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Abstract. We compute the generator rank of a subhomogeneous C*-algebra in terms of the covering
dimension of the pieces of its primitive ideal space corresponding to irreducible representations
of a fixed dimension. We deduce that every Z-stable approximately subhomogeneous algebra has
generator rank one, which means that a generic element in such an algebra is a generator.

This leads to a strong solution of the generator problem for classifiable, simple, nuclear
C*-algebras: a generic element in each such algebra is a generator. Examples of Villadsen show that
this is not the case for all separable, simple, nuclear C*-algebras.

1 Introduction

The generator rank of a unital, separable C*-algebra A is the smallest integer n > 0
such that the self-adjoint (# +1)-tuples that generate A as a C*-algebra are dense
in A% (see Definition 2.1 for the nonunital and nonseparable case). This invariant
was introduced in [Thi21] to study the generator problem, which asks to determine
the minimal number of (self-adjoint) generators for a given C*-algebra.

One difficulty when studying the generator problem is that the minimal number of
generators for a C*-algebra can increase when passing to ideals or inductive limits. The
main advantage of the generator rank is that it enjoys nice permanence properties: it
does not increase when passing to ideals, quotients, or inductive limits (see Section 2).

For example, using these permanence properties, one can easily show that approxi-
mately finite-dimensional C*-algebras (AF-algebras) have generator rank at most one.
In particular, every AF-algebra is generated by two self-adjoint elements, which solves
the generator problem for this class of algebras (see [Thi2l, Theorem 7.3]).

In this paper, we compute the generator rank of subhomogeneous C*-algebras.
Recall that a C*-algebra is said to be d-homogeneous (d-subhomogeneous) if each
of its irreducible representations has dimension (at most) d. The typical example of
a d-homogeneous C*-algebra is Co (X, M) for a locally compact Hausdorft space X.
Furthermore, a C*-algebra is subhomogeneous if and only if it is a sub-C*-algebra of
Co(X, M,) for some X and some d (see, for example, [Bla06, Proposition IV.1.4.3]).
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The generator rank of subhomogeneous C*-algebras 1315

Subhomogeneous C*-algebras and their inductive limits (called approximately
subhomogeneous algebras [ ASH-algebras]) play an important role in the structure and
classification theory of C*-algebras since the algebras covered by the Elliott program
are either purely infinite or approximately subhomogeneous. To be precise, let
us say that a C*-algebra is classifiable if it is unital, separable, simple, nuclear, and
Z-stable (that is, it tensorially absorbs the Jiang-Su algebra Z) and satisfies the
Universal Coefficient Theorem (UCT). By the recent breakthrough in the Elliott
classification program [EGLNI15, GLN20, TWW17], two classifiable C*-algebras are
isomorphic if and only if their Elliott invariants (K-theoretic and tracial data) are
isomorphic.

Classifiable C*-algebras come in two flavors: stably finite and purely infinite.
Every stably finite, classifiable C*-algebra is automatically an ASH-algebra. A major
application of our results is that every Z-stable ASH-algebra has generator rank one
(see Corollary C). In [Thi20], we show that every Z-stable C*-algebra of real rank zero
has generator rank one. This includes all purely infinite, classifiable C*-algebras. It
follows that every classifiable C*-algebra has generator rank one and therefore contains
a dense Gs-subset of generators (see Corollary E).

One important aspect of the generator problem is to determine if every separable,
simple C*-algebra is generated by a single operator (equivalently, by two self-adjoint
elements). While this remains unclear, we can refute the possibility that every separa-
ble, simple C*-algebra contains a dense set of generators: Villadsen constructed exam-
ples of separable, simple, approximately homogeneous C*-algebras (AH-algebras) of
arbitrarily high real rank (see [Vil99]). Let A be such an AH-algebra with rr(A) = co.
By [Thi2l, Proposition 3.10] (see Proposition 2.4), the real rank is dominated by the
generator rank, whence gr(A) = oo. In particular, for every n, the generating self-
adjoint n-tuples (if there are any) are not dense in AZ,.

In [TW14, Theorem 3.8], the author and Winter showed that every unital, sepa-
rable, Z-stable C*-algebra is singly generated. The results of this paper and of [Thi20]
show that under additional assumptions, a (unital) separable, Z-stable C*-algebra even
contains a dense set of generators. This raises the natural question if every Z-stable
C*-algebra has generator rank one (see [Thi20, Remarks 5.8(2)]).

Given a locally compact Hausdorff space X, the local dimension locdim(X) is
defined as the supremum of the covering dimension of all compact subsets, with
the convention that locdim(()) = —1. For o-compact (in particular, second countable),
locally compact Hausdorft spaces, the local dimension agrees with the usual covering
dimension (in general they differ). In Section 4, we compute the generator rank of
arbitrary homogeneous C*-algebras.

Theorem A (4.17) Let A be a d-homogeneous C*-algebra. Set X := Prim(A). Ifd =1,
then gr(A) =locdim(X x X). If d > 2, then

locdim(X) +1
2d -2 '

gr(A) = [

In particular, gr(C(X, My)) = [%] if X is a compact Hausdorff space and
d > 2. To prove Theorem A, we first show a Stone-Weierstraf3-type result that char-

acterizes when a tuple generates C(X, My ): the tuple has to generate M, pointwise,
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and it has to suitably separate the points in X (see Proposition 4.1). This indicates
the general strategy to determine when generating n-tuples in C(X, M) are dense:
first, we need to characterize when every tuple can be approximated by tuples that
generate M, pointwise, and second, we need to characterize when a pointwise
generating tuple can be approximated by tuples that separate the points. To address
the first point, we compute the codimension of the manifold of generating n-tuples
of self-adjoint d-matrices (see Lemma 4.11). For the second point, we use known
results characterizing when continuous maps to a manifold can be approximated by
embeddings, in conjunction with a suitable version of the homotopy extension lifting
property.

In Section 5, we compute the generator rank of d-subhomogeneous C*-algebras by
induction over d. Given a d-subhomogeneous C*-algebra A, we consider the ideal I ¢
A corresponding to irreducible representations of dimension d. Then A/I is (d —1)-
subhomogeneous. Using Theorem A and the assumption of the induction, we know
the generator rank of I and A/I. The crucial result to compute the generator rank
of the extension is the following proposition, which we also expect to have further
applications in the future.

Proposition B (5.3) Let A be a separable C*-algebra, and let (I} ) ey be a decreasing
sequence of ideals satisfying Uy hull(I;) = Prim(A). Then,

gr(A) = sup gr(A/Iy).

The main result of this paper is the following theorem.

Theorem C (5.5) Let A be a subhomogeneous C*-algebra. For each d > 1, set X4 :=
Prim, (A), the subset of the primitive ideal space of A corresponding to d-dimensional
irreducible representations. Then,

gr(A) = max {locdim(X1 x X1), max [lOCdlm(Xd)H]} )
22

2d -2
The main application is the following corollary.

Corollary D (5.10) Let A be a nonzero, separable, Z-stable ASH-algebra. Then,
gr(A) =1, and so a generic element of A is a generator.

