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Abstract. There exists a Bernoulli shift with non-identical factor measures for which
no invariant o-finite equivalent measure exists.

1. Introduction
Our purpose is to give an example of a Bernoulli shift T acting on an infinite
product measure space

@#p=(_ 1 O, V % 1 &)

—00<k <00 —o< k<00 —00< k<0

such that the shift T,

(Tw)i = wi+1  for w = (wi)—co<i<ooy
is non-singular, i.e. P(A)=0 if and only if P(TA)=0 for Ae F=V _wcik<w Fr
such that T is ergodic and there exists no shift-invariant o-finite measure equivalent
to the infinite product measure P =[] _w<i <o Pk, Where Py is a probability measure
on the set {0, 1} and %, is the smallest o-algebra which makes the kth coordinate
wi of w € () measurable.

This problem was raised by U. Krengel at the symposium on Ergodic Theory at
Oberwolfach 1978. He gave in [3] an ergodic Bernoulli shift without finite invariant
measure.

In § 2 we give non-ergodic Bernoulli shifts which are dissipative. In § 3 we give
an ergodic Bernoulli shift without o-finite invariant measure.

2. Dissipative Bernoulli shifts
Let @ =[]_w<k<x {0, 1}, and T be the shift on Q, i.e.

(Tw)k = wk+1.
Take a probability measure
P= ] P

—o0<k <<00
with
P(0)=P,()=3 (k=0)
)

0<P(0)<1, P(1)=1-P(0) (k<O0).
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It follows from Kakutani’s theorem on the equivalence of infinite product
measures [2] that T is non-singular if and only if

Y Peo1(0)P(0)(Pe-1(1)/Pi1(0)) — (P (1)/ P (0))*)* < o0, (1)

—00< k<00

In this case we have that the Radon-Nikodym derivative dPT/dP of the measure
PT,

(PT)(A)=P(TA) for Ac %,
with respect to the measure P is given by
(dPT/dP)(w) = H Pi1(w)/ Pe(wi) (2)

—oo< k <00

for a.e. w, where the infinite product converges almost everywhere. In [3] Krengel
claimed that the shift T is dissipative if

P (1)/P(0)=3 (k<0).
In fact, more generally we have:
THEOREM 1. Let P, (0) = P(1) =3 (k =0) and let P,(1)/P.(0)=A (A is a constant
>0) (k <0). If A #1 then the shift Ton Q=[]_o .- {0, 1} is dissipative.
Proof. The non-singularity condition (1) for the shift 7,

Y Peoi(0)P(O)(Peor(1)/ Pir(0)) — (P(1)/ P (0))*)?

—00<T k<00
= P_1(0)Po(0)((P-1(1)/P_1(0))! = (Po(1)/Po(0))’)?
== 1)?/2(1+A))
<0
is satisfied, and we have from (2)
(dPT"/dP)(w)=(2/(1+A)"A5 (n=1),

where S,,(w) =wotw;+"° " +w,-1.
What we are going to prove is that the infinite series

T (2/(1+A)AS

converges a.e. w. Take 0< 6 <%, then a standard fact says that
lim (S, (w)—2n)/(n/4)™°=0 ae.w.

We assume A > 1. For any £ >0 and for a.e. w, all but a finite number of n satisfy
—& <(Su(@)—3n)/(n/4)"" <e.
Then we have for all large n
(2/(1+ A2 <exp {n log (2/(1+A))+n log (A)/2+ ¢ log (A)(n/4)**}
—exp {n*(log 2} /(1 +A)n’ + & log (A)(n/4)°)}.
Since for all large n
log A% /(1+A)n’ + ¢ log (A)(n/4)° <—1,
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we have for all large n
(2/(1+A)"A5 <exp (—nt).

Since the series
© 1
Y exp(—n’)
n=1

converges, the theorem is proved if A >1. If A <1, it is enough to see that for
a.e. w and for all large n

(2/(1+2))"A5 < exp {n*[(log 2A* /(1 +A)n* — & log (A )(n/4)°T}. O

3. Bernoulli shift without a-finite invariant measure
We are concerned with a class of infinite product measures

pP= H Py
—00 <<k <200
on
Q= I {o,1}
—o0<k <00

given by

u  ifk=0,

Po={v, if-N<k=-M,_,,

N if—M<k=-N, (=1),

where

N=M,_1+n, M,=N,+m, My=1,
n, and m, are positive integers, and
w0 =pM)=3 »0)=1/1+1), »(1)=A/(1+A),
AM>A> > >1 (e=1).

