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Abstract

‘We show that the supremum of the successive percentages of red balls in Pélya’s urn model
is almost surely rational, give the set of values that are taken with positive probability,
and derive several exact distributional results for the all-time maximal percentage.
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1. Introduction

The classical urn of Eggenberger—Pdlya [3] contains initially » > 1 red balls and b > 1 black
balls. In the course of the drawing process, in each draw one ball is taken from the urn (where
each ball in the urn has the same chance of being drawn), and this ball and another d > 1 balls
of the same color are put into the urn. The theory of Pélya urn schemes is expounded in [8],
where an extensive bibliography can be found.

Let R,, n > 1, denote the number of red balls in the urn after the nth draw and set Ry = r.
The ratio Z, = R,/(nd + r + b) gives the percentage of red balls among all balls in the urn at
‘time’ n. Let

Syp =supZ,
n>0
be the supremum of all successive percentages of red balls during the entire drawing process.

In this paper we show that S, ; is attained almost surely (a.s.) and that P{S, ; is rational} = 1,
thereby settling in the affirmative a conjecture of Knuth (posed in answer to problem 88 of pre-
fascicle 5a to volume 4B of The Art of Computer Programming [7]). The support of S, ;, (i.e.
the set of values that are taken with positive probability) is also given. Moreover, we derive
exact equations for certain values of the distribution function of S, 5, mainly in the case d = 1.
For general d > 1 we show that
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where (r +b)/r <t € Nya = [(b(t — 1) —r)/d] and B(«, B) is the Beta function. Ford = 1
we have

1 1—In2 fort =2,
PiSiic1=—p=10-D1—-1/0)"2—1
{ltl f} ( )(t g) fort > 2

t—1 2t —3 1 t—2 2 t—2
PiSi1=—1;= Hl--)—-—H[]l—-) — ——,

t t t t t t—1

t—1 1 1
PiSi1<—=(1—-=-)H(1--),

t t t

where H(x) = W(x+1)+y. Here ¥ = I’/ T denotes the Digamma function and y is Euler’s
constant. Another exact result in the form of an infinite series is (again for d = 1)

and

=1 > n)!  (n+ D@ —1)!
P{S"“> t }_(’ 1)§(nt—n+1)! ((n+ D!

In the course of our derivations we obtain a remarkable equidistribution property of the
supremum M(p) = sup,cy n~Y(By 4+ --- + B,) of the binomial random walk generated
by independent and identically distributed (i.i.d.) Bernoulli variables B; (i.e. P{B; = 1} =
1 —P{B; =0} =p € (0, 1)). Fort € N with pt < 1 we show that

11
P{M(p) € (m,£]} = % forevery k e {1,...,t — 1},

1 1—tp
fune o} 12

2. Used facts and related work

In Pélya’s urn scheme let X,, = 1 if ared ball is drawn in the nth draw and X,, = 0 otherwise,
and let X = (X1, X», ...) be the full sequence of these red ball indicators.
The following facts about Pélya’s urn are well known [2], [4].

(1) Z,, converges a.s. to arandom variable Z, which has a Beta(r/d, b/d) distribution on (0, 1).
(Here and in the sequel Beta(«, 8) denotes the Beta distribution with parameters «, 8 > 0.)

(2) Conditionally on Z = z, X1, X», ..., are independent, {0, 1}-valued random variables with
P{X,’ = 1} =2

Thus, the percentage Z, of red balls eventually tends to a random value Z, and if Z,
‘exits’ to Z = z, the red ball indicators behave like independent O — 1 variables with ‘success
probability’ z. One can therefore try to average known results for the Bernoulli sequence to
obtain results for Pélya’s urn.

For a sequence of {—1, 1}-valued Bernoulli variables Uy, Us, ..., with P{U; = 1} =
1 —-P{U; = —1} = p € (0, 1) the supremum,

M = supn_l(U1 + -+ Uy),

n>1
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of the averages of their partial sums was considered in [9]. It was shown that this supremum is
attained and that

1) PMe@p—1,11NQ}=1.
2) P{M = x} > Oforeachx € 2p — 1,11 N Q.

Moreover, explicit equations for the distribution of M were derived. Note that M is one of the
rare examples of a naturally occurring random variable taking every rational number in some
interval with positive probability.
In the sequel we combine these results in order to study the all-time maximal percentage of
red balls in Pélya’s urn.
3. Existence and possible values of maxima

Let X be the Pdlya red ball indicator sequence. We have already remarked that one may
view this sequence as a randomized Bernoulli sequence. To make this paper self-contained we
include a short proof.

