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Let A, denote the variety of abelian groups of exponent dividing n, and let p
be an arbitrary prime. In this paper all non-nilpotent, join-ireducible subvarieties
of the product variety U, A,. are determined. The proper subvarieties of this
kind in fact form an infinite ascending chain J, €3, < ---, and an arbitrary
proper subvariety B of U, A . is either nilpotent or a join J, Vv L, where L is
nilpotent and k is uniquely determined by 8.

1. Introduction

Notation and terminology generally follows Neumann’s book [11]; in par-
ticular A, or A is used to denote the variety of all abelian groups and B, , U,
and R, denote respectively the varieties of all groups of exponent dividing n, all
abelian groups of exponent dividing n, and all nilpotent groups of class at
most ¢. Unless otherwise stated, p denotes an arbitrary prime.

If B is any variety, the set of all subvarieties of B forms a lattice with respect
to the inclusion ordering. This lattice of subvarieties will be denoted by lat(B),
“Determining’’ lat(B) shall mean determining all subvarieties of B and describ-
ing the inclusion ordering on them.

The work reported here relates to the general problem of determining lat( ).
By Cohen [4] this lattice has minimum condition, and so every metabelian
variety 28 can be expressed as theirredundant join of finitely many join-irreducible
subvarieties. Since the lattice is not distributive (Kovacs and Newman (unpublished)
—see also [2]), not every IB has a unique expression of this kind, but nevertheless
a classification of all join-irreducible metabelian varieties would clearly provide
a great deal of information about lat(AA). In this direction Kovacs and Newman
[6] have already classified the infinite exponent ones, and those of finite composite
exponent have been considered by Bryce, who has obtained a powerful reduction
theorem ([3], 6.1.8 and 4.2.33(i)). The prime-power exponent case has also been
attacked, notably by Brisley [1] and Weichsel [13], who have determined
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lat(AA AB, AR,—,) forall a!, and by Kovacs and Newman [7] who have
determined lat(,.N,) for all a. (In fact in [6] Kovacs and Newman determine
lat(UW,) for all square-free n.) This paper is concerned with another prime-
power exponent case, namely %, ., but unfortunately a complete determination
of all subvarieties, or even of all join-irreducible ones, is not achieved here. Part
of the difficulty is that, in contrast to lat(UAUA A B,. A N,_,) and 1at(A,.A),
lat(A, A -) is not distributive (see [2]). Moreover, again in contrast to the other
two cases mentioned, 2, . containsinfinitely many non-nilpotent join-irreducible
subvarieties (see 1.2 below).
What will be proved is the following:

1.1 THEOREM. The varieties 3, k = 1,2,---, defined by

N {91,,91,,2 ARA,AB,., if 1Sks p—l}
N =
LA, AR, it p<k

have the following properties:

a) A proper subvariety W of W, W . is non-nilpotent if, and only if, W=T,\/ L
for some ke{1,2,---} and some nilpotent variety L.

b) If @ and L&* are nilpotent subvarieties of W, W,. and J,V L =J,. v L*,
then k = k*.

There is an immediate corollary.

1.2 COROLLARY. The 3, form a properly ascending chain of subvarieties of
W, AN,., and this chain, with W, . itself adjoined, makes up a complete list
of the non-nilpotent join-irreducible subvarieties of W, A..

Some remarks on the theorem follow:

1) The theorem says that an arbitrary non-nilpotent proper subvariety I3
of A, A . can be expressed in the form W = T, v £, where & is nilpotent and k
is uniquely determined by 2. Clearly, however, £ is not uniquely determined by
M¢W; for example, it can always be enlarged by adjoining a nilpotent subvariety
of I with sufficiently high class. Nevertheless, since lat({) has minimum con-
dition (by Lyndon [9]), there does exist a nilpotent variety, £,,;, say, such that
W =3,V Lin but W =TI, v L, for any L, <L,,;,- The question naturally
arises as to whether such a ‘‘minimal nilpotent component” is uniquely deter-
mined by I8. The answer is no: it was shown in [2] that, for p = 3 at least, there
exists a subvariety I of A,A,. such that W =T,V L =T, Vv £*, where £
and £* are distinct nilpotent varieties each minimal with respect to the property
that its join with J, is IB.

1 Brisley can now deal with class p -+ 1; see his “Varieties of metabelian p-groups of class
p,p + 17 in this Journal, 12, 53-62.
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2) Minimum condition (which lat(,%,.) satisfies by Cohen) is not used in
the proof of 1.1, and in fact the converse situation obtains: minimum condition
on lat(U,A,) is a consequence of 1.1 by virtue of Lyndon’s theorem mentioned
above and the fact that minimum condition is always satisfied by a modular
lattice in which every element is a join of finitely many join-irreducibles and the
set of join irreducibles has minimum condition. This last fact was proved by
Kovacs in [5] for join-continuous modular lattices, and just recently a much
simpler proof, which does not use join-continuity, has been given by Newman
[12].

3) Theorem 1.1 shows that the non-nilpotent join-irreducible subvarieties
of A, A,. can be obtained in a rather simple manner from certain nilpotent join-
irreducible varieties of smaller exponent, for it may be easily verified that
3 = I3 U, A WA, for all k, where the varieties T, are defined by

< {QI,QIP/\mk/\%,,, i 1§kgp—1}
O, A9, if p<k ’

and are all join-irreducible by Kovacs and Newman[7]. It would be interesting
to know what statements along these lines can be made about non-nilpotent

join-irreducible subvarieties of U, A 4 for arbitrary B, especially in view of Bryce’s
Theorem 4.2.33 in [3].

The bones of a proof of 1.1 are given in §4. Sections 2 and 3 are preparatory
for this and sections 5 to 10 fill in the details.

This paper constitutes a revised and abbreviated version of the principal
part of the author’s Ph.D. thesis (Australian National, University 1968). I grate-
fully acknowledge both the help given me by my supervisors, Dr. L. G. Kovacs
and Dr. M. F. Newman, and the financial support of the University.

2. Preliminaries: commutator calculus

Standard notation will be used for left-normed commutators: If hy,h,, -
are elements of a group H, then

@ [hyh] = hx—lhz_lhlhz;

(i) for k>2, [hyhy ] = [[hys s —a ], s

(iii) [hy,0h,] = hy and [hy,rh,] = [[hy, (r—1)h,], h,] for ¥ > 0; and
(iv) for non-negative integers r,, -, 7, with k > 2,

[hy,roha, e, ri] = [[hu DY, PYRTTI SURSY PP Y Y

If H,,H, are subgroups of a group H then [H{,H,] = gp([hl,hz][hieH,-)
and for r = 0 [H,,rH,] is defined recursively as (iii) above. The cth term of the
lower central series of a group H will usually be denoted by H,; that is
H, =[H,(c—-1H].
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The proof of Theorem 1.1 consists largely of a detailed investigation of two
parameters, called ‘‘weight”” and “‘p-complexity’’ (see §4), which will be assigned
to elements, that is products of commutators, in the abelian derived group of
G = F (W, A,2). These parameters in fact belong more properly to the manner
in which the elements are expressed, so in order to avoid ambiguity it is necessary
to construct a one-to-one correspondence between elements of G’ and words in
the language used to express them. This is accomplished firstly by defining *‘pseudo-
commutators’’ in 2.2 below, and secondly by obtaining, as a special case of
Theorem 3.1, a basis for G’. The following well-known result provides some
motivation for Definition 2.2:

2.1 Lemma (34.51 in [11]). If H is a metabelian group and hy,---,h,e H
with k = 2, then

(hyshy, hay s b] = (B, oy g, ooy By
for every permutation m of {3, k}.

