww,v (g h)$,¢")| < Hlazl Hlb " 2'WHHY(MJ v ($)vr(¢7).

i=1 j=1

Proof Note that, in [19, Lemma 3.1], Xue proved a general result: let m be an integer
and take ¢, ¢ € 7 (R™)®.%, viewed as Schwartz functions valued in ., and A =
(A15+++ Ay ) € R™, Then there is a seminorm v on . (R™)®.% such that

(3.9) ‘[Rm (GOt oo A )s 8 (X1 -+ X ) V1| < 1‘[ YY) v()v(g').
Together with the formulae (3.2) and (3.3), we can deduce our result. ]

3.3  Weil representation and theta lifts

Let w be the Weil representation of one of our dual pairs (Gy, G, ) over (K, ). If K = R
(resp. H), let 7 be an irreducible genuine representation of the double cover Gl of G
(resp. an irreducible representation of G;). Then the tensor product w®7 is a G x G-
module, where G, is the double covering group corresponding to G, and acting by
and G acts by w®7. The maximal isotropic quotient of w with respect to 7 has the
form 7 ® () for some smooth representation @(7) of G, which is either 0 or of
finite length. Let 6( ) be the maximal semisimple quotient of @ (7). The topology on
6(7) is induced from the projective topology of the projective tensor product w®7r.
It is known by Howe [8] that 6( ) is either zero or irreducible.
If K = H, we regard Sp(W) as a subgroup of Sp,,,, (C). We may denote

(310)  dimW = {2”’ FR=R 4 dimV - {2" +L fK=R,

2m, ifK=H 2n, if K =H.
Lemma 3.4 Let (G, G,) be one of our dual pairs over (K, ) of equal rank n with
underlying spaces (W, V). Let © be an irreducible genuine tempered representation of
Sp(W) (if K = R) or an irreducible tempered representation of Sp(W) (if K = H). For
any v,v' € mand ¢, ¢’ € wyy,y, there exist continuous semi-norms v, on m and v on
wy v such that

fsp(w) (0w, v(g1)¢, ‘/5’)de <V (M (Vv (d)ve(¢').
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Proof By estimations (3.6) and (2.5), there exist a continuous seminorm v, and
positive constants A, B such that for any a € A}, and v, v’ € 7,

(@), v")| € 418} g 1y (0)0/(@)P152(V) (V).

By (3.7) and (3.8), there exists a continuous seminorm ¥ such that for a € A},
and ¢, ¢’ € wy,v,

rw

[(ww,v(a,1)¢,¢") < []la:

i=1

dim

50 (8) 7. (¢).

Finally, by the formula (2.2), the integral is bounded by
(3.11)

dim

fA+ (SP,SP(W)(a)%(1+10g|ai|)BH|aj| > da,
w j=1

[ ) a1 )i (0w (R D)7 (0w (k7 )¢k,

where B is a positive constant and ¥, (resp. ¥.»») is a continuous seminorm on 7 (resp.

ww,v)-
For any a € A}, 8p sp(w)(a) = [1;¥ |ai|*"**7%". The integral

T - (2ne2-2i) & Pre
[ Tlaif 1-Sloglail | T]1a;1**" da
i=1 j=1

w i=1

converges. Since K; is compact, the integral
fK . 5 (k)i (n (k" DY) P (v (ki 1)) 5o (0w v (k1) ¢ ) dky dk,
is bounded by

Vol(K1)*va(v)va(v')v. (¢)vr (),

where v, (v) = sup .k, 7= (7(ki1)v) and v (¢) = sup; ., .7 (0w, v (ki,1)$). Each
sup term defines a continuous seminorm on the corresponding space by the uniform
boundedness principle [15, Theorem 33.1]. ]

Proposition 3.5  Let 7 be an irreducible genuine tempered representation of Sp(W) (if
K =R) or an irreducible tempered representation of Sp(W) (if K = H). Take v,v' €
and ¢, ¢’ € wy,y. The multilinear form on T 1 ® ww,y @ Ww,v

61 (08 [ (@) (o (e )8 9)dg

Sp(W)

is absolutely convergent and continuous.

