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Abstract

We prove some estimates for the variations of transition probabilities of the (1+1)-affine
process. From these estimates we deduce the strong Feller and the ergodic properties of
the total variation distance of the process. The key strategy is the pathwise construction
and analysis of several Markov couplings using strong solutions of stochastic equations.
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1. Introduction

Let m > 0 and n > 0 be integers. A time-homogeneous (m + n)-dimensional Markov pro-
cesses {X; 1t >0} = {(¥;, Zy) : t > 0} taking values in D := R’} x R" is called an affine Markov
process if its characteristic function satisfies

E(e"* " |Xo = x) = exp{(x, ¥(, i) + ¢(t, iw)}, xeD,uecR"™™, (1.1)

where ¢ and i satisfy certain generalized Riccati differential equations. The affine property
means roughly that the logarithm of the characteristic function is affine with respect to the
initial state. In this case, it is known that the m-dimensional process {Y; : t > 0} is a continuous-
state branching process with immigration (CBI process). The n-dimensional process {Z; : t >
0} can be regarded as an Ornstein—Uhlenbeck-type process (OU-type process) depending on
{Y; : t > 0}. Then the above formulation includes as special cases both the CBI process and the
OU-type process. A one-dimensional CBI process first appeared in the scaling limit theorem
for discrete Galton—Watson branching processes with immigration established in Kawazu and
Watanabe [12]. Compared with the discrete model, the CBI process is easier to deal with
because its time and state spaces are both smooth, and the distributions that appear are infinitely
divisible. For general treatments and backgrounds on branching processes in continuous state
spaces, the reader may refer to Kyprianou [14] and Li [15, 17]. The affine processes involve
rich common mathematical structures and have found interesting connections and applications
in several areas.
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Strong Feller and ergodic properties of affine process 813

The general theory of finite-dimensional affine Markov processes, including several equiv-
alent characterizations and common financial applications, was given by Duffie et al. [6] under
a regularity assumption. The regularity problem asks whether this property holds automati-
cally for stochastically continuous affine processes. This property was established in Dawson
and Li [4] under the first moment condition. The problem was finally settled in Keller-Ressel
et al. [13], where it was proved that any stochastically continuous affine Markov process is
regular. The connection of the regularity problem with Hilbert’s fifth problem is explained in
Keller-Ressel et al. [13].

The strong Feller and ergodic properties of the CBI and OU-type processes have been stud-
ied by a number of authors. In particular, a sufficient and necessary integrability condition
for the ergodicity of a one-dimensional subcritical or critical CBI process was announced in
Pinsky [23]; see Li [15] for a proof of the result. The strong Feller property and exponential
ergodicity in the total variation distance of one-dimensional CBI processes were established in
Li and Ma [16] by using a coupling process constructed using strong solutions of a stochastic
equation; see also Li [17]. The analytic properties of a finite-dimensional stable jump-type CBI
process were studied by Friesen and Jin [7], who proved that the transition kernel of the pro-
cess satisfies an a priori bound in a weighted anisotropic Besov norm. From this regularity they
deduced the strong Feller property and proved in the subcritical case the exponential ergodicity
in the total variation distance; see also Jin et al. [10]. The strong Feller and ergodic properties
of Dawson—Watanabe superprocesses with or without immigration were proved in the recent
work of Li [18] using coupling methods, which generalize the work of Li and Ma [16].

It was proved in Sato and Yamazato [26] that a finite-dimensional OU-type process is
ergodic if and only if the eigenvalues of its coefficient matrix have strictly negative real parts.
The coupling property and strong Feller property of finite-dimensional OU-type processes
were studied in Priola and Zabczyk [24] and Wang [28]. The ergodicity and exponential ergod-
icity of such processes in the total variation distance were proved in Schilling and Wang [27]
and Wang [29].

Barczy et al. [3] studied the existence and uniqueness of a stationary distribution for a
special subcritical two-factor affine process, where the first factor was an «-stable CBI pro-
cess and the second one was driven by a Brownian motion. The exponential ergodicity of
the process in the total variation distance was established in Jin et al. [9]. For a subcritical
two-factor affine process driven by Lévy stable processes, the exponential ergodicity in the L!-
Wasserstein distance was established in Bao and Wang [2] by a coupling approach. For general
finite-dimensional affine Markov processes, Jin ef al. [11] proved a sufficient condition for the
ergodicity in weak convergence, which covers partially the results of Pinsky [23] and Sato
and Yamazato [26]. The necessity of the condition of Jin et al. [11] was still an open prob-
lem. The exponential ergodicities in two suitably chosen Wasserstein distances for the process
were established in Friesen et al. [8] by coupling methods. Some results on the ergodicity and
exponential ergodicity in the total variation distance for affine processes driven by Brownian
motions and compound Poisson processes were given by Zhang and Glynn [30]. For general
affine processes on cones, the exponential ergodicity was studied by Mayerhofer et al. [19]
under certain irreducibility, aperiodicity, and finite second moment assumptions.

In this paper, we prove some estimates for the variations of transition probabilities of the
(141)-affine process. From those estimates we deduce the strong Feller and the ergodic prop-
erties in the total variation distance of the process. The key strategy is to construct several
Markov couplings using strong solutions of stochastic equations, which naturally extend those
of the CBI process and the OU-type process introduced by Li and Ma [16], Schilling and Wang
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[27], and Wang [29]. The stochastic equations established by Dawson and Li [4, 5] provide an
efficient method for the pathwise construction and analysis of the couplings, which are of
interest in themselves; see, e.g., Friesen et al. [8, p. 2170] and Jin et al. [9, p. 1145]. For sim-
plicity, here we only discuss the (1+1)-dimensional process. The method can be modified to
treat general finite-dimensional affine processes by some extra work, which will be addressed
separately.

The paper is organized as follows. In Section 2, we give the definition and some basic
properties of the (14-1)-affine process. The key estimates for the variations of the transition
probabilities are established in Section 3, where the strong Feller property and the exponen-
tial ergodicity are also deduced. In Section 4, an ergodicity result is proved under a weaker
condition.

2. The affine process

Let us introduce more precisely the (14-1)-affine process. Here we adopt the framework
of Duffie et al. [6]; see also Dawson and Li [4]. Let D =R x R be endowed with its Borel
o -algebra.