Theorem 3.1. Let Z andY = (Y1, Ya, ..., ) be defined on some probability space such that
(a) Z is Beta(r/d, b/d)-distributed;

(b) conditionally on Z = z, (Y1, Ya,...,) is an i.i.d. sequence of {0, 1}-valued random
variables withP{Y; =1} =1 -P{Y; =0} = z.

ThenY 2 X.

Proof. Let (y1,...,yn) €{0,1}", 5, = y1 + -+ + y,. Then
PYi=yi,....Ya=w | Z=2}=2"(1 —2)" .

Therefore,

1 1
PlY; — e Y, = — '(r/d)—l—s—s,l 1—2 n+(b/d)—1-s, d
Y1 =y n = Yn} —B(r/d’b/d)/o z (1-2) z

_ B((r/d) + sp,n+ (b/d) — s,)
B B(r/d,b/d)

Hence, a straightforward calculation (using the elementary properties of the Beta function)
yields P{Y; = 1} =r/(r 4+ b) and

IP){Yn+l:l | leyla---,Yn:yn}:—s

so that the finite-dimensional distributions of Y coincide with those of X. Thus, Y 2 x.

Since the red ball indicators in Pélya’s urn scheme are a randomized Bernoulli sequence
they have similar properties.

Proposition 3.1. In the situation of Theorem 3.1 let Z, = (r + dS,)/(nd + r + b) and
Sp = 7_1Yi. Thenlim,,o0 Z, = Z a.s. and limsup,_, ,.(S, —nZ) = oo a.s.
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Proof. Letz € (0, 1). We need to prove only the assertion conditionally on Z = z. Since Y
is, conditionally on Z = z, a sequence of i.i.d. 0 — 1 variables with probability z for the value 1,

we have
P{z,, = 2, limsup(S, — nz) = 00 ’ Z= z} —1.
n—o0
Note that P{Z, — z| Z = z} = 1 follows from the strong law of large numbers, and
P{limsup,,_, (S, —nz) = oo | Z = z} = 1 follows (e.g.) from the law of the iterated
logarithm.

Let M, = sup,>; Z,. We now use a variant of the proof of the corresponding property
of M in [9] to show that this supremum is a.s. attained.

Proposition 3.2. (a) The supremum in the definition of M, p is a.s. attained.
(b) P{M,., is rational} = 1.

Proof. Again we conditionon Z = z. Sincelim sup,_, ., (Sp—nz) > b+1a.s.itfollows that
a.s.infinitely often (r+d S,) —(nd+r+b)z > d(b+1)+r(1—z)—bz > 1+(F+b)(1—2) > 0,
i.e. Z, > z for infinitely many » a.s., and, since Z, — z a.s., the supremum is a.s. attained.
It is then obviously rational.

Define

}”+i/d . .
OQ=3{ max ———— |neN,i,...,i, e NU{0},
I<j<snr+b+ jd

i‘,~gjforallje{l,...,n},OEil51'25---51'"}.

Clearly, Q is the set of all possible maximal percentages for finite sequences of draws from the
urn. It follows from Proposition 3.2 that P{M,., € O} = 1.

Proposition 3.3. We have P{M, , = q} > 0 forall q € Q.

Proof. Fix an element ¢ of Q and correspondingly m € N and nonnegative integers

i <ip <---<ipsuchthati; < jforall j € {1,...,m}and
r+ i,'d
g = max ————.
I<jsmr+b+ jd
Let the maximum be attained atn € {1, ..., m}. Then we have
r+i,d r+ ijd
g=——= max —————.
r+b+nd 1<jsnr+b+ jd
Let E be the event that R; = i;jd for j = 1,...,n and M, , = q (thus, on this event the
percentage after the nth draw is the largest among the first n ones). It remains to show that
P{E} > 0.
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Write P{E | Z = z} in the form

