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SEMIGROUPS OF COMPOSITION OPERATORS

IN BERGMAN SPACES

ARISTOMENIS G. SISKAKIS

Semigroups consisting of composition operators are considered on
weighted Bergman spaces. They are strongly continuous, and their
infinitesimal generators are identified. One specific semigroup

is used to obtain information on an averaging operator.
1. Introduction.
Recall that for 0 <p <® and -1 < a < « , the weighted Bergman
space AZ consists of the functions f analytic on the unit disk D
such that

1 (1 2
(1.1) I]fllg,a ==/, M, (0, f) (1-r )% rdr < @,

where M%(Igfv = fzﬂ lf(rete)lp de . If 1<p < then AZ is a

Banach space, if p = 2 a Hilbert space. If ¢: D +D is analytic, itis

well-known that the composition operator T¢(f7 = f o ¢ is bounded on
Ai . Suppose {¢t: t 20} is a one-parameter semigroup of analytic

functions mapping D into itself (that is ¢t ° ¢ for

s = Ptes

t, 820, ¢0(z) =z, and ¢t(3) is continuous in (¢,2) on {0,«) x D).
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The purpose of this paper is to study the semigroups of composition

operators {Tt: t 2 0} induced by {¢t} on Az by

= f o p
(1.2) Tt(f7 =f°d4,, fe A, t20.

Such semigroups were studied on Hardy spaces by Berkson and Porta [1] and

by the author in [74]. Here we will show that {Tt} is continuous in

the strong but not in the uniform operator topology of AZ . We shall

also identify the corresponding infinitesimal generator T a and its
>

point spectrum. Further, an averaging operator on Ai related to such

semigroups will be considered.
2. Preliminaries.
If {¢t} is a semigroup of analytic functions on D , the limit

3¢t(z)

G(z) = lim 5E

t+0
the unique representation G(z) = F(z)(bz-1)(2z-b) where |b| < 1 and

gives the infinitesimal generator of {¢t}' G(z) has

F(z) is analytic with ReF 20 on D . The distinguished point » in
the representation of G is called the Denjoy-Wolff point of {¢t}

(DW point). Except for the case when {¢+}

consists of elliptic Mobius transformations of D , we have 1lim ¢t(Z):=b
£

for each zeD . If |b| <1 then b is a common fixed point for

s t >0 [1)]. To each semigroup {¢t} there corresponds a unique
analytic univalent function h:D + C with h(0) =0, h'(0) = 1 such that
(2.1) h(¢t(z)) = h(z) + G(O)t, 2 eD, t 20

if the DW point b of {¢t} has modulus one; and

(2.2) (hov,)(6,(2)) = ehoyy)(a), 2 D, £20

where ¢ = G'(b) and Yb(z) = (z-b)/(1-bz) if |b| <1 ([31[141). The

function h in (2.1) is given by
_ (= G(0)
(2.3) niz) = [5 &% dc, zeD

while the function Ao Yp in (2.2) is defined as the unigue solution
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y(z) of
1/(1—|b|2) .

(2.4) y'(z)G(z) - G'(bly(z) = 0, y'(b)
The trivial semigroup, ¢t(Z) = z for each t 2 0 , corresponds to the
generator G = 0 .
3. Strong continuity.

We shall need an estimate, given in the next lemma, on the norm of
a composition operator on A(p; . The case p=2 can be found in [2] or
[51. A similar result for Hardy spaces was studied in [171] and [12],

LEMMA 1. Let ¢: D > D be analytic and nonconstant. Then the

norm of the operator T s f>Ffed on Ap satisfies:

ats
Hell, + leco)| Vo
el - leco)|

(3.1) ||T¢||

where C=1 if w20 and ¢ = (|[sll_+ |60 )¥Pclsll_ + 3l6c0)|) 7P
if -1 <a<0.

