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On a Singular Integral of Christ-Journé
Type with Homogeneous Kernel

Yong Ding and Xudong Lai

Abstract. In this paper, we prove that the singular integral defined by

Q(x-y)
To,af(x) =p.v. ‘[Rd W ~my,ya- f(y)dy
is bounded on L?(R?) for 1 < p < oo and is of weak type (1,1), where Q € Llog* L(S%"!) and
My ya = fol a(sx + (1= s)y)ds, with a € L (R?) satisfying some restricted conditions.

1 Introduction

In 1965, A. P. Calderdn [2] introduced the commutator [A, S] on R, defined by
[A, 8] (x) = A(x)Sf(x) = S(Af) (%),
where A € Lip(R), S := dix o H, and H denotes the Hilbert transform, defined by

Hf(x) =p.v.% _:J{(_y))}dy.

Note that the commutator [A, S] can be rewritten as [A, /—A], where A = dd—; is
the Laplacian operator on R. Therefore, the study of the commutator [ A, S] plays an
important role in the theory of linear partial differential equations, Cauchy integrals
along Lipschitz curves in C, and the Kato square root problem on R (see [3}/4,(6}(7,/16,
2123 for details).

By a formal computation, we see that

[A,S]f() = (Dpov. L [TADZAD TG,
T J-oo X-y x-y
The operator [A, S] is the so-called Calderén commutator. In [2], Calderén proved
that if A € Lip(R), then the Calderén commutator [A, S] is bounded on L?(R) for
all1 < p < oo.
In 1987, Christ and Journé [9] introduced a variant singular integral of the Calderén
commutator in higher dimensions as follows:

11 T.f(x) =p.v. /H;d K(x—y)-myya-f(y)dy,
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where K is the standard Calderén-Zygmund convolution kernel, which means that K
satisfies the following conditions:

(k1) |K(x)| < Clx|™;

(k2) fR<|x|<2R K(x)dx =0, forall R > 0;

(k3) |K(x —h) - K(x)| < C|h|"|x[7%" if |x| > 2|h|, where 0 < v < 1.
Here and in the sequel, for a € L= (R%),

My yad = /1 a(sx+(1-s)y)ds.
0

When the dimension d = 1, we have
_ Jo a(z)dz - [] a(z)dz _. A(x) - A(y)
x-y Cox-y
Obviously, A’(x) = a(x) € L™ (R). So, if taking K(x) = —-L, we see that
1 A(x)-A
T f(x) = (<) p.v. f (x)-AQ) f(y) dy

e x-y x-y

My,ya

Hence, when d = 1, the operator T, is just the Calderén commutator [A, S]. In [9],
Christ and Journé showed that T, is bounded on L? (R9) for all 1 < p < co.

In 1995, taking K (x) = Q(x)|x| (x # 0), S. Hofmann [20] discussed the singular
integral of Christ-Journé type with homogeneous kernel defined by

Q(x - y)
(1.2) To.af(x) = p.v. [R T ey f)dy,
where
(1.3) Q(rx") = Q(x'), forany r > 0 and x” € %

and where () satisfies
(1.4) fS Q(x')do(x') = 0.

In [20], S. Hofmann proved the weighted L? boundedness of Tq, , if QO € L*(S91)
satisfies (1.3), (T.4), and a € L= (R?). Recently, weak type estimates for the singular
integral T, defined by have also been discussed. In 2012, Grafakos and Honzik
(18] proved that T, is of weak type (1,1) in dimension d = 2. Further, Seeger [25]
showed that T}, is of weak type (1,1) for all dimension d > 2. In 2015, the authors [11]
established a weighted weak (1,1) boundedness of T, for dimension d = 2 with power
weight w(x) = |x|* for -2 < « < 0, later extended to more general A;(R?) weight for
dimension d > 2 in [12].