2.2 DEFINITION. Let H be a metabelian group. A degree function on H is a
function é: H — {0,1,2,--} whose support

suppd = {he H|5(h) # 0}

is a finite but non-empty set. A pseudo-commutator in H is an ordered triple
p = (h,,h,,8) in which J is a degree function on H and h;,h, esuppé. The
pseudo-commutator p will be called trivial if h; = h,. For any heH, the
integer 6(h) will be called the degree of h in p. If (k) # O then h will be called
an entry in p, and the weight of p is defined to be the sum of the degrees of its
entries. Thus the set of entries in j is suppd, and the weight of 5, which will be
denoted by wi(p), is given by
wi(p) = X o(h) = X &(h).
eH

hesupp é

If suppé = {hy,---, h,} then the element
[hy,6(ha)hy, 0(hs)hy, -+, 6(h Ry, (8(hy) — 1)h,]

will be called the value of § = (hy, h,,8) and will be denoted by [ 5] = [hy, h,,6].
(Lemma 2.1 ensures that [ 5] is well-defined.) The set of all pseudo-commutators
in H will be denoted by P(H).

The following well-known and easily verifiable commutator expansion rules
for an arbitrary metabelian group H will frequently be used without explicit
mention:

(i) If a,b,ce H, then
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[ab,c] = [a,c][b,c][a,c,b]
and

[a,bc] = [a,b][a,c][a,b,c].
(i) If hy, hy,-,eH and ¢y,c,, -, H’, then

[Hci,hl,hz,"'] = H[Ci,hl,hz,"'].

(iii) If a,be H, then, for any k = 1,

[a"b] = ﬁ [a,b,(i—l)a](")

and
u 210
[a,b*] = H [a,ib]"".

(iv) (The Jacobi identity) If § is a degree functionon H and hy, ---, h; € supp d
for k = 1, then

[hk’ hl,é] [hl,hz,a] [hz, h3,5] ot [hk—l’ ’1k,5] = 1 .

Using the laws [x", y"] and [x, y, z"] together with the above expansion rules
it is a routine matter to establish the following lemma, which is needed for the
proof of Theorem 3.1:

2.3 LEMMA. Let He A, N, (n 5~ 0) and let a,b,ceH.

n n—1
2) [a.b71] = T][aib] 8
i=1
b) For any positive integer k there exist integers ey(k), -+, e,_ (k) such that
n—1
[a,b,kc] = ] [a,b,ic]*® .
=0

c) If a # b, 6* is a degree function on H and, for i,j = 1,---,n, d;; is the
degree function defined by &;(a) =i, &;;(b) =j and §,(d) = 5*(d) Sfor all
deH\{a,b}, then

[a, baann] = H [a, b’(sij]—(i)(j) )
i=1 j=1
i+j <2n

d) If 6* is a degree function on H with a,c€suppd, and if for i = 1,---,n
the degree function §; is defined by 6,(b) = i and 8,(d) = 5*(d) for all de H\{b},

then

[a,b,8,] = [¢,b,0,] Hl Cevb, 51 b 5i]_1)(?)'
i=1
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3. The derived group of F (A, ,)

In this section the structure of the derived group F, (U,A,) of F_ (A, A,)
is investigated. Since U, is the variety of trivial groups, F (N, A,) is trivial if
m or n is 1. On the other hand, for n = 0 the structure of F_ (A, A,) is more
complicated than can be handled by the methods presented here. Consequently,
throughout this section let m and n be arbitrary but fixed non-negative integers
with ms 1, n>1, and let G = F_ (U, A,). Although Theorem 3.1 below is
needed only for the case m = p, n = p?, it is given for general m, n as this does
not make the proof any more difficult.

Let g be a fixed ordered free generating set for G, say g = {g,, g,,--} with
g < g; if and only if i < j. The aim is to prove the following:

3.1 THEOREM. &) The derived group G’ of G isfree abelian of exponent m.
b) If B is the set of those non-trivial pseudo-commutators p = (a,b,d) in
G which satisfy the five conditions below, then the valuation mapping p [ ]
of B into G is one-to-one, and its image B is a basis for G'.
Condition (1): suppd S g.
»” (2): 8(c) < n for all ceg\{a,b}.
” (3): 8(a) < n, 8(b) £ n and 6(a) + 8(b) < 2n.
(4): b = minsuppd (i.e., b is the least element in suppd).
(5): If 8(b) = n, then a = maxsuppo.

bx]

ER]

For each positive integer r, let G, be the subgroup of G generated by

g, = {g1,, 8} =g (so that G, =~ F(A,A,)). Part a) of 3.1 is an immediate
consequence of

3.2 LemMA. If r = 2, then G, is free abelian of exponent m: its rank is

r-DE-1).

Proof. Let F, be an absolutely free group of rank r. Since F,/4,(F,) = F,(U,),
it follows using Schreier’s formula that

A (F)An(AF ) = Foyyr (W)
Also, it is clear that 4,(F,(U,,) = F,(N,), which means that
A, (F)AnlF,) = F(U,,).
From these two isomorphisms it follows that
Apn(FALAF)) = Foeyr e 1= (W) = Fioonyor-1) (W) »
which is what the lemma asserts.

Now set B, = B N P(G,). For the proof of 3.1 b) it is clearly sufficient to
show that, for all » > 2, the valuation mapping j + [ 5] of B, into G, is one-to-one
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and that the image B, of this mapping is a basis for G,. But a straightforward
numerical computation shows that B, has the right order for this, namely
(r—1)(n"—1), so it remains to prove

3.3 LEMMA. If r = 2, then B, is a generating set for G,’.

Proor. A sketch will be sufficient:

By definition, G, is generated by {[u,v]|u,ve G,}. By writingu = u; - ),
U = v; - Uy, Where each u;, v; is either a member of g, or the inverse of such,
and by making multiple applications of (i) the commutator expansion rules for
metabelian groups and (ii) part a) of Lemma 2.3, it can clearly be shown that
[u,v] can be expressed as the product of left-normed commutators all of whose
entries come from g,. Thus [8,] = {[5]|5eS,} generates G/, where

S = {(a,b,8)e P(G))

suppd < g,} -

To show that any member of [S,] can be written as the product of elements of

[B,]; and, hence that B, generates G/, simply requires the appropriate applications
of parts b), ¢) and d) of Lemma 2.3.

4. A skeleton proof

This section comprises a series of lemmas which culminate in the proof of
Theorem 1.1. In the interests of simplicity of presentation the proofs of six funda-
mental lemmas are postponed until later sections, but apart from these the
argument is complete.

