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Abstract

An existence variety of regular semigroups is a class of regular semigroups which is closed under the
operations of forming all homomorphic images, all regular subsemigroups and all direct products. In
this paper we generalize results on varieties of inverse semigroups to existence varieties of orthodox
semigroups.
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1. Introduction

An existence variety (or e-variety) of regular semigroups is a class of regular semi-
groups which is closed under the operations of forming of all homomorphic images,
all regular subsemigroups and all direct products. This concept, which generalizes that
of varieties of inverse semigroups, was introduced by T. E. Hall [7] and independently
for orthodox semigroups by J. Kad’ourek and M. B. Szendrei [10] who called them
bivarieties. In this paper we study e-varieties of orthodox semigroups.

In Section 2 we begin with preliminary results dealing mainly with congruences
on regular or orthodox semigroups and with certain basic results on e-varieties of
orthodox semigroups.

Let & denote the variety of groups, & the e-variety of orthodox semigroups and
#£,(0) the lattice of e-varieties of orthodox semigroups. In Section 3 we show that
the mapping ¢ : & > & Vv ¥4 (& € Z.(0) is a complete lattice homomorphism
and the v; = ¢ o ¢~ '-classes are complete modular sublattices of .Z,(&). Also the
mapping ¥ : & — ENY (& € Z.(0)) is shown to be a lattice homomorphism and
for each v, = ¥ o ¢ ~'-class the join of all its members is &.

In Section 4 several characterizations are given of completely semisimple (cryptic)
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e-varities of orthodox semigroups. Letting v; = v; N v,, in Section 5 we show that
the vs-classes of cryptic e-varieties have maximum members and we identify the
maximum member using a Mal’cev product.

In Section 6 we establish some properties of the Mal’cev product. In particular we
show that the Mal’cev product respects the lattice operations in .%,(¥), we prove an
associativity result and we determine bi-identities for the Mal’cev product of a group
variety and an e-variety of orthodox semigroups.

The results of this paper generalize analogous results on varieties of inverse semi-
groups by Kleiman [11], Reilly [19, 20] and Bales [1] (see also [18, Chapter XII]).

For undefined notation and terminology see [8].

2. Preliminary Results

Let S be a regular semigroup. The set of idempotents is denoted by Es = FE and
for a € S denote by V (a) the set of inverses of @ in S. We let o5 = o denote the least
group congruence, ys = y the least inverse semigroup congruence and pg = w the
greatest idempotent separating (i.s.) congruence on S.

When § is orthodox o, y and p are characterized by

o ={(a,b) € S x S| eae = ebe for some e € E}

y ={(@,b)e S x §|V(a) =V(b)}

i = {(a, b) € S x S |there are inverses a’ € V(a), b' € V(b) such
that a’ea = b'eb and aea’ = beb’ forall e € E}

([13, Theorems 4.4 and 5.1] and [14, Theorem 3.1]).
Let €'(S) denote the lattice of congruences on S. For any p € €(S) the kernel and
trace of p are defined by

Kerp ={a € S|a peforsomee € E},
tro=pN(E x E).

For p € €(S), Pmin and pm,, denote the least, respectively greatest, congruence on §
such that trp,;, = trpo = trpgax.

THEOREM 2.1. [2, 4, Theorem 4.1] A congruence on a regular semigroup is
uniquely determined by its kernel and trace.

LEMMA 2.2. [15,Lemma 2.5] Let S be a regular semigroup and F be a nonempty
family of congruences on S. Then
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(a) Ker(ﬂpE FZPp)= ﬂpe z Kerp

® (e P) =,z trp.

We call S E-unitary ifa € §, e and ea € E implies thata € E.

LEMMA 2.3. ([9, Lemma 2.6] or [23, Lemma 2.7]) Let S be a regular semigroup.
Then S is E-unitary if and only if E is a o-class.

LEMMA 2.4. Let S be a regular semigroup and p, & € €(S). If pNo = £ No then
trp = tr&. The converse holds if S is E-unitary.

PROOF. The argument of [18, Theorem XII.2.1] applies to yield this result using
Theorem 2.1 and Lemmas 2.2 and 2.3 at the appropriate places.

COROLLARY 2.5. Let S be a regular semigroup and p € 6(S). If S is E-unitary
then ppin=pNo.

PROOF. As trp = trpmin, P NC = Pmin N0 < Pmin by Lemma 2.4, Since we always
have p,in € o N o we have equality.

LEMMA 2.6. [16, page 196] Let S be a regular semigroup and p € €(S). Then
APmaxb if and only if (ap) s, (bp).

LEMMA 2.7. Let S and T be regular semigroups and x : S — T be an i.s.
homomorphism of S onto T. Thenforalla,b € S,a pus bifandonlyif (ax) ur (bx).

PROOF. Let p = x o x~!. Then p is an i.s. congruence on §. Therefore p C pg
and SO Pax = Us. The result now follows easily from Lemma 2.6

THEOREM 2.8. [22, Theorem 3.4]; [24, Theorem 2.2] Let S be a regular semigroup
and 0 be the convergence on € (S) induced by the mappingtr . p— trp  (p € €(S)).
Then for any p € €(S), p8 is a complete modular sublattice of €(S).

THEOREM 2.9. [12, Theorem 11] Let S be an orthodox semigroup. Then the
mapping defined by v : p—> pVvo (p € €(S)) is a homomorphism of €(S) onto
the lattice of group congruences on S.

A regular subsemigroup K of S is called full if E C K and self-conjugate if for all
acS,d eV(a),adKaCK.Let

X ={K € §:|K is a full self-conjugate regular subsemigroup of S and
K C Keru}
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and for K € ¥ let

fx = {(a, b) € S x § |there are inverses @’ € V(a), b’ € V(b)
such that aa’ = bb’,a’'a = b'b and ab’, a'b € K}.

THEOREM 2.10. [3, Theorem 3.3] Ler S be an orthodox semigroup. Then the map
K > Ox is a one-to-one order preserving map of ¢ onto the set of i. s. congruences
on S with inverse map 6 — Kerf.

LEMMA 2.11. Let S and T be orthodox semigroups and x : S — T be a homo-
morphismof SontoT. If@ isani.s. congruence on S then 0 induces ani.s. congruence
¢ say on T with kernel (Kerf)x. Furthermore the following hold:

(a) fora,be S,ifa® bthen(ax) ¢ (bx);

(b) T/¢ is a homomorphic image of S/6.

Note in particular that as y* : S — S/y is a homomorphism of S onto S/y an i.s.
congruence 6 on § induces an i.s. congruence ¢ on S/y with kernel (Kerf)y.

PROOF. Let K = Kerf. Then by Theorem 2.10, X is a full self-conjugate regular
subsemigroup of § and K C Kerus. It is easily shown that K y is a full regular
subsemigroup of T and K xy C Keruy. Furthermore K x is self-conjugate, for if x
and x’ are mutual inverses of T then there are mutual inverses a and a’ of S such that
x =ay and x’ = a’x by [5, Lemma 1] hence x'(K x)x = (@’'Ka)xy C Kx as K is
self-conjugate. By Theorem 2.10, K x is the kernel of an i.s. congruence ¢ say on 7.

Now (a) follows easily from the characterization of 8 and ¢. To prove (b) define
. S5/0 > T/pby ®: ab — (ax)$. Then P is well-defined by (a) and clearly P
is a homomorphism of S/6 onto T /¢.

THEOREM 2.12. Let S be an orthodox semigroup. Then there exists a group G, a
subdirect product T C S/us x G and an i.s. homomorphism x of T onto S.

PROOE. Since every orthodox semigroup has an E-unitary cover [25, Theorem 5],
the argument of [18, Theorem VI1.4.8] applies to yield this result using Theorem 2.1
and Lemmas 2.3, 2.7 at the appropriate places.