It was shown in [TW14, Theorem 3.8] that every unital, separable, Z-stable C*-
algebra is singly generated. We note that Corollary D does not require unitality. In
particular, Corollary D implies that certain C*-algebras are singly generated that were
not considered in [TW14].

Together with the main result of [Thi20], we obtain the following consequence.

Corollary E [Thi20, Corollary 5.7] Let A be a unital, separable, simple, nuclear, Z-
stable C*-algebra satisfying the UCT. Then, A has generator rank one. In particular, a
generic element in A is a generator.

Notation WesetN:={0,1,2,...}. Given a C*-algebra A, we use Ay, to denote the set
of self-adjoint elements in A. We denote by A the minimal unitization of A. By an ideal
in a C*-algebra, we mean a closed, two-sided ideal. We write My for the C*-algebra of
d-by-d matrices M4 (C).

https://doi.org/10.4153/50008414X22000268 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000268

The generator rank of subhomogeneous C*-algebras 1317

Given a,b € A, and € >0, we write a =, b if |a—b|| < e. Given ae A and G C A,
we write a €, G if there exists b € G with a =, b. We use bold letters to denote tuples,
for example, a = (ay,...,a,) € A". Givena,be A", we writea =, b ifaj =, b for j=
1,...,n. We use C*(a) to denote the sub-C*-algebra of A generated by the elements of
a. We write A% for (Ag,)", the space of n-tuples of self-adjoint elements in A.

2 The generator rank and its precursor

In this section, we briefly recall the definition and basic properties of the generator
rank gr and its predecessor gr, from [Thi21].

Definition 2.1[Thi2l, Definitions 2.1and 3.1] Let A bea C*-algebra. We define gr (A)
as the smallest integer n > 0 such that for every a € A”', ¢ > 0, and ¢ € A, there exists
b € A" such that

b=.a, and ce. C*(b).
If no such n exists, we set gr,(A) = co. The generator rank of A is gr(A) := gr, (A).

We use Gen,(A)s, to denote the set of tuples a € A7, that generate A as a C*-
algebra. For separable C*-algebras, the generator rank and its predecessor can be
described by the denseness of such tuples.

Theorem 2.2 [Thi2l, Theorem 3.4] Let A be a separable C*-algebra and n € N. Then:
(1) gry(A) < nifand only if Gen,,i(A)sa € A"V is a dense Gg-subset.
(2) gr(A) < nifand only if Gen,,1(A)s, A" is a dense Go-subset.

Remark2.3 Let Abeaseparable C*-algebra. If A has generator rank at most one, then
the set of (nonself-adjoint) generators in A is a dense Gs-subset (see [Thi2l, Remark
3.7]). If A is unital, then the converse also holds: we have gr(A) <1if and only if a
generic element in A is a generator.

The connection between gr,, gr and the real rank is summarized by the next result,
which combines Proposition 3.12 and Theorem 3.13 in [Thi21]. In Theorem 5.5, we
show that gr, and gr agree for subhomogeneous C*-algebras. In general, however, it
is unclear if gr, = gr (see [Thi2l, Question 3.16]).

Proposition 2.4 Let A be a C*-algebra. Then,
max { rr(A), gr,(A)} = gr(A) < gr,(A) + L

We will frequently use the following permanence properties of gr, and gr, which
were shown in Propositions 2.2, 2.7, and 2.9 and Theorem 6.2 in [Thi21].

Theorem 2.5 Let A be a C*-algebra, and let I € A be an ideal. Then,

max { gry (1), gry(A/I)} < gry(A) < gry(I) +gr,(A/T) +1,

and

max { gr(I),gr(A/I)} < gr(A) < gr(I) + gr(A/I) +1.
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Recall that a C*-algebra A is said to be approximated by sub-C*-algebras A, ¢ A
if, for every finite subset F € A and ¢ > 0, there is A such that a €, A, for each a € F.
We do not require the subalgebras to be nested. Thus, while [, A} is a dense subset
of A, it is not necessarily a subalgebra. The next result combines Propositions 2.3
and 2.4 and Theorem 6.3 in [Thi21].

Theorem 2.6 Let A be a C*-algebra that is approximated by sub-C*-algebras A) € A,
and let n € N. If gr (Ay) < n for each A, then gr (A) < n. Analogously, if gr(Ay) < n
for each A, then gr(A) < n.

Moreover, if A = li_r)nj Aj is an inductive limit, then

gro(A) <liminfgro(A;), and gr(A) <liminfgr(A;).
j i

Theorem 2.7 [Thi2l, Theorem 5.6]  Let X be a locally compact Hausdor(f space. Then,
gr,(Co(X)) = gr(Co(X)) = locdim(X x X).

3 Reduction to the separable case

Let us recall a few concepts from model theory that allow us to reduce some proofs
in the following sections to the case of separable C*-algebras. We refer to [FHL+21,
FK10] for details.

3.1. Let A be a C*-algebra. We use Sub,(A) to denote the set of separable sub-
C*-algebras of A. A collection 8 C Subg,(A) is said to be o-complete if we have
U{B: B €T} €8 for every countable directed subcollection T ¢ 8. Furthermore, § is
said to be cofinal if, for every By € Subgep (A), there is B € 8 such that B € B. It is well
known that the intersection of countably many o-complete, cofinal collections is again
o-complete and cofinal.

In [Thil3, Definition 1], I formalized the notion of a noncommutative dimension
theory as an assignment that to each C*-algebra A associates a number d(A) €
{0,1,2,...,00} such that six axioms are satisfied. Axioms (D1)-(D4) describe com-
patibility with passing to ideals, quotients, directs sums, and unitizations. The other
axioms are:

(D5) Ifn e Nandif A is a C*-algebra that is approximated by sub-C*-algebras A, ¢ A
(as in Theorem 2.6) such that d(A,) < n for each A, then d(A) < n.

(D6) If A is a C*-algebra and By C A is a separable sub-C*-algebra, then there is a
separable sub-C*-algebra B ¢ A such that By € Band d(B) < d(A).

It was noted in [Thi21, Paragraph 4.1] that if 4 is an assignment from C*-algebras to
{0,1,..., 00} that satisfies (D5) and (D6), then for each n € N and each C*-algebra A
satisfying d(A) < n, the collection

{B € Subsep(A) : d(B) < n}

is o-complete and cofinal. It was shown in [ Thi21] that gr,, and gr satisfy (D5) and (D6).
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Lemma 3.2 Let A be a C*-algebra, and let I C A be an ideal. We have:

(1) Let 8 € Subgep (1) be a o-complete and cofinal subcollection. Then, the family {B €
Subgep(A) : BN 1 €8} is o-complete and cofinal.

(2) Let 8 € Subgep(A/I) be a o-complete and cofinal subcollection. Then, the family
{B € Subgep(A) : B/(BNI) € 8} is a-complete and cofinal.

Proof (1):Set T := {B € Subsep(A) : BN I e 8}. It is easy to see that T is o-complete.
To show that it is cofinal, let By € Subse,(A). We will inductively find increasing
sequences (I )k in 8 and (B )k in Subgep (A) such that

BonIclycBinIChLc---.