It is well known that if Q € Llog" L(S%™!) and satisfies and (L.4), the singular
integral operator with rough kernel defined by

Qx -
15) To()@) = pv. [, TER )y
is bounded from L? (R?) to itself for 1 < p < oo (see [5]) and is of weak type (1,1) (see
[24]). Now a natural question is whether similar results hold for Tq , defined in

https://doi.org/10.4153/CMB-2017-040-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-040-1

On a Singular Integral of Christ-Journé Type with Homogeneous Kernel 99

if O € Llog" L(S?!). In this paper, we give a partial answer to this question. Our
main result is as follows.

Theorem 1.1  Suppose Q € Llog™ L(S?™!) and satisfies (L3) and (L4). Let a € L'(R?)
and satisfy @ € L'(R?).
(i) Forl< p < oo, wehave

1Ta.aflp < ClalQ]iogr £ f1p-
(ii) For p =1, we have

m({x e B Toaf (0] > 11) < S1ahifh

The constant C above depends only on the dimension d and Q).

Remark 1.2 Tt is clear that the conditions a € L'(R?) and @ € L'(R?) imply a €
L>=(R?). Tt seems difficult to get the L? and weak (1,1) boundedness of Tq,, with
a € L= (R?) only by the method presented in this paper. So it is still an open question
whether the commutator Tq , is L? bounded for 1 < p < oo and is of weak type (1,1)

fora e L(R?) and Q € Llog* L(S%™!) with and (L4).

The proof of part (i) is quite simple. We use the Fourier inversion formula for
a, and then the problem can be reduced to the L? boundedness of Tg. The main
content of this paper is the proof of Theorem [LI(ii). The proof is based on a variant
Calderén-Zygmund decomposition. More precisely, we make a Calderén-Zygmund
type decomposition of an L' function with some parameters, where the constants that
appear in the estimate are independent of these parameters. For the rest of the proof,
we use some nice ideas from Seeger’s works [24,[25]. Recall that when the dimension
d =1, my yacanbe rewrittenas (A(x) — A(y))/(x - y), which has some smoothness
in variables x, y. For dimension d > 2, m, ,a has no smoothness in x and y, since
aelL™ (Rd). Note that the kernel K satisfying (k1)-(k3) has some smoothness and
the commutator T, defined in has only one rough factor my ,a. However, for the
commutator T ,, it is much harder to establish the weak (1,1) boundedness, since it
involves two rough factors: Q and m, ,a.

Besides the higher dimensional variant form of the Calderén commutator defined
in (L.2), there are some other types of Calderén commutators in higher dimensions.
For example, in [2], Calder6n considered the following commutator

Toaf(x) =p.v. [ Q(x-y) A(x)-A®)

R |x — y|? lx —

f()dy,
where A € Lip(R?) and Q satisfies and
/§.de Q(x)x"*do(x') =0, forall a € Z¢ with |a| = 1.

Calderén showed that T, 4 isbounded on LP (R?) for1 < p < c0if VA € L>°(R) and
Q € Llog"L(S?™!). Recently the authors of this paper established a weak type-(1,1)
criterion for singular integral with rough kernel in [13] and used this criteria to show
Tq,4 is weak type-(1,1) bounded if Q € Llog* L(S? ). However, this criterion is not

https://doi.org/10.4153/CMB-2017-040-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-040-1

100 Y. Ding and X. Lai

efficient for the operator Tq,, discussed in this paper if a € L*°. For more discussion
about singular integral with rough kernel, we refer the reader to [1}58}/10}14}15\19,126,
27].

This paper is organized as follows. In Section |2} we complete the proof of part (i)
of Theorem|[LI|and part (ii) based on some lemmas; their proofs are given in Section |
and [4] respectively. Throughout this paper, the letter C stands for a positive constant
that is independent of the essential variables and not necessarily the same one in each
occurrence. For a Lebesgue measurable set E ¢ RY, we denote its measure by |E| or
m(E). Here, ¥ f and f denote the Fourier transform of f defined by

FFE) = [, e ()

We let Z¢ denote the space of nonnegative multi-indices and let Z, denote the set of
all nonnegative integers. Moreover, set

190, ([, 106 Mdo(x)) ",
900g = [, |10 log(2+[0(x")]) do ().