Definition 2.1. A set of parameters (a, (@), (b1, b2), (B;j), i, v) is called admissible if the
following hold:

(1) a € Ry is a constant;
(ii) o = (a;) is a symmetric nonnegative definite (2 x 2) matrix;
(iii)) b= (b1, by) € D is a vector;
(iv) B=(Bj)is a (2 x 2) matrix with 1o =0;
(v) wu(dv) = u(dvy, dvp) is a o-finite measure on D, supported on D \ {0}, such that

fD (Vl A V% + vzl A |V2|2)M(dv) < o0;
(vi) v(dv) =v(dvy, dv) is a o-finite measure on D, supported on D \ {0}, such that
/D (vi + 2l A 2 ) u(dv) < 0.
Let U=C_ xiR, where C_ ={a+ib:ae€R_,beR} and iR = {ia:a € R}. Given a set

of admissible parameters (a, (@), (b1, b2), (Bi), i, v), we define the functions F and R on U
by the Lévy—Khintchine type representations

F(u) = (b, u) + a3 + / (e“" — 1 —voun ) v(dv) (2.1
D
and
R@w) = (B1, u) + (u, oru) +/ (e(“’v> —1—(u, v)),u(dv). (2.2)
D

The (1+41)-affine process {X;:t> 0} is a Markov process with state space D and Feller
transition semigroup (P;),~¢ defined by

/ e“Py(x, dv) = exp {(x. Y (1. w) + ¢t w)}, ueU, 23)
D
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where (¢, ¥) is the unique solution of the system of equations

at¢(ta U) = F(W(t, I/i)), ¢(0’ u) = 07
o1t ) =RW(t, w),  ¥1(0, u) =uy, (2.4)

Ya(t, u) = eP2uy.
The uniqueness of the solution implies that
Vis+t,u)=vy(s, Y@ u), st>0, uel. (2.5)
Clearly, we can rewrite (2.3) as
t
/ e py(x, dv) = exp {(x, W, u) + / Fy(t, u))ds}, uel. (2.6)
D 0
The Feller property implies that {X; : > 0} has a cadlag realization.
Suppose that {X; : 1> 0} = {(Y;, Z;) : t > 0} is a (1+1)-affine process with transition semi-

group (P;)>0 defined by (2.3) and (2.4). Then {Y;:¢> 0} is a Markov process on Ry with
Feller transition semigroup (Pgl) )i>0 defined by

t
f e PV (x, dv) = exp [mpl(t, 3, 0)+ / F(i(1, =, 0), O)ds}, 2.7

where A > 0. It is known that {Y; : # > 0} is a continuous-state branching process with immigra-
tion (CBI process) with branching mechanism A +— —R(— A, 0) and immigration mechanism
At —F(— X, 0). It is known that

t
/ VP (x, dv) =P’y + [b) +m1(v)]/ efisds, (2.8)
Ry 0

where
my(v) =/ viv(dv);
D
see, e.g., the formula (79) in Li [17].
In particular, when F(— A, 0)=0 for all A >0, the CBI process {Y;: > 0} reduces to a

continuous-state branching process (CB process) with branching mechanism A — R(— A, 0).
Then a CB process has Feller transition semigroup (Q;);>0 defined by

/ e M Qi(x, dv) =exp {xy1 (t, —1, 0)}, 1>0. (2.9)
Ry
As a special case of (2.8) we have
/ vOi(y, dv) = yeP11!,| t>0, y=>0. (2.10)
Ry

Then Jensen’s inequality implies

—Y(t, =1, 0) <Py, >0, 1>0. (2.11)
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From (2.9) it is easy to see that zero is a trap for the CB process. For a cadlag realization of the
CB process {Y; : t > 0}, we define its extinction time

79 := inf{t >0:Y, =0}
The reader may refer to Kyprianou [14] and Li [15, 17] for compact treatments of CB and CBI
processes.

Condition 2.2. (Grey’s condition.) There exists a constant Ly > 0 such that

o
—R(—X,0)>0 for »>xg and —/ R(— X, 0)"ldx < o0.
Ao

Proposition 2.3. Suppose that F(— A, 0)=0 and Condition 2.2 holds. Let {Y;:t> 0} be a
cadlag realization of the CB process with Yo = y. Then we have

P(zo> ) =P, >0)=1—e", >0, (2.12)
where t > vy ;= — limy_, o ¥1(t, —A, 0) is the unique positive solution of
0vy = —R(— vy, 0), Vo+ = 00.

The above proposition follows from Theorem 3.4 and Corollary 3.14 in Li [17]. By (2.5)
and (2.11), for any > § > 0 we have

vp=— lim ¢1(t -8, —¥1(8, —A, 0), 0)
A—00
=~y (t— 8, —vs, 0) < P11y, (2.13)

Then for 811 < 0 the probability in (2.12) decays exponentially fast as t — co.

A cadlag realization of the general (14-1)-affine process can be constructed as the unique
strong solution to a system of stochastic integral equations. Let o9 = \/a, and let (0y)) be a
(2 x 2) matrix satisfying (oj;) = (;j)(vjj)*. Suppose that (2, .7, %;, P) is a filtered proba-
bility space satisfying the usual hypotheses. Let Wy(¢) be a standard (.%;)-Brownian motion.
Let W;i(ds, du), i=1, 2, be (.%;)-Gaussian white noises on (0, oo)2 with intensity dsdu. Let
M(ds, du, dv) be an (.%)-Poisson random measure on (0, 00)? x D with intensity dsduu(dv),
and let N(ds, dv) be an (.%;)-Poisson random measure on (0, c0) x D with intensity dsv(dv).
The corresponding compensated measures are denoted by M(ds, du, dv) and N(ds, dv). We
assume these random elements are independent of each other. Given an .%j-measurable
random variable (Yp, Zp) € D, we consider the following system of stochastic integral
equations:

t t Yy
Yz=Y0+/ (b1 +,311Ys)ds+\/§011f / Wi(ds, du)
0 0 Jo

t Y, t Y ~
+ 2012 / / Wa(ds, du) + / / / viM(ds, du, dv)
0 JO 0 JO D

t
+/ /le(ds, dv) 2.14)
0 JD
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and

t
Zi=7Zp+ / (b2 + Ba1Ys + BaaZs)ds + v/ 200 Wo(t)
0

13 Ys t Y
+ V2o / / Wi(ds, du) + v/ / f Wa(ds, du)
0 JO 0 JO

t oY _ t _
+/ / / voM(ds, du, dv)+/ / vaN(ds, dv). (2.15)
0 JO D 0 JD

Here and in the sequel, we understand that, for any a <b € R,

b o0
/ = / and / = / .
a (a,b] a (a,00)