We call § completely semisimple if every principle factor of S is completely O-
simple or completely simple.

LEMMA 2.13. Let S be an orthodox semigroup. Then S is completely semisimple if
and only if S|y is completely semisimple.
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PROOE. Suppose S/y is completely semisimple and lete, f € E be suchthate < f
ande 2 f. Theney < fy andey Z fy. As §/y is completely semisimple, [6,
Result 6] yields that ey = fy. By the characterization of y, V(e) = V (f) and hence
f = fef =ease < f. By [6, Result 6], S is completely semisimple.

Conversely, suppose S is completely semisimple and let e, f € E be such
that ey < fy and ey Z fy. Then ey Zay £ fy for some a € §. Let
a' € V(a); then ey Z aa'y and it follows that ey = aa’y. By the characteriza-
tion of y, V(e) = V(aa’) and it is easily shown that this implies that e & aa’; dually,
f 2 a’a. Furthermore, as ey < fy, (fef)y = ey and so fef 2 e. Therefore
fef Pe Daa P aa? fsothat fef P f; alsoitisclear that fef < f. As S is
completely semisimple, [6, Result 6] yieldsthat fef = f. Nowey = (fef)y = fy
and by [6, Result 6] S/y is completely semisimple.

We call S cryptic if the ¢ -relation is a congruence on S. Recall that a cryptic
completely regular semigroup is a band of groups. Let G = U{H,| ¢ € E} be the
union of the maximal subgroups of S.

LEMMA 2.14. Let S be an orthodox semigroup. Then S is cryptic if and only if G
is a band of groups.

PROOF. Suppose S is cryptic and leta, b € G. Then a 5 e and b S# f for some
e, f € E. Since S is a congruence on S we have ab J# ef and therefore ab € G
as ef € E since S is orthodox. Thus G is a subsemigroup of S. As G is a union of
groups, G is completely regular. By [17, Lemma IV.4.1] 5#|; is the ¢ -relation on
G. Since ¢ is a congruence on S it follows that 5| is a congruence on G. Thus
G is a band of groups.

Conversely, suppose G is a band of groups. Leta, b € S,a # bandc € S. Let
a eV()and b € V(b); thenaa £ a X b X bb' and so, as aa’ and bb’ are left
identities of their #Z-class we have

) a=>bba and b =aad'b.

Also, asd'a L a £ b £ b'b and a'a, b'b are right identities of their £-class, we
have

2 a=abb and b=bda.

By (1) and (2), @’b - a'a = a’b and @’ab’a - a’'b = a’ab’b = a’'a so that a’a ¥ a'b.
Also a #Z b implies a’'a Z a'b; thus a’'a 7 a'b and a’'b € G. Let ¢ € V(c); then
as J¥ is a congruence on G we have that a’acc’ J# a’bec’. Since S is orthodox,
ad’'acc’ € E and so @’acc’ is the identity of H,,..: therefore a’acc’a’bcc’ = a'bec.
Now ac : c'a’bc = aa’acc’'a’bec’c = aa’'bec’c = aa’be = be by (1). By symmetry
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bc - c’b'ac = ac and so ac # bc. Since a £ b implies ac .£ bc we have that
ac F bc. :

By (1) and (2), aa’ - ba’ = ba’ and ba’ - ab'aa’ = bb'aa’ = ad’ so that aa’ # ba'.
Alsoa &£ bimplies aa’ £ ba’'; thus aa’ 7 ba' and ba’ € G. As S is a congruence
on G, c'cad’ I ¢'cba’ and as above we have ¢’cba’c’'caa’ = ¢'cba’. Now cba'c’-ca =
cc'cha’c’caa’a = cc'cha’a = cha'a = cb by (2). By symmetry cab'c’ - ¢cb = ca
and so ca .Z cb. Since a % b implies ca #Z cb we have that ca 5 cb. Thus 5 is a
congruence on S, that is, S is cryptic.

We shall need some results and definitions from [10].

PROPOSITION 2.15. [10, Proposition 1.8] Let € be a nonempty class of orthodox
semigroups. Then the e-variety generated by € consists of homomorphic images of
regular subsemigroups of direct products of semigroups in € .

The following is an easy consequence of the previous proposition.

COROLLARY 2.16. Let & and F be e-varieties of orthodox semigroups. Then the
join & v F of & and F consists of semigroups S for which there exists U € &,
V € &, a regular subdirect product T € U x V and a homomorphism ¢ : T — §
of T onto §.

Let X be a nonempty set, * be a bijection onto some set X* = {x* | x € X}
disjoint from X and let F*(X) be the free semigroup in the alphabet X U X* equipped
with the involution * extending this bijection. Namely, for any word u = y;y;...y,
(yie XUX*)wehaveu™ =yr...y;y; with (x*)* = x forx € X.

A mapping x : X U X* — S into an orthodox semigroup S such that x x, x*x are
mutual inverses in S for all x € X will be called a matched mapping, as in [10].

By a bi-identity we mean any pair ¥ = v of words u, v € F*(X). An orthodox
semigroup S satisfies the bi-identity ¥ = v if for any matched mapping y : XUX* —
S we have u® = v® where ® : F*(X) — S is the unique homomorphism extending
Xx- We say that a bi-identity is satisfied in a class & of orthodox semigroups if it is
satsified by each member of &. Let u, = v,, @ € A be a set of bi-identities. Then the
class of all orthodox semigroups satisfying each bi-identity u, = v,, @ € A will be
denoted by [u, = vylyea-

We have the following Birkhoff type theorem for e-varieties of orthodox semi-
groups.

THEOREM 2.17. [10, Theorem 1.10] A class & of orthodox semigroups is an e-
variety if and only if there exists a set u, = v,, @ € A of bi-identities such that
(g = [ua = va]aeA-
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For any & € .Z.(0) let p(&, X) be the relation defined on F*(X) by u p(&, X) v
if and only if 4 = v is satisfied in &. It is clear that p(&, X) is a congruence on
F*(X). By the proof of [10, Lemma 1.6] we have that FO'(X) = F*(X)/p(0, X) is
orthodox. Furthermore by Remark 2 following [10, Lemma 1.6], FO(X) is the free
orthodox *-semigroup on the set X.

A congruence p onasemigroup S is called fully invariant if for every endomorphism
a of S and every a, b € S such that a p b then (aa) p (ba). Let Z#(S) denote the
set of all fully invariant congruences on S.

LEMMA 2.18. Let & € £,(0). Thenthe congruence p(&, X)/p(€, X) on FO(X)
is fully invariant.

PROOF. This follows from [10, Proposition 1.7] and the remark preceding [10,
Proposition 1.7].

Foreach &€ Z.(€)let p(&) = p(&, X)/p(€, X) and foreach p e £ (FO(X))
let &(p) =[u=v| wp(0, X)) p (vo(O, X))1.

THEOREM 2.19. Let X be a countably infinite set and define two mappings p and
& by
p:L(0) > FI(FOX)): & p(&)
E . FIFFOX)) = ZL(O): pr—> Ep).

Then p and & are mutually inverse order anti-isomorphisms of £,(€) and .9 (FO(X)).

PROOF. By [10, Corollary 1.12 and Remark] these two mappings determine a one-
to-one correspondence between .Z,(€) and £.# (F € (X)). It is not difficult to show
that both maps invert the inclusion relation.

PROPOSITION 2.20. Let & € £.(0) and X be a countably infinite set. Then p(&)
is the least fully invariant congruence p on F O(X) for which FO(X)/p € &.
PROOF. Let p € £F(FO(X)). We show firstly that
(1) u = vis satisfied by F6(X)/p if and only if (up (€, X)) p (vo(&, X)).