Assume that we have obtained By for some k € N. Then, B NI € Subsep(I), and
since § is cofinal in Subsep, (I), we obtain Iy € 8 such that By n I € Ij.. Then, let By, be
the sub-C*-algebra of A generated by By and I.
Set B := Uy Bk, which belongs to Subse,(A) and contains By. We have Bn 1 =
Uk Ix. Since 8 is o-complete, B N I belongs to 8. Thus, B belongs to T, as desired.
Statement (2) is shown similarly. ]

3.3. Recall that a C*-algebra is called d-homogeneous (for some d >1) if all its
irreducible representations are d-dimensional, and it is called homogeneous if it is d-
homogeneous for some d (see [Bla06, Definition IV.1.4.1, p. 330]).

Let A be a d-homogeneous C*-algebra, and set X := Prim(A), the primitive ideal
space of A. Then, X is a locally compact Hausdorff space, and there exists a locally
trivial bundle over X with fiber M, such that A is canonically isomorphic to the
algebra of continuous cross sections vanishing at infinity, with pointwise operations
(see [Fel6l, Theorem 3.2]).

It follows that the center of A is canonically isomorphic to Cy(X), and this gives A
the structure of a continuous Cy(X)-algebra, with each fiber isomorphic to M. For
the definition and results of Cy(X)-algebras, we refer the reader to Section 2 of
[Dad09]. Given a Co(X)-algebra A and a closed subset Y ¢ X, we let A(Y) denote
the quotient of A corresponding to Y. The fiber of A at x € X is A(x) := A({x}).
Given a € A and x € X, we write a(x) for the image of a in the quotient A(x). Given
a=(ag,...,a,) € A" weseta(x) := (ap(x),...,a,(x)) € A(x)"*".

Given a locally compact Hausdorft space X, the local dimension of X is

locdim(X) := sup { dim(K):Kc X compact},

with the convention that locdim()) = —1. As noted in [Thi2l, Paragraph 5.5], if X is
nonempty, then locdim(X) agrees with the dimension of the one-point compactifica-
tion of X. If X is 0-compact, then dim(X) = locdim(X).

Lemma 3.4 Let d>1, 1N, and let X be a compact Hausdorff space satisfying
dim(X) < . Set A:= C(X, My). Then,

8 := {B € Subgep (A) : B d-homogeneous, locdim(Prim(B)) < l}
is o-complete and cofinal.

Proof o-completeness: Let T C 8§ be a countable directed family, and set C:=
U{B : B € T}. To show that C is d-homogeneous, let p be an irreducible representation
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of C. Since C is d-subhomogeneous (as a subalgebra of A), the dimension of p is at
most d. If dim(p) < d, then the restriction of p to each B € T is zero, whence p = 0, a
contradiction.

In [BP09, Section 2.2], Brown and Pedersen introduce the topological dimension
of type IC*-algebras. Given a homogeneous C*-algebra D, the topological dimension
topdim(D) is equal to locdim(Prim(D)). Hence, each B € T satisfies topdim(B) =
locdim(Prim(B)) < I. By [Thil3, Lemma 3], a continuous trace C*-algebra (in partic-
ular, a homogeneous C*-algebra) has topological dimension at most [ whenever it is
approximated by sub-C*-algebras with topological dimension at most I. Hence,

locdim(Prim(C)) = topdim(C) < I,

which verifies that C belongs to 8, as desired.

Cofinality: Let By C A be a separable sub-C*-algebra. We identify A with C(X) ®
M. Let ejx € My, j,k=1,...,d, be matrix units. Let C(Y) € C(X) be a separable,
unital sub-C*-algebra such that f € C(X) belongs to C(Y') whenever f ® eji € By for
some j, k. Using that the real rank satisfies (D6), let C(Z) ¢ C(X) be a separable sub-
C*-algebra containing C(Y) such that rr(C(Z)) < rr(C(X)). Then,

dim(Z) =rr(C(Z)) <rr(C(X)) =dim(X) < I,
and it follows that C(Z) ® M € C(X) ® M, has the desired properties. ]

Proposition 3.5 Letd >1,1 €N, and let A be a d-homogeneous C*-algebra satisfying
locdim(Prim(A)) < . Then,

8 := {B € Subgep (A) : B d-homogeneous,locdim(Prim(B)) < l}
is o-complete and cofinal.

Proof Asin the proof of Lemma 3.4, we obtain that § is o-complete.

Cofinality: Let By € A be a separable sub-C*-algebra. Let I € A be the ideal gen-
erated by By. Then, I is d-homogeneous and X := Prim(I) is o-compact. We view I
as a Co(X)-algebra with all fibers isomorphic to M. Since the M;-bundle associated
with I is locally trivial, and since X is 0-compact, we can choose a sequence of compact
subsets Xo, X1, X2, ... € X that cover X such that I(X;) = C(X;) ® M, foreach j € N.

Given j, let 71j: 1 - C(X;) ® My be the corresponding quotient map, and set

8= {B € Subgep (I) @ 7j(B) d-homogeneous, locdim(Prim(7;(B))) < l}.

Applying Lemmas 3.2(2) and 3.4, we obtain that 8 ; is c-complete and cofinal. It follows
that 8 := N2y 8; is o-complete and cofinal as well. Choose B € § satistying By < B.
To verify that B is d-homogeneous, let p be an irreducible representation
of B. Since B is d-subhomogeneous, we have dim(p) < d. Extend p to an irreducible
representation p’ of I (a priori on a possibly larger Hilbert space). Then, there exists
x € X such that p’ is isomorphic to the quotient map to the fiber at x. Let j € N such that
x € X;. Since Bbelongs to 8 j, it exhausts the fiber at x, and we deduce that dim(p) > d.
To see that locdim(Prim(B)) < I, let K ¢ Prim(B) be a compact subset. For
each j, let F; ¢ Prim(B) be the closed subset corresponding to the quotient 7;(B)
of B. Since B belongs to § j, we have locdim(F;) < I. Hence, dim(K n F;) < I. We have
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K = U;j(K n F;), and therefore
dim(K) = supdim(K n F;) <1
i

by the Countable Sum Theorem (see [Pea’5, Theorem 3.2.5, p. 125]; see also the
introduction to Section 5). ]

4 Homogeneous C*algebras

In this section, we compute the generator rank of homogeneous C*-algebra; (see Theo-
rem 4.17). We first consider the unital separable case (Lemma 4.15), we then generalize
to the unital nonseparable case (Proposition 4.16) and finally to the general case.
Unlike for commutative C*-algebras, the unital separable case is highly nontrivial and
it requires a delicate analysis of the codimension of certain submanifolds of (M, )"
(Lemma 4.11) in connection with a suitable version of the homotopy extension lifting
property (Lemma 4.14).

The next result characterizes generating tuples in separable C(X)-algebras with
simple fibers, and thus in particular in unital, separable, homogeneous C*-algebras.

Given a map ¢: D — E between C*-algebras and a = (ay,...,a,) € D", we set

9(a) = (¢(ao),....p(an)) € E".