Proof. wWe will use a harmonic majorant technique of Nordgren. Put

= |¢c0)]|, d= ”d)”w and fix 0 <r <1, By a standard application of
the Schwarz-Pick Lemma on the map ¢1 = f1¢ we have
l6(2)| s (de+d’r)/(d+cr) for |z| sr . But (c+dr)/(d+dr) s
((d-c)r + 2¢)/(d+e) for all 0 <r <1, so |¢(z)| < dR S R where

R=R(r) = ((d-c)r + 22)/(d+c) . If f e Af‘ let u(2) be the harmonic

extension of If(Reie) P on |z] < dR . u(z) is continuous on |z| < dR

and majorises If(2)|p there, so |f'(¢(z))|psu(¢(z)) for |z| <
It follows that

(3.2) 4 (r,f o 9) =fzn|f(¢(reie)) P do s[f)"wo 8) (re*®)do = 2nu(s(0)) .

By Harnack's inequality we have

(3.3) u(6(0)) < 2 y(o) = BBt L 42T | prapst®) (P gp
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Combining (3.2) and (3.3) and observing that M%(r,fv is increasing in

r we obtain

dR+c

(3.4) Mp(r fod) s M (R,f) .

Now multiply both sides of (3.4) by (I-r )ar and integrate with respect
to r» from 0 to 1 . The change of variable u = ((d-e¢)r+ 2ec)/(d+c)

in the second integral gives:

(3.5) f) Zg*c M_(R,f)(1-r2)® p dp =
d+c o+l 1  udte ul(d+e)-2¢ ,ul(d+c)+d-3e,o 2.

= (———) ( ) (1-u")" M (u,flu du .
(d-)2"  2c/dre ¥AC u Ttu

The quantity q(u) = (ud+e) (u(d+c)-2¢)/(ud-c)u inside the integral has
derivative ¢q'(u) = —202(u2d - 2ud+e)/(u2d-uc)2 and the zeros of ¢q'(u)
are 1 * V1 - ¢/d . Since the interval [2e¢/d+e, 1] is contained in the

interval with endpoints I * v1 - ¢/d , q'(u) does not change sign over
[2¢/d+c, 1] . Since ¢q'(1) 1is positive, ¢q(u) increases on [2¢/d+e, 1]
and is bounded above by ¢(1) = d+¢ . Also, by calculus,

(d+e) (d-c) u(d+e) + d-3e
drde - T+u s d-e

for u € [2¢/d+¢, 1] . From these and (3.4), (3.5) we obtain
1} a-r%)e M (r, fo4) rdr < (@)= 1 (145" M (u, £) ud

for o 2 0 , while

J3 (120" W (r, £o4) rdvs (e (et fT 180 M, (u,F) udu

for -1 < a <@ . The conclusion follows.

THEOREM 1. Suppose 1 <p <=, -1 <a <= gnd {o,} is a given
semigroup with generator G . Then
(1) The induced semigroup {Tt} defined in (1.2) is strongly

continuous on Ag .

22)  The infinitesimal generator Fp . of {Tt} has domain

E
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2

- p. D = '
D(Fp’a) ={fe A Gf' e Aa} and Pp,a(f7 Gf'! for each f ¢ D(Fp cl).
(iii) If {Tt} is eontinuous in the uniform operator topology

then {¢t} 18 trivial.

Proof. (i) Let feAi,fp(z)=f(pz) for 0 <p <1ande>0.

An argument similar to the one employed in [7, Theorem 3(ii)] shows that
"nr - fl +0 as p-+1. Thus | - fl < g/2 for sufficinet-
£,- 10 0 17, - fll, o <</ 0

ly near I . The power series of fp converges to fp uniformly on the

closed disk D so there is a polynomial P such that ||fp—P||p Q< e/2.
E
It follows that the polynomials are dense in AZ . For the strong
continuity we need to show that for every fe &P , wim|lT (F) - fll
a £+0 t p,c

