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K-STABLE DIVISORS IN P! x P! x P? OF DEGREE (1,1,2)

IVAN CHELTSOV®, KENTO FUJITA®, TAKASHI KISHIMOTO® AND
TAKUZO OKADA

Abstract. We prove that every smooth divisor in P' x P* x P? of degree
(1,1,2) is K-stable.
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§1. Introduction

Smooth Fano threefolds have been classified by Iskovskikh, Mori, and Mukai into 105
families, which are labeled as Nel.1, Ne1.2) Nel.3, ..., Ne10.1. See [3] for the description of
these families. Threefolds in each of these 105 deformation families can be parametrized
by a nonempty rational irreducible variety. It has been proved in [3], [11], [12] that the
deformation families

Ne2.23, Ne2.26, Ne2.28, Ne2.30, Ne2.31, Ne2.33, Ne2.35, Ne2.36, Ne3.14,

Ne3.16, Ne3.18, Ne3.21, Ne3.22, Ne3.23, Ne3.24, Ne3.26, Ne3.28, Ne3.29,

Ne3.30, Ne3.31, Ned .5, Ne4.8 Ned.9, Ne4. 10, Ne4.11, Ne4.12, Ne5.2
do not have smooth K-polystable members, and general members of the remaining 78
deformation families are K-polystable. In fact, for 54 among these 78 families, we know all

K-polystable smooth members [2]-[6], [9], [14], [16]. The remaining 24 deformation
families are

Received June 17, 2022. Revised December 10, 2022. Accepted January 28, 2023.

2020 Mathematics subject classification: Primary 14J30, 14J45, 32Q20.

Throughout this paper, all varieties are assumed to be projective and defined over C.

Cheltsov has been supported by JSPS Invitational Fellowships for Research in Japan (S22040) and by EPSRC
Grant Number EP/V054597/1 (The Calabi problem for smooth Fano threefolds). Fujita, Kishimoto, and Okada have
been supported by JSPS KAKENHI Grant Grant-in-Aid for Scientific Research (C) Numbers 22K03269, 19K03395,
and JP22H01118, respectively.

© The Author(s), 2023. Published by Cambridge University Press on behalf of Foundation Nagoya Mathematical
Journal. This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in any
medium, provided the original work is properly cited. m

Check for
https://doi.org/10.1017/nmj.2023.5 Published online by Cambridge University Press updates


http://dx.doi.org/10.1017/nmj.2023.5
https://orcid.org/0000-0002-6820-8073
https://orcid.org/0000-0002-8887-5551
https://orcid.org/0000-0002-2887-0089
https://orcid.org/0000-0002-7961-2258
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/nmj.2023.5&domain=pdf
https://doi.org/10.1017/nmj.2023.5

K-STABLE DIVISORS IN P! xP! x P2 OF DEGREE (1,1,2) 687

Ne1.9, Ne1.10, Ne2.5, Ne2.9, Ne2.10, No2.11, Ne2.12, Ne2.13,
Ne2.14, Ne2.15, Ne2.16, Ne2.17, Ne2.18, Ne2.19, Ne2.20, Ne2.21
Ne3.2, Ne3.3, Ne3.4, Ne3.5, Ne3.6, Ne3.7, Ne3.8, Ne3.11.

The goal of this paper is to show that all smooth Fano threefolds in the family Ne3.3 are
K-stable. Smooth members of this deformation family are smooth divisors in P* x P! x P2
of degree (1,1,2). To be precise, we prove the following result.

MAIN THEOREM. Let X be a smooth divisor in P x P! x P2 of degree (1,1,2). Then X
1s K-stable.
§2. Smooth Fano threefolds in the deformation family Ne3.3

Let X be a divisor in P} , x P}, , xP%  _ of tridegree (1,1,2), where ([s: ], [u: v], [z :y: 2])

T,Y,2

are coordinates on }P’;’t X IP’ » X Pi 4.z~ Then X is given by the following equation:

I
az1 Q22 v ’

where each a;; = a;;(x,y,2) is a homogeneous polynomials of degree 2. We can also define

X by
bi1 biz b3 x
[z y z]| bar boz bos y | =0,
bs1 b3z b33 z

where each b;; = b;;(s,t;u,v) is a bi-homogeneous polynomial of degree (1,1).

Suppose that X is smooth. Then X is a smooth Fano threefold in the deformation family
Ne3.3. Moreover, every smooth Fano threefold in this deformation family can be obtained
in this way. Observe that —K3% = 18, and we have the following commutative diagram:

IP’;tx]P’1
1 / w
S7t\ /
1
X
/ \
1 2
P txPIyz xIP’wyz
7y7

where all maps are induced by natural projections. Note that w is a (standard) conic bundle
whose discriminant curve Apiyp1 C }P’;’t X Pi’v is a (possibly singular) curve of degree (3,3)
given by
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bll b12 bl3
det b21 b22 b23 =0.
b31 b3z bs3

Similarly, the map 73 is a (nonstandard) conic bundle whose discriminant curve Apz is a
smooth plane quartic curve in IP’?C% ., which is given by ai1a22 = a12a2:. Both maps ¢; and
¢2 are birational morphisms that blow up the following smooth genus 3 curves:

{San +tasr = saig+tage = 0} C P;t X IP’%%Z,

1 2
{uan +vai12 = uag1 +vagse = O} C ]P)u,v X Pm,y,z‘

Finally, both morphisms 7; and w5 are fibrations into quintic del Pezzo surfaces.
Let Hy = w1 (Op1(1)), let Hy = w5(Op1(1)), let Hy = w5(Op2(1)), and let E; and Fy be
the exceptional divisors of the morphisms ¢, and ¢, respectively. Then

—Kx ~H+Hy+ Hs,
E, NH1+2H3—H2,
Ey~ Ho+2Hs5— Hj.

This gives E4 + E2 ~ 4H3, which also follows from E; + Ey = 75 (Ap2). We have

3 1 1 1 3 1
—Kx~g-Hi+-Hos+-Fs~g-H1+—-Ho+-Fj7.
X @2 1+2 2+2 2 Q2 1—1-2 2+2 1
In particular, we see that a(X) < 2. Note that By = Fy = Apz x PL.
The Mori cone NE(X) is simplicial and is generated by the curves contracted by w, ¢1,

and ¢o. The cone of effective divisors Eff (X)) is generated by the classes of the divisors Ej,
EQ, Hl, and HQ.

LEMMA 1. Let S be a surface in the pencil |Hy|. Then S is a normal quintic del Pezzo
surface that has at most Du Val singularities, the restriction ws|s: S — ]P)?c,y,z is a birational
morphism, and the restriction ma|s: S — PL . is a conic bundle. Moreover, one of the

following cases holds: 7

e The surface S is smooth.
(A1) The surface S has one singular point of type A;.
(2A1) The surface S has two singular points of type A;.
(A
(

) The surface S has one singular point of type As.
Az) The surface S has one singular point of type As.

Furthermore, in each of these five cases, the del Pezzo surface S is unique up to an
isomorphism.

Proof. This is well known [7], [8]. 0

REMARK 2. In the notations and assumptions of Lemma 1, suppose that the surface S
is singular, and let : S — S be its minimal resolution of singularities. Then the dual graph
of the (—1)-curves and (—2)-curves on the surface S can be described as follows:
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(A1) if S has one singular point of type A;, then the dual graph is

(2A1) if S has two singular points of type A, then the dual graph is

O [ ] (0]

(Ag) if S has one singular point of type As, then the dual graph is
[ ]

/
\

[ ] [ ] (¢] (¢]

(Ag) if S has one singular point of type As, then the dual graph is

(¢] O (¢} [ ]

Here, as in the papers [7], [8], we denote a (—1)-curve by e, and we denote a (—2)-curve
by o.

LEMMA 3. Let Sy be a surface in |Hy|, let So be a surface in |Hz|, and let P be a point
in S1NSs. Then at least one of the surfaces S1 or Ss is smooth at P.

Proof. Local computations. 0

COROLLARY 4. In the notations and assumptions of Lemma 3, suppose that the conic
S1-S2 is reduced. Then at least one of the surfaces S1 or Sa is smooth along S1N.Ss.