From now on, G always denotes the group F_(,%,.); that is, m = p and
n = p? throughout §4— §10. Theorem 3.1 says, then, that G’ is free abelian of
exponent p and that [ B] is a basis for it, where B is the set of basic pseudo-com-
mutators in G—those pseudo-commutators (a, b, §) in G for which (1) suppd
€95 8 < p* for all ceg\{a,b}; (3) d(a) £ p2, 8(b) < p* and
é(a) + 8(b) < 2p?; (4) b = minsuppd; and (5) if 8(b) = p?, then a = maxsuppd.
A non-trivial element w of G’ will be said to be expressed in normal form when
written w = b%{'--- b* with b, -+, b, pairwise distinct basis elements (i.e. members
of [B]) and e,, ---, e, integers not congruent to 0 modulo p.

A basic pseudo-commutator § = (a,b,5) in G with a = g,, b = g, and

6(g,) = 8(g,) = 1 will be termed special, and its p-complexity, comp(s), is
defined by

comp(§) = 1+ X int. part (5(g)/p),
i=1
where int. part (5(g,)/p) is the unique integer j; satisfying j;, £ 8(g)/p <j; +1.
(To see what p-complexity measures, read 4.1 and parts (a) and (b) of Lemma D
(4.5) and then compare Lemma 4.11 with Lemma A (4.2).)
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4.1 DerINITION. Let w be a non-trivial element of G’ expressed in normal form
by w = [5,]%* -+ [b,]°*, where, of course, b,,---, b, € P. The weight of w, denoted
by wt(w), is defined to be min; (wt(Ej)l j=1,--,5). If each Ej is special, then w
is itself termed special, and its p-complexity, denoted by comp(w), is defined
to be rninj(comp(E,) [ j = 1,---,5). The trivial element is also considered to be
special, but both its weight and its p-complexity are taken as greater than that
of every non-trivial element; say wt(l1) = comp(l) = w.

Note that for w,,w, e G’
wt(wywz) = min(wi(w,)wt(w,)),

and that this inequality can be strict. Also, if w, and w, are both special, then so
is w,w,, and
comp(w;w,) 2 min(comp(w,), comp(w,)),

where again the inequality can be strict.

Throughout this and all subsequent sections let G** and M denote the B,:-
and % ,-subgroups of G respectively; G” = B,:(G) and M = A,(G). (Thus M
is the unique maximal verbal subgroup of G and also the Frattini subgroup of G.
Note that M, is the N,_, A ,-subgroup of G, and so in particular it is the J._,-
subgroup of G if ¢ > p.) The six fundamental lemmas on which the proof of
Theorem 1.1 depends are stated below. The proofs of these lemmas occupy §5
to §10.

4.2 LemMA A. If k = 2 and we Gy, then wt(w) = k.
4.3 LemMA B. If ¢ = 1, then [M,,pG] = M,.
44 LEeMMA C. If ¢ 22 and e 2 0, then M, % [M_y,eG].

4.5 LeMMA D. Let t: G = G be the endomorphism induced by the mapping
g; > gj+z for all j, and, for each k = 1, let k,: G > G be the endomorphism
induced by the mapping g, & g[g,,8,] and g; » g; for all j #* k. Let we G’
and for each i {1,2.---} let w' = (wrr;, ) (W)~ 1.

a) w is special for all i.

b) If w is non-trivial, then so is w® for at least one value of i.

¢) Ifwis non-trivial, ¢ = min(comp(w”) | i = 1,2,--) and

d = max(0, wt(w)— cp),

then we[M,,dG].

4.6 LEMMA E. If w is a non-trivial special element of G’ with comp(w) = ¢
and if W is the fully invariant closure of {w}, then W = [M,,,eG] for some
e=0.

4.7 Lemma F. M, = G N G'.
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The remainder of this section is devoted to the proof of Theorem 1.1 on
the basis of Lemmas A-F.

4.8 NoTtaTioN. Let lat(G) be the lattice of fully invariant subgroups of G
with respect to the inclusion ordering. If U elat(G), then let id(U) denote the
ideal in lat(G) generated by U; i.e. id(U) = {Ve lat(G)] V < U}. In addition,
let id*(U) = id(U) \ {{1}}. Lastly, for any element we G, let {(w) denote the
fully invariant closure of w in G.

4.9 LeMMA. If weG', w# 1, then there exists an e =1 such that
My = <w) = [M(,, eG], where ¢ = min(comp(w'?)| i = 1,2,---).

ProoF. It is immediate from the definition that w'”e(w) for all i. In
particular, choosing an integer i, such that

comp(w™) = min(comp(w™)|i = 1,2,-) = ¢,

it follows that (w) = (w*> and hence, from Lemma E, that (w} = [M ., eG]
for some large enough e. On the other hand, Lemma D specifies an integer d
such that we [M(,),dG], and so, a fortiori, we M. Hence M, = {(w) and
the lemma is proved.

4.10 LemMA. Let Weid®(G'). Then there exist positive integers c,e such
that M, =2 W = [M,,eG].

Proor. Let {w,1| €A} be the complete set of nontrivial elements of W.
By 4.9, to each J. € A there exist c;, e, such that M, = (w,> = [M,,,e;G], and
since W= U, {(w it follows that U, M = W 2 U,.[M, €G]
Now choose 1€ A such that ¢; = min(c,ll /e€A) and write ¢ = ¢; and e = ¢e;.
Then, clearly, M, 2 W = [M,,eG].

4.11 LemmA. If we M4y NG’k 2 1, then min(comp(w)|i = 1,2,--)2 k.

Proor. If w = 1 the lemma is immediate, so assume w 3% 1. Then by 4.9 there
exists an e such that {w) = [M;),eG], where k' = min(comp(w”))| i=1,2,--").
From this it follows that M, = [M,.,,eG], but unless k' > k this contradicts
Lemma C.

4.12 LemMmA. [M ), eG] = My N G(.,+) for all positive integers ¢ and e.

Prook. It is sufficient to show that every non-trivial element of M ;"G40
is a member of [M,,eG]. So let w be any such element. Then by Lemma A
and 4.11 there exist non-negative @, and a, such that wt(w) = ¢p + ¢ + a, and
min(comp(w®)| i = 1,2,--) = ¢ + a,. Hence by Lemma D we[M,,),dG]
where d=max(0,cp + ¢ + a, —(c + a,)p) = max(0,e+a, —a,p). Now it follows
from Lemma B that [M ., ,,,,dG] £ [M(,),(d + a,p)G] and thus we[M,,d'G]
where
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d = d+a2p = max(O,e+a1—azP)+‘12P
= max(a,p,e + a,)
= eta; =e.

This shows that we[M,,,eG], as required.

4.13 LemMmA. If Weid®(G') then there exist integers ¢ =1 and d =2
such that W = M, N L where Lelat(G) with L Z Gy,. Moreover if

W = M 4N L* is any other such expression for W (say with L* = G,.,) then
c = c*.

Proor. By 4.10 and 4.12 there exist positive integers ¢ and e such that
My 2 Wz MyNGepie- Setting d = cp+ e and L= W.G, this gives

W = W(M(C)ﬂ G(d)) = M(C)ﬂ W G(d) = M(c)n L,
the middle equality holding because of the modularity of lat{G). Now suppose
M(c)ﬁL = M(c*)ﬂL*,

and assume without loss of generality that ¢* = ¢. If in fact ¢* > ¢, then, clearly,
it follows that

M) 2 My Gy 2 [M(o,dG) 2 [Meeoy),dG],
and this contradicts Lemma C. Thus ¢ = c*.
4.14 LemMa. M, = M(C).G"zr’\ G’ for all ce{2,---,p}.