Proposition 4.1 Let X be a compact metric space, and let A be a separable C(X)-
algebra such that all fibers are simple. Let n € N and a € A"}'. Then, a € Gen41(A)s, if
and only if the following are satisfied:

(a) a generates each fiber, that is, a(x) € Geny1(A(x))sa for each x € X.
(b) a separates the points of X in the sense that for distinct x,y € X, there is no
isomorphism a: A(x) — A(y) satisfying a(a(x)) = a(y).

Proof Let us first assume that a € Gen, ;1(A)sa.. For x € X, let ,: A —> A(x) be the
quotient map onto the fiber at x. Since 71, is a surjective *-homomorphism, it maps
Geny1(A)sa to Genyy1 (A(x))sa, which verifies (a). Similarly, for distinct points x, y €
X, the map 7, ® m,: A - A(x) ® A(y) is a surjective *-homomorphism. It follows
that (a(x),a(y)) = (7. ® m,)(a) € Gen,1(A(x) ® A(y))sa- To verify (b), assume
that a: A(x) — A(y) is an isomorphism satisfying a(a(x)) = a(y). Then,

C*((a(x),a(»))) = {(d: a(d)) € A(x) @ A(y) : d € A(x)} # A(x) @ A(y),

which contradicts that (a(x),a(y)) generates A(x) @ A(y). Thus, no such « exists.

Conversely, let us assume that (a) and (b) are satisfied. Set B := C*(a). We need to
prove B = A. This follows from [TW14, Lemma 3.2] once we show that B exhausts the
fiber A(x) for each x € X, and that for distinct x, y € X, there exists b € B such that
b(x) is full in A(x) and b(y) = 0. The exhaustion of fibers follows directly from (a).

Let x, y € X be distinct, and set C := (7, ® 7, )(B) € A(x) @ A(y). Note that C is
the sub-C*-algebra of A(x) @ A(y) generated by (a(x),a(y)).If C + A(x) ® A(y),
using that A(x) and A(y) are simple, it follows from [Thi21, Lemma 5.10] that there
exists an isomorphism a: A(x) — A(y) such that

C={(da(d)) e A(x) ® A(y) : d € A(x) },
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which implies that a(a(x)) = a(y). Since this contradicts (b), we deduce that C =
A(x) ® A(y).Hence, thereexists b € Bsuch that b(x)isfullin A(x)andb(y) =0. =

Notation 4.2 Ford > 2 and n € N, we set
Eitti= (MM, and  GIY'i= Genn(My)s € ESTL

sa

Note that Ej*! is isomorphic to R+ g topological vector spaces. In particular,
E"*Y is a (real) manifold with dim(E}*) = (n +1)d>.

We let Uy denote the unitary group of M. It is a compact Lie group of dimension d*.
Every automorphism of My is inner, and the kernel of Uy — Aut(My) is the group of
central unitaries T1 € U 4. Hence, Aut(M ) is naturally isomorphic to PU4 := U4 /(T1),
the projective unitary group, which is a compact Lie group of dimension d* — 1. Given
u € Uy, we use [u] to denote its class in PU,.

The action PU,; ~ My induces an action PU; ~ E;‘“ by setting

[u].a:= (uaou”,...,ua,u’™)
forueUy anda = (ao,...,a,) € E;*.

4.3. Let A be a unital, separable, d-homogeneous C*-algebra, and let n € N. Set X :=
Prim(A). We consider A with its canonical C(X)-algebra structure, with each fiber
isomorphic to M, (see Paragraph 3.3). Set

Gen'™¢r(A)g, := {a e A" a(x) € Genyyy(A(x))s, for each x € X}.

n+l sa

Given x € X, let m,: A — A(x) denote the map to the fiber at x. This induces
a map A" - (A(x))%, which we also denote by 7,. Choose an isomorphism

A(x) = Mgy, which induces an isomorphism (A(x))%™" = Ef*! = (M4)%. Since the
isomorphism A(x) ¥ M, is unique up to an automorphism of M,, we obtain a
canonical homeomorphism (A(x))%"/ Aut(A(x)) = EZ*/PU,4. We let y,: AT —
E"*/PUy be the resulting natural map.

Given a € A", one checks that y, (a) depends continuously on x. This allows us

to define W: A% — C(X, Ei*'/PU,) by
¥(a)(x) = yx(a),

fora e A" and x € X. Restricting ¥ to Gen">¢"(A),, gives a continuous map

¥:Gen ™ (A), - C(X, GI™/PU,).

n+l

Welet E(X, G /PU,4) denote the set of continuous maps X — G5! /PU, thatare
injective. By Proposition 4.1, a tuple a € A™! belongs to Gen,,;1(A)s, if and only if (a):

sa

a € Gen™T(A)q,, and (b): ¥ (a) € E(X, G*!/PUy). Thus, to determine the generator

n+l
rank of A, we need to answer the following questions:

(a) When is Gen®"(A),, dense in A”*'2
(b) When is E(X, G*'/PUy) dense in C(X, Gi*/PU,)?

Analogous as for the computation of the generator rank for unital, separable, com-
mutative C*-algebras in [Thi2l, Section 5], the answer to question (a) is determined by
dim(X), and the answer to (b) is determined by dim(X x X). However, while in the
commutative case the dominating condition was (b) involving dim(X x X), we will
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see that for d-homogeneous C*-algebras with d > 2 the dominating condition is (a)
involving dim(X).

To study (a), we will determine the dimension of E/*'\G*!. For this, we study the
action PUy ~ E*'. We will show that G/}*! consists precisely of the tuples in Ej*!
with trivial stabilizer subgroup (see Lemma 4.7). This allows us to describe E/}*'\G/*!
as the union of the submanifolds corresponding to nontrivial stabilizer subgroups. We
then estimate the dimension of these submanifolds (see Lemma 4.11).

To study (b), we show that G/;*! is an open subset of E/j*! (see Lemma 4.9). Hence,
G5! is a manifold with dim(G}*™") = dim(E}*™") = (n +1)d*. We let G;*'/PUy
denote the quotient space. Since PU, is a compact Lie group of dimension d? -1, it
follows that G/;*'/PU, is a manifold of dimension (1 + 1)d* — (d* - 1) = nd* + 1. We
then use a result of [Luu81] which characterizes when a continuous map to a manifold
can be approximated by injective maps.

Finally, we use a version of the homotopy extension lifting property for the projec-

tion G4 - G;*! /PUy4 (see Lemma 4.14) to show that a given tuple in Gen'®r(A),,
can be approximated by tuples that are mapped to E(X, G5 /PU,) by ¥.
4.4. Let G be a compact Lie group, acting smoothly on a connected manifold M. We
briefly recall the orbit-type decomposition. For details, we refer the reader to [Bre72,
Mei03]. We will later apply this for the action PU; ~ E}*.

The stabilizer subgroup of m € M is

Stab(m) = {ge G: g.m=m}.