LEMMA 5. Let P be a point in X, let C be the scheme fiber of the conic bundle w that
contains P, and let Z be the scheme fiber of the conic bundle w3 that contains P. Then C
or Z is smooth at P.

Proof. Local computations. 0

LEMMA 6. Let C be a fiber of the morphism w3, and let S be a general surface in |Hg|
that contains C. Then S is smooth, K% =4, and —Kg ~ (Hy + H2)|s, which implies that
—Kg is nef and big. Moreover, one of the following three cases holds:

(1) The conic C is smooth, —Kg is ample, and the restriction w|s: S —PL, x P, , is a
double cover branched over a smooth curve of degree (2,2).

(2) The conic C is smooth, the divisor —Kg is not ample, the conic w(C) is an
irreducible component of the discriminant curve Apiypr, the conic C is contained
in Sing(w ™ (Apixp1)), and the restriction map w|s: S — ]P’;’t X IP’}W fits the following
commutative diagram:

https://doi.org/10.1017/nmj.2023.5 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.5

690 I. CHELTSOV ET AL.

S/x

S
«
1 1
Ps,t X ]P)u,v

where « is a birational morphism that contracts two disjoint (—2)-curves, and ( is a
double cover branched over a singular curve of degree (2,2), which is a union of the
curve w(C') and another smooth curve of degree (1,1), which intersect transversally at
two distinct points.

(3) The conic Cis singular, —Kg is ample, and the restriction w|s: S —PL, x P is a
double cover branched over a smooth curve of degree (2,2).

Proof. The smoothness of the surface S easily follows from local computations. If —Kg
is ample, the remaining assertions are obvious. So, to complete the proof, we assume that
— K is not ample. Then the restriction w|g: S — ]P’;t X IP’}“J fits the commutative diagram

where « is a birational morphism that contracts all (—2)-curves in S, and 8 is a double
cover branched over a singular curve of degree (2,2). Let ¢ be a (—2)-curve in S. Then

(Hl—f—Hg)‘E:—KS‘E:O,

so that w(f) is a point in P!, x P, ,. But m3(¢) is a line in P2 | _ that contains the point
73(C). This shows that the curve ¢ is an irreducible component of a singular fiber of the
conic bundle w. Therefore, we see that w(f) € Apiyp:. This implies that the conic bundle
w maps an irreducible component of the conic C' to an irreducible component of the curve
Apip1 because S is a general surface in the linear system |Hs| that contains the curve C.

If C is singular, an irreducible component of the curve Ap:iyp1 is a curve of degree (1,0)
or (0,1), which is impossible [15, §3.8]. Therefore, we see that the conic C is smooth and
irreducible, and the curve w(C) = C is an irreducible component of the discriminant curve
Ap1 «p1. Since the conic bundle w is standard [15], the surface w1 (w(C)) is irreducible and
nonnormal, which easily implies that the conic C is contained in its singular locus.

Choosing appropriate coordinates on ngt X ]P’,llw X IP’?U"% ., we may assume that w3(C) =
[0:0:1], the conic C is given by x =y =sv—tu=0, ([0:1],[0:1]) is a smooth point of
the curve Apiyp1, and the fiber w=1([0:1],[0: 1]) is given by s = u = 2y = 0. Then X is
given by

(aysu+ by sv+ crtu)z® + (agsu + basv + cotu 4 tv)zy+
+ by (50— tu)xz + (azsu+ bzsv + cstu)y? + bz (sv — tu)yz + (sv —tu)z? =0

for some numbers a1, as, as, by, ba, bz, by, bs, c1, ca, c3. One can check that Apiypr indeed
splits as a union of the curve w(C) and the curve in P}, x P, of degree (2,2) that is
given by

https://doi.org/10.1017/nmj.2023.5 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.5

K-STABLE DIVISORS IN P! x P! x P2 OF DEGREE (1,1,2) 691

albgstu2 — albgsguv + a2b4b582uv — a2b4b5stu2 — a;:,bisQ’wU + agbistu2 — blbgs%g—i-

+ blbgstuv + bybybss20? — bybybsstuv — b3b332v2 + bgbistuv — bic;»,stuv + b403t2u2—|—

t22

+ bybscostuv — bybsco - bgclstuv + b5clt2u2 + 4a1a332u2 +4a, b382U’U + 4@1038t’u,2—

- CL%SQU — 2a9by5%uv — 2ascastu® 4 dasby s2uv + dager stu® 4 4by by s?v? + 4by ez stuv—
bgszfu2 205 stuv + 4bscy stuv + bybs stv?® — bybst?uv + deqest*u® — cgtzu2 — 2aqstuv—

— by stv? — 2cot?uv — t?0? = 0.

The surface S is cut out on X by the equation y = Az, where A is a general complex
number. Then the double cover 3: S — P., x P} , is branched over a singular curve of
degree (2,2), which splits as a union of the curve w(C) and the curve in P}, x P, of degree
(1,1) that is given by

NbZtu — N2b2sv 4+ 4X%azsu 4+ 4X%b3sv — 2by Abssv + 2 \bybstu+
+ 4N cqtu+ Ahassu + A\basv — bisv + bitu 4+ 4Xcotu+ 4aq su+4bisv+4eitu+ 4 tv = 0.

Since A is general and X is smooth, these two curves intersect transversally by two points,
which implies the remaining assertions of the lemma. 0

Note that the case (2) in Lemma 6 indeed can happen. For instance, if X is given by
(sv+tu)z® + (su— sv+tv)zy + (550 — 5tu) zz + 3suy® + (sv — tu) zy + (sv — tu) 2% = 0,

then X is smooth, and general surface in |H3| that contains the curve 73 '([0:0:1]) is a
smooth weak del Pezzo surface, which is not a quartic del Pezzo surface.

LEMMA 7. Let C be a smooth fiber of the morphism w, and let S be a general surface in
|H1+ Hs| that contains the curve C. Then S is a smooth del Pezzo surface of degree 2, and
—Kg ~ Hsls.

Proof. Left to the reader. U

§3. Applications of Abban—Zhuang theory

Let us use notations and assumptions of §2. Let f: X — X be a birational map such that
X is a normal threefold, and let F be a prime divisor in X. Then, to prove that X is K-stable,
it is enough to show that S(F) = Ax(F)— Sx(F) > 0, where Ax (F) = 1+4ordp(Ks/Kx)
and

Sx(F) = _Il{g’(/ooovol(f*(—KX) uF)du.

This follows from the valuative criterion for K-stability [11], [13].
Let € be the center of the divisor F on the threefold X. By [10, Th. 10.1], we have

Sx(S) = ! / vol(— Kx —uS)du <1

3
_KX 0

for every surface S C X. Hence, if € is a surface, then 5(F) > 0. Thus, to show that X is
K-stable, we may assume that € is either a curve or a point. If € is a curve, then [3, Cor.
1.7.26] gives the following corollary.
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COROLLARY 8. Suppose that B(F) <0 and that € is a curve. Let S be an irreducible
normal surface in the threefold X that contains €. Set

S(WE.;€) = (_;’X)g /0 " (Pw)?-S) - orde (N (u)| ) dut

3 T o0
+(—KX)3’/0/0 VOl(P(u)|S—U€)dvdu,

where T is the largest rational number u such that —Kx —uS is pseudoeffective, P(u) is
the positive part of the Zariski decomposition of —Kx —uS, and N(u) is its negative part.
Then S(WZ4;€) > 1.

.0

Let P be a point in €. Then

PECX(E)

where the infimum is taken over all prime divisors F over X whose centers on X that
contain P. Therefore, to prove that the Fano threefold X is K-stable, it is enough to show
that 0p(X) > 1. On the other hand, we can estimate dp(X) by using [1, Th. 3.3] and [3,
Cor. 1.7.30]. Namely, let S be an irreducible surface in X with Du Val singularities such
that P € S. Set

T= Sup{u € Q>0 ‘ the divisor — Kx —uS is pseudoeffective}.