We shall also consider the measure

o= JI

—oo< k<00

with Q, = u (k € Z). The non-singular condition (1) for the shift T on (Q, P) defined
above is equivalent to the condition

3. (log (1)) < 0. 3)

What we are going to do is to give inductively a sequence (A,, #,, m,),~; such that
the shift T is non-singular, ergodic and admits no invariant o-finite measures
equivalent to P.

3.1. Construction. Take sequences (p,):=1 and (g,),=1 such that

p1>p2>--+>0, p~>0(ast>), Y p =00, 4)
=1

E1> > >0, Y g<00, (5)

=1
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and write
M=X €u (6)

Let A, be an arbitrary positive number >1, n, be an arbitrary integer >1 and
m, be an arbitrary integer >1+n,. Let

M():l, N1=M0+n1, M1=N1+m1-

We assume that (A, n,m,), u=1,2,...,t—1 with A, >A,>1, m,>N,
(1=u=t—1) are chosen.

First step: Choice of A,. Take A, such that

1<A, <Ay
and
AL+ A M1 < AMr <exp (e)). @)
Take p, > 0 such that
1<) M <A™ (8)

Second step: Choice of n,. Take ¢, >0 such that

I ‘ exp (—s2/2) ds = p..

Qw) ),
It follows from the central limit theorem that one can obtain a large integer n, > M, _,
such that
f:(k) S‘lt_pu 9)
U,—2p,<|lk—nA/(1+A)|=U,
1-2p, < x> fr(k)sl_%pr, (10)
lk—nA/ (1+A)> U,
where
n—k kf P
£ = 1/ A g+ 0 (7),
and

U =nidlc/(1+A)
fork=0,1,...,n.
By (9) and (10) we have

|k-n,»\,/(1+A,)|<U,—2p,fr(k)>%pt' (11)
Last step: Choice of m,. We write
t ny
Flw)= T (To5m) ) oot (12)
and for R<S$
H(w) = xrsiw1+ w2+ +w,,) (13)

for w € Q. It follows from Birkhoff’s ergodic theorem that
iy Zizo F(T'@)H(T'w) _ Eo(F.H)
m-—>e Z,";o F(T'w) Eo(F) ’

(14)
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Q-a.e. w, where Eg is the integration with respect to the measure Q.
Since

(Au)wN,—Nu+1+le—Nu+2+"'+“"N1~Mu71, u=1,2,...,1

are independent random variables with respect to the measure Q, we have

)= : ) Au ON =N, A 1YON N 2T ON M,
Eq(F,) ul;ll(1+)‘u) I( ) e
u=1
=1’
and
t—1 "
E Ft = wN.—Nu+1+"’N,‘Nu*2+m+ri‘Mu71
o(F.H) ul;ll(1+)\u) I(Au) dQ(w)
< (2 >I )+ 4Q
1 +A; R=wi+wy+  +w, <S§ ’ ‘ (w)
= fi(k).
R=k=§
We write

H(@) = Xtnas (400~ UpnaQrp+v (@1 F @2+ - +w,),
then we have from (10) and (16)

Eqo(F,H,)<2p.
It follows from (14), (15) and (18) that we have for all large integers m
E RToHTo) )y,
Yoo Fi(T'w)
We take a large integer m, with
m,>N,,

such that for

20" F(T'o)H(T'w)
A':{“’en: Y R Ty 2 }
we have
QA)>1—¢,
and

N, €Xp (27]:+1)(A1)3N! 1
<3¢&,.
m,— N,

THEOREM 2. Let T be the shift on the infinite product measure space
(Q, P) = (M=o {0, 1}, TTic— -0 Pi)

277

(15)

(16)

(17)

(18)

(19)

(20)

21

(22)

constructed above. Then T is non-singular, ergodic and admits no o-finite invariant

measure equivalent to P.
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After some preparation we shall prove this theorem.

3.2. Radon-Nikodym density (dPT/dP)(w). The sequence (A,}.=; in § 3.1 satisfies
the non-singularity condition (3)

E (log A)? < i 2 (by (7))

<o (by(5)).

Thus the shift T constructed in § 3.1 is non-singular.