2 Proof of Theorem|1.1

Proof of Theorem[L.I(i) Using the inversion Fourier formula, we write

1 1 . .
My = o f fd () e =0 gy g
T 0 R

Therefore by Fubini’s theorem, we have

21)  Ta,u(f)(x) =p.v,/ Q(x-y)

R fx -yl
! G el i =)
(Gt Lapens T dsdy) £(»)dy
= () Ta(W™* dnds,
e @ T2 (W) ) s
where a**(y) = ﬁﬁ(q)eis(x””, WS (y) = ¢! 0= and T is defined by (L.5).
Now, applying Minkowski’s inequality, the above inequality and that Tq, is bounded

on L?(R%), we have

TaalNlp< [[ L AT Dy dnds < ClahIQsiog 1Sy

Proof Theorem[L1(ii) We will finish the proof of part (ii) based on some lemmas,
whose proofs are given in Sections[3|and 4 We focus only on dimension d > 2. By
using scaling arguments, we can assume | Q|1 1og+ 1.(sd-1) = [@] 11 (ray = 1. Write Tq,4
in the form (2.1). In the sequel, we try to make a Calderén-Zygmund decomposition
of W"* f with the underlying cubes independent of #, s.
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Lemma 2.1 Fixn,s. Let f € L'(RY) and A > 0. Set
Oy = {xeRY: M(f)(x) > A},

where M is the Hardy-Littlewood maximal operator. Then we have the following con-
clusions:

(i) Qy =UQ, where the Q’s are disjoint dyadic cubes. Let Q be the collection of all
these cubes.

(1) m(Qy) < CAY f]h
(ii) fW™S = g + b,
(iv) D" =Y gea bg’s, supp bg’s cQ [ bg’s =0,
™ [g"]3 < CA| ]
Here, all the constants C in (i)-(v) are independent of 1, s.

g < CAQl o™ < C| f]s.

Proof We first make a Whitney decomposition of the set 2;. Then there exists a
family of dyadic closed cubes {Q;} ; (see [17]) such that

(@) UQj =Q, and the Q;’s have disjoint interior.
(b) Vd- 1(Qj) < dist(Q;, Q) < 4/d - 1(Qj), where I(Q;) denotes the side length
Of QJ
By the weak type-(1,1) bound of M, we have

02 m(@) < S1h,

We write f W = ¢g* + b"*, where
1
W e+ D o [ WP (x)dxxa,
Q |Q| Q
s s 1 s >
b = Z{fW"’ ] fo(x)W”’ (x)dx}XQ = Zb?z .
Q

Q

So, bg’s is supported in Q and [ bg’s = 0. Let tQ denote the cube with ¢ times the side
length of Q and the same center. We first claim that

23) ! [Q f(x)ldx < CA,

[q]

where C is only dependent on the dimension d. In fact, by the Whitney decompo-
sition property (b), we have 9v/dQ n Qf # @. Thus, by the definition of Qf, there

exists xo € 9v/dQ such that M f(x) < A. Using the maximal function property, we
have BTIdQ| Jovaq lf(x)ldx < C'A, where C' is only dependent on the dimension d.

Hence, we have the estimate

d
|Q|[|f( x)|dx |9\\//__é| ff |f(x)|dx < CA.
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For bg’s and b™*, by (2.2) and (2.3) we have

166”1 szfo £ (x)ldx < CA|Q),
1675y < Clf |1 + Am(Q2) < C|| L.