The existence and pathwise uniqueness of the solution to (2.14) follows from Theorem 8.5
in Li [17]. A weakly equivalent stochastic equation was first introduced by Dawson and Li [4];
see also Dawson and Li [5]. The existence and pathwise uniqueness of the solution to (2.15)
are straightforward. In fact, by (2.14)—(2.15), one can see using integration by parts that

t t
e Pz, =7+ / e P25(by + B2 Yo)ds + V200 / e dWo(s)
0 0

t Ys t Yy
+ /2021 / / e P25W, (ds, du) + 202 / / e P25W,(ds, du)
0 JO 0 JO

t pYs_ B t 5
+ / / f e P25y, M(ds, du, dv) + / f e P25y, N(ds, dv). (2.16)
0 JO D 0 JD

By Theorem 6.2 of Dawson and Li [4], the process {(Y;, Z;) : t > 0} defined by (2.14)—(2.15)
is a (14-1)-affine process with transition semigroup (P;);>0 given by (2.3) and (2.4).

Let us remark that {Z, : t > 0} reduces to a one-dimensional OU-type process if 021 = 0272 =
B21 =0 and p is supported on (0, 0o) x {0}. For instance, in this case, from (2.16) we have

t 1t
Zi=70+ / (by + B2aZs)ds -+ /200 Wo (1) + / / vaN(ds, dv). 2.17)
0 0 JD

A number of moment estimates for general finite-dimensional affine processes were given
in Friesen et al. [8]. Since more accurate estimates are needed in this work, we here present
the following result.

Proposition 2.4. Let {(Y;, Z;) : t > 0} be a (1+1)-affine process with Yo =y e Ry and Zy =z €
R. Let D1 =Ry x [~ 1, 1] and D{ = D\ Dy. Then we have

Bz <)+ (162l +2 [
D

t
|v2|v(dv)) f =94
¢ 0

1

t
+(al+2 [ i) [ ermmas
< 0

Dy
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+ [«/an + (fD v%v(dv))l/z](/ol(32/322(t—s)ds)]/2
1

o 12
+ V2(021 + 022)(/0 e ﬁQZ(H)E(Ys)dS)

12, [t 12
+ ( /D | v%u(dv)) ( / ezﬂzz(’—%(ys)ds) . (2.18)

0

Proof. We may assume that {(Y;, Z;) : t > 0} is defined by (2.14)—(2.15). In view of (2.16)
we have

E(e_’g22’|Zt|) <zl + |81l /t e PSE(Y,)ds + \/EooE() /’ e_ﬂzzdeO(s)D
0 0
w il [ ermasi ou[e(| [ [ s anf)]
+ \/zazz[EQ /Ot /OYS e_ﬂZZSWQ(dS, du) 2)]1/2
L e )
+ E(‘ /OI/OYX_ /Df e P25, | M(ds, du, dv)D
e [ollf [, v an)]
+ IE(‘ /Ot /D e~ P25 1y | N (ds, dv)D
1
<l + (o] 42 /D a’ 2 lv(@v) /0 s

t
+ (Bl 42 [ valnan) [ e B
D 0

+ [ﬁo’o+ (/I; vgv(dv)>1/2](/Ote—ZﬁzzSds>]/2
1

t 12
+ V2(021 +022)</ 6_2’3225]E(Ys)d5)
0

+ <./01 v%u(dv))l/z(/Ote—zﬂzzs]E(n)ds)l/z

Then (2.18) follows. O

Proposition 2.5. Suppose that B11 <0 and By <O0. Then the transition semigroup (Pr)>0
defined by (2.3) and (2.4) has a unique stationary distribution 7, which is given by

f e m(an) =exp | / TR, w)ds|, uev. (2.19)
D 0
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Moreover, the distribution 7 has finite first moment; that is,

/ (v1 + [v2P)m(dv) < oo.
D

Proof. By Theorem 2.7 of Jin et al. [11], the affine process has a unique stationary
distribution 7 given by (2.19). In particular, we have

/ e (dv) = exp { /OO F(1(t, =, 0), O)ds}, A>0.
D 0

By differentiating both sides of the above equality at A =0+ and using (2.1), one may
see that

o0
my () := / v (dv) = [by +m1(v)] / e~ IP2lsds < 0.
D 0
By (2.8) and (2.18) there is a constant C > 0 such that
[ palpxdn =e G L 4y, 120, x=02 €D,
D

Since 7 is a stationary distribution for (P;);>0, it follows that

/(IVzIAk)n(dV)=/ ﬂ(du)f (Iv2l A)P:(u, dv)
D D D
5/ [e™P21|us| A k) + C(1 + 1) ] (du)
D

< [ @ ) Ay + €L+ i)
D
Then, letting t — oo and k — oo, we obtain
/ [valmr(dv) < C[1 + m ()] < oo.
D

This proves the result. (]

Proposition 2.6. For i =1, 2, let x; = (y;, z;) € D, and let {X;(t) : t > 0} = {(Y;(¢), Zi(t)) : t > 0}
be defined by (2.14) and (2.15) with (Y;(0), Z;(0)) = x;. Then, for any t > 0,

E( sup |Z1(s) — Zz(s)l)

O<s<t

t
<e|z1 — 2|+ |Batlly1 — 12| / efi1sef2=9qs
0
t
+ 2yt =2l / [v2e(dv) / eftisef2=0)dg
DS 0

! 1/2
+ 2V2(021 + o)y —yzll/z(/ eﬁ”"ezﬁzz("”ds)
0

t
+ 2y —y2|1/2</ V%/L(dv))l/2</ eﬁusezﬁzz(,ﬁ)ds)l/z'
0

D,
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Proof. Without loss of generality, we may assume y; > y,. By Theorem 10.1 in Li [17] one
can see that {Y1(t) > Y»(¢) for every > 0} = 1 and {Y(¢) — Y2(¢) : > 0} is a CB process with
transition semigroup (Q;);>0. Then we apply (2.16) to Z;(¢) and Z,(¢) and take the difference
to see

t
210) = 220y =P |1 =)+ o [ PG = o)