Proof. Let ce{2,---,p}. Then G' = M, = M, and M, = G NG
by Lemma F. Hence, using modularity,

My = M. (G NG = My,.G" NG’
4.15 Lemma, G”* = M,,,.G" N G,. G for some d.

ProoF. It is easy to check by routine induction on r that if ae G, be G’ and
r =z 1, then

(ab)" = a" 1_—'[ [b,(i——l)a](;).

In particular, setting a = g;, b = [g,,2,] and » = p?, and noting that G has
exponent p and that (7)) = O mod p for all ie{l,--,p?>—1}, this shows that

(23022 21" = 25 [22 81, (P —Digsl,

and it follows that w = [g,,g,,(p>—1)g;] € G?". By inspection, w is special
and has p-complexity p, so by Lemma E (w) = [M,,eG] for some e = 0.
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Setting d = p? + e it follows from 4.12 that G** > M, N Gy . But by 4.14
M, = M(p).G”Zr\ G’, and so, using modularity,

G” = G”.(M,y" Gyy) = GP(M,.G” N G’ N Gy
= M(p) . sz N G(d)' GPZ.

4.16 Lemma. a) I, = W,A,. In particular, 3, is non-nilpotent.

b) If W is a non-nilpotent proper subvariety of W, W ., and W has exponent
p’, then there exists a unique ke{1,2,---} such that W = I,V L for some
nilpotent variety 8.

¢) WA, AB,. =3J,-; VL for some nilpotent variety L,.

PrOOF. a) By definition, J; = WA, WA. A AA, A Bz, so it is clear that
3. =2 AA,. On the other hand, it is easy to check that the five words
[[x, ¥1.[zw]]s [x,yT%s [x% ¥"], [x,9,2°] and x?* form a basis for the laws of
A, A, and since the first two of these words are laws of %, U,., the third and
fourth are laws of AW, and the fifth is a law of B ., it follows that A, A, = ;.
Thus I, = A,N,. It is well-known that A, is non-nilpotent (see 24.34 in [11],
for example). That J, is non-nilpotent can also be proved directly from 4.13
and 4.14.

b) For k = 1,2, let I, be the J,-subgroup of G:

Mgty GP for ke{l,-,p—1}

I, = 1(G) =
k k() { (k+1) fork_Z_p.

Let I8 be as described in the statement of the lemma and let W be the ¥B-subgroup
of G: W = W(G). The fact that I has exponent p* implies that W = A, and
therefore that W < A4,:(G) = A(G) = G'. Since I is a proper subvariety of
A, A, this means that We id*(G'). Hence by 4.13 there exist integers ¢ = 1
and d = 2 such that W = M,N L, where L, elat(G) with L; = G,. Since
My 2 G’ 2 Gy, it is clear that ¢ # 1, for otherwise W = G, contrary to
the assumption that 93 is non-nilpotent. Also if ce{2,---,p}, then by 4.14
My =M. G"” N G', and so in this case W can also be expressed in the form
W=M,.G”NL,, where L, = L,NG" = G,. It is thus established that
W = I,N L for some ke {1,2,---} and some Lelat(G) with L = G, for some d.
But this means that MW = J, v 8, where L is the variety corresponding to L
and is therefore nilpotent. If also W = J,. v L* with £* nilpotent, then, since
LG =M, forall k=12,

MeginnL=LnLNG =L.NnL*NG = MgsyNL¥,

and by the second part of 4.13 this implies that k = k*. Thus & is uniquely deter-
mined by IB.

¢) This is an immediate consequence of 4.15.
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Theorem 1.1 is an almost immediate consequence of this last lemma. Since
by Meier-Wunderli’s result in [10] every metabelian variety of exponent p is
nilpotent, it is clear that all that remains to prove is that statement b) of 4.16
remains valid when “‘exponent p3*’ is replaced by ‘‘exponent p2>’. So let I be
a non-nilpotent exponent p? subvariety of %,%,% Then, since

QB =QB\/ sleZ =%B\/(gl[p3 /\%pz) =(QB\/ sl[p:x)/\QSI,z,

parts b) and c) of 4.16 ensure the existence of a k' € {1, 2, ---} and nilpotent varieties
£’ and £, such that

W= (I VEINS,-1 VL) =JVE,

where k = min(k’,p—1) and £ is either £, A (I V &) or & A S,V Lo)
but in any case is nilpotent. If also IW = J,. v L*, then

iIB\/ QIPB = Skv (QV QIPJ) = Sk*v (g*v Q[pa),

and so k = k*.

5. Proof of Lemma A

The fact that G’ has exponent p, coupled with the fact that (%) = 0 mod p
for all ie {1, --,p?—1}, leads to the following lemma, which helps to simplify
commutator calculus in G:

5.1 LemMA. Let (a,b,8) be a pseudo-commutator in G.

a) Any one of the following conditions implies that [a, b,6] = 1.
() 6&(a) = p* +1.

(i) o(b) = p>+1.

(i) 6(c) = p* for some c¢ {a,b}.

(iv) 6(a) = é(b) = p2.

b) If 6(b) = p? then [a,b,6] = [¢,b,8] for all cesuppd\{b}.

Proor. a) If ue G’ and ve G then
o )
1 =T[uv"]= [][wiv] ' = [u,p*],
i=1

so any one of the conditions (i) —(iii) implies [a,b,5] = 1. That condition (iv)
also implies [a,b,8] = 1 is immediate from part c) of Lemma 2.3.
b) This is immediate from 2.3d).

Lemma 5.1 is needed in the proof of

5.2 LeMMA. If (ay,a,,0) is a (not necessarily basic) pseudo-commutator
in G with suppd < q and non-trivial value, then wt([ay, a,, 8]) = wt((a,, a,, 8)).
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ProOF. Let suppd = {ay,---,a,}, where s =2 since a, # a,. By 5.1a)
d(ay) £ p?; 8(ay) = p?; 6(ay) < p? for je{3,---,s}; and 8(a,) and &(a,) are not
both p?.

There are two cases to consider.

(1) Suppose min{a,,---,a,} = a;, where a; # a; # a,. By the Jacobi identity
[a;,a5,6] = [a5,a;,8][a,,a;,6]-1, and it follows from the restrictions on the
values of the §(a;) that the pseudo-commutator (a,, a;,) is basic unless 8(a,) = p?,
in which case [a,,a;,6] = 1 (by 5.1a), case (iii)). A similar statement holds for
(a,,a,,8), so the expression in normal form for [a, a,, 8] involves only the values
of basic pseudo-commutators with degree function 6. Thus wt([a,,a,,d])
= T5.,0(a)) = Wi(@y,a2,6)).

(ii)The alternative case occurs when min{a,,---,a;} is a, or a,. In fact it
may be assumed to be a,, for clearly wi((a,, a,, 9)) =wt((a,,a,,)) and wt([a,,a,5])
= wt([a,,a,,6]" ") = wt({a,,a,,8]). Similarly, if d(a,) = p® then by 5.1 b) it
may be assumed that max{a,,---,a,} = a,. But these assumptions imply that
(a,,a,,0) is basic, which means that there is nothing left to prove.