P{E | Z=Z}=IE”{Rj:ijdforjzl,...,nand

r4ind + Y[+ +Y)d r+ipd

sup < =z
keN r+b+nd+kd r+b+nd

=P{R; =ijdforj=1,...,n|Z =72}

r4ipd+ Y]+ +Y)d r+i,d
x P{ sup < )
keN r+b+nd+kd r+b+nd
where Y{,Y;, ..., is an ii.d. sequence with P{Y/ = 1} = 1 — P{¥Y] = 0} = z which is
independent of ¥ and Z. The first factor on the right-hand side is obviously positive. Next, the
inequality
r+ind+ (Y[ +---4+Y)d __rtind
su
T ¥b+ndtkd  —r+b+nd

holds if and only if

Yi+---4Y, r+i,d
sup < .
keN k r + b + nd
By [9], this latter inequality occurs with positive probability if
r+i,d
r+b+4nd
It follows that P{E | Z =z} > Oforz € (0, (r +ind)/(r + b + nd)). Hence,

PY| =1} <

P{E} =

min[1,(r+i,d)/(r+b+nd)]
/ P{E | Z =z}Brjapra(z)dz > 0,

0
where B;/p5/4(2) is the density of Beta(r/b, b/d). The proof is complete.

Remark 3.1. Proposition 3.3 can also be formulated in the following form. Let supp(U) denote
the support of the random variable U. Let g, (i, n) = (r +id)/(r +b+nd) fori, n € NU{0}.
Then

;
supp(Sy,p) = {Qr,b(ia n) ‘ 0<i=<n,qgpin > —} 3.D
r+b

and
supp(M,.p) = supp(Sy.p+a) U supp(Sy+d,»)- (3.2)

Equation (3.2) is obvious, and (3.1) is proved in the same way as Proposition 3.3 (consider
sequences of draws beginning with X; =---=X,_; =0, X,_i+1 =--- X, = 1).
In particular, for d = 1 we obtain supp(S,5) = [r/(r + b), ) N Q.

4. Some closed-form results on maximal percentages for the binomial random walk

In this section we consider only the d = 1 case. We start with two exact results for the
binomial random walk, which may be of independent interest. Although they are consequences
of the 7-ballot theorems they apparently have not been formulated in this form before.

https://doi.org/10.1239/jap/1429282614 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1429282614

Maximal percentages in Polya’s urn 185

Inthe sequel fix0 < p <1, g =1—pandletYy, Ya,..., beiid. 0— 1 random variables
with P{Y; = 1} = p. We introduce their partial sums S, = Y; + --- + Y, and define, for

r,b e NU{0}, P
r+ 5,
M, = _ d M = M, s
rb(P) Z‘;‘? hian ™ (p) 0,0(p)
. r+ Sy
Lyp(p) = ;I;fl T han and L(p) = Lo,o(p).

Since P{M, »(p) < x} =P{Lp ,(q) > 1 —x}for0 < x < 1 the distribution function of L;, ,(¢q)
can be obtained from thatof M, (p). Clearly, M, ,(p) < xifandonlyif S,—nx < bx—(1—x)r
foralln € N. Thus, if x € QN (0, 1), say x = s/t for positive integers s and ¢ with greatest
common divisor ged(s, t) = 1, the value of P{M,.,(p) < s/t} depends on s, t only through the
integer value m = sb — (t — s)r. Form € Z we define a,, = P{tS,, —ns < m for alln € N}.

Remark 4.1. For two integers s, ¢ satisfying (s,7) = 1, p < s/t < 1 the following can be
shown (along the lines of [9]).

(a) The sequence ag, a1, az, ..., has a rational generating function; it is given by
s—1 1
q j=04j z/
pl =75 +q°
This function is regular for |z| < 1.

(b) The denominator f(z) = pz' — z° + ¢ has only simple roots: exactly s — 1 roots
21, ..., Zs—1 inside the unit disk, z; = 1, and exactly # — s roots zs+1, . . ., z; outside the
unit disk.

Thus, a,, can be written as a linear combination of 1 and the (i 4 1)th negative powers of the
roots of f(z) outside the unit disk. However, explicit expressions are hard to come by.

Lett > 2beaninteger. Inthe sequel we will give expressions for the probabilities P{M (p) <
(t—1/t} and P{M(p) < 1/1}.
For the first case we need the ¢ —ary tree function 7;(z). Its power series is given by

. [nt 7"

This power series converges for |z| < (1/£)(1 — l/t)’_1 and for z = (1/£)(1 — 1/t)’_1, and
represents there the unique solution of the implicit equation T3 (z) = 1 + zT;(z)". (Thus, 1/T;
is the inverse function of y — y'~!1(1 — y) for |1 — y| < 1/t.) We define

Ri(p) = pT,(gp'™H.