Ya(s)
+\/_021/ / e P25W,(ds, du)
Y

1(s)

Ya(s)
++202 / / e~ P25 W, (ds, du)
Y

1(s)

t rYa(so) 5
—i—/ / / e P25y, M(ds, du, dv)}.
o Jris» Jp

It follows that

]E( sup |Z1(S)—Zz(S)|>

0<s<t

t
< eﬁzzt{|Z1 — 2|+ 121 / e P2SE[Y(s) — Ya(s)]ds
0

n 2&021[13(( / t / e e 2w (ds, du)‘z)]m
0 JY

1(s)

n 2\/5022[E(( / t / e e P2Wy(ds, du)‘z)]l/z
Y

1(s)

JE(‘ /I/YIYZY /Dl e P25y, M(ds, du, dv)‘ )]
E(‘/Ol leYj( f P v (s, du, dv)) |

< eﬁzzt{m — 2|+ 121 / e P2SE[Y(s) — Ya(s)]ds
0

P, 172
+ 22 +om)( [ EN) Vol

t
+ 2(/ V%M(dv)>l/2(/ e PSRy (s) — Yz(s)]ds)l/2
D 0

t
+ 2/ IV2|u(dV)/ e PSE[Yy(s) — Yz(S)]dS},
D 0

where we have used Doob’s L? inequality for the square-integrable martingales; see, e.g.,
Revuz and Yor [25, Theorem 1.7, p. 54]. Then the desired estimate follows by (2.10). O
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A Markov process {(X|(f), X2(?)) : t > 0} with state space D? is called a Markov coupling of
the (14-1)-affine process with transition semigroup (P;);>o defined by (2.3) and (2.4) with cou-
pling time 7 := inf{t > 0: X1(t) = X2(¢)} if both {X|(¢): 7> 0} and {X>(¢) : t > 0} are Markov
processes with transition semigroup (P;);>0 and X;(t + ¢) = Xo(t + 1) for every 1 > 0.

The method of couplings provides an efficient way to estimate the variations of the tran-
sition probabilities of the affine process. Let || - ||lyar denote the total variation norm of signed
measures. Let %] be the set of Borel functions f on D satisfying |f| < 1. Then we have

[ Pex1, ) — Pe(xa, )| [Pf(x1) — Pif(x2)]. (2.20)

= sup
var fe
Let {(X1(?), X2(?)) : t >0} be a Markov coupling of the affine process with initial state
(X1(0), X2(0)) = (x1, x2) and coupling time t. From (2.20) it follows that

|Pix1, ) = Pi(xa, ), = sup E[f(X1(5)) — f(Xa2(£)] < 2P(t > 1). 221
fe%

By the pathwise uniqueness for (2.14)—(2.15), the process {(X1(f), X2(¢)) : t > 0} defined in
Proposition 2.6 is a Markov coupling of the affine process with transition semigroup (P;);>0.
Based on this coupling, several different couplings of the affine process will be given in the
next two sections. We shall see that the stochastic equations (2.14)—(2.15) and (2.16) provide an
efficient method for the pathwise construction and analysis of those couplings. The approach of
stochastic equations has also played an important role in other recent developments concerning
branching processes in continuous state spaces; see, e.g., Bansaye and Méléard [1], Li [17],
Pardoux [22], and the references therein.

3. Estimates for variations of probabilities

In this section, we study the strong Feller property and the exponential ergodicity of the
total variation distance of the affine process. Let || - |lvar denote the total variation norm of
signed measures. Our strategy is to establish some estimates for the differences of the transition
probabilities in the form (2.20). The proofs of the estimates are based on couplings of the
affine process constructed in terms of strong solutions of stochastic equations. From those
estimates we deduce the strong Feller property and the exponential ergodicity under natural
conditions.

We first consider the case og > 0. Write x; = (y1, z1) and xp = (y2, z2), where y1, y» € Ry
and z1,z2 € R. For i =1, 2 let (Yi(t), Zi(?)) be defined by (2.14)—(2.16) with (Y¥;(0), Z;(0)) =
(vi, zi), and write X;(t) = (Y;(?), Z;i(t)). Then {(X1(?), X2(?)) : t > 0} is a Markov coupling of the
affine process. The pathwise uniqueness of the solution for (2.14) implies Y1 (g + 1) = Ya(70 +
t) for t > 0. In fact, by Theorem 10.1 in Li [17] it is easy to see that {|Y{(¢) — Y2(¢)| : t > 0}
is a CB process with transition semigroup (Q;)s>0. Let 7o =inf{r > 0: Y1(t) = Y2(¢)} be the
extinction time of the process. By Proposition 2.3 we have

P(rg >0 =1—e M722M < |y, —y[5, >0, (3.1)

Let a(t) = [Z1(t0) — Z2(10)1/2+/200 and

t
= inf {t >0: / e P25 AW (10 + 5) = —a(‘r())}.
0
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Then we define the process {Z,/(¢) : t > 0} by

t t rYa(s)
e P2y (=2 + / e P25 [by + Ba1 Ya(s)lds + v/202) / f e/ W(ds, du)
0 0 JO
t Yo (s) INTY
+202 / / e P2sW,(ds, du)+ﬁao[ / e P25dwy (s)
0 Jo 0

tA(To+T) t
—/ e_ﬂdeo(s)+/ e_ﬁdeo(s)]
t

ATQ tA(T9+T)

t Yo(s—) - t ~
+ f / / e P25y, M(ds, du, dv) + / / e P25, N(ds, dv).
0 JO D 0 JD

It is clear that Zy'(t AT9) =Zo(t A1) for t>0. Write X5/ () = (Y2(t), Zo'(¢)). Then
{(X1(5), X2'(2)) : t > 0} is also a Markov coupling of the affine process. For ¢ > 0 let

¢ =Zi(vo+1) — 2/ (v0 + 1)
Since Y1 (1o + 1) = Y2(10 + 1) for r > 0, by the construction of Z;(¢) and Z,'(r) we have

INT
;(t)zzﬁaoeﬂzzf[a(ro)+ / e_ﬂzzdeO(rojLs)]. (3.2)
0

It follows that \Pt = inf{r > 0: {(r) = 0}, and so
10+ T =inf{t > 10 :Z1(1) = 2/ (1)} = inf{t > 10 : X1(t) = X' (¢)}.