Two subgroups H and H' of G are conjugate, denoted H ~ H', if there exists g € G such
that H = gH'g™". We let

T:={{H:H ~Stab(m)}: me M}
denote the collection of all conjugation classes of stabilizer subgroups. Set
M, := {m € M : Stab(m) € t}

for t € T. We have Stab(g.m) = g Stab(m)g™! for all g € G and m € M, which implies
that each M; is G-invariant.

Let us additionally assume that each M, is connected. Then, by [Mei03,
Theorem 1.30], each M, is a smooth embedded submanifold of M, and M decom-
poses as a disjoint union M = U, M;. (See also [Bre72, Theorem IV.3.3, p. 182].)
Furthermore, this decomposition satisfies the frontier condition: for all ¢/, t € T, if
My 0 M; # (), then My € M;. This defines a partial order on T by setting ¢’ < ¢t if
My € M,. The depth of t € T is defined as depth(t) = 0 if t is maximal, and otherwise

depth(t) ::sup{k21:t<t1<t2< <tkf0rs0met1,...,tkeT}.

In many cases, one knows that T is finite and contains a largest element (see
Sections IV.3 and IV.10 of [Bre72]).

Set Mree := {m € M : Stab(m) = {1} }. If Mgee + (), then the conjugacy class of the
trivial subgroup is the largest element in T, and M., is an open submanifold of M.
The restriction of the action to My, is free.
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Proposition 4.5 Retain the situation from Paragraph 4.4. Assume that M is metrizable
with metric dyy, T is finite, and M # Mgee * 0. Let X be a compact Hausdor{f space.
Then, the following are equivalent:

(1) C(X, Mgree) € C(X, M) is dense with respect to the metric d(f,g):=

sup, .x du(f(x),g(x)), for f,g € C(X, M).
(2) dim(X) < dim(M) — dim(M\Mgee ).

Proof Note that T contains exactly one element of depth zero, namely the conjugacy
class of {1}. Therefore,

M\Mfree = U My,
teT,depth(t)>1

and it follows that
dim(M\Mgree) = max { dim(M;) : depth(t) > 1}.

To show that (1) implies (2), assume that dim(X) > dim(M) — dim(M\ Mgree )-
Choose t € T of depth >1 such that dim(X) > dim(M) — dim(M;). As noted in
[BE91, Proposition 1.6], it follows that C(X, M\M,) € C(X, M) is not dense, which
implies that (1) fails.

Assuming (2), let us prove (1). Let f € C(X, M) and ¢ > 0. The proof is similar to
that of Theorem 1.3 in [BE91]. We inductively change f to avoid each M;, but instead
of proceeding by the (co)dimension of the submanifolds, we use their depths.

It follows from the frontier condition that for each t € T, the set E\M ¢ is contained
in the union of submanifolds M, with s € T and depth(s) > depth(¢). Letti,..., tx be
an enumeration of the elements in T with depth > 1, such that depth(#;) > depth(#,) >

-+ > depth(tx). Note that M, isa closed submanifold (since #; has maximal depth and
thus M, \M, = (), and for each j > 2, the set M, \M,, is contained in My, U... M, ,.
Furthermore, every M;, is a submanifold of codimension > dim(X) + 1.

By [BE9L, Lemma 1.4], if Y € M is submanifold of codimension > dim(X) + 1, if
8> 0,and if g € C(X, M) satisfies g(X) n (Y\Y) = 0), then there exists g’ € C(X, M)
such that d(g,g’) <& and g'(X)nY = 0. Set f := f. We will inductively find f; €
C(X, M) such that, for each k = 1,..., K, we have

£ — .
d(fr-1> fx) < % and  fi(X)n M, = fforj=1,...,k.

First, using that the boundary of M, is empty, we can apply [BE9], Lemma 1.4] to
obtain f; € C(X, M) such that

€ .
d(fo.fi) <5 and  A(X) N My =0.
For k > 2, assuming that we have chosen fi_;, let §; denote the (positive) distance

between the compact set f;_;(X)and M, U - -+ U M, . Applying [BE91, Lemma 1.4],
we obtain f; € C(X, M) such that
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d(fer fo) < mm{zik,ak}, and  fo(X) M, = 0.

By choice of 8y, it follows that f; (X) is disjoint from M, U -+ U M, .
Finally, the element fx belongs to C(X, M. ) and satisfies d(f, fx) < e. [ ]

4.6. We let Sub; (M) denote the collection of sub-C*-algebras of M, that contain the
unit of My. Givena € Ej™" := (My) 2", we set Cf (a) := C*(a,1) € Sub;(Mg). We let
PU,4 act on Sub; (M) by [#].B := uBu* for u € U, and B € Sub;(My). Given By, B €
Sub; (M), we write B; ~ B, if B; and B lie in the same orbit of this action, that is, if
B = uB,u”* for some u € Uy.

Given a € E/j*!, we have C} (a) = M, if and only if C*(a), and thus

G = Gengy1(Ma)sa = {a e (Ma)l": C*(a) = My}

= {ae (M3 Cf (a) = Ma}.

Given asub-C*-algebra B € My, welet B’ := {c € M : bc = cb for all b € B} denote
its commutant. We always have B’ € Sub; (M), and by the bicommutant theorem, we
have B” = B for all B € Sub;(My).

Lemma 4.7 Letac E*'. Then,
Stab(a) = {[u] : u e U(C*(a)")}.
Furthermore, we have a € G if and only if Stab(a) = {[1]}.

Proof Given u € Uy, we have [u].a = aif and only if uxu* = x for every x € C*(a).
This implies the formula for Stab(a).

If a € G*!, then C*(a)’ = Cl, which implies that Stab(a) is trivial. Conversely,
assuming that a € EZ*'\G"™", let us verify that a has nontrivial stabilizer subgroup.
Since C*(a) # My, we also have C; (a) # M. Using the bicommutant theorem, we
deduce that C; (a)’ is strictly larger than the center of M ;. Using that C*(a)’ = C{ (a)’,
we obtain a noncentral unitary in C*(a)’. ]

Lemma 4.8 Leta,b ¢ E*'. Then, we have Stab(a) ~ Stab(b) if and only if C{ (a) ~
Ci (b).

Proof Let By, By € Subj(My). If ueU, satisfies uBju* = B,, then one checks
uBju* = Bj. Using also that By and B, agree with their bicommutants, we obtain

B1 NBZ <~ Bi NB;

Using that C; (a) = C*(a)” and C; (a)’ = C*(a)’, and similarly C; (b) = C*(b)" and
C{ (b)" = C*(b)’, we need to show

Stab(a) ~ Stab(b) <« C*(a)’ ~ C*(b)".

To prove the forward implication, we assume that Stab(a) ~ Stab(b). Let v €
Uy such that [v]Stab(a)[v]™" = Stab(b). Given u € U(C*(a)’), it follows from
Lemma 4.7 that

[vuv*] e Stab(b) = {[w] : w e U(C* (b)) }.
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Using that T1 < U(C*(b)"), we obtain vuv* € U(C*(b)"). Since C*(a)’ is spanned
by its unitary elements, we get vC*(a)’v* € C*(b)’. The reverse inclusion is shown
analogously, whence vC*(a)’'v* = C*(b)’, that is, C*(a)’ ~ C*(b)’.