For w € [0,7], let P(u) be the positive part of the Zariski decomposition of the divisor
—Kx —uS, and let N(u) be its negative part. Then [1, Th. 3.3] and [3, Cor. 1.7.30] give

1
op(X) > min{ ———,6p(S; W2, 3.1
P( ) {S)((S) P( 7)} ( )
for
, Ag(F)
7S ) S\Y)
or(SWes) = WL gavs iy
PCCs(F) ’
where

S(WoyF) = _[?){;)(/OT(P(u)?.S) -ordp (N (u)| ;) du+ _I?){;)(/OT/OOOVOI(P(u)}S—vF)dvdu,

and now the infimum is taken over all prime divisors F' over S whose centers on S that
contain P. Let us show how to apply (3.1) in some cases. Recall that Sx(S) <1 by [10,
Th. 10.1].

LEMMA 9. Let C be the fiber of the conic bundle w3 that contains P, and let S be a
general surface in |Hs| that contains C. Suppose that S is a smooth del Pezzo of degree 4
and that Cis smooth. Then dp(X) > 1.

Proof. One has 7 = 1. Moreover, for u € [0,1], we have N(u) =0 and P(u)|s = —Kgs+
(1-u)C. Let L =—-Kg+ (1—u)C. Using Lemma 24 and arguing as in the proof of
Lemma 27, we get

https://doi.org/10.1017/nmj.2023.5 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2023.5

K-STABLE DIVISORS IN P! xP! x P2 OF DEGREE (1,1,2) 693

S(WE,F) = 2/014(1+(1 —u))SL(F)du <

<as(r) [ g - RO - ()

for any prime divisor F' over S such that P € Cs(F). Then (3.1) gives dp(X) > 1. [
Similarly, we obtain the following result.

LEMMA 10. Let S be the surface in |Hy| that contains P. Then

1 2,5920p(S)
Sx(S)’ 2,560+ 6355(S)

op(X) > min{

for dp(S) =0dp(S,—Kg), where 6p(S,—Kg) is defined in Appendiz 1.
Proof. We have T = % Moreover, we have

(1—U)H1+H2—|—H3, ifO<u<1l,
Pu) = . 3
(2—u)Hs+ (3—2u)Hs, if 1 <u< 3

and

0, ifo<u<,
N(u) = 3
(v) (u—1)E,, ifléugi.

Note also that Es|g is a smooth genus 3 curve contained in the smooth locus of the surface S.
Recall that § is a quintic del Pezzo surface with at most Du Val singularities and that the

restriction morphism m|g: S — P is a conic bundle. Note that the morphism 73|g: S —

u,v
P2, is birational. Let C be a fiber of the conic bundle m3|s, and let L be the preimage in

T,Y,2

S of a general line in P? , . Then —Kg~ C+ L and

C+L, if0<u<l,
Plu)|,~
(s ~= 2-u)C+(3—2u)L, if1<u<

N

Since 2L — C is pseudoeffective, the divisor 52 (—Kg) — (2 —u)C — (3 —2u)L is also
pseudoeffective.
Let F be a divisor over S such that P € Cg(F'). Then it follows from Lemma 27 that

3
S(W.S:.;F)ééAs(F)/ (u— 1)(P(u du+ // vol —vF)dvdu:
1 1 [o.¢]
l —Kg—ovF
288 Ag(F +6/0/0 vol( — Kg —vF)dvdu+

// vol((2—u)C'+ (3—2u)L — vF)dvdu <
1 Jo

1 (1 Ag(F) 7—4u
< A F)+-= ol Kg) —vF =
988 s( )+6/0 55P(S du+— / / vo ( 3 ( S) v )dvdu
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5 3
5 1 (2 (7—4u >
— Ag(F)+ = I(— Kg—vF)dvdu <
+65P(S) s( )+6/1 ( 3 ) /0 vo( g—v )vu

3 3
7 5 1[5 (7—au\_ Ag(F)
A 2 Ag(F)+ - du =
288 +Gop(9) s )+6/1 ( 3 >55P(S) “

7
= @AS(F)

< = As(F)

7 5) 25 80 7
= —As(F)+ ——=As(F)+ ————=As(F) = | =——= A
28848 )+65P(S) s )+1625P(S) s(F) (815P(S) 288) s(F)-
, _2,5926p(S . .
Then § p(S,W.S:.) > 815?(51)+ - = 2’560%3513()3) and the required assertion follows from
(3.1). 0

Keeping in mind that SX(S) <1 by [10, Th. 10.1] and the J-invariant of the smooth
quintic del Pezzo surface is 12 by [3, Lem. 2.11], we obtain the following corollary.

COROLLARY 11. Let S be the surface in |Hy| that contains P. If S is smooth, then
op (X ) > 1.
Similarly, using Lemmas 25 and 26 from Appendix 1, we obtain the following corollary.

COROLLARY 12. Let S be the surface in |H;| that contains P. Suppose that S has at
most singular points of type Ay and that P is not contained in any line in S that passes
through a singular point. Then dp(X) > 1.

Alternatively, we can estimate dp(X) using [3, Th. 1.7.30]. Namely, let C' be an irreducible
smooth curve in S that contains P. Suppose S is smooth at P. Since S ¢ Supp(N(u)), we
write

w)| g = d(w)C + N (u),

where Ng(u) is an effective R-divisor on S such that C' ¢ Supp(Ng(u)), and d(u) =
ordc(N(u)|s). Now, for every u € [0,7], we define the pseudoeffective threshold ¢(u) € R>g
as follows:

t(u) = inf {v € Rxo | the divisor P(u)‘s —vC is pseudoeffective}.

For v € [0,t(u)], we let P(u,v) be the positive part of the Zariski decomposition of
P(u)|s —vC, and we let N(u,v) be its negative part. As in Corollary 8, we let

SIV30) = ey [, (P@?+8) orde(N ()] g)du

3 T o0
+_KX3// vol(P(u)‘S—vC)dvdu.

Note that C' ¢ Supp(N ( ) for every u € [0,7) and that v € (0,t(u)). Thus, we can let

t(u)
Fp(WSE,) = K / / P(u,0)-C) -ordp (Nj(u)| o, + N(u,0)|,) dvdu.
X

Finally, we let

t(u)
SOVEEP) = e [, (Pl O v (V).
X

Then [3, Th. 1.7.30] gives the followmg corollary.
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COROLLARY 13. One has

Ax(F)
Sx(F)

. 1 1 1
2 0p(X) > mm{s(w:?f.;zo>’ S(W5.:0)" 5x(5) } )

Moreover, if both inequalities in (% ) are equalities and € = P, then dp(X) = ﬁ(s)

Let us show how to compute S(W7,;C) and S (W.S ’.?.;P) in some cases.

LEMMA 14. Suppose that w(P) & Apiyp1. Let S be a general surface in |Hy + Ha| that
contains P, and let C be the fiber of the morphism w containing P. Then S(Wf,;C) =31

= 36
and S(WoEy; P) =1.

Proof. We have 7 = 1. Moreover, for u € [0,1], we have N(u) =0 and P(u)|s = —Kgs+
2(1—wu)C. On the other hand, it follows from Lemma 7 that S is a smooth del Pezzo surface
of degree 2, and the restriction map ms|g: S — IP’;%Z
a smooth quartic curve. Therefore, applying the Galois involution of this double cover to C,
we obtain another smooth irreducible curve Z C S such that C+Z ~ —2Kg, C? = Z%2 =0

and C'- Z =4, which gives

is a double cover that is ramified over

) 1
P(u)|s —vC ~g (5—2u—v>0+ §Z'

Then P(u)|s —vC is pseudoeffective <= P(u)|s—vC is nef <= v < 2 —2u. Thus, we
have

vol(P(u)|s —vC) = (= Kg+2(1—u)C)* = 10 — 8u — 4v
and P(u,v)-C = 2. Now, integrating, we obtain S(Wg,;C) = 3% and S(W.S,’.?.;P) =1 [

LEMMA 15. Suppose that P ¢ E1UFEs. Let S be a general surface in |Hs| that contains

P, and let C be the fiber of the morphism w3 containing P. Suppose that S is a smooth del
Pezzo surface. Then S(WS,;C) =T and S(W&Ee; P) =1.