There is an immediate corollary:

5.3 COROLLARY. If (ay,a,,0) is a pseudo-commutator in G with suppd < g
and non-trivial value, then

Wt([[alaab 6]’0]) = wt([al, a,, 5]) +1
Sfor all aeg.

More generally . ..
5.4 LemMA. If weG', w # 1, and ve G, then wt([w,v]) = wt(w) + 1.

Proor. For v = 1 the result is trivial, so assume v % 1. Then, since G has
finite exponent, v = a,a, - a, for some ay, -+, a, e g (not necessarily all distinct).
The proof uses induction on s.

To deal with the case s=1 first express w in normal form by
w = b{'--- b{* say, and note that w > wt(b;) = wt(w) for each je{l, .- t}.
Then

wt([w,a;]) = wt([by,a,]* - [b,, ai)*)

z min(wt([b;,a,]] j = 1,--+,1)
i
z min(wt(b)) + 1]j=1,--1) (by 5.3)

J

min(wt(bj)] =L +1 = wi(w) + 1.
j

The inductive step is routine, and is therefore omitted.

Since G4 1y = [G),G] for all k = 1, Lemma A (4.2) easily follows from
5.4 by induction on k.
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6. Proof of Lemma B

6.1 NoTATION. For ¢ =2 1 and e = 0 let U(c,e) and V(c,e) be the verbal
subgroups of G defined by

U(C, e) = {[yllja Tty yg’zla "',Ze]} (G)
and

V(Ca e) = {[xl’xbyg’ s yg921, "'sze]} (G)

The following lemma facilitates the proof of Lemma B (4.3) and will also
be used in §9 to help with the proof of Lemma E (4.6):

6.2 LEMMA. For all ¢ 21 and all e 20, [M,,eG] = Ulc,e).V(c,e).
Proof. Clearly
[M,,eG] = gp([m1,~~,mc,w1,~--,we][ My, mEM; wy, -, w,€G),

so the inclusion [M,,eG] = U(c,e).V(c,e) is immediate. Since any me M
can be expressed in the form m = v*v’ for some ve G and v’ € G', it is sufficient
for the reverse inclusion to prove that

[vai, "'sva::’ Wi ---,We] eU(c,e). V(c,e)

for all v,,--,v,w;,w,eG and all v/,---,0/eG'. The proof of this fact is
a routine exercise in commutator calculus.

To prove Lemma B (4.3) first note that for any u,ve G

! (D)
[u,v"] = l=—I1 [u,iv]"" = [u,pv].
Hence

U(csp) gp([vis Uf’ Wi, ""wp]l Vys o5 Ups Wl,'“,WPGG)

i

gp([vf, -, 08, pvey 1] ‘ Vit Ut 1 € G)
gp([vf, 024 1] | 01,7+, 0ex 1 €G) = Ule + 1,0),
and similarly V(c,p) = V(c + 1,0). So, using 6.2,

[M,pG] = U(c,p). V(c,p) =2 U(c + 1,0). V(c + 1,0) = M(.4y),

which proves Lemma B (4.3).

7. Proof of Lemma C

The ideas for this section are due to L. G. Kovacs.
Let ¢ = 2 and e = | be chosen arbitrarily and then fixed. Let G* be the
wreath product of finite p-groups defined by G* = Rwr(S x T), where
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R = gp(r| " = 1)
S=8x-%x8,.5; 8= gp(si|sf’2 =1),ie{l,-,c—2}
T=Tox - xT;T =gpt;| 1! =1), je{0,-,e},

and of course S = {1} if ¢ = 2. The base group of G* will be denoted by K,
and is to be considered as consisting of all functions from S x T into R, with
multiplication defined component-wise. Additionally, for each ie {1, --,c—2},
j€{0,:.+, e}, notation will be abused to the extent of considering S, and T; (and
so also S and T) as subgroups of G* via the standard embedding.

Denote the A ,-subgroup of G* by M*; M* = A4,(G*). Two facts about
M* will be needed, and both follow from results of Liebeck [8].

7.1 LEMMA. M*(_2p-1)+2) = {1}.

Proor. Clearly M* < K.S? = M* say. Now from the proof of 22.14 in
[11] it follows that A7* =~ R'wrS” where R' denotes the direct product of
[(S X T)/S"' copies of R. Thus, from [8] Theorem 5.1, M* has nilpotency class
(c=2)(p—1) + 1 and the conclusion follows.

7.2 LemMa. If ke K is defined by k(1) =r and k(v) =1 for all
ve(S x T)\ {1}, then

[kyto, (p—1)st, s (D—1)s2_ 5, t1, st ] # 1.
Proor. It follows from part (a) of the proof of Theorem 5.1 in [8] that
[k, (p* =15y, -5 (P> = D)5, (p— Dt -+, (p—De.] % 1
and hence, a fortiori, that
[k, (p=Dpsy, > (P~ D)PSc—2, 10, 15 1] # 1.
Since [u, pv] = [u,v"] for all u,ve G*, this is equivalent to
[k, (p—Dsf, -+, (p—Dsf-z, tos by, 1] # 1.

This establishes the lemma, for by 5.7 in [8] an alteration to the order of entries
occurring after k leaves the commutator unchanged.

Since G*e N, A it is clear that Lemma C (4.4) is an immediate conse-
quence of

7.3 LemMA. M{,) % [M{,_1), eG*].

Proor. With k defined as above let w = [k, to,s%,--+,sf_,,¢,,-+,t,]. Since
clearly we[M*._,),eG*], the lemma will be proved once it is shown that
wé M* . Suppose to the contrary that we M* . Then it follows that
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[w,(p—2)sT, -+, (p—=2)sP_2 1€ M* i (c—2y(p-21)
i.e. that
[ka to,(p—1Dst, -, (p— Dsg_zt te] EM*((c—2)(p-' 1)+2)

But from 7.1 and 7.2 this is impossible.

8. Proof of Lemma D

It is clear that for each (fixed) i the mapping w > w® of G’ into itself is an
endomorphism of G’. The first objective, therefore, will be to describe the effect
of these endomorphisms of G’ on members of the basis [B] of G'.

8.1 NotaTION. For each integer i > 0 and each degree function 6 on G with
g;esuppd let 5 be the degree function on G defined by

(g = 09(gy) = 1,

0 gisz) = 8(g) — 1,

8g) = 8(g;-,) forall j=3,j#i+2, and
89a) = 0 for all aeG\g.

Note that (g,, g4,0'"?) is always a special pseudo-commutator in G.
A straightforward commutator calculation verifies the following formula:

8.2 LEMMA. If (a,b,d) is a non-trivial pseudo-commutator in G with
suppd < g then

r [gZ:gl,é(i)] l.f a = gis
[a, b96](i) = [gZa glaa(i)]_l lf‘ b = gis
1 otherwise.