Suppose 4 = v is satisfied by FO(X)/p. Define y : XU X* » FOX)/p
by x : ¥y (yp(0,X)p (y € XU X*); then yx is a matched mapping. Let
®: F*(X) - FO(X)/p be the unique homomorphism extending x. Since u = v
is satisfied by FO(X)/p, we have that u® = v®. Clearly u® = (up(0, X))p and
v® = (vp(O, X))p, and it follows that (up(F, X)) p (vp(O, X)).

https://doi.org/10.1017/51446788700038131 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700038131

(8] On existence varieties of orthodox semigroups 107

Conversely, suppose (up(€, X)) p (vp(O,X)). Let x : XUX* > FO(X)/pbe
any matched mapping and ® : F*(X) — FO(X)/p be the unique homomorphism
extending y. To show that 4 = v is satisfied by F &(X)/p we need to show that u® =
vd. Let ® : FOX) - FO(X)/p be the homomorphism induced by ®. Since
(xp(0, X))®, (x*p(O, X)) are mutual inverses in FO(X)/p, by [5, Lemma 1]
there are mutual inverses wp(&, X), ®p (&, X) of FE&(X) such that (xp(&, X)) =
(wp(O, X))p,and (x*p(O, X))® = (@p(O, X))p(where p : FO(X) > FOX)/p
is the natural homomorphism). Define ¥ : XU X* - FOX)by ¢ : x >
wp(0, X), x* = wp(0, X); then ¥ is a matched mapping. Let ¥ : F*(X) —
F 0(X) be the unique homomorphism extending i and V: FOX) —> FOX)be
the homomorphism induced by W. It is easily seen that ® = W p.

Since W is an endomorphism of FEO(X), p € Z#(FO(X)) and (up(O, X)) p
(vp(0, X)) we obtain ((up(€, X)¥) p ((vo(L, X))¥). Therefore

ud = (up(0, X))® = up(0, X))¥p = (vp(F, X)) ¥p
= (vp(0, X)® = vd

as required and (1) is proved.
By (1) F O (X)/ p satisfies all bi-identities u = v such that (up (€, X)) p (vp (O, X)),
so by the definition of & (p) we have

) FO(X)/p € &(p).

Now let & € Z.(0). Then p(&) € £F(FO(X)) by Lemma 2.18. There-
fore by (2), FO(X)/p(&) € Ep(&) and since &p is the identity map on Z,(0)
(Theorem 2.19), we have that FO(X)/p(&) € &.

To show that o(&) is minimal, let p € FZ(FE6 (X)) be such that FO(X)/p € &
and let (up(0, X)) p(&) (vp(O, X)). Then u p(&, X) v so that u = v is satisfied
iné&. As FO(X)/p € &, u = v is satisfied by FO(X)/p. Therefore, by (1),
wp(0, X)) p (vo(O, X)). Thus p(&) < p which proves the minimality of p(&).

PROPOSITION 2.21. Let X be a countably infinite set and p € F%(F 0(X)). Then
Pmax € FI(FO(X)).

PROOF. The arguments of [16, Lemma 2.3] and [16, Theorem 4.2] with slight
modifications apply to yield this result.

An orthodox semigroup is combinatorial if 3¢ is the identity congruence on S or
equivalently if all subgroups of § are trivial.

PROPOSITION 2.22. The semigroup F €(X) is combinatorial and E-unitary.
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PROOF. Since FO(X) is the free orthodox x-semigroup, by [26, Theorem 2.2},
F &' (X) is combinatorial. A similar argument establishes that F &(X) is E-unitary.

3. Joins and meets with groups

In this section we show that the mappings ¢ : & —» &v¥&andy : &+ ENY (6 €
Z.(0)) are lattice homomorphisms, the former being complete, thus generalizing
results of Kleiman [11]. These two homomorphisms induce two congruences v,
and v, respectively on .Z,(£). We show that the v, classes are complete modular
sublattices of .%Z, (&) and that for each v, class the join of its members is &.

PROPOSITION 3.1. For any &, & € £,(0) we have
ENVYG =F Vv ifand only ifrp(&) = tro(F).

PROOF. Let 0 = 0,4, Then using the characterization of o for orthodox
semigroups it is easily seen that ¢ is fully invariant. By Proposition 2.20, p(¥) is the
least fully invariant congruence p on F 6(X) for which FO(X)/p € ¥ and hence it
follows that o = p(¥). Now using the anti-isomorphism o of Theorem 2.19 we have

EVvY =F v¥ifandonly if p(&) N p(4) = p(F) N p(¥)
ifand only if p(&) No = p(F)No
if and only if trp (&) = trp(F)

by Lemma 2.4 as F &(X) is E-unitary (Proposition 2.22).

A semigroup S is called fundamental if p is the identity congruence on S. Let €
denote the class of fundamental orthodox semigroups.

THEOREM 3.2. For any &, F € %.(€) we have
EVY T FVvYGifandonlyif ENFO C F NFO.

PROOF. The argument of [18, Theorem XII.2.4] applies to yield this result using
Lemma 2.7, Theorem 2.12 and Corollary 2.16 at the appropriate places.

COROLLARY 3.3. Forany &, F € £.(0) we have

EvG=FVvYifandonlyif ENFO = F NFO.
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COROLLARY 3.4. For any & € £.(0) we have
EVY={Sel|S/uecf}

PROOF. The argument of [18, Corollary XII.2.6] applies to yield this result using
Theorem 2.12 and Corollary 3.3 at the appropriate places.

For any non-empty class % of orthodox semigroups, we let (%) denote the e-variety
generated by ¥. For any &, &F € Z,(0) with & C F we let [£, F] denote the
interval sublattice of %, (£) with least element & and maximum element % .

THEOREM 3.5. The mapping ¢ : L.(0) — (¥, Ol definedby ¢ : &~ &V Y
(& € L(0)) is a complete lattice homomorphism. Furthermore, let v, be the
congruence on £.(0) induced by ¢. Then for each & €¢ £.(0), v, = [(&N
FO0), & v Y is a complete modular sublattice of £,(0).

PROOF. From Corollary 3.4 it is easily shown that ¢ is a complete lattice ho-
momorphism. The theorem can be completed as in [18, Theorem XII.2.8] using
Theorems 2.8, 2.19, Proposition 3.1 and Corollary 3.3 at the appropriate places.

PROPOSITION 3.6. Let & € £, (€0) and p = p(&). Then &(Pminy = & V ¥ and
E(Pmaxy = (& N FO). That is, pyin corresponds to the greatest and ppa to the least
element of &v,.

PROOF. By Lemma 2.18, p € £#(F0(X)). By Proposition 2.22, FO(X) is E-
unitary and so ppi, = pNo by Corollary 2.5 (hence ppi, € £F (FO(X))). Therefore,
using the anti-isomorphism & of Theorem 2.19, & (pminy = &(pN0o) = E(P)VE(c) =
EvY.

By Proposition 2.21, pyx € EF(FO(X)). Since (ENFOYVYE = &V Y,
tro({& N FO)) = trp(&) by Proposition 3.1. Therefore p({& N FO)) T Prax
and s0 & (Pma) € Ep((E N FO)) = (& N FO). Conversely, as trp(&) = tPpax,
EVYE = E(Pmx) V¥ by Proposition 3.1, that is, &(pp.) € Ev,. Therefore, as
(€ N FO) is the minimum element of &v;, (€ N FO) C E(pmax) We have equality.

LEMMA 3.7. The e-variety of orthodox semigroups is generated by its finite com-
binatorial members.