LEMMA 1. Let T be the shiftin § 3.1 and put

s
- + +eod I+ + +eet ;
K',i(w)= H (Au) {‘”~Nu+1 @_N,+2 “’—Nu+x} {“’—Mlﬁln @M, 2 “’—Mu_]+|)’

u=t+1
then we have

dPT’ B i1 P_i(wk)
d—P(w)—Ku(w)>< [

k=—N;+1 Pk(wk)

if0<i<N, (23)

and

dPT! !
@ =Ku@)x 11 (

LHAN™ 0 o citwn aat e
) ) e, )
X F(T'™w) ifN,<i<m, (24)
for P-a.e. w, where F,(w) is the random variable defined in (12).
Proof. For 0<<i <N, it follows from (2) that

o= 0 G T (G
% i-1 Pk—i(wk)

k=-N+1 Pil(wi)

i
ﬁ {(1 +Au> X (Au)_(WANIA+1+w‘Nu*2+m+w*Nu+")

u=t+1 2

X( 2 )l X (A )(w"Mu-x*‘+w*Mu—1*2+m+m*Mu—1”)}
1+A, “

< i1 Preiwn)

k=—N,+1 Pk(wk)
for P-a.e. w.
For N, =i < m, the second factor of (23) is
: -M,_, Pk—i(wk)} ! { =M Pk—i(wk)}
—_— X e ——
11 [k=_l—1‘\iru+1 P(wy) 11 k=il—I[Vu+1 Py (wr)

w1 u=1
0 e e
u=1

t 2 ny
X Au (“’i—NuH+“’.‘-Nu¢2+"'+“’i—MM_1)}
,,1;11 {(1 +Au) ()

for P-a.e. w. O
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3.3. Ratio ergodic theorem. Krengel proved in [3] that if the shift on an infinite
product measure

(I o, i_r

k=—o0
with
P.(0)=Pi(1)=3 fork>0
is non-singular and conservative then it is ergodic. The shift in § 3.1 satisfies the
condition. This is because

t n,
P> 11 ()
(@) ul;ll <1+Au
for every w, so for N, =i <m, we have from (24)
dPT' © " ' _
(@)= T W)™ "1 )™ (25)
dP u=t+1 u=1
Lo o) 1
= I AMox I1 AT™
u=t+1 u=1

= 1] exp(—e)x(A)™ (by (7)

u=t+1
-N'
=exp (_771+1)X(A1) .
Then we have for a.e. w,

© JPT* © m-1 gpri
Loap @=L 2 @
=¥ (m,—N,) exp (—m,+1)(A;) ™
© 2N, (A )P
- Z €Xp ("1 1)( 1) (by (22))
=1 €
:w‘

It follows from the Chacon-Ornstein ratio ergodic theorem [1] that for any
measurable set E with P(E)>0,

n-1 dPT' ;
B ap e
lim

=0 n=1 dPT*

L ap @

= P(E) (26)

for P-a.e. w.

PROPOSITION 1. Let T be the shift constructed in § 3.1 and, for a measurable set E
with P(E)>0 and t > 1, we write
m,—1 dPTx

Y o (0)xe(T'w)
Lw) =2t

m,—l dPT'( ) ]
2 ap ”
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m,—1 dPTx ]
Y —5 (@xe(T'w)
() = 28 9P
\w m,z—l dPTt( ) 3
i=N, dP @
m—1 i—N, i
M1 () = =8 AT wee(Tw)

Y F(T M)

V. (w) = Y F(T ™N){1 - H(T w)}xe(T'w)
t(w = in;‘;,: Ft(Ti-N,w) s

where H,(w) is the random variable defined in (17). Then we have

lim I,(w) = lim II,(w) = lim IIl;(w) = lim IV,(w) = P(E)
t—>00 t—->00 >0 t—»00

for P-a.e. w.

Proof. We already mentioned in (26) that the limit of (I,),~; exists for P-a.e. w, and
is equal to the constant P(E). Since

N,—-1 i
< dPT
py p @)
(@) — I (w)] <2 X o

Nl

N, €Xp (7]:+1)A%
(m;, —N,) €xp (—"7!+1)A 1—NI
<& (by(22)),

=2X

(by (23) and (25))

we have
nliingo L(w)= lim II,(w)

for P-a.e. w.
It follows from (24) that

Y K@) F(T ™ No)xe(T'w)

11 = —
) = T ) FUT )
Since
cXp (_711+1) < Kt,i(w) <exp (Me+1),
we have
I (w
exp (~2m1) < m'f(w)) <exp 2mu0).