Note that |f(x)| < A almost everywhere in (Q,)¢; by and (2.3), we have
1812 < CAlf | + CA*m(€2) < CA f- u

By Lemma[2.1{iii) and (2.1), we have
m({x :|Ta,a(f)(x)] > A})

< m({x : | [/[0,1]de a* () Ta(g™)(x) dﬂds| S %})
’ m( {x | ‘ f/[o,l]de a”* (1) Ta (b"") (x) d”ds‘ g %})

Notice that T, is bounded from L? (R?) to itself with bound || Q[ 1 jo¢+ .. Hence, com-
bining this with Chebyshev’s inequality, Minkowski’s inequality, and Lemma V),

Y A t—_—
< ]y AL [0l 2nds)’

C
<= .
= )L”le

For Q € Q, denote by /(Q) the side length of cube Q. Set E* = Uqcg 2*°°Q. Then we
have

A
. X, 7,8 i
m({x ‘ -/][0,1]de a”* (1) Ta(b"*)(x) dqu‘ > 2}) <
A
* *\C ., X,S n,s —
m(E*) + m({x e (E")": | -/[[O’I]XW a* () Ta(b"*)(x) dr]ds| > 2})
By Lemmal[2.1{ii), the set E* satisfies
" C
m(E") < Cm() < [ flh-
Thus, to complete the proof of Theorem ii), it remains to show that
m({xe@E):| [[ @) Ta(b™)(x) dnds| > ) <Sir,
[0,1]xR4 2 A
where C is only dependent on the dimension d.

Denote Q4 = {Q € Q : [(Q) = 2"} and let B = Ygeq, b’ Then b can
be rewritten as b™* = ¥, B;”S. Take a smooth radial function ¢ on R such that
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suppp c {x : ; < |x] <1} and ¥;¢;(x) = 1forall x € R\{0}, where ¢;(x) =
¢(277x). Now we define the operator Tj as

N - [, R

Then we have To = }°; Tj. We write

To(b")(x) = 32 3 T(B™) (x).

neZ jeZ

¢i(x—y)f(y)dy.

Note that T; (B'7 * )(x) =0 for x € (E*)° and n < 100. Therefore,

m({xe (E*)°: ‘ ff[o,l]de a**(n) Ta(b™"*)(x) dqu‘ > %}) =
m {xe(E*)C:|ff[0’l]x ()Y Y Ti(BY, (x)dnds|>%}).

7 n>100

Hence, to finish the proof of part (ii), it suffices to verify the estimate

(2.4) m({xe(E*)C:‘'/f[o)l]X )Y > T(B ) (x) dﬂd5| &})

j n=100
C
< S1flh

2.1 Some Key Estimates

In the sequel we will show that (2.4) holds if Q is restricted in some subset of S97.
More precisely, for a fixed n > 100, denote D' = {6 € S~ : |Q(0)] > 2" | Q|1 }, where
0 <t < £ will be chosen later. The operator T}, is defined by

) =pov [ 00 (=2 ZEI) )0

We have the following result, which will be proved in next section.

Lemma 2.2 Under the conditions of Theorem[L1|with 0 < 1 < y/2, we have
*\C . n 11 s i Hf”l
m {xe(E ) '|[f[o,1]de 17)2 Z T}, (B] x)dnds| })

Thus, to finish the proof of TheoremL1} by Lemma[2.2)it suffices to Verify 2-4) for
the kernel function Q, which satisfies | Q [, < 2'"||Q|; in each T; (B" *

In the following, we need to give a partition of unity on the unit surface S*!. Fix
n > 100. Let ®, = {e”}, be a collection of unit vectors on S?~! which satisfies the
following two conditions:
() lel —el| 2274 ifv # v
(b) If 6 € S, there exists a e” such that [e! — 0] < 27"V74,
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The constant 0 < y < 1 in (a) and (b) will be chosen later. To do this, we can simply
take a maximal collection {e] }, for which (a) holds. Notice that there are Cc2my(d-1)
elements in the collection {e”},. For every 6 € S¢71, there only exists finite e” such
that |e — 6] < 27"'"*. Now we can construct an associated partition of unity on the
unit surface S~1. Let { be a smooth, nonnegative, radial function with {(u) = 1 for
lu| < £ and { = 0 for |u| > 1. Set

- {275 -e)
and define
HEBHCIPRAC) I
Then it is easy to see that I}’ is homogeneous of degree 0 with

Y I (E) =1, forall £ # 0 and all n.