We recall the following fact from path counting combinatorics (‘¢-ballot numbers’). (See,
e.g. [6, Problem 26, Section 7.2.1.6] for an equivalent statement.)

Lemma 4.1. Let a € N U {0}. The number of paths, with steps in {(0, 1), (1, 0)}, from (0, 0)
to (n,n(t — 1) 4+ a) whose points lie on or below the line y = a + x(t — 1) is the coefficient

[z"1T;(2)* L. We have
+1 nt+a
nr a+1 — a .
"% (z) n—D+a+i\ n
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Proposition 4.1. I[fm = b(t — 1) —r > 0, we have

lﬂMﬂmsi}%=1—m@W“, (1)

—1
HMMmzi—}z

F—&@Hw&@flmw=a
t

(I = Ri(p)R:(p)" form = 1.

Proof. (1) Consider P{M, ,(p) > (t—1)/t}. Startalattice path R,, = r+S,,, B, = b+n—3S,
in (r, b) by stepping (1,0) if ¥; = 1 or (0, 1) if ¥; = 0. Since M, ,(p) > (¢t — 1)/t, there
must be a smallest j > b such that Ry = j(t — 1)+ 1,B; = j, and (¢t — 1)B; > R; for
i<l=jt—r—b+1.

Equivalently, j — b is the first position where the lattice path (n — S,,, S,) starting at (0, 0)
steps at time £ for the first time above the line y = (¢ — 1)x + m. Call this event A;.
Clearly, the last step is ¥y = 1, appended to a path from (0,0) to (j — b, j(t — 1) —r) =
(j—0b,(j—b)(t—1)+ (t — )b — r) of the type considered in the lemma above. Since each
path from (0,0) to (j — b, j(t — 1) — r + 1) has the same probability plt=D=r+lgi=b e
obtain

]P{AJ} — [Zj—b]Tvt(Z)m+1pj(t—1)—r+lqj—b — pm+l [Zj_b]Tt(Z)m+ll7(j_b)(t_l)qj_b.
Since {M,(p) > (t — 1)/} is the disjoint union of the A, the first assertion follows.

(2) For k > O let by = P{tS, < n(t — 1) + k} for all n € N. Conditioning with respect to Y|
shows that by = ga; > and bj = aj_y for j > 1. Since P{M, ,(p) = (t — 1)/t} = ay — by,
the second assertion follows from the result in (1).

Remarks 4.2. (a) The path counting argument above is due to Knuth, who used it to determine
P{S1.1 > (¢t — 1)/t} in Pélya’s urn (see Section 5). Alternatively, the results could be obtained
using the theorem from [9] given below, but in a more laborious way.

(b) In the derivation no restrictions on p (other than 0 < p < 1) were imposed, the equations
above are, thus, also valid for p > (¢ — 1)/¢. In fact, by the remark before Lemma 4.1 we have
R;(p) = 1for p > (t — 1)/t and the corresponding probabilities in Proposition 4.1 evaluate
to O (as they must do in view of the strong law of large numbers).

(c) We have R, (p) — p for t — oo. More precisely, lim; oo ¢~ p~/[R;(p) — p]l = 1.

Example 4.1. (a) Lett =2, p < % Then R>(p) = min(1l, p/q) and we recover the well-
known facts that form = 0

P{M(p) > 3} = g and P{M(p) =)= Y —qp)p’

and that form > 1

]P{Mr,b(p) = %} = (£> and ]P;{Mr’b(p) = %} = (E) u
q q q

(b) Let p = 5. Then Ry(p) = 1 and

R3(p) ~ 0.618034, Ra(p) ~ 0.543689, Rs(p) ~ 0.518790,
Re(p) ~ 0.50866,  R7(p) ~ 0.504 138.
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For example, we have

S, 6 S, 2
P{sup—n > 5} ~ 0.504 138 and P{sup ”1 > 5} ~ 0.381937.