Now consider part a) of Lemma D (4.5). For w = 1 it is a triviality, so assume
w to be expressed in normal form by w = b5t -+ b¢*. Clearly, w® = (b))t --- (b
for all i, and since a product of special elements is special it is therefore sufficient
to show that if (a, b,8) e B then [a,b,5]? is special for all i. If g;¢ {a, b} then
[a,b,8]" =1 by 8.2,50 suppose a=g;. Then,again by 8.2,[a,b,6]" = [g,,£,,6"].
Since (a, b, ) is basic, it is clear from the definition of 5 that (g,, g,,6”) is also
basic unless 6(b) = p2. However, in the event of the latter contingency, case (iii)
of 5.1 a) gives that then [g,,g,,6‘”] = 1, so that possibility can be dismissed.
Thus [a, b, 8] =[ 5], where b = (g,, g,6”) is basic and special; i.e. [a, b, 6]V
is special. The case b = g; is handled similarly, and part a) of Lemma D is proved.

It is well-known that in any product variety the free group of countably
infinite rank has trivial centre. (By 22.22, 22.32 and 24.23 in [11], any product
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variety is generated by a group with trivial centre. Now use the fact that in a
relatively free group of countably infinite rank the centre is verbal.) Thus G has
trivial centre and therefore part b) of Lemma D (4.5) is an immediate consequence
of the following result:

8.3 LEMMA. Let we G’ and let ve G. If for each integer i > 0 the image
of ue G under the endomorphism of G induced by the mapping

g1V, g2 g and g;> g, for all j =3

is denoted by u'”", then there exists an s, = so(w) such that

I w9 = [w,0]
i=i
for all s> s,. In particular, [w,v] e {w®|i = 1,2,--->.

Proor. It is clearly sufficient to prove the result for w = [5] where
b= (gk’gl’(s)EB'

It is no trouble to check that if § is any degree function on G with g; e supp &
then

[gZa 81> 5(0](0’0 = [gia 096 + Xv] >

where y, is the characteristic function x,(v) = 1, y,(a) = O for all a # v. Setting
so = max(k,l) = k, and using 8.2, it follows that for all s = s,

1—_[ w(i)(v,i) = [gl’ Us 5 + Xv]—l[gk’ v, 5 + Xv] .
i=1

Hence, by the Jacobi identity,
l___[l W(i)(v'i) = [gk’ g1,5 + Xv] = [[gk’ 8 6], U] = [W, U] .

It remains to prove part ¢} of Lemma D (4.5), and unfortunately this is a
rather tedious business. Firstly:

8.4 NotatioN. For any weG’ denote min,(comp(w™)|i = 1,2,-) by
mic(w).

Call a non-trivial element w of G’ well-behaved if we[M,,,dG] where
¢ = mic(w) and d = max{(0, wt(w) — cp). In this terminology part c) of Lemma D
(4.5) says that every non-trivial element of G’ is well-behaved. The following
lemma indicates how the task of proving this is reduced:

8.5 LeMMA. If w = IIj- w; # 1, where
(i) the w; are well-behaved members of G',
(i) wt(w) = min (wt(w,)|j = 1,---,s), and
(i) mic(w) = min(mic(w;)| j = 1,-+-,5),

then w is well behaved.
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ProoF. Set ¢ = mic(w), d = max(0,wt(w)—cp), c¢; = mic(w;) and
; = max(0,wt(w;) — c;p). Condition (i) ensures that w;e[M,,,d;G], condi-
tion (ii) ensures that wt(w;) = wt(w) and condition (iii) ensures that c; > c.
Now by Lemma B (4.3)

[M;»diG] = [Mct(c;-o» 4,G] = [Mey, (d; + (¢;—0)P)G],
so w;e[M,,d'G], where
d = d;+(c;—c)p = max(0,wt(w;) — ¢;p) + (¢;—c)p
= max((c;—c)p, wi(w;) — cp) = max(0,wt(w) —cp) = d.

Thus w;e[M.),dG] for each j, and consequently we[M,,dG]. That is, w is
well-behaved.

It is to be noted that an arbitrary product w = w,---w, 5 1 with
wy, -+, W, € G’ generally satisfies neither condition (ii) nor (iii) of the above lemma.
Even if w; = by for j=1,---,5 and w is expressed in normal form by
w = b5'--- bs, then, although in that case condition (ii) is satisfied, condition
(iii) may still not be satisfied; for example, if

w = [22, 081,831 [23, P&1> 82"

then it is easy to check that mic(w) = 2 whereas

mic({ g,, P81, g3]) = mic([gs, P21, 82171 = 1.

Notice that in this example the relevant basic pseudo-commutators have the same
degree function. (The pseudo-commutators concerned here are (g,, g;,9) and
(g3, 81,6), where suppd = {g;,8,, 83} and 8(g,) = p, d(g,) = o(g3) = 1.) It is
convenient to give a name to elements of G’ like the w of this example. They will
be called elementary: an elementary element of G’ is one for which the basic
pseudo-commutators involved in its expression in normal form have a common
degree function. This common degree function will be called the degree of the
elementary element. Clearly every element w € G’ is the product of its elementary
parts; w = II {_, w;, with each of w,, .-, w; elementary and the degree functions
of the w; distinct in pairs. The point of this is:

8.6 LemMa. Conditions (ii) and (iii) of 8.5 are always satisfied if wy, -+, w,
are the elementary parts of w.

Proor. Since condition (ii) is obviously satisfied under these circumstances
it is only necessary to establish (iii).

For j = 1,-,s let the degree function of w; be §;. Using 8.2 and case (iii)
of 5.1a) it is easy to verify that for any je {1,---,s} and anyie {1,2,---} the ele-
ment w{" is either trivial or is expressed in normal form by
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WS'E) = [gz, g1,5§')]e“

for some e;; # 0 mod p. Consequently, if J; denotes the set of those j for which
wi £ 1, the
J b

WO = T L8800,

jedi
and as 8! % 6! whenever j 5 j’ this expresses w in normal form. (Of course
if J; is empty then w® = 1). Since comp(l) = w this shows that

comp(w™) = min(compw)| j = 1,---,s),
J

and from this condition (iii) of 8.5 follows.

In view of Lemmas 8.5 and 8.6, part c) of Lemma D (4.5) will follow when
it is shown that every elementary element of G’ is well-behaved. This latter result
will presently be proved as Lemma 8.8, but a preparatory result, Lemma 8.7
that follows now, is needed first.

8.7 LEMMA. Every element we G’ whose expression in normal form is
of the kind w = b® is well-behaved.

PrOOF. Choose beB and an integer e = Omod p arbitrarily, and set
w = [b), ¢ = mic(w) and d = max(0, wt(w) — cp). Since it is clear that ¢ and
d are independent of e, it may be assumed without loss of generality that e = 1,
for if be[M,,dG] then certainly b°e[M,,,dG]. Let b = (a;,a,,d) with
suppd = {ay,--,a,} say (where, of course, each a;eg}, and for j = 1,--,s
write a; = g; and 6(a;) = q;p +7r; with 0 < r; < p. By employing Lemma
8.2 and the relevant definitions it may be verified that

c = rx;in(comp([gz, g1:0%77|j = 1,-,5)

Mo

g, +1 if ri#0x#r,,

j=1

™M=

q; otherwise.

ji=1

Also, it follows straight from the definition of weight that
wi(w) = wt(b) = X d(a)=p T q;+ X ;.
j=1 ji=1 j=1

It is now necessary to consider three cases, delimited according to the values
of r, and r,:

Case 1: Assume that r; ## 05 r,. By making use of the fact that
[u, pv] = [u,v"] for all u,ve G, the element w may be written in the form
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w = [[[alaaz]’ qlaf’ ) qsa;)] » (rl'—l)al,(rz_ 1)02, raQz, e, rsas] s

and from this expression it is immediate that we [M.,,d'G], wherec'= X}_ ¢, + 1

and d' = X5_{r; —2. But by the remarks above ¢’ = ¢ and

d’ = wt(w)—p Zsl q;—2 = wt(w) — plc—-1) -2
j=1

= (Wt(w) — cp) + (p—2) = max(0,wt(w) — ¢p) = d,

and consequently [M ., d’G] = [M,,dG]. Thus we[M,,dG]; that is, w is
well-behaved.