.0 9

Proof. We have 7 = 1. Moreover, for u € [0,1], we have N(u) =0 and P(u)|s = —Kg+
(1—w)C. Since S is a smooth del Pezzo surface, the restriction map w|g: S =P}, xP, , isa
double cover ramified over a smooth elliptic curve. Therefore, using the Galois involution of
this double cover, we get an irreducible curve Z C S such that C +Z ~ —Kg, C? = Z? =0,
and C'- Z =2, which gives

P(u)|g —vC ~g (2—u—v)C'+Z.
Then P(u)|s —vC is pseudoeffective <= P(u)|s —vC is nef <= v < 2—wu. Thus, we have
vol(P(u)|s —vC) = (— Ks + (1 —u)C’)2 =8—4u—4v
and P(u,v)-C = 2. Now, integrating, we obtain S(Wg,;C) = § and S(Wf’.?.;P) =1 U

LEMMA 16. Suppose that P ¢ E1UE5. Let S be a general surface in |Hs| that contains P,
and let C be the fiber of the morphism w3 containing P. Suppose S is not a smooth del Pezzo
surface. Then SWE,:C) =§ and S(Wf’.?.;P) =1

Proof. We have 7 = 1. Moreover, for u € [0,1], we have N(u) =0 and P(u)|s = —Kg+
(1—u)C. It follows from Lemma 6 that S contains two (—2)-curves e; and ez such that
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—Kg ~2C +e; +ey. On the surface S, we have C?> =0, C-e; =C-e; =1, e} = €3 = -2,
and

P(u)|s —vC ~g (3—u—v)C+e; +es.
Then P(u)|s —vC is pseudoeffective <= v < 3 —u. Moreover, we have

3—u—

v)C+e;+eq, f0<v<1—u,
Plu,v) =< 3y — v(
2

2C+e1+e2), ifl—u<v<3—u,
0,if0<v<l—u,
N(u,v) =<4 u4v—1
2
8—4u—4v, if 0<v <1 —u,
(u+v—3)% ifl-u<v<3—u

(e1+eq), if l—u<v<3—u,
vol(P(u)|s —vC) = {

Now, integrating vol(P(u)|s —vC), we obtain S(WJ,;C) = 3.
To compute S(We .C., P), observe that Fp(W¢ .C.) =0, because P ¢ e; Uey, since S is a

general surface in |H3| that contains C. On the other hand, we have

2, if0<v<1l—u,
P(u,v)-C = )
3—u—v, ifl—u<v<3—u.

Hence, integrating (P(u,v)-C)2, we get S(We'sa; P) = as required. 0

LEMMA 17. Suppose P € (E1UEs)\ (E1NE,). Let S be a general surface in |Hs| that
contains P, and let C be the irreducible component of the fiber of the conic bundle s
containing P such that P € C. Then S(WZ,;C) =1 and SWSE,P)< 8L

Proof. We have 7 =1. For u € [0,1], we have N(u) =0 and P(u)|s ~rg —Ks+ (1 —u)
(C+C"), where C" is the irreducible curve in S such that C'+ C’ is the fiber of the conic
bundle w3 that passes through the point P. Since P ¢ E1N Ey, we see that P ¢ C”.

By Lemma 6, the surface S is a smooth del Pezzo surface of degree 4, so we can identify
it with a complete intersection of two quadrics in P*. Then C and C’ are lines in S, and S
contains four additional lines that intersect C. Denote them by L1, Lo, L3, and L4, and let
Z = L1+ Lo+ L3+ Ly. Then the intersections of the curves C, C’, and Z on the surface S
are given in the table below.

Observe that —Kg ~g 3C + 1C' + 5Z. This gives P(u)|s — vC ~p
(3 —u)C’'+ 3 Z, which implies that P(u)|s —vC is pseudoeffective <= v <

/\ —~
[Ne][e
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Moreover, we have

5 3 , 1.
S u— g - <v<
(2 U U)C'+< u)C’ +2Z, ifo<v<l,
) 1

P = — _

(u,v) (2 u— v) Cc+C") +2Z ifl<v<2—u,
(§ u— v) (C+C'"+2) 1f2—u<v<§—u
2 ’ 2 ’
0,if 0 <v <1,

N(u,v) — (’U )Cl, if 1 <v <
(v =1+ (v+u—2)Z, if 2-u<v< 5 —u,

)

(140, if0<v <1
P(u,v)-C = 2, if1<v<2—u,

5

\10—4u—4v, if2—u<v<§ u,
8—v?—4du—2v, if 0<v <1,
V< 2—u,

vol(P(u)|S—vC) _J9—4u—4v, if 1<
(5—2u—2v)% if2—u<v<

l\D\U‘

Now, integrating vol(P(u)|s —vC) and (P(u,v)-C)?, we get S(W,;C) =1 and

S(W.S.C.,P) 2 (W.S.C. _%—i— // )ordp(N(u,v)‘C)dvdug
) 31
6+3/0/2 (10—4u—4v)(v—|—u—2)dvdU—%,

because P ¢ C’, and the curves Z and C' intersect each other transversally. [

84. The proof of Main Theorem

Let us use notations and assumptions of §§2 and 3. Recall that F is a prime divisor over
the threefold X and that € is its center in X. To prove Main Theorem, we must show that
B(F) > 0.

LEMMA 18. Suppose that € is a curve. Then S(F) >0

Proof. Suppose that S(F) < 0. Then 6p(X) <1 for every point P € €. Let us seek for a
contradiction.

Let S; be a general surface in the linear system |Hp|. Then S; is smooth. Hence, if
S1NE€# @, then dp(X) <1 for every point P € S;NE, which contradicts Corollary 11. We
see that S7-€ = 0. Similarly, we see that Sy -€ =0 for a general surface Sy € |Hs|. So, we
see that w(€) is a point.

Let C be the scheme fiber of the conic bundle w over the point w(€). Then € is an
irreducible component of the curve C. If the fiber C' is smooth, then we € = C.
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Suppose that C' is smooth. If S is a general surface in the linear system |H; + Hs| that
contains €, then S(Wf,; ¢) = % < 1 by Lemma 14, which contradicts Corollary 8. So, the
curve C' is singular.

Note that m3(C) is a line in ]P’f‘,y%z. On the other hand, the discriminant curve Ap2 is an
irreducible smooth quartic curve in ]Pi’y’z. Therefore, in particular, the line m3(€) is not
contained in Ap2. Now, let P be a general point in €, let Z be the fiber of the conic bundle
73 that passes through P, and let S be a general surface in |H3| that contains the curve Z.
Then Z and S are both smooth, and it follows from Lemma 6 that S is a del Pezzo of

degree 4, so that dp(X) > 1 by Lemma 9. O

Hence, to complete the proof of Main Theorem, we may assume that € is a point. Set
P =¢€. Let € be the fiber of the conic bundle w that contains P.

LEMMA 19. Suppose that P ¢ E1NEy. Then B(F) > 0.
Proof. Apply Lemmas 15-17 and Corollary 13. O

Thus, to complete the proof of Main Theorem, we may assume, in addition, that
P € F1N FEs. Then the conic ¥ is smooth at P by Lemma 5. In particular, we see that
% is reduced.

LEMMA 20. Suppose that € is smooth. Then B(F) > 0.
Proof. Apply Lemma 14 and Corollary 13. O

To complete the proof of Main Theorem, we may assume that % is singular. Write
€ = {1+ {5, where {1 and {5 are irreducible components of the conic €. Then P # {1 N {5,
since P ¢ Sing(%).

Let S; and S be general surfaces in |H;| and |Hs| that pass through the point P,
respectively. Then € = 51N .Ss, and it follows from Corollary 4 that S; or Sy is smooth
along the conic ¥. Without loss of generality, we may assume that Sy is smooth along % .
We let S = 5;.

If S is smooth, then §p(X) > 1 by Corollary 11. Thus, we may assume that S is singular.

Recall that S is a quintic del Pezzo surface and that £; and 5 are lines in its anticanonical
embedding. The preimages of the lines ¢; and ¢35 on the minimal resolution of the surface
S are (—1)-curves, which do not intersect (—2)-curves. By Lemma 1 and Remark 2, one of
the following cases holds:

(A1) The surface S has one singular point of type A;.