Then 1o + 7 is the coupling time of {(X|(¢), X2'(¢)) : t > 0}.

Theorem 3.1. Suppose that oy > 0. Then there is a constant C > 0 such that
1Pr(x1, -) — Pr(x2, Hllvar

02
<2ly1 —y2lviy2 + C{eﬁzztkl — 22|+ 1B2tlly1 — 2| / ePL1Sehn(t/2-5) 4
0
12 o 12
+ 2vV2(021 + o)y —Y2|1/2</ ePrise2bnl/ “‘)ds)
0
1/2 t/2 12
+2 f Bu@)] v =l ( / eise2n/2-0gs)
D 0

+ 2 / [valp(@v)lyr — yal / efrisefnlt/ ’S)ds}( / e ﬂmds) ,
D5 0 0

t>0, xi=(y,-,z,-)eD, i=1,2.

Proof. Let {(X| (1), X2'(£)) : t > 0} be the coupling of the affine process constructed as above.
Then we have

P(ro+7 >0 <P(r0 >1/2) + P(ro <1/2, 10 + 7 > 1),
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where P(7p > t/2) < |y1 — y21vs2 by (3.1). In view of (3.2), there is a standard Brownian
motion {B(r) : t > 0} independent of %7, such that

£ (1) =2+/200e™'[a(z0) + B(p(1 A T)],
where

'
p() =/ e 2Psds, 1>0.
0

Since ¢ — 19 is measurable relative to .%7,, by the reflection principle for the Brownian motion

we get
P(to <1/2, 10+ T > 1) = E[ Lyt P(10 + T > 11F4,)]
< E[1ry<i/2yP(B(p(t — 10))| < |a(zo)])]
2la(o)|
o [,
= {ro=t/2} 200t — t0)
1
<— |l Z1(70) — Zo (7
N ) [Lizo=1/2}1Z1(t0) — Za(10)I]
1
< —E( sup |Z1(s) —Zz(S)|)-
200/mp(t/2) No<s<i/2
Then the result follows by Proposition 2.6 and (2.21). O

Corollary 3.2. Suppose that oo > 0. Then (P;)r>0 is a strong Feller transition semigroup.

Corollary 3.3. Suppose that 11 <0, B2 <0, and o9 > 0. Let w be the unique stationary
distribution for (P;)i>0. Then for every 6 > O there is a constant Cs > 0 such that

1P, ) = 7 llvar < Co(1 + |xDe ™%, 128, xeD,
where k = |B11| A | B2zl

Proof. By Proposition 2.5, the stationary distribution = possesses a finite first moment. It is
well known that

I1Pr(x, ) — 7 llvar < /D I1Pr(x, -) — Pi(x2, )llvar7r (dx2). (3.3)
By Theorem 3.1, there is a constant C > 0 such that, for x; = (y;, z;) € D, i =1, 2,
1P:(x1, ) — Pr(x2, )llvar
< C(Ix1 —xal + Iy1 = 2l ) [Byja v eTIP2I2 (1 — e IP2In=12],
Then the desired estimate follows by (2.13). O

Now let us consider the case where v(D) > 0. For ¢ > 0 let D, =R x [— ¢, ¢] and D{ =
D\ D;. By choosing sufficiently small ¢ € (0, 1] we have 0 < v(D$) < co. Let v, be the finite
measure on D defined by

v(A) if v(D) < o0,
Do) = { | (3.4)
VANDY) ifv(D)=o0,

where A € Z(D). Let D, = v (D)~ lv,.
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Condition 3.4. There exists € € (0, 1] such that

. TN A
lim sup [z] ™" [|Ve — 8(0,2) * Vg [lvar < 00.
|z]—=0

The above condition is a slight modification of (10) in Wang [29] for OU-type processes.
As in Wang [29, p. 996], one may see that the above condition implies

o= sup |21 IDe — 8(0,2) * Dellvar < 00. (3.5)
zeR

Theorem 3.5. Suppose that Condition 3.4 is satisfied for some ¢ € (0, 1]. Then we have
1Pr(x1, ) = Pe(x2, )llvar
e e B A e

13
+ (Bl +2 [ balu@n)iv —pal [ eserigs
DS 0

t/3 1/2
+ 2~/§(021 +022)In —)’2|1/2</ eﬂl“yezﬂzz(t/g’_s)dS)
0

1/2 1/3 1/2
+2( / ) v =yl ( /0 ef1se2nt/39 ) T,
D

>0, xi=0iz)€ED, i=1,2.

Proof. Step 1. Consider the case where y; =y, =y € R,. Let {Y;: 7> 0} be the solution
of (2.14) with Yo =y. Let z0=0. For i =0, 1, 2 let {Z;(¢) : t > 0} be defined by (2.16), with
Zi(0) = z;. It is easy to see that

Zi() =Pl + Zo(r), >0, i=1,2. (3.6)

Let {n.(¢) : t > 0} be the compensated compound Poisson process defined by

t
ne(t) = f / voN(ds, dv).
0 Jpg

Let 7y = inf{t > 0: n.(¢) # ne(t —)} be the first jump time of this process. For any f € % we
have

|Pf(, 21) — Pf (v, 22)| = |E[f Yy, Z1 () — f (Y1, Zo(0)]|
<2P(t; > t) 4+ p: (1),

v(DE)t

where P(t; > 1) =e™~ and

pe(t) = |B{[/(Ys, Z1(0) = f(Ye, Z2)] 1 20}
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By the strong Markov property and (2.16),

t n
p£<z)=‘E{ [ w0 @[ [ pregor z16s =)+ o

~ [ Prgtr s =)+ niganas)
D

t
=‘E{ / | f Py (Yy, Zi(s) + r)pe(dr)
0 D

_ / Pieof (Vs Z1(8) + 80 ebosioy ey * ﬁg(dr)]ds}
D

t .
= /(; V(DE)G_U(DS)‘YII% - 5(0’6/&‘225(@_11)) * Dg||ds

t -~
< Kov(DS)[22 — 21| / VDD < Koz — 2],
0
It follows that
|PfG, 21) — Pf (3, 22)| < 27PN L K, |21 — 2] 3.7