Case 2. Assume that either r; 2 0 = r, or r; = 0 # r,. Then w may be
written either in the form
W = [[[ala a2]9 q1a117> (qZ - 1)(15, 613(113’, “ty qsaf], (rl - 1)01, (P - l)aza FaQa, -, rsas]
or in the form

w = [[[al’ a2]9 (ql - l)all)5 ‘halz,’ Sty qsa?]a (P“ l)al’ (?’2 - 1)“2, r3dy, -, rsas] .

In any event, it is clear that we[M.,d'G], where ¢’ = X ., q; and
d' = Zj-yr;+ p—2. Here again ¢’ = ¢, and

d' = wiw)—p X q;+p=2 = (Wi(w) = cp) + (p—2)

= max(0,wt(w)—cp) = d,

and it follows as in case 1 that w is well-behaved.
Case 3: The only remaining possibility for the values of r, and r, is
¥, = r, = 0. In this case w may be written in the form

w = [[all’! QZag9 Tty qsasp’ (ql - 1)(17] SFady, ey, rsas] s

and so we[M.,,d'G] with ¢’ = X5.,q; and d' = X 5_,r;. This time not
only ¢’ = ¢ but also

d’ = wtw)—p X q; = wi(w) — cp = max(0, wt(w)—cp) = d.
Jj=1
Anyway, we[M,,dG].
This completes the proof of the lemma.

8.8 LEMMA. Every non-trivial elementary element of G’ is well behaved.

Proor. Let w be a non-trivial elementary element of G’, and let é be the
degree function of w. Let suppd = {a,,+--,a,} and as in the proof of 8.7 write
a; = g, and &(a;) = q;p +r;, for j =1,---,s. Let the subscripting of the a;’s
be so arranged that w is expressed in normal form by
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£
I

t
H [aj’al’a]ej
i=2

for some ¢t in the range 2 < t < 5. If t = 2, then w is well-behaved by 8.7, so
assume ¢ > 2. This assumption implies that é(a;) < p* for each je{l,--,s} (if
d(a;) = p? for some j, then there is only one basic pseudo-commutator with
degree function §), and this in turn means that (g,, g;,6"") is basic for each j.
Using this last observation in conjunction with 8.2 it is not hard to see that

mic(w) = m_in (mic([a;,ay,6]) |j =2,-,1)

unless X %_,e; = Omod p and comp(g,, g;,8""") < comp(g,, g;,6"”) for each
je{2,---,t}; that is, unless
t
(i) X e =0modp,
i=2
(i) r, =0, and
(iii) r; # 0 for j = 2,-.-,¢.
Note that conditions (i) and (iii) imply that mic(w) = X /_,q; + 1. Now it is im-
mediate from the definition of weight that

wiw) = wi([a;a;,61%) = ¥ 8@y =p T a;+ T,
i=1 j

j=1 i=1

for all je{2,---,t}, so, in view of 8.5 and 8.7, it remains to prove that if (i), (ii)
and (i) are satisfied then we[M,,dG], where c¢= X q;+1 and
d = max(0,wt(w)—cp) = max(0, X r; — p). This is proved as follows, and it
will be noticed that condition (ii) is irrelevant:

The Jacobi identity gives that

[aj, ag, 5] = [aja 02’5] [az’al’é]

for each je{2,---,t}, and it therefore follows from condition (i) that

t
w = [][a;,a,86]".
j=3

Condition (iii) allows each factor [a;,a,,d] in this product to be written in the
form

[[[aj, a,1,q1a%, -+, q,a% ], riay, (r;—1)ay, ryasz, -+
T8, (P = 1)ag 85000 rag],

and so it is immediate that we[M,,d’G], where d’ = X r;—2. Since d’
is obviously no greater than d, this completes the proof,
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9. Proof of Lemma E

Many of the methods employed in this section have their origin in the Ph.D.
thesis of R. A. Bryce (Australian National University 1967).

9.1 LeMmA (c.f. 4.2.5 in [3]). Let wy, -, w,,€ G’ and let Weid(G') (i.e. let
W be a fully invariant subgroup of G contained in G'). If T1"7_, [w;,v']e W for
all ve G, then [w,,vmvn_t, -, 0,]€W for all v,,++,0,€G.

ProOF. The proof is by induction on m. For m = 1 there is nothing to prove,
so assume the assertion true for m = k — 1 > 0 and consider the case m = k.

Arbitrarily choose v,,---,0,€ G and wy,---,w, € G’ and assume that

k
™ [1[w:»v]eW for all veG.
i=1

The object is to show that [wy, v, -+, v,]e W.
It is a simple exercise in commutator calculus to check that
[Wi’ (vkﬁ)i] = [wi» Ullc] [wi’ ﬁi] [wi! vliw l_)] [Wi’ vlics 5i— 1]6
for all positive i and alls e G. Hence
k 3 k . k . k A k-1 ir1 i o
I Do )3 = ( T Ovof) ( T 0009 | [0wi8] (I Do)
i=1 i=1 i=1 i=1 i=1

for all e G, and so it follows from (*) and the normality of Win G that
k-1

[T L[wis o0 '], 5] e W for all 5eG.

i=1
By the inductive assumption (i.e. the case m = k —1) this implies that
[([We—1+00F Y 1,082, -, 0,] € W, which finishes the proof.

9.2 Lemma (c.f. 4.3.1 in [3]). Let wy,-++,w,2- € G’ and let Weid(G'). If
2T w,, dv]e Wforall ve G, then for each de {1, -, p* —1} there exists a non-
negative integer e = e(d) such that [wgul, -, ulsv,, v, ]eW for all
Uy, o, Ugs, Uy, 0,0, € G, where d¥ = int. part (d/p).

ProoOF. First, two simple observations:
@ Ifay,-,a,eG and be G then it is easy to check by induction on m that

T towke] = T] [oht']

k=1

where, for k = 1,---,m,
m .
a = [Jaf™V"®,
j=k
and it is to be noted that a,, = a,,.
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(ii) Because [x,y,z""] is a law in G it is easy to see that if for some we G’
and some positive integer k with 1 < k < p? — 1 it is true that [w,v*]e W for

all ve G, then it is also true that [w, "] e W for all 5 € G where p" is the highest
power of p which divides k.