n>1 1 n>11N

Let us now turn to the second probability P{M (p) < 1/t}. We use the following result

of [9].
Theorem 4.1. Lets,r € Z\ {0}, s > 0, |r| < s. The polynomial
pz® - g (4.2)
has exactly s — r simple roots Zs4r, . . ., 22s—1 outside the unit disk. If p < (r +5)/2s, we have
2s—1
r+s 1
P{M(p) = — } = _]‘[ (1 =zh,
i=r+s
r s 2s—1 2s—1
— — _ 1 —
P{M(p)- o } = _]"[ (1—z; )+p4]‘[ (1= z).
i=r—+s i=r—+s

Remarks 4.3. (a) In [9] this theorem is proved under the additional assumption (r, s) = 1, but
it remains valid if (r, s) = k > 1. To see this let u = zF. As a function of u the polynomial

(4.2) has (s — r)/k simple roots u; outside the unit disk, say u1, ..., u_r)/k, by the theorem
above. If 1 is a primitive kth root of unity, then as a function of z the polynomial (4.2) has
exactly the s — r simple roots z; ; = 77/|ui|1/k, j=0,...,k—1,andi =1,...,(s —r)/k,

outside the unit disk, and since ]_[I;;(l)(l - z;}) =(1- ul._l) and ]_[’;;(1)(1 —zij) =1 —u;)
the equations above remain valid.

(b) In [9] equations for the corresponding a,, in terms of the roots of (4.2) were also provided,
but we do not use them here.

Proposition 4.2. Let p < 1/t. fm=b—(t — Dr €{0,...,t — 1}, we have

P{Mr,b(p) < %} = (1 —tp)g~ "D, (4.3)

1 _
P{Mr,b(m = ;} = (1 —tp)g~"*Vp. 4.4)
For m > t the a,, can be computed by the recursion

qax = dk—1 — pPak—t-

For p > 1/t the probabilities in (4.3) and (4.4) are 0.

Proof. (1) Let m = 0 and set s = ¢t,r = —(¢ — 2) in Theorem 4.1. The polynomial
pz? — 22+ q has 21 — 2 1o0ts 22, . . ., 22,1 outside the unit disk, and ag = []75' (1 — 1/z)).
Equivalently, since +z;, —z; are roots, we have ag = ]_[ﬁ;{(l — 1/y;) where yq, ..., y,—1 are

the roots of py’ — y + g outside the unit disk. Let y = 1/(1 — u). Then we can write
ap = ]—[f;} u; where the nonzero roots of the polynomial g(u) = p — (1 —u)'~' 4+ g(1 — u)’
are uy,...,u;—1. Thus, gag = —g’(0) = 1 — pt. Furthermore, since ]_[12:22 i = —q/p we
obtain, from the second formula in Theorem 4.1, P{M (p) = 1/t} = ap — qap = pao.

(2) By conditioning on Y; we find that ay = pax—;+1 + qar+1, and ax = gqagy for
k=0,...,t — 2. The rest is straightforward.
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Remarks 4.4. (a) In the case m = 0 and p < 1/t, we find a curious equidistribution property:
the maximum M (p) lies in any of the intervals (1/(k + 1), 1/k] (for 1 < k <t — 1) with the
same probability p/q (and it lies in the interval (p, 1/¢] with probability 1 — (+ — 1)p/q).

(b) The result for ag can also be shown to follow from a path counting result (Barbier’s theorem):
the number of paths with step set {(0, 1), (1, 0)} from (0, 0) to (k, n) with n > tk that never
touch the line y = rx except at (0, 0) is equal to (n — tk) ("Zk)/ (n +k).

5. Distributional results for Pélya’s urn

Returning to Pélya’s urn, recall that S, = sup,~¢Z, = max{r/(r + b), M, ;} and let
I, p =inf,>0 Z, = min{r/(r + b), L, »}. We now pregent some equations for the distribution
function of S, and I, for special values.

We introduce the generalized harmonic number function

1 1
H(x)_r;<n n+x) =W+ +y, x eR\{=1,-2,-3,...,},
where W is the Digamma function (the logarithmic derivative of the I'-function) and y is Euler’s
constant. For positive integers p, ¢ with p < g Gauss has shown (see, e.g. [5, Problem 19,
Section 1.2.9]) that

H(p/q) = a_7 cot<£rr> —1In(2qg) + 2 Z cos(zﬂn> In sin(zn).
p 2 q I<nzg)2 q q
Thus, H(p/q) can be expressed in terms of finitely many elementary functions.