Now we define operator T/"" by
n,v Q(x - n
1) =pv. [, TER 01 =) by

For convenience, define the kernel of TJ."’V as K}"V (x) = ?}Efj) ¢;(x)T} (x). Therefore,
for fixed n > 100 we have

Tj = Z Tjn’v.
v

In the sequel, we need to separate the phase of the kernel into different directions.
Hence we define a multiple operator by

Gy h(§) = ®(2" (e], E/|E))R(E),
where h is a Schwartz function and @ is a smooth, nonnegative, radial function such
that 0 < ©(x) < land ®(x) =1on |x| < 2, O(x) = 0 on |x| > 4. Now we can split
T].”’V into two parts:

nv _ n,v _ n,v
T = Gy T + (1= G ) 7.

The following lemma gives the L* estimate involving G, T:"", which will be
proved in the next section.

Lemma 2.3 Forn >100, | Qe < 2| Q) with 0 < 1 < y/2, there exists a constant
C such that

2
x,$ n,v ( pf-s —ny+2nt
H ff[o’l]w a**(n) ZV:;GWT]- (Bj_n)(x)dndSHZ <C2 Sl
where constant C is independent of n, A, and f.

The terms involving (I — Gy,,)T;"" are more complicated. In Section |4} we will

prove the following lemma.

https://doi.org/10.4153/CMB-2017-040-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-040-1

On a Singular Integral of Christ-Journé Type with Homogeneous Kernel 105

Lemma 2.4 For [Qf e <2"|Q1in T}"", then

H ff[o,lw a*(n) 2 ZZ(I Gua) TP (BYS,) (x)dnds| < Clfy

n>100 v
where C is independent of A and f .

Proof Theorem[L1(ii) We now complete the proof of with | Q[ e <2"|Q[; in
each T;. By Chebyshev’s inequality, we have

m({xe(E*)”:‘ff[o,l]x ()Y Y B, (x)dqu‘ >%})

y N j n=100 - :
ﬁ” ff[o)l]x (1) n;g;ZGMT (BI)( x)d;deHZ
A 00 3 SE UG T B 0],

=I+1I

Using Lemma [2.4] we can get the desired estimate of II. Notice that we choose
0 <t < X For I, by Minkowski’s inequality and Lemma we have

I< C)VZ( ng(:]o H ff[o,l]de a™*(n) ZV: z]: Gy T} ( B" . )dndsH )
carz( 3 @mafnd) < e

n>100

Combining this with Lemma 2.2} we complete the proof of Theorem [[I{ii), once
Lemmas[2.2H2.4 hold. [

3 Proofs of Lemmas and

Proof of Lemma[2.2] Denote the kernel of operator T}, by

‘/’J(J’)
Iyl

K7, (y) = Qo <|y|>

It is easy to see that

UR K2, (y)dy] gch f; |Q(0)|r‘1drdo(0)sC/1;‘ 1Q(0)|da (6).
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Therefore, by Chebyshev’s inequality, Minkowski’s inequality and Lemma [2.1(iv), we
get

ol (e @ | f], o™ T ST @nas| > 3 )

n>100 jeZ

C x5S n 1,8
SN/ ORI NACSOLN

C
=7 @ BY, Lidnds [ 10(0)/do(6
Anzzl;)o~/-/[0,1]><]R”’|a(’7)|%:” ]—ﬂHl has D‘| ( )| 0( )

C
<

[@lfls [, card{neN:n>100,27 < |0(0)/| 1} (0)|do ()

O >

< lalhiflh u

A

Proof of Lemma We will use some ideas from [24] in the proof of Lemma[2.3] As
usual, we adopt the T T* method in the L? estimate. Moreover, we also use an orthog-
onality argument based on the following observation of the support of F(G,, , T}”).
For a fixed n > 100, one has
(€RY) sup Y% (2" (ey', &/|])| < €242,

&0 v
In fact, by the homogeneity of @, it suffices to take the supremum over the surface
S%1, For || = 1and & € supp @ (2" (e", £/|£|)), denote by &* the hyperplane perpen-
dicular to &. Thus,

(3.2) dist(ell, &) < C27".