Conversely, if C*(a)’ ~ C*(b)’, let v € U, such that uC*(a)’v* = C*(b)’. Using
Lemma 4.7, we get [v] Stab(a)[v]™! = Stab(b), that is, Stab(a) ~ Stab(b). [

Lemma 4.9 Let B be a finite-dimensional C*-algebra and n > 1. Then, the set {a €
B+ : C; (a) = B} is a path-connected, dense, open subset of B™!.

Proof SetG:={ae B"":Cf(a)=B}.

Denseness: By [Thi2l, Lemma 7.2], we have gr(B) <1< n. Since B is unital and
separable, it follows from Theorem 2.2 that Gen,;;(B)s, € B is dense. Using that
Gen,,;1(B)sa € G, we get that G is also dense in B2,

Openness: Let D denote the family of sub-C*-algebras D ¢ B such that D + Clj is
a proper sub-C*-algebra of B (that is, C; (D) # B). Then,

Bn+1 Dn+1.
L
Thus, we need to show that Upep D% is a closed subset of B,

We let U(B) denote the unitary group of B. It naturally acts on D by setting
u.D := uDu* for u € U(B) and D € D. Since B is finite-dimensional, two sub-C*-
algebras Dy, D, C B are unitarily equivalent if and only if D; 2 D, and the 1nclu310ns
induce the same maps in ordered Kj-theory. It follows that the action U(B) ~
has only finitely many orbits, and we choose representatives Dy, ..., Dy, € D. Then,
D= U;nl Uueus MD u*.

For each j, since D is a closed subset of B, it follows that (D;) %" is a closed subset
of B!, Since B is ﬁmte dimensional, U(B) is compact, and it follows that

Uoi =0 U ()i

DeD j=luecU(B)

)n+1

is closed, as desired.

Path-connectedness: We only sketch the argument for the case B =M, for
some d>2. Let a € Genyy1(My)sa- Using that the unitary group of M, is path-
connected, and that g, is unitarily equivalent to a diagonal matrix, we find a path
in Geny.1(My)sa from a to some b such that by is diagonal. By splitting multiple
eigenvalues of by and moving them away from zero, we find a path (x;)e[o,1] inside
the self-adjoint, diagonal matrices starting with x, = by and ending with some x; such
that x; has k distinct, nonzero diagonal entries, and such that by € C*(x;) for each
t € [0,1]. Then, t = (x4, by, ..., b, ) defines a path inside Gen,,1(My)sa.

Let S denote the set of self-adjoint matrices in M, such that every off-diagonal entry
is nonzero. Note that S is path-connected. Next, we let () c[0,1] be a path inside the
self-adjoint matrices starting with y, = by, ending with some matrix y; that has the
eigenvalues 1,2, ..., d such that y; belongs to S for every ¢ € (0,1]. Note that x; and y,
generated M, for every ¢ € (0,1]. It follows that ¢ — (x1, ¥4, by, ..., b, ) defines a path
inside Gen,11(Mg)sa-

Conjugating by a suitable path of unitaries, we find a path in Gen,1(Mg)sa
from (x1, y1, b2, ..., by) to some ¢ = (¢g, 1, ..., ¢n) such that ¢; = diag(1,2,...,d).
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Arguing as above, we find a path in Gen,,1(My)s, that changes ¢y to the matrix ¢
with all entries 1. Then, ¢; and ¢; generate M.

Then, t — (¢, c1, (1—t)ca, ..., (1—t)cy,) is a path in Gen,1(My)sa connecting
to (¢o,¢1,0...,0). Thus, every a € Gen,,1(M,)s, is path-connected to the same
element. ]

4.10. Let d > 2, and n € N. The compact Lie group PU, acts smoothly on the mani-
fold E*! := (My)2%". We will describe the corresponding orbit-type decomposition
of En*,

(sliven a,b € E*!, by Lemma 4.8, we have Stab(a) ~ Stab(b) if and only if C{ (a) ~
C; (b). Moreover, given B € Sub; (M), there existsa € E/}*! with B = C; (a). It follows
that the orbit types of PU, ~ E’*! naturally correspond to the orbit types of the action
CPud ~ Subl(Md).

Given By, B, € Sub; (M), it is well known that B; ~ B, if and only if B; and B, are
isomorphic, thatis, B; = B, 2 GBJL.ledj forsome L, ds,...,d > 1,and if, for each j, the
maps My, > By > My and Mg; - By > My have the same multiplicity m;. Thus, to
parametrize the orbit types of PU,; ~ Sub; (M), we consider

L
To = {((dl, R ,dL), (ml, ooy mL)) : L,dj, m]' >1, Zd]mj = d} .
=1
Given (d,m) € Ty, we let B(d, m) € M, be the sub-C*-algebra of block diagonal
matrices, with m; equal blocks of size d;, followed by m, equal blocks of size d,,
and so on. We point out that the numbers dj, ..., dy are not required to be distinct.
For example, B((d), (1)) = My, B((1),(d)) = C1, and B((1,...,1),(1,...,1)) is the
algebra of diagonal matrices.
We define an equivalence relation on Ty by setting (d, m) ~ (d’,m’) if all tuples
d, m,d’, m’ contain the same number of elements, say L > 1, and if there is a permu-
tation o of {1,..., L} such that

d]:dtlf(])’ m]:m;.(]) fOr]:1,,L

For example, we have ((2,2), (1,2)) ~ ((2,2),(2,1)),but ((2,2),(1,2)) + ((2), (3)).
We have (d, m) ~ (d’,m’) if and only if B(d, m) ~ B(d’,m’).
Set T := Ty/..Given (d, m) € Ty, welet [d, m] denote its equivalence class in T. For
every B € Sub; (M), there exists (d, m) € T, such that B ~ B(d, m). It follows that the
orbit types of PU; ~ Sub; (M) are parametrized by T:

Subl(Md)/j)ud = Subl(Md)/N = To/N = T.
Given [d,m] € T, set
Eam) = {a€Ej" : C{(a) ~ B(d,m)}.

Then, E[g,m] is the submanifold of Ej*! corresponding to orbit type [d, m], and the
orbit-type decomposition (as described in Paragraph 4.4) for PU; ~ Ej*! is

Ei''= U Em-
[d,m]eT
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By Lemma 4.7, a tuple a € E/*! has trivial stabilizer group if and only if a belongs
to G It follows that G;*' = E[(4),(1)}> and in the notation of Paragraph 4.4, with
M = Ei", we have Mgee = GI*.

Lemma 4.11 Let [d,m] e T with [d,m] # [(d),(1)]. Then, E[qm] is a connected
submanifold of E*' satisfying

dim(Eg,m)) < (n+1)d* - 2n(d - 1).
Furthermore, dim(Ep(4_11y,(1,1)]) = (n +1)d* = 2n(d - 1).

Proof Set B:= B(d,m). Note that a tuple a € Ej*' belongs to E[g m] if and only if
Ci(a) ~ B. Set

F:={acE}": C{(a) = B}.