=0 . From Lemma 1 we see that {”Tt”} is uniformly bounded on every

bounded interval of ¢ . The triangle inequality and the fact that

polynomials are dense in Acp; show that it suffices to prove

lim ||7,¢P) - P|| = 0 for each polynomial P . Equivalently we will
t pso

>0

show that for each 720 lim ||¢n - Xn” = 0 where xn(z) '= 3" . Fix

tx0  ° P>

0 <r <1, then ¢: converges uniformly to X, as t+0 on the circle

_ . n _ 2)a n
|z] = » . Thus iirgMp(r, ¢t-xn)—0. Now (l—r)r'Mp(r', ¢t—xn) <

2p+1n(1-r2)ar for each t20 and r € (0,1) . Since a > -1 the right

hand side is integrable on (0,1) and we can apply the Lebesgue dominated

convergence theorem to obtain 1lim ”¢: - Xn” i 0.
£50 P

(ii) The proof of this part is similar to the one in [], Theorem
3.7] so we will only provide an outline. Let DJ = {fe AZ: Gf'! ¢ Az} and
I, be the operator defined on DJ by T, (f) = Gf! . The pointwise limit

lim((f o ¢t)(2) - f(z))/t exists for each 2z € D and equals G(z) f'(z) ,
>0
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Since convergence in AZ implies in particular pointwise convergence, it
follows that D(r_ ) ¢ D, and T, extends T . The proof can be
p,a” — 1 1 psa
completed by showing that there exists a X >0 such that A - I‘p a is
£l

onto Ap while A-T is one-to-one, This then implies that T, =T .
o 1 1 psa

The details for the existence of such a A are as in [, Theorem 3.7].

(iii) 1If {Tt} is continuous in the uniform operator topology then

T is bounded on s . FPor n20 I1let X, be as in part (ii) . Then
p,a Qo

I‘p,a(xn) = nG X1 and taking n=1 we see that G ¢ AZ . For n21
we have n ”G Xn-l”p as ”I‘ p,a” ”Xn”p,a » that is
(3.6) P [ (2-x7)0p 1Pt M (r,0) dr < zalfT ) P 3122 P e

Let 6 € (0,1) be such that fg (1-r2)% dp = % f(l) (1-r2)® dr . since

Mp(r,G) is increasing in » we have

i (8,6 [{(1-27) PP g < P [111p%)® pn-10PH M (r,6)dr

(3.7) s P [1(12P)% o 1PH U (r,6)dr
=nP 7 ”G Xn-lng,u .

atso [5 (129" P ar < [ (1) 7P ar oo

§
[31-2%)% PP ao < 2 fL1P)° PP o < 2 LB TP g
that is,
(3.8) ”ank oS 4 [é (1—r'2)a r(n—l)p+1 dr

Compining (3.6), (3.7) and (3.8) we obtain nP M(§,G) < 4n ”I‘p a”p for
3
each n=1,2, ... . It follows that M(§,G) =0 so G = 0.

Denote by Po(T ) the point spectrum of T .
Y p,a P P p,a

THEOREM 2. Suppose 1 <p <=, -1 <a < andlet {¢,} bea

semigroup with gemerator G , associated univalent function h , and DW
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point b.

(¢) If |b| <1 then Po(I‘p J S {kG'(b): k=0,1,2, ...} . The

k]

point KG'(b) is in Po(r, ) if and only if 2k e £

3

(ii) If |b| =1 then Po(r, ) = 1G(0): eapin(z)) « Py

Proof. (i) From (2.4), G = G'(b)(h °Yb)/(h OYb)' . Suppose f is

analytic, f 30 and A ¢ § are such that Fp a(f? = Af . Then

3

F'/f = xho Yb)'/(G'(b)(h OYb)) . Integrating f'/f over |z| =r where

Ibl < r <1 is chosen so that [ has no zeros on Iz[ = r , and applying
the argument principle, we find that A/G'(b) = k, a nonnegative integer,

so A = KkG'(b) . The nonzero analytic solutions of

[(hoy,)/(hoy,) ' If" = kf are f(z) = clhoy,)(a) , c#0 . mhe

conclusion follows by observing that (A °Yb)k € Ai if and only if

K

B e AP,
a

(ii) In this case G = G(0)/h' . 1f f(2) = exp(ih(z)) € AZ then

T (f) = AG(0)f so AG(0) € Po(T_ ) . Conversely if AG(0) € Po(T_ )
psa psa psa

is an eigenvalue and f # 0 an eigenvector corresponding to AG(0) , then
f'(z) = AR'(2)f(z) . It follows that f(z) = cexp(Ah(z)) , e # 0 , and

the conclusion follows.
4, An averaging operator on Az .