PROOF. By [26, Proposition 2.1], F.Z(X) = FO(X)/y is the free inverse semi-
groupon X. Consider the mapping x : FO(X)/_¢ — F.#(X)/ # ofthe ¢ classes
of FO(X) onto the #-classes of F.#(X) definedby x : J_ g% — J O, It
is not difficult to show that (up(&, X)) _# (vp(0, X)) if and only if (up(0, X))y
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F (vp(O, X))y. It follows that x is well-defined and one-to-one. Clearly x and its
inverse preserve the natural ordering of _# -classes.
For up(0, X) € FO(X) let

Fup(ﬁ‘x) = {'Up(ﬁ, X) € Fﬁ(X) l Jup(ﬁ,X) g va(ﬁ,X)},

and
Fup(ﬁ,x)y = {Up(ﬁ, X)}’ € Ff(X) I Jup(ﬁ,X)y g Jup(ﬁ,X)y}'

By the first part of the proof of [18, Lemma XII.1.7] this latter set is finite. Since y is an
order preserving bijection of the _# -classes of F &(X) onto the _# -classes of F .# (X)
it follows that the number of _# -classes va O.x such that Jup O.x C va B.x is finite.
By [26, Theorems 2.2, 4.4 and Proposition 4.7] each _#Z -class of F (X)) is finite and
hence F, | 4 i, is finite. Now the remaining part of the proof of [18, Lemma XII.1.7]

yields the following result: if & € .#Z.(€) contains all finite combinatorial orthodox
semigroups then F O (X) € &. It follows that & contains all orthodox semigroups.

For any positive integer we let €, = [x" = x"*!].
PROPOSITION 3.8. We have that \/;_ | €, = 0.

PROOF. The argument of [18, Proposition XII.1.8] applies to yield this result using
Lemma 3.7.

THEOREM 3.9. The mapping  : L.(0) —> ZL(¥) definedby ¢ : & > ENZG
(& € Z.(0)) is a lattice homomorphism. Furthermore, let v, be the congruence on
Z,(0O) induced by . Then for each & € £,(0), & NY is the least element of &v,,
and O is the join of all members of &v,. Hence only v, has a greatest element.

PROOF. The argument of [18, Theorem XII.3.2] applies to yield this result using
Theorems 2.9, 2.19 and Proposition 3.8 at the appropriate places.

4. Completely semisimple and cryptic e-varieties

An e-variety of orthodox semigroups is completely semisimple (cryptic) if all its
members are completely semisimple (cryptic). In this section we characterize such
e-varieties in several ways. We let .# denote the variety of inverse semigroups.

PROPOSITION 4.1. Let & be a cryptic e-variety of orthodox semigroups. Then & is
completely semisimple.
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PROOF. Since & is a cryptic e-variety of orthodox semigroups, & N .# is a cryptic
variety of inverse semigroups. By [21, Corollary 5.13] & N £ is completely
semisimple. Let S € &. Then S/y € & N #, and so S/y is completely semisimple.
By Lemma 2.13, S is completely semisimple. Hence & is completely semisimple.

LEMMA 4.2. Let S be an orthodox semigroup. Then S € €, ifandonlyif S|y € €..

PROOE. Suppose S/y € €, and let a € S. Then, as S/y satisfies the identity
x" = x"*!, we have thata"y = (ay)" = (ay)"*! = a"*'y,and so V(a") = V(a"*).
Let @ € V(a). Then (@)" € V(a") = V(a"*'). Therefore a" = a"(a’)"a" =
a*(@)'a" (@')'a" = a"(a')"a" -a(a’)"a* = a"a(a’)a" = aa"(a')"a" = aa" = a™*'.
Thus S satisfies the identity x” = x"*! and so § € %,. The converse implication is
obvious.

An e-variety of orthodox semigroups is combinatorial if all its members are com-
binatorial.

We have the following characterization of combinatorial e-varieties of orthodox
semigroups.

LEMMA 4.3. Let & € Z,(O). Then the following conditions are equivalent:
(@) & is combinatorial;
(b) &N FZis combinatorial;
(¢) & C €, for some positive integer n;
(d) &NY = T—the variety of all trivial groups.

PROOE. Clearly (a) implies (b).

(b) implies (c). Suppose & N .# is combinatorial. By [18, Lemma XII.1.10]
&N F C €, for some positive integer n. Now it follows easily from Lemma 4.2
that & C €.

(c) implies (d). Suppose & € €,. Then& NY C €, N¥Y = 7 since any group
which satisfies the identiy x” = x"*! must be trivial.

(d) implies (a). Suppose & N¥ = 7 and let § € &. Then all subgroups of S are
trivial, that is, § is combinatorial. Hence & is combinatorial.

LEMMA 4.4. Let & € £,(0). Then

E C [x"x*" = x¥x**ifand only if § 0N F C [x"x™" = x"x"].

PROOF. Suppose & C [x"x*" = x¥x**)letS € &N.#,anda € S. Thena"a ™" =
an(a—nan)a,—n ____a,n(a—ZnaZn)an :(a”a"‘)(a‘”a”)(a"a"‘) =(a—-nan)(ana—n)(ana—n) -
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(a—nan)(ana—n) — (a—nan)(a—nan)(ana—n) — (a——nan)(ana—n)(a—nan) — a—n(GZna—Zn)_
a" =a"a"a"a" = a"a". Thatis, § satisfies the inverse semigroup identity x"x~" =
x"x"andhence SN .F C [x"x" = x""x"].

Conversely, suppose £ N F C [x"x™" = x"x"]and let S € &, a € § and
a' € V(a). Since S/y € £N .7, S/y satisfies the inverse semigroup identity x"x ™" =
x~"x". Therefore (a"(a')")y = (ay)'(@'y)" = (ay)*(ay)™" = (ay)™"(@ay)" =
((@)"a")y and so V(a"(a')") = V((a')"a”). Then, as a"(a’)" € V(a"(@)") =
V(@)a),

an (al)n — an (al)nan (a/)n — an (al)nanan . (a/)n (a/)nan (a/)n
=ada" (a/)n (a/)n — a2n (al)2n .

That is, S satisfies the bi-identity x"x*" = x?x**" and hence & C [x"x*" = x¥"x*?").

For any & € Z,(0) we let T(&) = {S € & | (S) is combinatorial}. It is easily
seenthat T(&) N £ = T(& N &)

We denote the bicyclic semigroup by €.

We can now give characterizations of completely semisimple e-varieties of ortho-
dox semigroups.

THEOREM 4.5. Let & € Z,(0). Then the following conditions are equival-
ent:

(a) €€6&;

(b) & is completely semisimple;

() &N .F is completely semisimple;

(d) & C [x"x*" = x¥x**] for some positive integer n;

(e) T(&) C €, for some positive integer n;

) T(&) is an e-variety.

Moreover, the least positive integer satisfying (d) coincides with the least positive
integer satisfying (e).

PROOF. The equivalence of (a) and (b) follows easily from (20, Theorem 3.4] and
Lemma 2.13. Clearly (b) implies (c).

(c) implies (d). Suppose & N .# is completely semisimple. By [20, Theorem 3.4],
& NI C [x"x™" = x"x"] for some positive integer n. Therefore & C [x"x*" =
x¥x**"] by Lemma 4.4

(d) implies (e). Suppose & C [x"x*" = x¥x**] and let S € T(&). Then S € &
and (S) is combinatorial. Clearly then S/y € & N .# and (S/y) is combinatorial
sothat S/y € T(6 N .#). By Lemmad44, &N ¥ C [x"x™" = x~"x"] and hence
T(& N F) C ¥, by [20, Theorem 3.4]). Therefore S/y € €, and also S € &, by
Lemma 4.2. Thus T(&) C &,,.
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(e) implies (f). Suppose T(&) C €, andlet S € & N €,. Then (S) € ¥, and so
(S) is combinatorial by Lemma 4.3. Therefore S € T (&) whence & N €, € T(&).
The opposite inclusion is obvious: thus T(&) = & N €, is an e-variety.