Since the mutual distance of e’s is bounded by 27?4, there are at most C2"?(42)

vectors satisfy (3.2). We hence get (3.1).
By applying Minkowski’s inequality, Plancherel’s theorem, and Cauchy-Schwarz

inequality, we have

(3.3)

H ff[o e a* () XY Gn,vT]?’V(B;?fn)(x)dﬂdsH z
, 2
/A Ol DLICHERTENE DR ACS G RN :

j

< camt)( ff[o’l]xw ol ;|3"( ;Tj"’”(B}?LSn))\Z fdnds)z
cored( ff R S| S wp]) )

Next we will show that for a fixed e}, 7, s,

2
n,v [ pt>S —2ny(d-1)+2nt
(3.4) H %:Tj (B, <c2 Al
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Then, using card(®,,) < C2"(*"Y and applying (3.3) and (.4), we get
2
x5S n,v ( ptls —ny+2ni
| s 00 £ 5G], < 274

which is just the desired bound of Lemmal[2.3} Thus, to finish the proof of Lemma[2.3}
it is enough to prove (3.4). By applying | Q||e < 2'"] |1, we have

v (s -jd ,
T (B ) (o) < 22l [y )T (e ) IB (ldy
<C2"H} |B;.7fn|(x),
where H?" (x) := 27/d Xer (x) and Xer (x) is a characteristic function of the set
E}Y = {xe R : [(x, e") < 2/, |x - (x, e")e"| < 27y

For a fixed €]}, we write

(3 | e
J

2
2 , , 1>s 1,s
‘2 < Co2m ; fRd H}" « HP * |BI” |(x) - [B]", (x)|dx

j-1
$C2 S T [ H e HPY B () B ()

j i=—o00

Observe that |H™"|; < C27 ¥ m(EP") < C27"(47D; therefore, for any i < j,
HIY % HPY (x) < 2770270y
J

where E7*" = E}*" + E}*". Hence for a fixed j, n, e}, and x, we have

j-1
(3.6) H}Y « HP" +[B]",[(x) + ) H} * H"" +[B]",|(x)
i=—o0
< )y f B (y)|d
ZJ o 2 )ldy
<cpmldymidsr f lbg” (»)ldy
i<i  QeQyn R
Qn{x+E}" } o
<y pTidyt N Q)
iSj Qeiy

Qm{x+§}""}#®
< Co-m(d-1)5-jdpjd-ny(d-1) )
< C)Lz_an(d_l) ,

where in third inequality above, we use [ |bg’s( y)|dy < CA|Q| (see Lemma iV))
and in the fourth inequality we use the fact that the cubes in Q are disjoint (see Lemma

i)). By (3.3), and 3; | B, |1 < C[ f]1, we obtain
prars
j

which is just (3.4), and we complete the proof of Lemmal|2.3} [ |

2
’2 < CAZ—Zny(d—1)+2m Z HBj:sn ”1 < CAZ—Z"Y(d—1)+2m”f”1’
J
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4 Proof of Lemma

To prove Lemma 2.4] we have to consider some oscillatory integrals that come from
the term (I - Gy, ) T}

Before stating the proof of Lemma[2.4] let us give some notations. We introduce
a frequency decomposition. Let ¥ be a radial C* function such that y(&) = 1 for
€] <1, y(&) = 0for ¢ >2and 0 < y(&) < 1forall £ € RY. Define B(£) = y(&) -
v(28), Bi (&) = B(2%E); then By is supported in {& : 27571 < |&| < 27F*1}. Define the
convolution operators A with Fourier multipliers B. That is, Ax f (&) = B« () F(£).
Then by the construction of 8¢, we have

I=3 A

keZ

where I is the identity. Write (I = Gy, ) T["" = ¥4 (I = Gu,y)AkT;"". By using Min-
kowski’s inequality,

(4. H /][o,ux a>*(n) ) ZZ(I Guo) T} (B] )x)dndsHIS

n>100 v

S EEE S e B0 Gud ATy O nns.

n>100 v j l(Q) 2j-n
Lemma 4.1 There exists N > 0 such that for any Ny € Z,
(4.2) I(1- Gn,v)Aijn’v(bgs)Hl < 2~ my(d=1)+ni+(=jtk)Ni+ny(Ni+2N) ”bg,s I

where C is a constant only dependent on Nj.