We will now consider a specific semigroup, namely
-t -
(4.1) ¢t(z) =¢ g+ 1-e  , zeD, t20,
and will obtain information about the operator A defined on Ap by

1 2 '
(4.2) A(f)(z) = = J7 f(e) de .

It is necessary to consider (4.2) formally until made precise later. The
operator A has been studied on Hardy spaces in connection with the
Cesaro operator ([41{13]). It has also been studied on other spaces of

analytic functions including the Bergman space A2 = AZ

(Cg1l10D>.
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Let {Tt} be the semigroup of composition operators ’nduced by

-t -t
. _dle "z + 1- ")
t} is G(z) = oz =0

= -z2+1 , so the infinitesimal generator of {Tt} is given by

{¢t} as in (4.1). The generator of {¢

(4.3) I‘p,a(f)(z) = (1-z) f'(z) .

LEMMA 2. The spectrum of rp,a is o(I‘p,a) = {z: Rez < —} .

Proof. From Lemma 1 we have
o+2

I, Il < ect) (2et-1) P

[ ]
where C(t) =1 if a0 and C(t) = ((2-e"0)/(4-3"F))P if -1 <a < 0.

In any case C((t) is bounded by a constant independent of ¢ . Thus the
type w, of {Tt} satisfies

o = 1im — Wl are

0 t T p

It follows that c(Pp a) < {z: Rez £ (a+2)/p} (see [6, Theorem VIII.1.11]).
>

On the other hand if ReX < (a+2)/p then gA(z) = (J—Z)A € AZ and we

have ija(gx) = AgA so A is an eigenvalue of T ot This together

with the fact that o(Fp a) is a closed set finish the proof.
E]

LEMMA 3. If a+t2 <p and g € AZ:‘ then for any zeD the integral
5 g(z) de is finite.
Proof. 1If g ¢ AZ; then the estimate |g(z)| < C(p,a) ”g”p o

-(a+2
(l—lzl) (at2)/p holds. The path of integration is taken for simplicity
to be the segment from 1 to 2 . If ¢ is a point on this segment then
there is a constant k such that 1 - |;| > k|1—c| as ¢+ 1., It follows

that |g(z)| < Clp,a) K7 ”g“p “ IJ—Cl-(a+2/b , and so for a+2 <p

,g(c), is integrable on the segment from 1 to 2 , completing the proof.
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Consider now the semigroup {St} where St = e—t Tys t20 . The

generator of {St} is given by

3

(4.9) Ap u(f?(z) = (1-z)f'(z) - f(z) ,

and by virtue of Lemma 2, we have

(4.5) olh. ) ={3: Rez < -1 + Egg-} .

pb,a

Assume now that o+2 <p . Then 0 ¢ o(Ap a) so the resolvent operator

3

RO, A ) = (-A )1
p,(! p,(!

the operator A in (4.2) is well defined in this case, and an easy

is bounded on AZ . As a consequence of Lemma 3

computation shows that

(4.6) R0, 8, )= Alat2 <p) .

Applying the spectral mapping theorem we find from (4.6) and (4.5)

- e p__| 2
4.7 o(A) = {a: 3 - 2(p—2—0)| < 2(p—2—a)}

and that each point in the interior of o(A) is an eigenvalue.

On the other hand if a+2 2 p then 0 € o(Ap a) . In this case,

3
for g ¢ Ai , the differential equation (I-2J)y'(z) - y(z) = g(z) either
does not have analytic solution of the form (4.2) or if such a solution

exists, it is not necessarily in Az . We have proved the following:

THEOREM 3. The operator A given by (4.2) is bounded on Az if
and only if a+2 <p . In this case the spectrum o(A) is given by
(4.7). Each point in the interior of o(A) 1is an eigenvalue.
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