(f) implies (a). Suppose T(&) is an e-variety. Then T(EN #£) =T(E)N S isa
variety of inverse semigroups. By [20, Theorem 3.4], 4 ¢ & N .# and hence ¥ ¢ &

Now let n be the least positive integer such that & C [x"x*" = x*"x**"] and m
be the least positive integer such that T(&) € €. Since & C [x"x*" = x¥x*™"]
ifand only if £ N £ C [x"x™" = x~"x"], n is the least positive integer such that
ENSF C[x"x" =x""x")and since T(§) C € ifandonlyif T(N F) S ECp,m
is the least positive integer such that T (& N .#) € €. By [20, Theorem 3.4], m = n.

Before characterizing cryptic e-varieties of orthodox semigroups we prove

LEMMA 4.6. We have €, VvV 4 = [x"yy*x*" = x"yy*x*"*'].

PROOF. let § € [x"yy*x*" = x"Hyy*x*"*',a € S,a’ € V(a) and e € E. Then
a"e(a’)" = a"'e(a’)"t! and (a')"ea” = (a’)"*'ea"*!. By the characterization of u
this gives a” u a"*' and it follows that S/ € €,,. By Corollary 3.4, S € €, V¥ and
so [x"yy*x*" = x"yy*x*"*'] C €, v ¥. The opposite inclusion is straightforward
and we have equality.

THEOREM 4.7. Let & € £.(0). The following conditions are equivalent:
(a) & iscryptic;
(b) &N .F and & NEX are cryptic, where €% is the variety of completely regular
semigroups;
(c) & C €,V Y for some positive integer n;
(d) & C [x"yy*x*" = x"yy*x*"*'] for some positive integer n;
(e) &NFEO C €, for some positive integer n;
) TE=ENFO;
(g) & N ZFO is a combinatorial e-variety.

PROOF. Clearly (a) implies (b).

(b) implies (a). Suppose & N £ and & N X are cryptic and let S € &. We show
first that if ay J# ey, wherea € S and e € &, then a € G, the union of the maximal
subgroups of S. Let @’ € V(a) then a'y = (ay)~! and so ad'y = d'ay = ey.
Therefore, by the characterization of y, V(aa’) = V(ad’a) = V(e). Also, as aey =
eay = ay, V(ae) = V(ea) = V(a). Since

ad’ed’a-ea =ad'ea (sincee € V(e) = V(da))
=a (since a’e € V(ea) = V(a))
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and
ae-ad'ea’'a = aea’a (sincee € V(e) = V(ad'))
=a (since ea’ € V(ae) = V(a))

it follows that a ¥ aad’ea’a andsoa € G.

Leta, b € Gthena 5% e and b ¢ f for some e, f € E. Then ay ¢ ey and
by  fy. Since §/y € &N # which is cryptic, S is a congruence on S/y and so
(ab)y S (ef)y. By the previous paragraph ab € G and so G is a subsemigroup of
S. As G is a union of groups, G is a completely regular subsemigroup of S, therefore
G € £NEX. Since & N EZ is cryptic we have that G is a band of groups. By
Lemma 2.14, S is cryptic and hence & is cryptic.

(a) implies (c). Suppose & is a cryptic e-variety. Then, by Lemma 4.1, & is also
completely semisimple. By Theorem 4.5 & C [x"x*" = x?x**"] for some positive
integern. Let S € &,a € Sand a’ € V(a). Then a” = a"(@’)"a" = a*(@')*a" =
at' . a"Y(a*)*a" and a"*! = a" - a which implies that a” #Z a"*'. Analagously
a" & a™! and so a" S# a"*'. Since S is cryptic, J# is a congruence on S so that
¥ = u. Therefore a” u a™*' and it follows that S/u € €,. By Corollary 3.4
Se¥,v%andhence £ C6, VY

The equivalence of (c) and (d) follows from Lemma 4.6.

(c) implies (¢). Suppose & C €,vV¥Y. Then ENFO C (€, VYIINFO = € ,NFO
by Corollary 3.3 as (¢, Vv¥)V¥Y = ¥, v¥. Since ¥, is combinatorial and in particular
fundamental, €, N € = € ,, whence & N FO C E,.

The arguments of [20, Theorem 3.9] applies to show that (e) implies (f) and (f)
implies (g).

(g) implies (a). Suppose & N FE is a combinatorial e-variety and let S € &. Then
S/u € &ENFO. As & N FO is a combinatorial e-variety, S/u has no nontrivial
subgroups. Therefore u = ¢ is a congruence. That is, S is cryptic, and hence & is

cryptic.

REMARK 1. Note that the conditions & is cryptic and & N .# is cryptic are not
equivalent. For let 6% be the variety of orthodox completely regular semigroups.
Then 6% is not cryptic. However, 0% N # = .49, the variety of semilattices of
groups is cryptic.

Let €. and €.%5¢ denote respectively the classes of completely semisimple and
cryptic orthodox semigroups. Neither of these classes is an e-variety. Denote by

LA(ES) and ZL.(€.F37) the set of all e-varieties contained in €. and €.#¢
respectively.

COROLLARY 4.8. Both .&,(¢.%) and £.(€F ) are ideals of £.(0).
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PROOF. Let &, F € Z.(¢.%). By Theorem 4.5, & C [x"x*" = x*x**"] and
F C [x"x*™ = x¥x**] for some positive integers m and n. Since & satisfies
x"x*" = x¥x*? it is easily seen that & satisfies x"x*" = x*"x**" for any positive
integer k, and it follows that & satisfies x™"x*™ = x2™" x**™ (= x"x*™). It follows
that & v F C [x™x*™ = x*x*>™] and hence by Theorem 4.5, that & v & ¢
L (CS).

If & € Z(€¥) and F € .£.(0) then it follows easily from Theorem 4.5 that
ENF € Z(6). Consequently Z,(6.%) is an ideal of .Z,(€). The second
assertion of the corollary is easily proved from Theorem 4.7

Forany % € L(¥4) welet Q(%) = {6 € L.(O)| ENY = %}. Ttis easily
shown, from Theorem 3.9, that Q(%) is a sublattice of .Z, (&) for each % € X (¥).

COROLLARY 4.9. Let % € X (¥4) and & € Q(T). Then &V U € C.5.

PROOE. Since & is combinatorial, & C %, for some positive integer n by Lemma4.3.
Therefore & vV % C%€, V¥ and hence & Vv % € 6.#3¢ by Theorem 4.7.

LEMMA 4.10. Let % € £(¥%). Then the mapping x : Q(F) - Q%) : & —
& NV % is an isomorphism of Q(T) onto Q(%).

PROOE. Let& € Q(Z). By Theorem 3.9, (EVZ)NY = (ENDV(UNY) =%
so that y maps Q(7) into Q(%). Define ® : Q(T)x - Q(I)byd: & —
ENFO (& € Q(F)x). Notethatas & € Q(T)x, & € €. by Corollary 4.9 and
hence & N #O is a combinatorial e-variety by Theorem 4.7. It is easily shown, from
Corollary 3.3, that x ® and ® x are identity maps on their domains. Since both y, ¢
are obviously order preserving it follows that both x, ¢ are lattice isomorphisms.

COROLLARY 4.11. The mapping x : & — &V ¥4 (& € Q(T)) is an isomorphism
of O(T) onto Q(¥) N L, (6.5 ) with inverse x™' : & —» &N FO.

PROOF. The argument of [20, Corollary 3.14] applies to yield this result using
Corollary 3.4, Theorems 4.5, 4.7 and Lemma 4.10 at the appropriate places.

COROLLARY 4.12. The mapping ® : L.(6¢5#) —> Q(T): &> ENFCOisa
homomorphism of £,(€£) onto Q(T).