(2A1) The surface S has two singular points of type A;.
In both cases, the restriction morphism 73|s: S — P2 _ is birational. In (A;)-case, this
morphism contracts three disjoint irreducible smooth rational curves e1, e, and ez such
that E1|s = 2e; +ea+e3, the curves e, €3, and e3 are sections of the conic bundle m3|g: S —
]P’}M), the curve e; passes through the singular point of the surface S, but e; and e3 are
contained in the smooth locus of the surface S. In (2A;)-case, the morphism 73|g contracts

two disjoint curves e; and e, such that Fq|, = 2e; + 2e,, the curves e; and e, are sections

s
of the conic bundle m3|g, and each curve among e; and e contains one singular point of

the surface S. In both cases, we may assume that /1 Ne; # &.
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Let us identify the surface S with its image in P° via the anticanonical embedding
S < P5. Then ¢; and f» and the curves contracted by m3|s are lines. In (A;)-case, the
surface S contains two additional lines ¢35 and ¢4 such that 5+ /4 ~ ¢1 + £5, the intersection
l3N £y is the singular point of the surface .S, and the intersection graph of the lines ¢, ¢o,
l3, L4, €1, eo, and e3 is shown here:

ly

&
€]

€3

€2
o

In this picture, we denoted by e the singular point of the surface S. Moreover, on the
surface S, the intersections of the lines ¢1, ¢5, f3, {4, €1, €3, and e3 are given in the
table below.

° V21 V2 {3 {4 e ez es
2 —1 1 0 0 1 0 0
2 1 —1 0 0 0 1 1
1 1 1

e o o 11 1 oo
4

e 1 o 1 I 1 g
ey 0 1 1 0 0 —1 0
es 0 1 0 1 0 0 -1

Likewise, in (2A)-case, the surface S contains one additional line ¢3 such that 203 ~
01 + {5, the line ¢3 passes through both singular points of the del Pezzo surface S, and the
intersection graph of the lines on the surface S is shown in the following picture:

3

€1 €2

(1 62

As above, the singular points of the surface S are denoted by e. The intersections of the
lines ¢4, s, £3, e, and e on the surface S are given in the table below.
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° /1 2

o~
w
(¢]

1 €2
2 -1 1 0 1 0
l 1 ~1 0 0 1
ls 0 0 0 z 2
e, 1 0 z _2 0
ey 0 1 % 0 -3

REMARK 21. By [7, Lem. 2.9], the lines in S generate the group C1(S) and the cone of
effective divisors Eff(S), and every extremal ray of the Mori cone NE(S) is generated by
the class of a line.

In (Ap)-case, the point P is one of the points e; N ¥y, e N ¥y, or egN ¥y, because P €
FE1NE5. On the other hand, if P=esN¥y or P =e3N¥{y, it follows from Corollary 12 that
0p(X)>1.1In (2A1)-case, either P =e;N¥; or P =esN{s. Therefore, to complete the proof
of Main Theorem, we may assume that P =e;N¥; in both cases.

Now, we will apply Corollary 13 to the surface S with C' = e; at the point P. We have
T= % As in the proof of Corollary 10, we see that

(].—’LL)Hl —|—H2—|—H3, 1f0<u< 1,

P(u) = : 3
(2—u)Hy+ (3—2u)Hs, if 1 <u < B

and

0, if0<u<,
N(u) =
() (u—1)Es, if 1 <u<

N | W

Since Hi|g ~ 0, Ha|s ~ €1+ {2, and Hs|g ~ {1 + 2e;1, we have

(2—v)e1+2£1+€2, ifo<u<l,
P(u)’S_Uel ~R
(6—4du—v)e;+ (5 —3u)ly+(2—u)ls, if 1 <u<

N W

Thus, since the intersection form of the curves ¢; and /5 is semi-negative definite, we get

2if0<u<l,

t(u) =
(W) 6—4uif1<u§;

Similarly, if 0 <u < 1, then

P( ) (2—0)61+2€1+€2, ifogov <1,
u,v) =
(2—U)el—|—(3—’[))€1—|—£2, if1<v<2,

0, if0<v<1,
(v—=1)t, if1<v<2,

N(u,v) = {
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v+2

5 ,if0<v <1,
P(u,v)-e; = .
Cif1<0<2,
2
10— 4v —v?
%7 ifo<v<l,
Vol(P(u)|S—Ue1) =
<2—v>2<6—v>, if1<u<

Likewise, if 1 <u < %, then

Plu.w) (6 —4u—wv)e; +(5—3u)ly + (2—u)ls, if 0 <v < 3—2u,
u,v) =
! (6—4u—v)e; + (8 —bu—v)ly +(2—u)ly, if 3—2u < v <6—4u,

0, if 0 <v<3—2u,

N(u,v) =
(u,0) {(U+2u—3)€1, if 3—2u<v<6—4u,

P o — éi%i@,ﬁ0<v<3—mh
e = !k%?:ﬁ,ﬁ3—2u§v§6—4m
VOI(P(U)‘ - )_ 66+24u2+4u1)21)280u8v7 i£0<v<3—2u,
s (6_4u_w§4_8u_w,ﬁ3—2u<v<6—4w
Integrating, we get S(Wgo,se1) = 157 and S( JenP) = 29+ Fp( Jel). To compute

Fp(Woeh), we let Z = Ey|g. Then Z is a smooth curve of genus 3 such that 7(Z) is a
smooth quartic in Pi,y,z' Moreover, the curve Z is contained in the smooth locus of the
surface S, and

dey + U3+ 04+ 201 in (Aq)-case,
N{2&+2&+2m+2@in@&ﬂm%&
In particular, we have Z-e; = 1. Since e; ¢ Z, we have
0,if0<u<l,

No(u) =
s(w) (u—1)Z, if 1 <u<

N W

Note that P € Z, because P € E1 N Es. Thus, since e;-Z =1 and e -¢; =1, we have
B 1 [ [6—4u 1 (3 ftw
FP(W-,’QS;I. Z*/ / P(u,v).el)(u—l)dvdu—i—f/ / P(U,v)~e1)(N(u,v)~e1)dvdu:
3— 2u 6—4u _
/ / 4—|—v—2u)(u 1) d dus / / (10 —6u v)( )dvdu+
3

6—4u
(4-v)(v-1) (10 — 6u —v) (v +2u—3) 71
dvdu =

so that S(W.S:fi;P) = %. Now, applying Corollary 13, we get 0p(X) > 1, because Sx (S) < 1.
Therefore, we see that 5(F) > 0. By [11], [13], this completes the proof of Main Theorem.
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REMARK 22. Instead of using Corollary 13, we can finish the proof of Main Theorem
as follows. Let F be a divisor over S such that P € Cs(F'), and let C be a fiber of the conic
bundle 7s|s. Then, arguing as in the proof of Corollary 10, we get

S(W.S.; F) < <2;8 65P5(5)>AS(F)+(1),/12/OOOVOI((2_U)C+(3_2U)H3|S_UF)dvdu‘

But 6p(S) =1 by Lemmas 25 and 26, since P =e;N¥;. Thus, we have

247
288

247 1 (2 o0 29—
Sy P 2 J —2u)3 1| =——C+ Hs|_,—vF |dvdu =
28815 )+6/1 8 u)/o 0 (32uc+ s v ) va

247 1 (2 o0 u—1
= Ag(F)+= —2u)3 1 — —oF |dvdu.
583 s( )+6/1 (3—2u) /0 vo( 59,0 Y ) vdu

Set L = —Kg+1tC for t € Ryg. Then L is ample and L? = 5+ 4t. Define 6p(5,L) as in
Appendix 1. Then, applying [3, Cor. 1.7.24] to the flag P € e; C S, we get

S(WieF) < As(F)+é/12/Ooovol((2—u)c+(3—2u)H3\S—vF)duduz (@)

1, ifogtg_?’JrT ”21,
5p(S, L) >
p(S,L) 15412t =34V
612+ 18+ 13’ 6

The proof of this inequality is very similar to our computatlons of S(W,.,el) and

S(W.S.el.,P) so that we omit the details. Now, we let t = 32\ﬁ =

u>3(1- \/12—1) SO

3
1 [z e
/ (3—2u)3/ vol( — Kg+tC —vF)dvdu =
1 0

6
3 3(1_L)
1 2 3 1 2 V21 3
=5 / (3—2u)*(5+40)Sp(F)du < ¢ / (3—2u)3(5+4t) As(F)du+
1 1
3
1 [z 15412t 247
- 3—2u)*(544t)————— Ag(F)du = As(F).
+6/§(1)( WG s gy 13 s )= 5 g As )

Now, using (V), we get S(WJ,;F) < 232 Ag(F )+%AS(F) = 2T Ag(F). Then

5p(S;W2,) = 232, so that 6p(X) > 1 by (3.1), since Sx(S) <1 by [10, Th. 10.1].