Then we can use the Markov property and the representation (3.6) to get

|P£f(y1xl)_P£f(y1 X2)|
= [l Zsa) - 1(v. 220

= [E[Pyaf (V2. Z14/2) = Pupaf (Y2, 2200/2)]|

IA

26O 1 KL R[|Z4(1/2) — Za(1/2)]
< 26~ V(D/2 +Kelzi — Z2|€ﬁ22[/2-

Step 2. In the general case, we have x| = (y1, z1) and x = (y2, z2), where y;, y2 € R and
71, 22 € R4 Tt suffices to consider the case of y; > y,. Let {(Yi(?), Zi(?)) : t > 0} be defined by
(2.14)—(2.15) with (Y;(0), Z;(0)) =x;,i=1, 2. Then

[P en) — P en)| = [E[f (1), 216 — f(¥ate), Z20))]|

<2P(z0 > 1/3) + q= (1),
with P(tg > t/3) < [y1 — y2|v;/3 and

4:(0 = [E{[f(11(0). Zi(0) ~ f1(0), Z20)] 173}
= |E{1qsm B[00, Z10) = F V10, Z20)] 7, ]|
= [E{ ey [P (Vi(30). Z1(20) ~ Prrof (i (x0), Za())]}|
< 2¢O 4 K B(1ry<1/3)1Z1 (70) — Za(10)] ) P23

<2e VPO | KSIE( sup |Zi(s) — zz(s)|)eﬂ22f/3,
s<t/3
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where we have used (3.7) for the first inequality. Then the desired estimate follows by (2.20)
and Proposition 2.6. (]

Corollary 3.6. Suppose that Condition 3.4 is satisfied for a sequence {e,} C (0, 1] and
limy, s o0 U(Dgn) = 00. Then (P;)>0 is a strong Feller transition semigroup.

Proof. Suppose that {x;} € D is a sequence such that limy_, o, Xy = x9 € D. By Theorem 3.5,
for > 0 and n > 1 we have

lim sup [|P;(xg, -) — Pr(x0, )|lvar < 2¢~"Pe)/3,
k— o0

The left-hand side vanishes since lim,—, oo V(Dg, ) = 00. O

Corollary 3.7. Suppose that f11 <0, B2z <0, and Condition 3.4 is satisfied. Then there is a
constant Cg > 0 such that

IPi(x, ) — T llvar < Ce(1 + |xe ™3, >0, xeD, (3.8)
where k¢ = |B11] A | B22] A V(D).

Proof. By Theorem 3.5 there is a constant C; > 0 such that, for # > 0 and x; = (y;, z;) € D,

i=1,2,
I1Pr(x1, ) — Pi(x2, )llvar
<2e7PIB 4 Cp(Iv1 — w2l + Iyt — 32l V?) (g3 v e TIP3,
Then the result follows as in the proof of Corollary 3.3. U

Theorems 3.1 and 3.5 and their corollaries are natural extensions of the existing results
on CBI and OU-type processes in the literature. In fact, one may see that some parts of the
proofs given above essentially follow the ideas of Li and Ma [16] and Wang [29]; see also
Wang [28]. For general affine processes on cones, Mayerhofer et al. [19] studied the exponen-
tial ergodicity in the total variation distance under certain irreducibility, aperiodicity, and finite
second moment assumptions. Their techniques were based on the theory of stochastic stability
of Markov processes; see Meyn and Tweedie [20, 21] and the references therein. While the
results of Mayerhofer et al. [19] were formulated in an abstract framework, it seems a deli-
cate task to check their conditions for the process discussed here. Moreover, the finite second
moment condition of Mayerhofer ef al. [19] rules out some natural examples.

4. A weaker condition for ergodicity

Throughout this section, we assume 811 < 0 and B> < 0. We shall establish the ergodicity
of the affine process under a condition on the Lévy measure v weaker than Condition 3.4. The
proof of the result is based on a coupling similar to those used in the last section. Suppose that
V(D) > 0 and choose 0 < ¢ < 1 so that 0 < v(D,) < oo, where D, =R x [— ¢, €]. Let v, and
D¢ be defined as in the last section. Let y7 = ¢ A (8(0,z) * De) for z € R.

Condition 4.1. There are constants € € (0, 1] and § > 0 such that

q:= |inf ys (D)= Iilnfr? De A (8(0,2) * De)(D) > 0.
: zl<

7|<8
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The above condition was introduced for general finite-dimensional OU-type processes by
Schilling and Wang [27] and Wang [29]; see also Wang [28]. As observed in Wang [29, p.
992], the condition is weaker than Condition 3.4.

Lemma 4.2. Suppose that Condition 4.1 is satisfied. For |z| <6, let pf =y? (D)_ly;", and let
(n, p1, ¢) be a random vector such that, for A € (D),

q7£,(A)/2, B={z},
P{(n, p1.£) €A x B} = { gy (A)/2, B={—z}, “4.1)

(Ve — g2, +v)/21A), B={0}.
Let py = p1 + . Then we have
PC=2=PC=-2)=¢q/2, PC=0)=1-¢q 4.2)
and
P{(n, p1) e A} =P{(n, p2) € A} =De(A), A€ B(D). 4.3)

Proof. From (4.1) it is easy to see that ¢ has distribution given by (4.2). Moreover, for any
A € B(D) we have

P{(n, p1) € A} =P{(n, p1) €A, { =2} +P{(n, p1) €A, £ =2}
+ P{(n, p1) €A, £ =0}
=qp° (A)/2+qp;(A)/2+ [De — q(PE, + 77)/21(A)

= De(A)
and
P{(n, p2) e A} =P{(n, p2) €A, L =2} + P{(n, p2) €A, { = =2}
+ P{(n. ;) €A, £ =0}
=P{n, p1)€A—(0,2), ¢ =2} +P{(n, p1) €A+(0,2), { =—2}
+ P{(n, p1) €A, £ =0}
=q7E,(A—(0,2)/2+qy;(A+(0,2)/2 + [De — q(PE, + 7;)/21(A)
=qy; (A)/2+qPZ (A)/2 + [Ve — q(PE, + 7,)/21(A)
=D:(A).
Then (4.3) holds. O

Lemma 4.3. Suppose that Condition 4.1 is satisfied. Let Q(z, -) denote the joint distribution of
(n, p1, p2). Then Q(z, -) is a probability kernel from [— 8, 8] to R4 x R2,