Proof  The absolute convergence and continuity follow from Lemma 3.4. ]

Iwe ignore the identification of multilinear form and the linear form via the tensor product.

https://doi.org/10.4153/50008439523000516 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439523000516

Compatibility of theta lifts and tempered condition 69

If Ow,v,y () # 0, then the integral (3.12) is not identically zero.
Note that the integral (3.12) defines a Hermitian form on 7 ® wyy,y. In fact, for any
¢,¢" € wyw v andv,v em,

Ped e [ v (wwv(eDs.¢)dg
fs o) (O V') (ww,v(g:1)¢, ¢")dg
fs(w)( v, m(g)v)- (¢, ww,v(g1)$)dg
fs (W)W (ww,v(g\1)¢', ¢)dg

= i, (HOY V) (@i (2.1)¢', 6)dg
=(v'® ¢',v® ¢),

which means (3.12) defines a Hermitian form on @,y (7). By [6, Theorem 1.1], this
form is semipositivity. Moreover, we have the fact that if q is a nonzero semipositive
definite Hermitian form on a vector space X, and L is the radical of g, then g descends
to an inner product on X/L, still denote by g. To prove this, if there exists an x ¢ L such
that g(x, x) = 0, then take some y € X, which satisfies g(x, y) # 0. For ¢ € C, then we
have

(3.13)

q(tx +y,tx +y) =q(y, y) + 2Re(t) - q(x, y).

As t is an arbitrary complex number and q(x, y) # 0, we conclude that for a well-
chosen complex number t, g(tx + y, tx + y) can be a negative real number, which is
a contradiction to the semipositivity of g.

Let R be the radical of semipositive Hermitian form defined by (3.12) as above.
Then the nonzero semipositive definite Hermitian form g defines an inner product
on @y, v (m)/R. Therefore, ® v (7)/R must be semisimple, and thus coincides with
0 W,V ( 7'[) .

The explicit theta correspondence allows us to give the explicit matrix coefficients
of Oy, v () as follows.

Proposition 3.6  Let (Gy, G,) be one of our dual pairs over (K, {) of equal rank n
with underlying spaces (W, V') as in the introduction. Let 7t be an irreducible genuine
tempered representation of Sp(W) (if K = R) or an irreducible tempered representation
of Sp(W) (if K = H). Then, for v,v' € m and ¢, ¢’ € wy v, the function

Dy,grvv :he O(V) = fsp(w) (m(g)v,v") - (ww,v (g )¢, ¢")dg
defines a matrix coefficient of O,y (7).
4 Theta lifts for tempered representations

In this paragraph, we use the estimations of the matrix coefficients of various rep-
resentations established in the previous sections to prove our main Theorem 1.1.
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To prove the theorem, it is suffices to show that the matrix coefficients of O v (1)
are almost square-integrable functions. Moreover, since the representation 8y, y ()
is irreducible, hence we only need to check that the matrix coefficients ®g 4, ,» with
¢, ¢" € ww, v and v, v’ € 7 are almost square-integrable.

Hence, we need to prove for any & € R, for any ¢, ¢’ € wy v, and for any
v,v' € m, the integral

2+¢g _ INT 7 No 7\
S [@ssmm @l an= [ ([ (wwv(ems.6) v dg)

converges. In the following, we will prove a stronger condition: the integral

2+¢&g
an [ (L @wr(e e (@v)ldg)  dn

converges.

Let ry and ry be the Witt index of W and V, respectively. Note that, for our dual
pair of type I of equal rank n, if K = H, the dimension of W over H can be n —1 or
n. In the following, if K = H], we will assume dim W = dim V = n and the other case
works in the same way.

2+¢&g d”l

o(v)

4.1 Reduction using the estimation of matrix coefficients

Let Sp(W) = KjA,K; and O(V) = KA} K, be the Cartan decomposition of
Sp(W) and O(V), respectively. Let g e Sp(W) and h € O(V), then there exist
a=(a,....a,,) €A}, b=(b,...,b,,) € A}, ki, ki € Ky, and k,, k), € K such that
g = kyak{ and h = k,bk;,.

For any ¢, ¢' € wy,v and v, v’ € 7, by the estimations (2.6) and the estimation of
the matrix coefficient of Weil representation (see (3.5) and (3.6)), we deduce that there
exist positive constants A, B such that

((ww,v(g,h)¢,¢")(m(g)v,v")
A I%’Sp(W) (a)o(a)® H|a ER H|b|

(4.2)

Yo rw H HY(albj—l)

i=1 j=1

IN

To simplify the notation, for a € A}, and b € A7, we set

amw rw ry »
j 2 HHY(ale )

i=1 j=1

CW’V(a)b) _ H |ai|di1;1V
i= j=1
Together with equation (2.2), we have
[ lwwr(g hg. ) (n(g)v.v')| dg
Sp(W)
sAf 82 5y (€)0(@)*Cuw,v (a, b)dg
(43) Sp(W) 1
SA/+ 52io00 (@) [ O 5o (@)0(a)"Co. v (a,b)dkidadk