Thus

Iim I, (w) = lim III,(w)

t—=>00 1>
for P-a.e. w.
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Let us reconsider the set A, defined in (21). Since this set is /1" %.-measurable,
we have

P(A)=Q(A)>1~e¢,.

Since
Y P(AD)= ¥ & <o,
t=1 t=1

by the Borel-Cantelli lemma (in the general case), it holds that P-a.e. w is in A,
for all but a finite number of 7. This means that for P-a.e. w and for all large
numbers ¢
Y F(T No)H(T Nw)XE(Tw) TN F(Tw)H(T'w)
n F(T ™ w) 0" F(T'w)
<2p.

Since p, converges to 0, we have that for P-a.e. w

Y F(T M) H(T'™Vw)xe(T'w)
Y F(T Nw)

= lirg IV (w). 0

lim HI,(w) =lim +1im IV, (o)
t> t>00 t>00

3.4. Recurrence

PROPOSITION 2. Let T be the shift constructed in § 3.1. For any measurable set E
with P(E)>0, there exist for P-a.e. w an infinite number of t such that T'w € E for
some i, N,<i<m, and that for such i, either

dPT

'—(w)>(A ) M- lexp( T’l+l),
or

dPT'

1P —— (@) < (A1) 7M1 exp (ny41)
holds.
Proof. We define a set B, by
nA nA
B,={w€ﬂ:1_:_):(—U,+2p,<w-N,+1+w_N,+2+---+w,M, 1 1;;’+Ut 2p,}.
(27)
By (11) we have
P(B,)>%p..

Since the set B, is \/,Tiwl;},ﬂ %-measurable, the sets B, B;, ... are independent

with respect to the measure P. It follows from the Borel-Cantelli lemma (in the
independent case) that for P-a.e. w there exists an infinite number of ¢ such that
w € B,

https://doi.org/10.1017/50143385700001255 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700001255

282 T. Hamachi

On the other hand we have from proposition 1 that

i 2 N F(T No){1- H(T' Nw)lxe(T'w)
Linad Z, N,Ft TI M )

=P(E)

for P-a.e. w. Then we have that for P-a.e. w and for all large numbers ¢, T'weE,
for some i with N, <i <m,, and that for such i either

ntAl
Wi-N+1 VY Wi—N+2t -t wipg,_ > 1A, + U,
or
nA;
Wi_N+1F Wi Na2F Wi, T+r U
1
holds.

Combining these results, we see that there exists for P-a.e. w an infinite number
of ¢ such that T'w € E for some i with N, <i <m,, and that for such i,

(A[)(wifN,-‘-l+“’i—N,+2+'“+wi7M,,1)_(""7Nl+1+“'7N,+2+"'+“)‘M,_1} > (/\,)29, (28)
or
(At){,,,,._N’H+wl.,Nl+2+-~~+m,.7M'71}—{w7Nl”+w7Nl+2+-.-+m_M,_l}<()‘t)—zp, (29)
holds. If (28) holds then it follows from (24) that
dPT

( )> (A )(“’i—N'+l+wiAN‘+2+' Cre_a, flelN it eon et ey )

X (A1) M-t exp (—mu11)
> (A)* (A1) Mt exp (—ni1)
>(A1)*M -t exp (—mi41)  (by (8)).
If (29) holds then it follows from (24) that
dPT'

( ) ( ){"’i—N,H+“‘i—N,+2+""“"-‘-M,-l)f{‘”—Nﬁ1+“’—N,+2+"'+"’—M,71)

X (A I)ZM'_l exp (7:+1)
< (A) 72 (A1)* M1 exp (741
< (Al) Mt exp (—n+1). ]

3.5. Proof of theorem 2. We assume that T admits a o-finite invariant measure
equivalent to P. Then there exists a positive measurable function f(w) such that

dPT’ (@)= f(T'w)
ap f(w)
for i € Z and P-a.e. w. Take a > b >0 such that
Plwe:b<flw)<a)>0
and set E={w e (: b <f(w)<a}. Then we have
b<dPTE a

<_
a dP b
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for all i € Z and P-a.e. w, that is, the functions (dPT%/dP)(w), i € Z, have a uniformly
positive lower bound and a uniform upper bound, where Tg is the induced
transformation on the set E of T. However, this contradicts proposi-
tion 2. ]
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