Proof. 1t is easy to see that z+ §( ;) * D, is a Borel probability kernel from [— 8, 8] to D.
Let

mS(Z, )= — 5(0,1) * 95)+ + (Vs — 8(0,1) * Dg) ™
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denote the total variation of the signed measure ¥, — & ;) * Vs. By the regularity of the
measures, for any bounded positive continuous function f on D we have

fD fO)m®(z, dv) = sup /D )W) Pe(dv) — (8 * De)(dv)],

g€

where % is the set of continuous functions g on D satisfying |g| < 1. Then the mapping

s / fOm(z, dv)
D

is lower semicontinuous, so it is a Borel function on [ §, §]. It follows that m®(z, -) and ¥ =
Ve + 8, * Ve — m®(z, -) are kernels from [— 8, 8] to D. From (4.1) we see that Q(z, -) is a Borel
probability kernel from [— 8, 8]\ {0} to R, x R2. (|

Now let us define the first coupling in this section. The basic idea follows that of Schilling
and Wang [27] and Wang [29]. Here we give a pathwise construction of the coupling in terms of
stochastic integrals. Let x; = (y, z1) € D and x3 = (y, 22) € D, where y € R and z1, 72 € R sat-
isfy z1 #z2. Let k= |8 !|z1 —z2|] + 1. Then k™! |z1 — 22| < 8. Let G =R, x R? be endowed
with its Borel o-algebra. In addition to the noises in (2.14) and (2.15), let No(ds, du, dvy, dv)
be an (%#;)-Poisson random measure on (0, 0o0) x G with intensity

Ve(D)dsQ(k™ (21 — 22)eP2%, du, dvy, dvy). (4.4)

We assume all of these noises are independent of each other. For 7 > 0 let

t
EM)=(z1 —22) +/ [ v — v2)e_ﬂ22SNo(dS, du, dvy, dvy). 4.5)
0 JG
Then we have

EN =@ —2+L0n], =0, (4.6)

where
t
L= =z [ [ o= vare P ns, du dvr, o)
0 JG
Let Ny(ds, dr) be the image of Ny(ds, du, dvi, dvy) under the mapping

(s, 1, vi, v2) > (s, ) = (s, (z1 — 22) " (1 — vp)ef11).

We easily see that Ny(ds, dr) is a Poisson random measure on (0, oo) x R with intensity
ve(D)dsm (s, dr), where 7 (s, dr) is the probability measure on R defined by

(s, {1/kh) =m(s, {=1/k})=q/2, 7(s,{0h=1—gq.

It follows that

t
N(@):= / / / Ly, £v,)No(ds, du, dvy, dvz)
o Jr, Jr?
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is a Poisson process with parameter qv.(D). For i > 1, let &; denote the size of the ith jump
of the process {L(¢) : t > 0}. Then {&; : i > 1} are independent and identically distributed (i.i.d.)
random variables with

PGi=1/k) =P =—-1/k)=1/2. 4.7)
Let S(n) =Y}, &. Then the processes {N(¢) : t > 0} and {S(n) : n > 0} are independent and
L(t)=S(N(t)), t>0.
This proves the following.

Lemma 4.4. The process {L(t):t> 0} is a continuous-time simple random walk with i.i.d.
Jjumps {&; i > 1} satisfying (4.7).

Lett =inf{tr>0:&(r)=0} =inf{r > 0: L(t) = —1}, and let {Y'(¢) : t > 0} be the solution of

‘ t Y
Y()=y+ / (b1 + Bu1 Y'(5))ds + 2o, / f Wi(ds, du)
0 0 0

t oY) t Yo B
+ ﬁalz / / Wy (ds, du) + / f / vM(ds, du, dv, dr)
0 Jo 0 Jo D

t INT
+ / / viN(ds, dv) + f / uNo(ds, du, dvy, dvo). (4.8)
tNT YD 0 G

Let {Z{'(¢): t > 0} and {Z,'(¢) : t > 0} be defined by

t t
zl/(t):eﬂn’[zl + / e~ P25[by + Bo1 Y/(s)1ds + /200 / e P25aW (s)
0 0

t Y t Y
+ /2021 / / e P25W (ds, du) + V202> / / e P25W,(ds, du)
0 JO 0 JO

t pY'(sD ~ t -
+/ / / e P25 (s, du, dv, dr) + / / e P25, N(ds, dv)
0 Jo D tat JD

INT
+ / / e P25y No(ds, du, dvl,dvz)] 4.9)
0 G
and

t t
20 =2+ / e P2 1by + 1Y/ (5)1ds + V200 f e/ dWo(s)
0 0

¢ oY) t Y9
+ 207 f / e P25W, (ds, du) + V202 / / e P25W, (ds, du)
0 JO 0 JO

t pY'(sD _ ! -
+ / / / e P25 i (ds, du, dv, dr) + / / e P25, N(ds, dv)
0 JO D INT JD

INT
+ / / e P25, No(ds, du, dvy, dvz)]. (4.10)
0 G
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Let Ni(ds, du, dvi) and N»(ds, du, dv,) respectively denote the images of the random measure
No(ds, du, dvy, dvp) under the mappings

(s, u, vi, v2) > (s, u, vi), (s, u, vi, va) > (s, u, v2).
Clearly, both Ni(ds, du, dw) and N»(ds, du, dw) are Poisson random measures on (0, 00) x
D with intensity vg(D)dsD.(du, dw) = dsve(du, dw). It follows that both {(Y'(¢), Z;(¢)) : t > 0}
and {(Y'(1), Zy' (1)) : t > 0} are affine processes with transition semigroup (P;);>o. From (4.8),
(4.9), and (4.10) we see that
() =21 (1) — Zo' (1) = eP2'E (1 A 7). 4.11)

Then {(Y'(¢), Z|'(¢t), Y'(t), Z,'(¢)) : t > 0} is a coupling of the affine process with coupling time

t=inf{t>0: (1) =0} =inf{t > 0: X' (®) = X2/ (1)}.

Remark 4.5. The intensity (4.4) of the Poisson random measure Ny(ds, du, dvy, dvy) in (4.8)
and (4.9)—(4.10) depends on the difference Z;'(0) — Z,'(0) =z — 2.