A -Vol(K;)? / 8k oy (@)0(a) C v (a,b)da.
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Hence, if we denote A - Vol(K;)? by A’, then for any &, = 2¢ > 0, using equation (2.2)
again, we have

(4.4)

2(1+¢)
\/O(V) (‘AP(W) |(wW,V(g> h)¢,¢ )(ﬂ(g)V,V )|dg) dh

<A’ (f
o(v) \Jas,

. 2(1+¢)
SA’fA; 5P}O(V)(b)fl<m(f% 5;;P(W)(a)o(a)3cw,v(a,b)da) dkydbdk,

1 2(1+¢)
5;,Zsp(W)(“)U(a)BCw,v(a,b)da) dh

. 2(1+¢)
A" - Vol(K,)? fA; 85l (b) (fAW 8oy (@ (a)*Cwv (a, b)da) db.
By the formula (2.3), we have
rw rw 1A%
o(a)<1-Y logla;| <1- logla;| - > log|bj|.
i=1 i=1 =1
The modular characters dp sp(wy and 8p o(v) are given by the following formula:
w i
8P,Sp(W)(a) — H |ai|2n+2—21’
i=1

H;Zl |bj|2n+1—2j, if K = R,

5p,o(v)(b) = {H;Zl |bj|2n_2j) if K = HL.

Thus, we have the integral
.

n . ry . n v
fA+ . 11 FRICEICD 11622 T]I] Y(akb}1)2+2‘
w j=1 k=1 j=1

v i=1 J
(4.5) (4.4) = . . B(2+2¢)
(1—210g|a,-|—210g|b]-|) dadb,
izl =
if K =R, and
(4.6)

MRG0 (e) T 1 ((2i-2n)42(0e) (n-rw) T T 1y2+2
[A+ A+ H|a1| 1 +& H|b]| ] n)+ +& n—rw HHY(akb] ) +2¢
wX j=1

v izl k=1 j=1
(4.4) =

. . B(2+2¢)
(1—210g|ai|—210g|bj|) dadb,
P il

if K = H.
To prove the convergence of the integral (4.1), it suffices to show the integrals (4.5)
and (4.6) are convergent.
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4.2 Proof of the convergence of the integral (4.5)

We prove the convergence of the integral (4.5), this method also works for the con-
vergence of the integral (4.6). Let (py, ..., pry+1) be an (ry + 1)-tuple of nonnegative
integers such that

prt -+ Prys1=n.

Let Sp,,....p,, .. be the subset of A7, x A7, defined by the condition
|an] < - <ap [ < by
(4.7) lap | <o <apip,| < |ba| <apipya| < <apvsp,,

bry| <lapystp,, 1l < <appaeip, 0| <1

We can break the domain A7, x Ay, of the integral (4.5) by Sp,,.._p, ., and it suffices
to show that over each region Sy, 5, .,» the integral (4.5) converges. We will use the
following simple lemma to conclude its convergence.

Lemma 4.1 Let N be a natural number. Let sy,...,sy and B be real numbers. If
S1+--+s; >0foralll1 <i< N, then the integral

B

N
A <o slnls 2y || [N (1 - zlog|xi|) dx;--dxy
1|SSIXN(S

i=1

converges.

Note that in a fixed region S, we have

----- Pry+12

Pjn

H ai+2{(=l Pk

i=1

ry

1T - i
=1 j:1 j:1

1

b n(zi_lpk)) )

We rearrange the terms in the integral (4.5) with respect to the order given by the
condition (4.7). To prove that the integral (4.5) converges, it suffices to prove that the
integral (4.5) on region Sp,,...,p,, ., satisfies the condition of Lemma 4.1 with respect
to this order.

For 0 <t < pj1,1< j < ry, we check the sum of the exponents in the integral (4.5)
up to Apyteetpj+tt

(1) The sum of the exponents of a; (1< i < py+--+pj +1t):
A+3++Q2(pr1+-+pj+t)-1))(1+¢)
—(p2+2p3+--+(j-1)pj+jt)(2+2e),
(2) 'The sum of the exponents of b; (1< i < j):
20+ +j)—jn+1)+ ((n=p1) +-+(n=p1 == p;))(2+2e).

Summing these two terms, we get

.....

(p1+~--+pj+t)2+s((p1+---+pj+t)2+2j(n—p1—~~~—pj—t)) > 0.
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The same type of verification shows that the sum of the exponents up to b; is positive.
Hence, the integral (4.5) satisfies the condition of Lemma 4.1. As a consequence, the
integral (4.1) converges.
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