PROOF. The argument of [20, Corollary 3.15] applies to yield this result using
Corollary 3.4 and Theorems 3.5, 4.5 and 4.11 at the appropriate places.
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5. The maximum element in a v;-class

Recall that the mappings ¢ : &+ v andy : &> ENY (& € L. (0))
induce congruences v, and v, respectively on .Z,(£). Thus for &, F € £.(0)

v Fifandonlyif §v¥ =% v¥; and
Ev, Fifandonlyif §NY = FNY.

By Corollary 3.3 we have an alternate description of v, namely
v Fifandonlyif &N FO = F N FO.

Let v; = v; N v,. Then it is not difficult to show that each v;-class has a minimum
member. In this section we show that each v;-class of a cryptic e-variety also has a
maximum member. (This result is not true in general: see for example [19, Section

51.)

PROPOSITION 5.1. Let V be a vi-class and & € V. Then (6 N¥) v (& N FO) is
the minimum member of V.

PROOF. The argument of [19, Proposition 3.1] applies to yield this result.

To identify the maximum member of a v;-class of a cryptic e-variety we will need
the concept of a Mal’cev product for e-varieties.

Let & and & be any classes of orthodox semigroups. The class of all orthodox
semigroups S for which there exists a congruence 6 on S such that S/6 € & and
e € & for each e € & is called the Mal’cev product of & and & denoted & o £

Note that if & and & are classes of inverse semigroups, then & o # is a class of
inverse semigroups. Forlet § € & o &, 6 be a congruence as in the definition of the
Mal’cev productand e, f € E. Then, as §/6 is an inverse semigroup, (ef )8 = (fe)0
and therefore, as each idempotent f-class is an inverse semigroup, ef fe = feef, that
is, efe = fef. Hence ef = efef = feff = ffef = fefe = feandso S is an
inverse semigroup.

The Mal’cev product of e-varieties is not in general an e-variety (see for example (1,
Example 1.2]). However it does have the following property.

LEMMA 5.2. Let &, ¥ € Z,(0). The & o F is closed under direct products and
regular subsemigroups.

PROOF. The argument of [18, Lemma XII.8.2] applies to yield this result.
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PROPOSITION 5.3. Let % € £ (¥4) and & € L (O). Then U o & is an e-variety
of orthodox semigroups.

PROOF. By Lemma 5.2, it remains to show that % o &£ is closed under homomorphic
images. Let S € % o & and x : S — T be a homomorphism of S onto an orthodox
semigroup T. Let 8 be a congruence on S such that §/8 € & and e € % for each
e € E. Since e@ € % a group variety, ef contains a unique idempotent for each
e € E. Thus 0 is an i.s. congruence. By Lemma 2.11, 6 induces an i.s. congruence,
¢ say, on T. Furthermore, T /¢ is a homomorphic image of S/8. Thus T/¢ € & as
S/0 € &.

As K = Kerf = |, ef is a band of groups in %, K/yk is a semilattice of
groups in % . By the proof of [8, Theorem IV.2.1], K/yx is a strong semilattice of
groups in % and hence K /yx € % v . by [8, Theorem 1V.5.12], where . is the
variety of semilattices. It is easily shown that the mapping ® : K — K/yx x E,
defined by @ : a > (ayx,e) where a € K and a 6 e, is an embedding. It follows
that K € % v % and hence Kx € % Vv 9B, where & is the variety of bands.
Since K x = Kerf and ¢ is i.s., all idempotent ¢-classes are in (Z v B) N¥Y. By
Theorem 3.9 (X VBINYG = (X NYG) Vv (BNY) =%. Thus e¢p € % for each
e € Er. We have that ¢ is a congruence on T such that T/¢ € & and e¢p € % for
eache € Er. Thus T € % o &, whence % o & is an e-variety.

THEOREM 5.4. Let & € L(€F ). Then (& NY) o (€ N FO) is the maximum
member of &vs.

PROOF. Let Z = &NY and F = &N FO (which is an e-variety by Theorem 4.7).
The first part of the proof of [19, Theorem 3.5] applies to show that % o & contains
& V3.

We need to show that Z o F € &vs.

Let G € (% o #) N'¥. Then there is a congruence 6 on G such that G/0 € F
and 10 € . Since G/0 is a group in F C F#6, 6 must be the universal congruence.
Then G =10 = %,and so (% o F)NY C % = & NY. The opposite inclusion is
easily proved and we have equality. Hence % o & € &v,.

The theorem may now be completed as in [19, Theorem 3.5].

COROLLARY 5.5. Let & € L (6.5 ). Then &vs = [(ENY) v (ENFO), (&N
%) o (& N FO)] is a complete modular lattice.

PROOF. This follows easily from Proposition 5.1, Theorem 5.4 and Theorem 3.5,
as 13-classes are sublattices of v, -classes.
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COROLLARY 5.6. Let %4 € L(¥4)and & € Q(T) then [ v &, % o & is a

vs-class.

PROOF. Let & = % Vv &. Then &F € & (6.5 ) by Corollary 4.9. By Corollary
5.5 the vs-class containing & is [(F NY) Vv (F NFEO), (F NY)o(F NFO))]. Since
FVvY =& v, Corollary 3.3 yields that # N FEO = &N FO = &, while Theorem
3.9 yields that # N¥Y = % . Therefore the v3-class containing F is [# vV &, % o &).

6. Further results on the Mal’cev product

In this section we show that the Mal’cev product respects the lattice operations
in £ (%), we establish an associativity result and we determine bi-identities for the
Mal’cev product of a group variety and an e-variety of orthodox semigroups.

LEMMA 6.1. Let % € £ (¥4) and & € £,(0). Then
@ UoE=(UooE)NIF)VE;
®) (oNI =% o(ENF).

PROCFE. (a) Let S € % o &. Then S/y € (% o &) N #. Let 6 be a congruence
on S such that §/6 € & and ef € % for each e € E. Then 6 is an i.s. congruence
on S. Therefore 8 € p and so S/u = (§/0)/(u/6) € & By [8,p. 191,y Nu =1
therefore S is a subdirect product of S/y and S/u. Hence S € (Z o &) N F) VvV E,
andso % o & C (% o &) N #) N &. The converse inclusion is obvious.

(b) Since the Mal’cev product of classes of inverse semigroups is a class of inverse
semigroups it is clear that % o (6 N .#) C (% o &) N #. The converse inclusion is
trivial.

LEMMA 6.2. Let {% .| @ € A} be a family of varieties of groups and & € £,(0).
Then

(v%") o = V(%a o &) and (ﬂ%a) o = ﬂ(%a o &).
PROOF. By Lemma 6.1 and [19, Lemma 4.1] we have
(\/%a)og= (((\/%a)og)ny)vg
(V#z)o@nm)ve
(V@.o@nsy)ve
(

V(@ - &) n.ﬂ)) veE
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= \/(((%a 0o E)NIL)V E)
=\/(%,08).

The argument of the corresponding assertion of [19, Lemma 4.1] applies to establish
that (%) 0 & = (%o 0 &).

THEOREM 6.3. If & € Z,(0) is such that Y C & then the mapping U — U o &
is a complete lattice isomorphism of £ (%) into [£,¥4 Vv &].

PROOF. The argument of [19, Theorem 4.3] applies to yield this result.

THEOREM 6.4. Let %, ¥V € L(%4) and & € L(0O). Then ( o ¥)o & =
U o(¥Vob).

PROOF. By Lemma 6.1 and [1, Theorem 4.4] we have

(UoV¥)oE=((H o¥)oE)YNI)Y)VE
=% oY) (ENLY)YVE
= o(Vo(ENSIF)))VE
=Zo(YVo&)NIF)HVE
=(Zo(Fob)NSF)VE
=((Zo(¥oE)NIL)YV(¥ob)
=% o(¥Vod)

where the second last equality follows since ¥ € % o ¥ and hence ¥ o & C
(Uo¥)o&.