Proof Denote hy , (&) = (1- ©(2" (e, &/|€]))) Bk (&). Then
| (=G AT (0], < 57 (i KT | 1687 1

Write

1

? (hk,n,v j )(‘x) (27T)d

fR ey (8) fR R () dwd,

In order to separate the rough kernel, we change to polar coordinates w = r0; then
the integral above can be written as

(4.3)
ﬁfgma(e)rﬂe){f f (g (Y. ¢,(r )ddf} do(6).

Since 6 € suppI?, |0 — el'| < 27"7. By the support of @, we see [(e”, £/|E|)| > 2.
Thus,

(44) (6, /1SN > (e, &/18D1 - [{ey = 6, &/I8[) = 27"
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Noting that ¢; is supported in [2/72,2/], we can integrate by parts N; times with r.
Hence the integral (4.3) can be rewritten as

L " Y (er0.8)
(2m) [S”-‘ O (9){ f{Z-k-ls\Elsz-"“} /2; ¢ P (€)
x (i(6, &)™ -af"[ﬁbj(r)r‘l]dfdf} da(6),

since hy ., is supported in {27¥ < |£] < 27%*1}, Integrating by parts in &, the integral
in curly brackets above can be rewritten as

2 : (1 2 ZkA )N[(l(e)f)) Nlhknv(f)]
1.5 i(x—10,&) ¢ o1
(45) [{2*k*1<\5|52*k+1} /2

i2 (1+272k|x — rg2)N
x 0N [¢;(r)r ! ]drdé.
We first give an estimate of the term in (4.5). Note that 272 < r < 2/, and we get
(4.6) [N ¢ (r)r ]| < C270+N),
In the following, we claim that
(47) |(1- 2% p )N [(6, M hy (9] < Co(my+k)Ni+2nyN
In fact, by (&.4), it is easy to see that
[(=i{0, €)™ - e u ()] < IO, )N < 207N
Using the product rule, we get
10¢, Bienv (§))]
= | =05 [ @@ (el 818N - Br(§) + 95, Bi(§) - (1= @2 (e}, E/1E1)))|
< C2mk,

Therefore by induction, we have [0%h,n, ()] < C20m+0)lal for any multi-indices
a € Z4. By using (4.4) and the product rule again, we have

102 (0, 8) ™M by ()]
(0,67 Ny (Ny + )6} - gy

+2(0,8) M7 (=N1) - 04D By (8) + (0, N2 By ()]
< C2(ny+k)(N1+2) )

Hence, we conclude that
2| A (6, €)M bt ()] < COtr RN,

Proceeding by induction, we get ([4.7). Now we choose N = [d/2] + 1. Since we need
to get the L' estimate of (4.3), by the support of hy ,, ,,

/ [(1+2’2k|x—r0|2)_Ndxd€S C.
{2-k-1<|E|<2-k+1}
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Integrating with r, we get a bound 2/. Note that we assume that Q. < 2™|Q[;.
Next, integrating with 6, we get a bound 27"*(=D*"| ||, Combining (4.6), (£.7),
and the above estimates, (4.2)) is bounded by

2—j(1+N1)+(ny+k)N1+2nyN+j—ny(d—l)+m HQHI < Cz—ny(d—l)er2(—j+k)N1+ny(N1+2N).
Hence, we complete the proof of Lemmal[4.]with N = [d/2] + 1. [ |
Lemma 4.2  There exists N > 0 such that