Let us first consider the distribution function of S, at (+ — 1)/¢. The obvious route to the
results is to condition on Z, use the equations for the binomial random walk and integrate the
power series of 7, term by term, using the Beta integrals. The general solution is given in
the following proposition. Note that in the case d > 1 we have to determine the probabilities
am,g = P{tdS, —nds < mforalln € N}. Since, clearly, a g = aymja), forr € R, |r]
denotes the largest integer not exceeding r) this can be reduced to the computation of the a,,,
i.e. the d = 1 case, which we dealt with in Section 4.

Proposition 5.1. Letm = b(t — 1) —r > 0and a = |m/d]. Then

tr—1
els0 - =)

_i a+1 <m+a) B(n(t —1)+a+ 1+ (r/d),n+ (b/d))
_nzon(t— D4a+1 B(r/d,b/d) '

n

For d = 1 we obtain a series of rational functions of 7, which can (in principle) be evaluated
in closed form in terms of the Digamma function W. We give only two examples for the results
of these calculations.

Proposition 5.2. Ford = 1and?2 <t € N we have

t—1 2t —3 1 t—2 2 t—2
PiSi1=——1;= Hl--)—-—H[]1—-) — —,

t t t t t t—1

r—1 1 1
p{sl,lf_}:(l__)ﬂ(l__).

t t t

Essentially, this has already been shown by Knuth [7, Problem 88].
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The situation for b = 1,r = t — 1 is of special interest because in this case p4 () =
P{I;_11 = (t — 1)/¢t} (the probability that the urn content process stays above the line y =
(t — Dx)aswellas p_(t) = P{S;—1.1 < (¢t — 1)/¢} (the probability that it stays below the line
y = (¢ — 1)x) can both be considered.

Letg_(t) =1 — p_(t) =P{S;—1,1 > (t — 1)/t} in the following proposition.

Proposition 5.3. Ford =1,

o0
-0 =@-1 ;) nt ﬁn;); D! ((n@li(tl)}zl))!'
Some special values are

g-(2) =In2 ~ 0.6931,

q-(3) = £7/3 ~ 0.8061,

g-(4) = 2 In2 + Zem ~ 0.8576,
q—(5) ~ 0.8874, g_(6) ~ 0.9068, ..., g_(20) ~ 0.9726.

Asymptotically, we obtain lim;_. p—(¥) = 0, since, clearly, g_(¢) > 1 — (1/¢) (the urn
content process steps from (¢ — 1, 1) to (¢, 1) with probability 1 — (1/¢)).
Finally, we look at the argument value 1/¢. In this case we have obtained the representation

1 1/t
P{Sl,z_l < ;} =(t— 1)/O (1—png' > dp,

which can be evaluated elementarily. The result is given in the following proposition.

Proposition 5.4. Ford =1,

t—1 1
PiL—11 > - =P{S1,-1 < "

1—In2 fort =2,
=11 =1/t -1)—1
t—2

fort > 2.

In particular, p4(t) — e last — oo.

It is also interesting to consider the other start positions (a(t — 1),a) (2 < a € N) on the
line y = (t — 1)x. Here we obtain (again for d = 1)

t—1 1 11 N
P{Ia(t—l),a = T} = IP>{Sa,a(t—1) =< ;} 2/ (1 - Pf)q 1,3a,a(t—1)(p) dp'
0

A short calculation yields that the latter integral can be expressed in terms of the binomial
distribution.

Proposition 5.5. Ford =1and2 <a e N,

1

- P{ X ,
a—1)—1 {Xar-1,17: > a}

1
IP’{Sa,a(z—l) < ;} =P{Xu—1,1/: = a}
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where X, , is a random variable having the binomial distribution with parameters n and p.
In particular,
1 2a — 1 1
P{s. . <Li={(1 9—Qa=1) _
Sa.0 = 2} <+a—1>< a ) 2(a—1)

1 ~12
P{Sag—1),a < = 0@V asa— .

and

In closing, we remark that for # = 2 the ‘equalization probability’ P{S,, > %} was already
studied in [1] and [10], where results equivalent to the ones above were obtained in this special
case. In particular, fort = 2, m = b — r > 0 we obtain from (4.1),

1 p b—r 1/2
P(S,5 = 3} = /0 min(l,g) Bro(p)dp =2 fo Bo.r(p)dp,

yielding the identity
P{S» > %} =2P{Xpyr_1,120 <1 — 1},

which was shown in a different way in [10].
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