We now determine bi-identities for the Mal’cev product 4 o & where & € Z.(0).

Let X be a countably infinite set. We will use the notation x to denote a string
of elements x, x{, ..., x,, x; of X U X*. Note that any bi-identity u(x) = v(x)
is equivalent to the the three bi-identities u(x)v*(x) = v(x)v*(x), v*X)u(x) =
v*(x)v(x) and u(x)v*(x)u(x)u*(x)u*(x) = u(x)u*(x). For suppose S is an orthodox
semigroup which satisfies the latter set of bi-identities and let s = sy, 57, ... , Si,
s, be a string of elements of S where s € V(s;). Then u(5) = u(S)u*(Su(s) =
u(S)v*(SuS)u* (Hu(s) = u(s)v*(Hu(s) = u(HHv*(S)v(s) = vE) vV (Hvi) = v(s),
that is, S satisfies the bi-identity u(x) = v(x). The converse is clear. Thus for any
& € ¥,(0) there is a basis of bi-identities of the form v(x) = i(x) where i (x)p (0, X)
is an idempotent of F 6(X). If we write

Idem(&) = {(v(X), i(x)) € F*(X) x F*(X) | & satisfies the bi-identity
v(x) = i(x) and i (x)p (O, X) is an idempotent of F £'(X)}
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then Idem(&’) provides a basis of bi-identities for &.

THEOREM 6.5. Let & € £,(0). Then the following are equivalent:
(a) S€eboé;
(b) S/ueé;
(¢) S satisfies all bi-identities of the following forms

vV (X)i(x) = i(X) = i(X)v*(X)v(X),
where (v(x), i(x)) € Idem(&).

PROOF. The equivalence of (a) and (b) is not difficult to prove and is left to the
reader.

(b) implies (c). Suppose S/u € & and let (v(x), i(x)) € Idem(&) and § = s,
Sy +++ s S, 5, be a string of elements of § where s/ € V(s;). As sin € S/pu,
sip € V(s;u), S/pu € & and & satisfies the bi-identity v(x) = i(x), we have that
V(SIH, STy - ooy Snlh, Spb) = (ST, S{HL, « .., Splt, S,1L), SO that v(S)u = i(S)u or
v(§) p i(s). Since u C J#, in particular v(5) and i (5) are # -related elements of S.
As i(5) is an idempotent of S, the J#-class H;;, is a group. Let v(3)~! be the inverse
of v(5) in H;z,. Then v(5)v*(5)i () = vEV*G)v()v(s) ! = v(E)v() ™! = i(5), and
similarly i (5) = i(5)v*(5)v(5). Thus S satisfies all bi-identities of the forms given in
(©).

(c) implies (b). Suppose § satisfies all bi-identities of the forms given in (c).
Since Idem(&’) provides a basis of bi-identities for &, we need to show that S/u
satisfies v(x) = i(x), where (v(x), i(¥)) € Idem(&). Now, ifa € S/u and d €
V(a), then by [5, Lemma 1] there are s € S and s’ € V(s) such that a = su and
a’ = s'u. Therefore we need to show that v(sp) = i(Su), or equivalently, that
v(s) u i(5), where s = sy, 57, ..., S, 5, is a string of elements of S with 5] € V (s;).
We first prove the following result: if (v(x), i(x)) € Idem(&£), then v(5) H€ i(5).
Since (v(x), i(x)) € Idem(&’), by assumption, we have that v(5)v*(5)i(s) = i(5) =
i(F)v*(s)v(s). Also, it is clear that (v*(x)i(x), v*(x)v(x)) € Idem(&£) and again, by
assumption, we have that

VI(E)IE)iIT (v () vE) = v E)v(E) = v () vE)iT () v () (5)i(5).

Therefore i (5)i*(5)v(5) = v(E)V* )i ) *S)vE)Iv*E)v(is) = v(E)v*()vE) = v(§)
and v(5)i*(5)i (5) = v(EV* @) v(E)*E)v(s)v* )i (5) = vEW*(S)v(S) = v(§). Now
v($)V*($)i(S) = i(5) and i (5)i*(5)v(s) = v(5) show that v(5) #Z i(5), and i (5)v*(5)
v(§) = i(§) and v(5)i*(5)i(5) = v(5) show that v(5) £ i(5). Thus v(5) H# i(5).

To show that v(5) i i(5), we use the characterization of u. First note that
as (v(x),i(x)) € Idem(&) we have that (v*(x), j*(x)) € Idem(&) where j*(x) =
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v*(X)v(X)i*(x)v(x)v*(x). Furthermore, it is easily seen that j*(5) € V (i (5)). Now let
y be an element of X not appearing in x and let e € E. (In any bi-identity involving
y, both y and y* will be replaced by e.) Clearly (v(x)yy*v*(x), i(X)yy*j*(x)) €
Idem(&’) and so, by the above result, it follows that v(5)ev*(5) 4% i(3)ej*(5). Since
both v(5)ev*(5s) and i(s)ej*(5) are idempotents, we have in fact that v(s)ev*(s) =
i(5)ej*(5). Similarly v*(5)ev(s) = j*(5)ei(5). By the characterization of 1, we have
that v(s) u i(5) as required.

We now determine bi-identities for the Mal’cev product % o &, where % € £(¥)
and & € .Z,(0). To do this we will need the concept of a verbal subsemigroup.

Let & € Z.(0), V = Idem(&) and S € &. The verbal subsemigroup of § is
defined by

V(S) = {v(X)x | @ € Hom(F*(X), S) and (v(x), i(x)) € V}.
That V (§) is in fact a subsemigroup of S is shown in the following lemma.

LEMMA 6.6. Let & € ZL.(0), V = Idem(&) and S € €. Then V(S) is a full
self-conjugate regular subsemigroup of S.

PROOEF. Let a, b € V(S). Then there are homomorphisms «, 8 € Hom(F*(X), §)
and (v(x),i(x)), (w(y), j(¥)) € V where X = xi, x|, ..., X, Xy and y = x4,
Xyiis ooo s Xngms Xpp, Such that @ = v(x¥)a and b = w(y)B. It is clear that
(wxX)w(y),i(x)j(y)) € V. Define a matched mapping x : X U X* — S by

xiof, xfoe i=1,...,n
XX, x> { x:B,x'B i=n+1,....,n+m
xa, xjo otherwise

andlet ®: F*(X) — S be the unique homomorphism extending x. Then (v(x)w(y))P
= (wX)P)(w(P)P) = (X)) (w(y)B) = ab is an element of V(S). Thus V(S) is
closed under multiplication and hence is a subsemigroup of S.

As (v(x),i(x)) € V it is easily seen that (v*(x), v*(X)v(X)i*(xX)v(X)v*(X)) €
V. Hence v*(x)a € V(S) is an inverse of a = v(x)a. Thus V(§) is a regular
subsemigroup of S.

To show that V(S) is self-conjugate let s € S, s’ € V(s). As (v(x),i(x)) € V
it is clear that (x;,,v(X)Xy41, X, ,i(X)X,41) € V. Define a matched mapping x :
XUX*—> Sby

xia, xlo i=1,...,n
X X, X[ > s, s i=n+1

xio, xyor otherwise
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and let ® : F*(X) — S be the unique homomorphism extending x. Then (x},  v(x)
X)) ® = (0, P)(W(X)P) (x4 P) = s'as is an element of V(S). It follows that
s'V(S)s € V(S) and so V(S) is self-conjugate.