By Lemma 4.9, F is connected. Since every orbit in E[g ] meets F, and since PU, is
connected, it follows that Eq ] is connected as well.

By [Bre72, Theorem IV.3.8], if a compact Lie group L acts smoothly on a connected
manifold M such that all orbits have the same type, then dim(M) = dim(M/L) +
dim(L/K), where K is the stabilizer subgroup of any element in M.

Let K ¢ PU,4 be the stabilizer subgroup of some element in F. By considering the
restricted action PU; ~ E[g,m], We obtain that

dim(E[d,m]) = dim(E[d)m]/ﬂ)ud) + d1m(‘.PUd/K)

Closed subgroups of Lie groups are again Lie groups. It follows that K is a Lie group
as well. Since K is acting freely on the connected manifold PU,; with only one orbit
type, we also get dim(PU,;/K) = dim(PU,) - dim(K) and thus

(4.1) dim(E[d,m]) = dim(E[d,m]/Tud) + d1m(?ud) - dlm(K)
Set
N :={[u] e PUy : uBu* = B},

which is a closed subgroup of PU,. Given a € F and [u] € PU,, we have [u].a € F if
and only if [u] € N. It follows that N naturally acts on F. Furthermore, for each a € F,
the N-orbit N.a agrees with PUg.a N F. Since every PU,-orbit in E[q ] meets F, we
deduce that E[g ;,]/PUs = F/N. Note that B];" is a linear space. By Lemma 4.9, F is

an open subset of B! It follows that F is a manifold satisfying

sa

dim(F) = dim(B%™) = (n+1) Z d;.
j=1

Analogous to (4.1), by considering the action of the compact Lie group N on F, we
obtain

(4.2) dim(F) = dim(F/N) + dim(N) - dim(K).
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Note that N contains {[u] : u € U(B)}, which implies that

dim(N) > (zL: d}z) -1

=1
Combining this estimate with (4.1) and (4.2), using that Efg ]/PUs = F/N, and
that [d,m] # [(d), (1)], we get

dim(E[g,m]) = dim(F) + dim(PUy) - dim(N)

s((n+1)jz:df)+(d2—1)—((§d]2.)—1)

L
:d2+nZd]2-

1

<d*+n((d-1)*+1) = (n+1)d* -2n(d -1).

For [d,m] = [(d - 1,1), (1,1)], we have B(d,m) 2 M;_; ® C € M. In this case,
we get N={[u]ePUs:ueU(My,®C)} and thus dim(N)=(d-1)*+1-1=
(d —1)2. 1t follows that

dim(E[(dfl,l),(l,l)]) = dlm(F) + dlm(fPud) - dlm(N)
=(n+1)((d-1)2+1)+(d*-1) - (d-1)*
= (n+1)d*-2n(d -1). n

Lemma4.12  Let X be a compact Hausdorffspace, d > 2, and n € N. Then, the following
are equivalent:

(1) C(X,Gy™) c C(X,E*) is dense.

(2) dim(X) <2n(d -1).

Proof We use the notation from Paragraph 4.10. The orbit-type decomposition for
the action PU,; ~ Ej*!is

E;H—l = U E[d,m]) E[d,m] = {a € E;H—l : Cl*(a) ~ B(d’ m)}
[d,m]eT

Furthermore, Gi*' = E [(d),(1)]> Which is the submanifold of orbits with trivial stabi-
lizers. In the notation of Paragraph 4.4, with M = Eg“, we have Mg = G;‘“.

Applying Proposition 4.5, we obtain that C(X, G4*') ¢ C(X, E;*") is dense if and
only if

dim(X) < dim(Ej™) - dim(E;"\G5™).

Since E;*"\G*! is the finite union of Eq,m) for [d,m] # [(d), (1)], we obtain from
Lemma 4.11

dim(EZ™N\GI™) = : dim(E[g,m]) = (n +1)d* - 2n(d - 1).

max
d,m]z[(d),(1)]

Now, the result follows using that dim(E}*™") = (n +1)d>. [
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The next result provides the answer to question (a) from Paragraph 4.3. Recall that

Genfi®¢"(A),, denotes the set of tuples that are fiberwise generators.

Lemma4.13 Let A be a unital, separable, d-homogeneous C*-algebra, d > 2, andn e N.

Then, Gen™" (A), € A" is open. Furthermore, the following are equivalent:

(1) Genf®ST(A),, is dense in A,

(2) dim(Prim(A)) < 2n(d -1).

Proof Set X := Prim(A). Since X is compact, and since the M;-bundle associated
with A is locally trivial, we can choose closed subsets Xj, ..., X,, € X that cover X
suchthat A(X;) = C(X;, M) foreachj. Let mj: A - C(Xj, My) be the corresponding
quotient map, which induces a natural map A%! - C(X;, Myq)%" = C(X;, Ei*') that
we also denote by 7;.

A tuple ae A"! belongs to Gen®$"(A), if and only if 7;(a) belongs to
C(X;,G:*™") for each j. It follows from Lemma 4.9 that G4*' c Ei*' is open.
Since X is compact, we obtain that C(X;, G4*') < C(X;, E;*') is always open. Hence,
Genf®¢T(A),, ¢ A" is open.

Since the intersection of finitely many open dense sets is again dense, we see that (1)
holds if and only if C(X;, G4*") ¢ C(Xj, E;*") is dense for each j. By Lemma 4.12,
this is in turn equivalent to dim(X;) < 2n(d —1) for each j. Using that dim(X) =
max; dim(X;), this is finally equivalent to (2). |

Lemma 4.14  Let X be a compact metric space, let Y € X be closed, and let F and F be
continuous maps as in the diagram below such that q o F agrees with Fon (Y x [0,1]) U

(X x{0}).

(Y x[0,1]) u (X x{0}) %; G
(Y[ U (Xx[0.6]) .
X x [0,1] F GZH/Tud-

Then, there exist t > 0 and a continuous map H making the above diagram commute.

Proof Using that the action PUy ~ G*! is free, it follows that the quotient map
q: G} — G [PU, is the projection of a fiber bundle with base space G/}*!/PUy
and with fibers homeomorphic to PU,. Using the homotopy lifting property for fiber
bundles, we obtain H: X x [0,1] — G;‘“ such that

goH=F, and H(x,0)=F(x,0), forxeX.

Next, we will correct H to agree with F on Y x [0, t] for some ¢ > 0.
Given (y,s) € Y x [0,1], we have

q(H(y,s)) = F(y,s) = q(F(3,5)).

Let c(y,s) € PUy be the unique element such that H(y,s) = c(y,s).F(y,s). This
defines a map ¢: Y x [0,1] - PU,. Using that the fiber bundle is locally trivial, we
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see that ¢ is continuous. For every y €Y, we have H(y,0) = F(y,0) and there-
fore c(y,0) = 1. We extend ¢ to a map c: (Y x [0,1]) U (X x {0}) = PU, by setting
¢(x,0) :=1for every x € X.