Appendix A J-invariants of del Pezzo surfaces
In this appendix, we present three rather sporadic results about d-invariants of del Pezzo
surfaces with at most du Val singularities, which are used in the proof of Main Theorem.
Let S be a del Pezzo surface that has at most du Val singularities, let L be an ample
R-divisor on the surface S, and let P be a point in 5. Set

. As(F)
L)= f
or(S L) = Il =
PeCs(F)
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where infimum is taken over all prime divisors F' over S such that P € Cg(F'), and

SL(F):I}Q/O vol(L — uF)du.

EXAMPLE 23. Suppose that S is a smooth cubic surface in P? and that L = —Kg. Let

T be the hyperplane section of the cubic surface S that is singular at P. Then it follows
from [1, Th. 4.6] that

5 if T' is a union of three lines such that all of them contains P,

27
17’
—, if T is an irreducible cuspidal cubic curve,
3

op(S,L) = 18

11

if T is a union of a line and a conic that are tangent at P,

, if T'is a union of three lines such that only two of them contain P,

9
———, if T is a union of a line and a conic that intersect transversally at P,
25 —8v/6
12
—, if T is an irreducible nodal cubic curve.

It would be nice to find an explicit formula for dp(S,L) in all possible cases. But this
problem seems to be very difficult. So, we will only estimate dp(S,L) in three cases when
KZ% € {4,5}.

Suppose that 4 < K2 < 5. Let us identify S with its image in the anticanonical embedding.

LEMMA 24. Suppose that S is smooth and K% =4. Let C be a possibly reducible conic
in S that passes through P, and let L = —Kg+tC for t € Ry. If the conic C is smooth,

then
o 0t
s> { i 1S ®
B61+382° z
Similarly, if C is a reducible conic, then
24(1+1)
op(S,L) > ———————.
5D 2 5 30120 (#)

Proof. The proof of this lemma is similar to the proof of [3, Lem. 2.12]. Namely, as in
that proof, we will apply [3, Th. 1.7.1], [3, Cor. 1.7.12], and [3, Cor. 1.7.25] to get () and
(#). Let us use notations introduced in [3, Sect. 1] applied to S polarized by the ample
divisor L.

First, we suppose that P is not contained in any line in S. In particular, the conic C' is
smooth. Let o: S — S be the blowup of the point P, let E be the exceptional curve of the
blowup o, and let C be the proper transform on S of the conic C. Then S is a smooth
cubic surface in P3, and there exists a unique line 1 C S such that —K g~ C+E+1. Take
u e R}O. Then

o (L) —uE ~g (1+1)C+ 2+t —u)E+1,
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which implies that o*(L) — uF is pseudoeffective <= u < 24t. Similarly, we see that

#( (1+8)C+(2+t—u)E+1 if 0<u <2,
u) ~ ~
(B4+t—u)C+2+t—u)E+], if 2<u<2+t,

{0, if 0<u<2,

444t —u?, if 0<u <2,
424t —u), if 2<u <24+t

vol(o*(L) —uE) = {

where we denote by Z(u) the positive part of the Zariski decomposition of the divisor
o*(L) —uE, and we denote by .4 (u) its negative part. This gives

8+ 12t + 3t2
E)y=—— """
Se(E) 6(1+1)

Moreover, applying [3, Cor. 1.7.25], we obtain

4 + 6t + 3t2

SWE:Q) < 601D

for every point @) € E. Note that Ag(E) = 2. Thus, it follows from [3, Cor. 1.7.12] that

6(1+41) 24
5p(S.L) > .
p(SL) 1166432 19+8+2

To complete the proof of the lemma, we may assume that S contains a line ¢ such that
Pel Then £-C=0o0rf-C=1.1f £-C' =0, then £ must be an irreducible component of
the conic C. Let us apply [3, Th. 1.7.1] and [3, Cor. 1.7.25] to the flag P € ¢ to estimate
0p(S,L). Take u € R>. Let P(u) be the positive part of the Zariski decomposition of the
divisor L —uf, and let N(u) be its negative part. We must compute P(u), N(u), P(u)-¥,
and vol(L —uf).

There exists a birational morphism 7: S — P? that blows up five points Oq,...,05 € P?
such that no three of them are collinear. For every i € {1,...,5}, let e; be the m-exceptional
curve such that 7(e;) = O;. Similarly, let 1;; be the strict transform of the line in P? that
contains O; and O;, where 1 <14 < j <5. Finally, let B be the strict transform of the conic
on P? that passes through the points O1,...,0s5. Then eq,...,es5,1ia,...,145, B are all lines
in 9, and each extremal ray of the Mori cone NE(S) is generated by a class of one of these
16 lines.

Suppose that the conic C is irreducible. Then C-¢ = 1. In this case, without loss of
generality, we may assume that { =e; and C ~ 15 +es. If 0 <t < 1, then
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(L—ul, if 0<u<1
P(u) = L—ul—(u—1)lio+lis+lis+1li5), if 1 <u<1+4,
\L—uf—(u—1)(112—1—113—1—114—1—115)—(u—t—l)B, if 1

Sifo<u<l,
N(u) = ( D2 +hs+ha+hs), if I<u<1+4,

(1+t4u, if0<u<],
Pu)-£= S+t—3u, if 1l <u<L1l+¢,

6+2t—4u, if 1+t <u —,

vol(L —ul) = (2—u)(4+2t—3u), 1f1

2
4(141t) = 2u(141t) —u?, if 0
u
3
(34+t—2u)? if 1+t <

3+t . Similarly, if ¢ > 1, then

L—ul, if0<u<1
P(u) =

and L —uf is not pseudoeffective for u >

L—uf—(u—l)(112—|—113—|—114+115), fl<u<

b fO b
N(u) = 1 _
(u—1)(Lia+Lis+lis+15), if 1 <u<2,

I+t+u, if0O<u<l,
P(u)-£ = .
5+t—3u, if 1 <u<2,

4(141t) —2u(1+1t) —u?, if 0<u <1,
vol (L — uﬁ) = )
(2—u)(4+2t—3u), if 1 <u<?2,
and L —uf is not pseudoeffective for u > 2. Then
1744t — ¢
—jéz——,ﬁogtgL
Se(l) =9 243
ST i1
3(1+1)

Observe that P ¢1;; for every 1 <i < j <5. Thus, if t <1, then [3, Cor.

19 + 8t 4 t2
24
9+ 15t + 32 +¢3
12(141)

ifPeB,
S(Wi . P)=

if P¢ B.

https://doi.org/10.1017/nmj.2023.5 Published online by Cambridge University Press

(u—1) (Lo +Ls+hs+l5)+(u—t—1)B, if 1+t <u<

3+t
+t<U<4§f

2,

1.7.25] gives

705

9


https://doi.org/10.1017/nmj.2023.5

706 I. CHELTSOV ET AL.

Similarly, if ¢ > 1, then [3, Cor. 1.7.25] gives

5+ 6t 4 3t2

SWeiP) = =507

Now, using [3, Th. 1.7.1], we get ().
To complete the proof of the lemma, we may assume that the conic C is reducible. In
this case, we let £ be an irreducible component of the conic C' that contains P. Without

loss of generality, we may assume that ¢ = e; and C' =e; + B. Then

L—ul, if 0<u<1,

Plu) = L—wl—(u—1)B, if 1<u<1+t¢, -

kauﬂf(uft—l)(112+113+114+115)f(u—l)B, ifl+t<u< —

(0, if0<u<l,

N(’LL): (u—l)B, if1<u<1+t, 510

\(u—t—1)(112+113+114+115)+(u—1)B, if1+t<u< T,

(1+u, 1f0<u
3+2t

644t —4u, if 1+t <u< —5

4(1—}-15)—2u—u27 ifo<u<l,
vol(L —uf) = { O+t —du, if 1 <u<1+t¢,

3+2t
(342t —2u)?, if 1+t <u< +T’

and the divisor L —u/ is not pseudoeffective for u > 3+2t . This gives

17+ 30t + 12¢2

S1(6) = 24(1+1)

Moreover, using [3, Cor. 1.7.25], we compute

(19430t + 122
24(1+1)
19 + 24t
S(WEPY={ =" if PeljnUlj3Ul, Ulys,
(.. ) 24(1+1) i elpUlisUligUls
344t

4(1+1t)

Now, using [3, Th. 1.7.1], we get (#) as claimed. 0

,if P € B,

, otherwise.