Foranye € E,letx : F*(X) — S be defined by o : v(x) > e (v(x) € F*(X)).
Then, as (xx*, xx*) € V, we see that e = (xx*)a € V(S) and V (S) is full.

THEOREM 6.7. Let % € L (4) and & € £,(0). Then S € % o & ifand only if S
satisfies all bi-identities of the following forms:
(@) vX)v(xX)i(x) =i(x) = i(x)v*(x)v(x), where (v(X), i(x)) € Idem(&);
(®) u(vi(x1), vi(x), ..o Va(Xa), V3(X)) = ulin(xr), ji(xa), - .o (%), jr(Xa)),
whereu(xy, x', ..., Xy, x71) € IA(Z), (ve(%r), ik (K1) € Idem(&) and ji (%) =
Ve (XU (X )iy (K ) ve () v (k).

PROOF. Let S € Z o &. Then S € 4 o & and so S satisfies all bi-identities of the
forms given in (a) by Theorem 6.5.

Let 6 be a congruence on S such that §/0 € & and e6 € % for each e €
E. Letu(xy, x;', ..., xp, x71) € Id(Z), (wi(%i), ix(%)) € Idem(&) and (%) =
VE(X) Ve (FB)if (B ) ve (X ) vp (%) Note that as (ve(Xy), ix (X)) € Idem(&), we have
that (v7(%,), ji (%)) € Idem(&). Let 5, = s}, (s1), ..., sp®, (s¢®) be a string of
elements of S, where (si)’ € V(s}). As (vi(Xp), ix(Xi)), (vi(xe), ji (%)) € Idem(&)
and §/8 € &, we have that v, (5,)6 = i, (5:)0 and v} (5,)0 = j;(5:)6. Hence

u(V1(81), Vi1, - .+, V2 (5n), v;(5,))0 = u(v1(31)6, v; (51)8, . . ., Va(54)0, v;(5,)0)
= u((,(51)8, jy (518, ..., i.(5,)0, j; (5,)6)
= UG, 3G,y G J1 B
Let e = u(iy(51), j{(51), ..., in(8n), j2(S54)). Then, as ix(5¢), ji (S) are idempotents
of S, e is an idempotent of S.

As Kerf is a band of groups, Kerf/y is a semilattice of groups. By [8, Theorem
IV.2.1] the idempotents of a semilattice of groups are central. Therefore, as v, (5;),
vy (5x) € Kerf and u(vi(5,), v1(51), ..., Va(5,), v;(5,)) € ef which is a group with
identity e we have that

u@i(51), v, ..o, 1a(5a), vG0)) =€ - u(i(51), vy 31, - - -, Va(Sn), V1 (50))

y ulevi(5y)e, evi(sy)e, ..., ev,(3y)e, ev:(5,)e)

We show that ev, (5;)e, ev; (5;)e € ef.
By the first paragraph, S satisfies all bi-identities of the forms given in (a). There-
fore,

Je ) = vi ) e G (S ) v (5 v (i)
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Y Ve )G ie S ve (i) vy (5)
Y v(S) v )i (5 vg (S ve (Se) = ik (51).

Furthermore, it is easily seen that e y i,(5;) - - - i,(5,,). It follows that ei;(5;)e ¥ e and
eji (5)e y e. By the characterization of y, V(eir(5:)e) = V(e), and so ei,(5y)e =
e eiy(Si)e - e = e, and similarly ej (5;)e = e. Therefore ev,(5;)e 6 eiy(5;)e = e and
evi(5:)e 6 ej; (Sp)e = e.

We now have that ev,(5;)e € ef and ev;(5;)e is the inverse of ev(5;)e in the
group ef. Since e# € % and u(x;, x;',..., %, x;') € 1d(%), we have that

u(ev,(s1)e, evi(s)e, ..., ev,(s,)e, ev,(s,)e) = e. Therefore u(v,(5,), vi(5),...,
Va(5,), v;(5,)) ¥ e and hence u(v,(5,), v;(51), ..., vx(S5,), v;(5,)) is an idempotent of
S, since y is idempotent pure. Finally, as u(v;(51), v](51), ..., V4(3,), v;(5,)) € €6,

which is a group with identity e, we have that
ui(51), V(1) - .-, Ua(8n), U3 (5)) = e = u(@r(51), ji(51), - - -, in(Sa), Jiy (3n))-

Thus S satisfies all bi-identities of the forms given in (b).

For the converse, let S be an orthodox semigroup satisfying all bi-identities of the
forms given in the statement of the theorem and let V = Idem(&). Let a € V(§).
Then there is (v(x), i(x)) € V and a string of elements 5 = sy, 51, ..., S, 5, of S,
where s; € V(s;), such that a = v(5). Since § satisfies the bi-identities of the forms
given in (a), S/u € & by Theorem 6.5 and therefore S/u satisfies the bi-identity
v(x) = i(x). Nowap = v(s)u = i(5)u, that is, a is u-related to the idempotent i (5).
Hence a € Keru and so V(S) € Keru. By Lemma 6.6, V (5) is a full self-conjugate
regular subsemigroup of S and therefore V (S) is the kemel of an i.s. congruence, 8
say, on S, by Theorem 2.10. We show that S/0 € & and e € % foreache € E.

To show that §/6 € & it suffices to show that v(5) 0 i(5), where (v(X), i(X)) €
Idem(&) and 5 = sy, 51, ..., S4, 5, is a string of elements of S with s, € V (s;). Since S
satisfies the bi-identities of the forms given in (a), we have that v(5)v*(5)i(5) = i(5) =
i(5)v*(5)v(s), and also i (5)i*(5)v(5) = v(5) = v(5)i*(5)i(5) (since (v*(X)i(X), v*(X)
v(X)) € Idem(&) as in the proof of Theorem 6.5). Now

v(EV(S) = i@ S v(E)v*(S)
= iEV EvE)IT®vEV ) =i(5)]7G)
and
v (Hv(s) = v E)v(E)i*(5)i(5)
= v (®v®i* v @)V ()i (5) = j* ()i ().
Furthermore it is easily seen that v(5)j*(5), v*(5)i(5) € V(S) and that j*(5) €

V (i(5)). Therefore, by the characterization of § (Theorem 2.10) we have v(3) 8 i(5)
as required.
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Finally lete € E, u(x,, x; ', ..., %, x;") € ld(%) and g, ..., g, € ef. Since
g; € Kerf = V(§) each g; has the form v, (¥ ), where o, € Hom(F*(X), S) and
(v (X)), ik (X)) € V. Without loss of generality we can assume that the distinct
strings x; have no element in common. Define @ € Hom(F*(X), §) as an extension
of the map x determines as follows: for each y in the k-th string X, let yx = yo,
(x is well-defined since the distinct strings x; have no element in common). Then
v () = v (X))o = g and vy (X ) is an inverse g, say of g,. Let g, ! be the inverse
of g in the group 6. Then g;'y = (g:¥)~"' = g,y = v} (X,)ay. Hence

u(g, 87 8 &Y = Uiy, 87V -, &Y, 8, Y)
=u(vi(x)ay, vi(xDay, ..., v.(x)ay, v, (X,)aey)
=u( (X1), v](X1), ..., Vu(Xn), ) (X)y

= u(iy (X)), j; (%), ..o, in(Xa), Jy (Ka))ry

since by assumption S satisfies bi-identities of the form givenin (b). Thus u(g;, g7\ - - .,
gn» & ")y is an idempotent of S/y and hence u(g;, g;', ..., g g;") is an idem-
potent of S and in fact of ef. Since ef is a group with identity e this yields that
u(gy, g/ L g g.') = e. We have shown that ef satsifies all the identities of
Id(% ), thus €6 € % for all e € E. Hence 8 is a congruence on S such that §/6 € &
and ef € % foralle e E,andso S € Z o &.
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