(1= G )AKT (B5°) |y < G2y D mssnksm s

Proof The proof of this lemma is similar to that of Lemma [4.1] However, we will
not integrate by parts with r, but use some cancellation of bg’s. Denote hy, (&) =

(1= (2" (ey, &/I€])))Br (&). Then
(48) (I-Gu) AkTI (b5)(x) =
fR (T reans ) (= 9) = T (i KT ) 5 = 70) ) 5 (1),

where y is the center of Q. Here we use the cancellation of bg’s (see Lemma iv)).
By changing to polar coordinate and integrating by parts with &, we can rewrite
T (hin K" ) (x = y) as

1 L
- Q " i(x—y-r0,&)
(2m)4 fsm (6)T (6){ /{L—k—ls\ﬂg—kﬂ} fzf—z ¢

(T=2*A)N hyenw (8) ]
) (1+27%|x —y—rf]?)N

. gbj(r)r_ldrdf} dao(0).

Here we choose N = [d/2] +1. Thus, (4.8) can be rewritten as two parts: I(x) + II(x),
where

I(x):@fw fSMQ(e)ry(e){ fE[ef<x—r9»f>(e—f<y,f>_e—i<yo,s>)

y (I—Z_ZkAg)N[hk,n,v(E)] )
(1+2_2k|x_y_r0|2)N ¢]

(r)r_ldrdf} do(0) - bg’s(y)dy

and

1 n
I(x) = ) fRd fSH Q(0)17(0)
x { L[ei<x_yQ_r9’E>(I_2_2kAE)N[hk,n,v(E)]¢j(r)r_l
x ((1 + 27K x -y =)™V - 1+ 27H|x - yq - r6|2)7N) drdf}

xda(0) bl (y)dy.
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Note that y € Q and yq is the center of Q, then |y — yq| < C2/™". By applying
with N; = 0, we get

|(1-27%A)N (hynn (8))] < C22MN

Notice that |e~#(»8) — ¢=#7e:8)| < C2/~""k. Now, integrating with the variables in
the order as we did in proving Lemma we can obtain that the L' norm of I(x) is
bounded by 2—ny(d—1)+n1+j—n—k+2nyN H bgs Hl

For II(x), using the observation

¥ - ¥00)] =] [ (r-ra vty - 1)y e

N2_2k|x -(ty+(1-t)yq) - 10|

<Cly-yal [ dt,
el T = (s (- ) - B

where ¥(y) = (1+27%|x — y — r0*) N, we can also get that the L' norm of IT(x) is
bounded by 2 "v(d-D)+nitj-n-k+2nyN | b¢,’ |- Thus, we finish the proof of Lemma
]

Proof of Lemma[2.4] Let us come back to the proof of Lemma Denote by [x]
the integral part of x. Let & satisfy 0 < &9 < 1and will be chosen later. By (4.1),

H ff[o,l]x a™(n) ZZ(I G ) )" (BI,) (x)dnds|

n>100 v
3 [[ [atn)|

n>100 v j k<] neo] l(Q) 2i-n JJ[01]%
x (1= Gn,v)AkT” "(bg") 1dnds

DIPH) S e T
n>100 v j k>1 negl 1(Q)=2i—n 0,1
(1= Gu) AT (b5 [1dnds

Now, using Lemma [4.] with N = [d/2] + 1 for the first term, Lemma [4.2] with N =

[d/2] + 1 for the second term, the fact [neo] < neo < [ngo] + 1, Lemma[2.](iv) and
card(®,,) < C2"(47D the above sum is bounded by

> @+ 2" @l £l

n>100

where
71 = —& N1 + 1+ y(N; +2( [d/2] + 1) ), T2= 2y( [d/2] + 1) +e+1-1

Choose 0 < | < y < g <« 1and Nj large enough such that max{z;,7,} < 0.
Therefore, the sum is convergent for # > 100, and we finish the proof of Lemma[2.4]
thus proving Theorem [L1{(ii). [
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