Lemma 4.6. Suppose that Condition 4.1 is satisfied. Then there exists a constant C; > 0 such

that
1
P(Z (1) # 2/ (0} =Pt > 1) < Ce(1 + |x2 — x1 I)Z 1> 0. (4.12)
Proof. By the reflection principle for the symmetric simple random walk, we have
. k|S(n)| k
IP’(mnSk —1><IP’ S| <1 :I[D( <_);
min S0 > 1) <P(Se1 < 1) =P(== < =

see, e.g., Lemma 2.3 in Schilling and Wang [27]. By the Berry—Esseen inequality, there is a
universal constant Cy > 0 such that

kS(n) 1 Y2 Co
P(x< <y)—— e Z/zdz‘ —, x<yeR.
=7 =) 7 SVt

Let T =inf{n > 0: S(n) = —1}. Then we have

P(T > n) :]P’(rkngll S(k) > —1)

7z2/2d

«/‘ Var k/[e ‘
Co 2k

<— —§C k+1)—,

f — 1( )f
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where C1 =1 Vv Cy. By the total probability formula and the independence of {S(n) : n > 0} and
{N(?) : t > 0}, it follows that

Pz > 1)= Y P(N() =mP(T > n|N(t)=n)
n=0

— equg(D)t _1 + Z MP(T > n)]
L n.

n=1

o0
_ r D))" 1
< e 9veD) 1+ Cik+1) E %_
L = n! ﬁ]

e¢]

r n1/2
< O[] 4 €k + 1) P — 1)1/2(2 (qvg(D3t) ) / ]
- n-n.

o0

2e®Pr —1) 3 (que (D))" ) 1/2]
qve(D)t (n+1)-n!

<e ™14 Cyhk+ 1) (

n=1

1
<e PN 1 4 V20 (k4 1)(e? P — 1) ——
< [ 1+ 1) o)

1
<™ L /201 (1x) — xa| 4+ 2)(1 — e ?=P))

A/ que(D)t '
Then (4.12) holds for some constant Cg > 0. O

We next construct the main coupling of this section, through a concatenation of two
couplings. Let D([0, 0o), D?) denote the space of cadlag paths from [0, co) to D. Let
{w(®) 1t = 0} = {(w1(£), wa (1), wa(t), wa(t)) : t > 0} denote the coordinate process of this space,
and let (%, : t > 0) be its natural filtration generated by the coordinate process. Let 7y = {t >
0:wi(®) =w3(®)} and " = {t > o(w) : wa(t) = wa(?)}. For s > 0, let 6; be the shifting opera-
tor on D([0, 00), D?) defined by O,w(r) = w(s + 1), t > 0. For s > 0 and w € D([0, 00), D?), the
stopped path w® € D([0, o0), D?) is defined by w*(t) = w(s A 1), £ > 0.

Let x;1 =(y1,21) €D and xp =(y2, 22) € D, where y;,y» € Ry and z1,z2 €R. For i=
1,2, let {Y;(#):t>0} be the solution of (2.14) with Y;(0)=y;, and let {Z;(¢):t> 0} be
defined by (2.16) with Zi0)=z. Let P>*> | be the distribution on D([0, c0), D?) of

(x1,x2)
((Y1(D), Z1 (1), Ya(t), Za(D)) : t > O}. Let Pé;il ., be the distribution on D([0, 00), D?) of the pro-

cess {(Y'(1), Z\' (1), Y' (1), Z2)(¢)) : t > 0} defined by (4.8)—(4.10). Let Py, r,) be the probability
measure on D([0, 00), D?) defined by

Py o) [F (w1, wa, w3, W4)IUW)G(9137(W1, w2, w3, we))]

— PZ,Z

(xl,xz)[F((Wl’ w2, w3, W4)t(;v)P 2 W))G(Wl, wo, w3, W4)],

1,

wi(zy),w3(zy) waly
where F and G are Borel functions on D([0, o), D?), and the probability symbols are
used to denote the corresponding expectations. Then under P, r,) the coordinate process
{(w1(5), wa(t), w3(t), wa(t)): t > 0} evolves according to the transition law of {(Y(?), Z1(¢),

Y2(t), Zo(1)):t >0} up to time t), after which it evolves according to the transition
law of {(Y'(1), Zi'(v), Y'(¢), Zo'()): t > 0}. It is clear that both {(w1(z), wa(?)):¢t> 0} and
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{(w3(?), wa(?)) : t > 0} are affine processes with transition semigroup (P;);>o. Thus they form a
coupling of the affine process with coupling time t*.

Remark 4.7. One might wish to construct a coupling through stochastic equations by a
direct concatenation of the two sets of stochastic equations. As above, one first constructs
the process {(Y1(?), Z1(t), Y2(?), Z(¢)) : t > 0} by (2.14)—(2.16) and defines the stopping time
0 ={r>0:Y1(t) =Y2(¢)}. By Remark 4.5 one would need a Poisson random measure with
intensity depending on the random variable Z;(79) — Z»(7p) to define the coupling process on
the time interval [tg, 00) by (4.8)—(4.10). We leave the details to the interested reader.

Theorem 4.8. Suppose that Condition 4.1 is satisfied. Then there is a constant Cg > 0 such
that

IPiCxr, ) — P2, Mlvar < Ce(l+ [x1 =227 /2, >0, xi,xpeD. (4.13)
Proof. There is no loss of generality in assuming y; > y,. Using the coupling of the affine
process constructed above, we have
P(xl,xz)(TIW > t) =< P(xl,xz)(‘[(;v > t/z) + IP)()61,)62)(‘1:(\)/‘) =< t/2, TIW > t)s

where Py, v,)(ty >1/2) < |y1 — y2|v2 by (3.1). Since ¢ — 7’ is measurable relative to f,(;v,
we can use Lemma 4.6 to see

P(xl,xz)(f(;v <t/2, 'L’lw > t)
= ]E(xl,xz)[l{r(;”'gt/Z}P(m,Xz)(tlw = t|yf(§v)]

CeBiey o [y <2y (14 w3(x0) — waz) )t — 1)~ /?]

IA

<CrPE(1+ swp |Z1(5) - 20)]).
0<s<t/2

Then the result follows by Proposition 2.6 and (2.21). U

Corollary 4.9. Suppose that Condition 4.1 is satisfied. Then there is a constant C¢ > 0 such
that

IPr(x, ) = Tllvar < Ce(1 + XDt Y2, 150, xeD. (4.14)

The above corollary gives an extension of Theorem 1.1 of Schilling and Wang [27]; see also
Theorem 2(i) of Wang [29].
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