In the remaining part of this appendix, we suppose that KZ =5, L = —Kg, and S
has isolated ordinary double points, that is, singular points of type A;. As usual, we set
5P(S) = (513(5, —Ks) and

5(5) = int dp(S).
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Let n: S — S be the minimal resolution of the quintic del Pezzo surface S. Since —K g~
n*(—Ks), we can estimate the number 6p(S) as follows. Let O be a point in the surface S
such that n(O) = P, and let C' be a smooth irreducible rational curve in S such that:

o If P € Sing(S), then C is the n-exceptional curve such that n(C) = P.
e If P ¢ Sing(S), then C' is appropriately chosen curve that contains O.

As usual, we set
T= sup{u € Q>0 ’ the divisor — Kg—uC'is pseudoeffective}.

For u € [0,7], let P(u) be the positive part of the Zariski decomposition of the divisor
—Kgz—uC, and let N(u) be its negative part. Let

SS(C):I;z/O V01(—K§—uC)du:K%/0 P(u)?du,

S
and let
2 T 1 T
S(WoC,nO) = Kg/() (P(u).C’)ordO(N(u)|C)du+Kg/o (P(u)-C)2du.
If P ¢ Sing(S), then [3, Th. 1.7.1] and [3, Cor. 1.7.25] give
1 . 1 1
S5 (0 >6p(5) >mln{55(0)’S(WS,,O)}' (4)

Similarly, if P € Sing(S), then [3, Cor. 1.7.12] and [3, Cor. 1.7.25] give

1
Ss(0)

.0

. 1 . 1
25P(S)>m1n{ss(c),ére1fcs(wc O)} ()

_ 15

LEMMA 25. Suppose that S has one singular point. Then §(S) = 33,

assertions hold:

and the following

e If P is not contained in any line in S that contains the singular point of S, then p(S) > %

e If P is not the singular point of the surface S, but P is contained in a line in S that passes
through the singular point of the surface S, then dp(S)=1.

e [f P is the singular point of the surface S, then dp(S) = %’

Proof. We let Py be the singular point of the surface S5, and let ¢y be the m-exceptional
curve. Then it follows from [8] that there exists a birational morphism 7: S — P2 such that
7({p) is a line, the map m blows up three points @1, Q2, and Q3 contained in 7(¢y) and
another point Qg € P?\ 7({p).

For i € {0,1,2,3}, let e; be the m-exceptional curve such that w(e;) = Q;. For every
i € {1,2,3}, let ¢; be the strict transform of the line in P? that passes through Qo and Q;.
Then £y, 41, £2, {3, €y, €1, €2, and ez are the only irreducible curves in the surface S that
have negative self-intersections. Moreover, the intersections of these curves are given in the
following table:
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Lo 2 lo 03 €o er €2 €3
o -2 0 0 0 0 1 1 1
0y 0 -1 0 0 1 1 0 0
ly 0 0 -1 0 1 0 1 0
ls 0 0 0 -1 1 0 0 1
€ 0 1 1 1 -1 0 0 0
e 1 1 0 0 0 -1 0 0
e 1 0 1 0 0 0 -1 0
e 1 0 0 1 0 0 0 -1

Note that n(¢1), n(¢2), n(¢s), n(eo), n(e1), n(ez2), and n(es) are all lines contained in the
surface S. Among them, only the lines n(e1), n(ez2), and n(es) pass through the singular
point Fy.

For (ag,ay,as,as,bo,b1,ba,b3) € R® we write

[ag,a1,a2,as3,bo,b1,b2,b3] : Zazﬁ +Zb eZEPIC ®R.

If P =Py, then C' = {y, which implies that 7 =2 and

[~u,1,1,1,2,0,0,0], if 0 <u < 1,
[—u,1,1,1,2,1 —u,1 —u, 1 —u, if 1 <u <2,

N 0, if0<u<l,
u) =
(u—1)(e1+ez+es3), if 1<u<2,

2, if0<u<l, . [5-2u% ifo<u<l,
P(u)-C= . P(u)* =
3—u, if 1<u<2, (4—u)(2—wu), if 1 <u<2,

which implies that Ss(C) = 1 and S(W,;0) = 1. Therefore, using (<)), we obtain 6z, (S) =
15
T?.

To proceed, we may assume that P # Py. If O € e, we let C = ¢eg. Then 7 =2, and

P(u) [0,1,1,1,2—,0,0,0], if 0 <u <1,
u) =
0,2 —u,2—u,2—u,2—u,0,0,0], if 1 <u<2,

N () ,if0<u ,
u) =
(U—l)(gl —|—€2—|—€3), if1<u<2,

14w, if0<u<l, 5—2u—u? if 0<u<]l,
p<u>.cz{ S P(u)z—{ ey
u

u
4—2u, if 1 <u<?, 2(2— u),lfl <

)

which implies that Sg(C) = 12 and S(WE,;0) < 12, so that §p(S) = 15 by (4).
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If O €/¥q, welet C'=/1. In this case, we have 7 = 2, and

P(u) [0,1—u,1,1,2,0,0,0], if 0 <u <1,
u)=
1—u,1-u,1,1,3—u,2—2u,0,0], if 1 <u<2,

N 0, if0<u<l,
u)=
(u—1)(lo+ep+2e1), if 1 <u<2,

14w, if0<u <], 9 5—2u—u? if0<u<l,
[6pt]P(u)-C = : (u)” =
4—2u, if 1 <u<?2, 2(2—u),1f1 u <2,
so that Sg(C) = 12. If O € {1\ (eg Uey), then S(W,C”O) ==. If O=1/1Ney, then
S(WE,;0) = 1. Thus, using (#), we see that 6p(S) =13 if O € El\el, and 0p(S) > 1 if
0= Elﬁel.

Similarly, 5p(S):%ifO€€2\e2 orO€ls\es,and dp(S) = 1if O =~laNey or O=/3Nes3.
If O € e;, we let C' =e;. In this case, we have 7 =2, and

[_3717171727_16,0,0], 1f0<u<17

[_572_/“7171,2,_1670,0], lf1<U<27

%@,ﬁogugL

N(u)=< 4
§%+0kdwhﬁ1<u<z

2 2
U ro<u<l, 5—2%—%3ﬁ0<u<1,

Pu)-C= 2 P(u)? =
() 178 1<u<e, ) 6-u)(2-u)
2 2 ’
which implies that Ss(C) =1 and S(WE,;0) < 12 if O € e1\ lo, so that §p(S) =1 by (4).
Likewise, we see that dp(S) =1 in the case when O € e; or O € e3. Thus, to complete
the proof, we may assume that P is not contained in any line in S.

Now, we let C' be the unique curve in the pencil |¢; +e;| that contains P. By our

assumption, the curve C' is smooth and irreducible. Then 7 =2, and

if1<u<2,

[ 21 u,1,1,2, %&ﬂ,ﬁogugL
P(u) = W
[ Sl-uwl13-u, w&@,ﬁlgugz
gem fo<u<l,
N(u) = 1
Liu&ﬁ—(u—l)eo, if 1<u<2,
4_ 2
ito<u<l, 5—4w+%3ﬁ0§u<L
Pu)-C = P(u)? =
3(2— .2
(2u%ﬁ1§u<2, aaxo,ﬁ1<u<2

Then Sg(C) = 1 and S(WS,;0) = 22. Thus, it follows from (#) that 6p(S) >33 > 3. U
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Finally, let us estimate 0p(S) in the case when the del Pezzo surface S has two singular
points. In this case, the surface S contains a line that passes through both its singular
points [8].