Now to the proof proper. The premise is that
-1
™ [ [wadv]e W for all veG.
d=1
By 9.1 and (i), (ii) above it is clear that (*) implies that
[sz_l,ﬁpz_.l, "',17),2_1,.,.1,1-):;2_1,, Epz_p_.l, "',l_ipz_zp+1,5ppz_2p, "',CtC "',171:] ew
for all v;,-++,0,2_; € G. Thus (*¥) implies that

P p
[Wpae s uf,-oyub_ 0y, 0,0, €W for all uy, -, u,_ 1,04, ,0,2_,€G,

and since int. part ((p2—1)/p) = p—1 this establishes the case d = p®> — 1. The
remaining cases are handled by induction as follows:

Let re{l,---,p?*—2} and assume inductively that for each d in the range
r < d < p? there exists an e = e(d) such that

[Waul, -, ulss vy, -, 0,]e W for all uy, -, tze, 0y, ,0,€G.
Since
[wa, dv] = [w,, (d*p + (d—d*p)v] = [wy, d*v%, (d—d*p)v],

this inductive assumption implies that there exists a non-negative integer [ such
that if r < d < p? then

**) [Wa dv, vy, -0 ] €W for all v,,--,0,veG.

From (*) and (**) it follows that 1] _  [[w,, vy, -+, v],dv] € W forallv,, ---,v,, € G,
and, again by 9.1 and (i), (ii) above, this in turn implies that

[[We 01y 0 s By vy Bpap 4 15 Dpaps Dpap— g5 -2 €tC -+, B ] €W
forally,,---,v,0,,+,5,€ G. Thecased = r follows, and the induction is complete.

9.3 Lemma (c.f. 4.3.2 in [3]). Let Weid(G’) and let {a,,---,a,} < g. Let
® be the set of all mappings from {1,---,s} into {0,1,---,p>—1} and for each
pe® let wyeG Ngpg\{ag, -, a). If

w = [][ws1day, -, spa]eW,

Ped

then for each ¢ e® there exists a non-negative integer e = e(¢) such that
[we uls e, vy, v, ] €W for all uy,--,uysvy,-,0,€G, where @¢* =
5=, int, part i¢/p).
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ProoF. For s = 1 the premise reduces to IT 725! [w,,da,] € W where a, is
a free generator of G not “‘involved” in any w,. Since for any ve G (including
v = 1) there exists an endomorphism o of G such that q¢,& = v and wo = w,
for each d, this is equivalent to saying that woe W and TI 227! [w,, dvleW
for all ve G. At this point 9.2 applies, and the case s = 1 of the lemma is estab-
lished.

Now suppose s > 1. For each de{0,--, p2—1} set

wg = [ [wg 1day, -, (s—=Dpa,_,],
PRy
where ®, = {p e ®|s$ = d}. Then, of course, N5 d[wsda] = we W, and as
with the case s = 1 this implies that for each d = {0,---,p>—1} there exists a
non-negative integer e = e(d) such that [w,uf,---,ufs,v,-,0,]e W for all
Uy, ey Ugs, Uy, o0, U, € G. Choose uy, -+, U4, vy, -+, 0, arbitrarily and for each ¢ € @,
set Wy, = [wg,ul, -, ufs,vy,+,0,]. Then
l—.[ [Wq” 1(1501’ ""(S—l)¢as—1] = [Wabull,’ ""uz’i"’vly ) Ue] ew,

$Peds

and the obvious inductive step completes the proof.

Now consider Lemma E (4.6). An arbitrary non-trivial special element w
of G’ can be expressed in normal form as

t
w = l—[l [gz:gl’éj]ej’
j=

where, of course e; £ 0 mod p and J,(g,) = ,(g;) = 1 for each j. Suppose that
U%S=1suppd; = {g;, 85 ay, - a;}. If s=0, then w = [g,,£,]°" and in that
case Lemma E (4.6) reduces to a triviality. so assume s > 0.

Let @ be as in 9.3 and for each ¢ € ® set

(g2 g1 if i¢p = 6(a) for i = 1,5,

Then 1 otherwise.

w = H [Wd” 1¢a1, "'7s¢as] ’

Ped

and so 9.3 gives that for each ¢ € ® there exists a non-negative integer ¢ = e(¢)
such that, if Wis the fully invariant closure of w, then [wy,uf, -, uf., vy, -, 0,]e W
for all uy, -+, u,s,vy,-+,0,€ G. Now by definition

¢ = comp(w)

Il

min (1 + Es'. int.part(éj(ai)/p)lj = 1,-~-,t)
j i=1

J

min(¢* | wy # 1) + 1,
¢
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and consequently there exists a ¢ € ® and a non-negative integer e such that
wy = [85,8:]7# 1 and

14 p
[w¢,u2,--~,uc,vl,--~,ve]eW for all u,,---,u, 0,0, €G.

Clearly, in the notation of 6.1, this means that W = V(c,e). So for the proof
of Lemma E (4.6) it now only remains to show that V(c,e) 2 [M,,e’'G] for
some e’. In fact, though:

9.4 LEMMA. Forallc 2 1 andalle Z 0, V(c,e) = [M,, (e + 1)G].

Proor. In view of 6.2 it is only required to show that V(c,e) = U(c,e + 1),
and for this it is sufficient to prove that

p
[ul, - ul, vy, v,.1]€V(c,e)
for all u,---,u,v;, -, 0.4, € G. But, by the Jacobi identity,
P 14 — p p 14 14
[ufsu5,0.01] = [U], 0.4 1,u5] [Ver 1 ub,ull,

and the result follows.

10. Proof of Lemma F

The proof of Lemma F (4.7) depends on the characterisation of G* ~ G’
given by the lemma below. The idea for the proof of this lemma was suggested
to me by L. G. Kovics.

10.1 LeMMA. If V denotes the fully invariant closure of gz—”zgf"z(glgz)"2
in G, then V=G"nG".

PrOOF. Since (g,8,)"" = gP’ gl cforsomece G',itisclear that V < G NG
Hence if H denotes the relatively free group G/V, then it is sufficient to prove that
H”nH = {1}.

Let we H”. From the definition of H it is clear that (ab)?’ = a”'b** = bP’a"
for all a,be H, (the second equality holds because [x”*, y**] is a law in G) and it
follows that w can be expressed in the form

__ qx1p? | axp?
w=as""...qf

where a,,:-:,a, are pairwise distinct members of some free generating set
for H and «,,---,a, are integers. Now assume additionally that we H'. If for
j=1,---,k endomorphisms ¢; of H are defined by a;0; = a; and ho; = 1 for
all he $\{a;}, then it follows that aj“’z = wo;e H' for each j. But, of course,
gp(hynH' = {1} for all he$ and therefore a%'** = ... = g®P* =1, which
means that w = 1. The lemma is proved.

In view of 10.1 it is sufficient for the proof of Lemma F (4.7) to show that
g;"zgf"z(g,gz)”ze M, or equivalently that (glgz)”2 = g’,’zg’z’2 mod M. To do
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this, first write (g,g,)? = gPgid, (where, of course, deG’) and note that
g7, g5, de M. Now M/M,, is a p-group of class less than p and as such is regular.
Thus

(2:22)" = (f25d)’ = (22)"(g5)’d" mod M),

and the result follows since d” = 1. (G’ has exponent p.)
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