LEMMA 26. Suppose S has two singular points. Let £ be the line in S that passes through
both singular points of the surface S. Then 6(S) = %. Moreover, the following assertions
hold:

e If P is not contained in any line in S that contains a singular point of S, then dp(S) > %
e If P is not contained in the line £, but P is contained in a line in S that passes through a
singular point of the surface S, then dp(S) = 1.

o If P€, then 6p(S) =15.

Proof. Let e; and ey be n-exceptional curves. Then S contains (—1)-curves {1, £y, {3,
l4, and f5 such that the intersections of the curves ¢y, £o, l3, {4, {5, €1, and e; on S are
given in the following table.

141 l2 l3 Ly ls e1 e
lq -1 0 0 0 0 1 1
£l 0 -1 1 0 0 1 0
{3 0 1 -1 1 0 0 0
4y 0 0 1 -1 1 0 0
/s 0 0 0 1 -1 0 1
e 1 1 0 0 0 -2 0
e 1 0 0 0 1 0 -2

The curves n(¢1), n(¢2), n(¢3), n(£y), and n(¢5) are the only lines in S. Moreover, we have
0 =n(l1), and n(¢1), n(€2), an n(¢5) are the only lines in S that contain a singular point of
the surface S.

As in the proof of Lemma 25, for (a1,as,as,a4,as,b1,b2) € R7, we write

la1,a2,a3,a4,a5,b1,b2] : Zazé —i—Zb eZGPIC QR.

If O€ty\(e1Uey), we let C'=/;. In this case, we have 7 = 3, and

2—u 2—u

1—’U,71,1,1,1, )
P(u) = 2 2
[1—u,3—u,3—1u,0,0,0], if 2 < u <3,

],ﬁogugz

U
—(e1+es), if 0<u<2,
N(u) = g(e1ter)
(u—2)(la+205)+ (u—1)(e1 +e2), if 2<u <3,
1, if 0<u<2, 9 5—2u, if 0<u<2,
P(u)-C = P(u)” =
3—wu, if 2<u<3, (3— u) if 2<u<3,

which implies that Sg(C) = 12 and S(WE,;0) < 1%, so that §p(S) = 15 by (4).

e, 0’
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If O € e, then C = e;. In this case, we have 7 =2, and

P 1,1,1,1,1,1—u,1], f 0<u <1,
u)=
[B—2u,2—wu,1,1,1,1—u,2—ul, if 1 <u<?2,

N(u) 0, if 0<u<1,
u) =
2u—1)01+(u—1)la+ (u—1)eg, if 1 <u <2,

1

<u<?2,

1,
P(u)? =

<2,

)

2u, if 0 <
1

<
3—u, if U

u
< (2—u)(4—u), if
which implies that Sg(C) = 17 and S(W.C.,O) <12, 80 that 6p(S) =12 by (O).

On the other hand, we already know that SS(E) = 12, which 1mphes that 6p(5) = 12
if P =n(e;). Similarly, we see that 6p(S) =12 if P =n(ez). Hence, we may assume that
O g e Ues Ufl.

If O €45, we let C' = /5. In this case, we have 7 = 2, and

5—2u?, if 0 <u<
P(u)-C = )

hl—wLLL%%?q,ﬁogugL

P(u) = 2—u
1J—w2—%LL—5ﬂq,ﬁ1<u<z
gel, if0<u<l,
N(u)=< 4 '
§el+(u—1)€3, if 1<u<2,
2 2
Agﬁ,ﬁogugl, 5—2%—%3ﬁ0<u<1,
P(u)-C = P(u)? =
4— )2
. Yif1<u<e, “‘“§2'”,ﬁ1<u<z

which implies that Sg(C) =1 and S(WE,;0) < 12, so that 6p(S) =1 by (4).

Similarly, we see that 0p(S) =1 if O € ¢5. Hence, if P is contained in a line in S that
passes through a singular point of the surface S, then §p(S) = 1. Thus, we may assume that
O & laUls.

If P e/{3, we let C'=/5. In this case, we have 7 = 2, and

[1,1,1—u,1,1,1,1], if 0 <u < 1,
L3 -2u1—u,2—u,1,2—wu,1], f 1 <u<2,

N(w) 0,if0<u<1,
u) =
(U—1)<€4+2£2+61), if 1 <u§2,

14w, if 0<u <1, ()2 5—2u—u? ,if0<<u <1,
4—2u, if 1 <u<?, 22— w)? if1<u<?

Pwycz{ .

which implies that Sg(C) = 12 and S(WE,;0) < 12, so that §p(S) = 15 by (4).
Similarly, we see that dp(S) = 13 if O € £4. Therefore, we may also assume that O & £3U/;.
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Let C be the curve in the pencil |f3 + ¢35 that contains O. Then C is smooth and
irreducible, since O is not contained in the curves ¢1, lo, {3, £4, {5, €1, and e by assumption.
Then 7 =2, and

2_
1,1—u,1—u,1,1,T“,1}, fo<u<l,

—

P(u): 2—u
[1,1—u,1—u,2—u,1,T,1}, if1<u<?,
gel, ifo<u<l,
N(u) =9 u .
§e1+(u—1)€4, ifl1<u<?,
4 — 2
2“, ifo<u<l, 5—4u—|—%, fo<u<l,
P(u)-C= P(u)? =
3(2— —u)?
(2“),if1<u<2, 3(22“),if1<u<2.
This implies that SS(C):— and S(W.C,,O) 30, so that 6p(S) > % % by (#). U

Appendix B Nemuro lemma
Now, let X be any smooth Fano threefold, let m: X — P! be a fibration into del Pezzo
surfaces, let S be a fiber of the morphism 7 such that S is an irreducible reduced normal
del Pezzo surface that has at worst du Val singularities, and let P be a point in S. As in
83, set

T= sup{u € Q>0 ‘ the divisor — Kx —uS is pseudoeffective}.

For u € [0,7], let P(u) be the positive part of the Zariski decomposition of the divisor
—Kx —uS, and let N(u) be its negative part. Suppose, in addition, that

1
= Zfa (w)E;
j=1

for some irreducible reduced surfaces E1,..., E; on the Fano threefold X that are different
from S, where each f;: [0,7] = R>¢ is some function. For every j € {1,...,l}, we set
¢; =letp(S; Ejls). As in Appendix 1, we set dp(S) = 6p(S,—Kg). Define S(W2,; F) and
6p(S;W2,) as in [3, §1], or define these numbers using the formulas used in (3.1).

LEMMA 27. Let F be any prime divisor over S such that P € Cs(F). Then

)Qdqu ()

/ / vol(P(u)| g — vF)dvdu <
3 T(—KS)2>'

<AS(F)((—KX)JZ:; 0o G (P(U)‘S)Qdu+(—KX)3 op(9)

S(WOS:O7F) X AS’(F
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In particular, we have

W) (S [ g gy S TCES?) T
op(S:Wea) = (_KX)3]';/O cj (Plwls)™d Jr(—KX)?’ p(S)

Proof. Since the log pair (S, ¢;E;|s) is log canonical at P, we conclude that ordp(Ej|s) <

AsciE_F). Thus, we get the first inequality in ({). Moreover, since P(u)|s = —Kg— N(u)ls,
we have
T " 2 _ 2 T(—KS)2
vol(P(u)|s —vF)dvdu < | (—Kg)?Ss(F)du=7(—Kg)*Ss(F) < Ag(F)———2—
o Jo 0 p(S)
Hence, the assertion follows. U

COROLLARY 28. Suppose that N(u) =0 for every u € [0,7], that is, we have [ =0. Then

(=Kx)?3p(S)
3r(—Kg)?

COROLLARY 29. Suppose thatl=1, E1|g is a smooth curve contained in S\ Sing(S), and

Sp(S,WE,) >

0, if ue|0,t],

i) = clu—t), ifu€lt,T],

for some t € (0,7) and some c € Rsg. Then

3 T 2 B
5P(S;W§.)> (_[(X):i/t c(u—t)(P(u)‘S) du+

3 T(—K5)2
(=Kx)* dp(S)
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