Every Lie group is a (metrizable) locally contractible, finite-dimensional space
and therefore an absolute neighborhood extensor (see Theorems 1.2.7 and 4.2.33 in
[vMO1]). This allows us to extend ¢ to a continuous map ¢: U - PU, defined on a
neighborhood U of (Y x [0,1]) U (X x {0}) € X x [0,1]. Then, define H: U - G%*!
by

H(x,s) := é(x,5).F(x,s), for (x,s)eUcXx[0,1].

Choose ¢ > 0 such that (Y x [0,1]) u (X x [0, ¢]) € U. Then, the restriction of H
to (Y x [0,1]) u (X x [0, £]) has the desired properties. ]

Lemma 4.15 Let A be a unital, separable, d-homogeneous C*-algebra, d > 2. Then,

dim(Prim(A)) +1
2d -2 ] '

gr(4) = [

Proof Set X := Prim(A). Since A is noncommutative, we have gr(A) > 1 by [Thi2l,
dim(X)+1
2d-2
enough to show that, for every n > 1, the following holds:

Proposition 5.7]. We also have [ ] > 1 for every value of dim(X). Thus, it is
gr(A)<n < dim(X) <2n(d-1).

Recall that we use E(X, G /PUy) to denote the set of injective continuous maps
X - G4 /PU,. As explained in Paragraph 4.3, we have the following inclusions and
maps:

n

Gen,1(A)sa c Gen™®T(A),, < Amil

n+l

b b

E(X,GI™[PUy) C(X, Gy [PUy).

[[a]

Assume that gr(A) < n. Since A is separable, it follows from Theorem 2.2 that
Gen,41(A)s € A% is dense. Since Gen,y1(A)g € GenfliEfr(A)sa, we deduce from
Lemma 4.13 that dim(X) < 2n(d - 1).

Conversely, assume that dim(X) < 2n(d —1). Applying Lemma 4.13, we see that
Genf®¢"(A),, € A" is dense and open. Furthermore, by Proposition 4.1, a tuple a
Gen'i%i"(A)s, belongs to Gen,, 11 (A)s, ifand only if ¥(a) belongs to E(X, G+ /PUy).

Thus, to verify gr(A) < n, it suffices to show the following.
Let a € Gen'™ (A), and & > 0. Then, there exists b € Gen'">"(A)., such that

n+l n+l
b=ca, and ¥(b)eE(X,G}"/PUy).

By [Luu8l, Theorem 5.1], if M is a metrizable manifold with 2dim(X) <
dim(M), then E(X, M) c C(X, M) is dense with respect to the metric d(f,g) =
sup{dm(f(x),g(x)) : x € X}, where d is a metric inducing the topology on M.

By Lemma 4.9, G;*! is an open subset of E;*' and therefore is a manifold of
dimension (7 + 1)d?. Furthermore, PU, is a compact Lie group of dimension d* - 1,

https://doi.org/10.4153/50008414X22000268 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000268

1332 H. Thiel

acting freely on G/;*'. Hence, as noted in the proof of Lemma 4.11, it follows from
[Bre72, Theorem IV.3.8] that G/*'/PU, is a manifold of dimension (n +1)d* -
(d* —1) = nd?* + 1. By assumption, we have dim(X) < 2n(d - 1), and thus

2dim(X) < 4n(d -1) < nd* + 1.

It follows that E(X, G*'/PU,) is dense in C(X, G5 /PUy).

Set f := ¥(a). Then, f: X - G/*'/PUy, is a continuous map, which can be approx-
imated arbitrarily closely by embeddings. To complete the proof, we need to show that
one of these embeddings is realized as ¥ (b) for some b € A" close to a. We will do
this by successively applying our version of the homotopy extension lifting property
proved in Lemma 4.14.

Every manifold is finite-dimensional and locally contractible and therefore an
absolute neighborhood retract (ANR) (see [vMO01, Theorem 4.2.33]). Given a homo-
topy H: X x [0,1] > M and t € [0,1], welet Hy: X — M be given by H;(x) := H(x, t).

Step 1: We find a homotopy F: X x [0,1] - G4*' /PUy such that Fy = f and such that
Fiyy belongs to E(X, G*! [PUy) for every k > 1.

Set M := G*! /PU,. We use that M is an ANR. Given 6 > 0, one says that H: X x
[0,1] = M isa &-homotopyif d(Hy, H;) < 8 forall ¢ € [0,1]. By [vMO01, Theorem 4.1.1],
for every 8 > 0, there exists y > 0 such that, for every g € C(X, M) satisfying d(f, g) <
y, there exists a §-homotopy H: X x [0,1] » M with Hy = f and H; = g. Given n €
N, we apply this for 8, = 55, to obtain y, > 0. Using that E(X, M) ¢ C(X, M) is
dense, choose g, € E(X, M) satisfying d(f,g,) < y». By choice of y,, we obtain a
5= -homotopy H™: X x [0,1] = M satisfying H(()") = f and Hl(") =gy

Next, we define H: X x [0, 00) - M by

H® (x,2k +1-1t),  ifte[2k,2k +1],

H(x,t) =
(1) {H<k+1)(x,t—2k—1), if t e [2k +1,2k +2].

Thus, H is the concatenation of the reverse of H!, followed by H?) and its reverse,
and so on, as shown in the following picture:

© O O @ @
) Hl—t , Ht—l , H3—t , Ht—3 , H5—t ,
o 1 2 3 4 5

Note that H(_,2k) = gx for each k€N, and lim;., . H(x,t) = f(x) for every
x € X. Let p:(0,1] - [0,00) be a strictly decreasing, continuous map satisfying
p(%) =2k -2 for k > 1. Then, F: X x [0,1] defined by F(x,0) = f(x) and F(x,t) =
H(x, p(t)) for t € (0,1] has the desired properties.

Step 2: Since X is compact, and since the M -bundle associated with A is locally
trivial, we can choose closed subsets Xj, ..., X,, € X that cover X such that A(X;) =
C(Xj, My) for each j. Let m: A - C(X;, My) be the corresponding quotient map.
Abusing notation, we also use 7; to denote the naturally induced map

min ALY - C(Xj, Ma) it = C(X;, Ef™).

sa

Given j, k € {1,..., m}, both 77; and m; induce an isomorphism between A(X; N Xy )
and C(X; N Xg, My). Let ¢x,j: X; n Xi — PUy = Aut(M,) be the continuous map
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such that ¢, j(x).7mj(e)(x) = mc(e)(x) for every e € A and x € X; n Xj. Then,

(4.3) ck,j(x).mj(e)(x) = m(e)(x)
for every e € A% and x € X; N X;.
Step 3: We will successively choose t; > t, > -+ > t,, > 0 and continuous maps

H®: X x [0, 1] - G
such that
(4.4) H®(_,0)=m(a), and qoH® =Flx 04
and such that, for every j < k and (x,s) € (X; n Xy) x [0, t;], we have
(4.5) ck)j(x).H(j)(x,s) =H® (x,5).

We start by setting f; := 1. The map m(a): X; — G4*! satisfies g o mi(a) = flx,.
Thus, m;(a) is a lift of F|,«{o}. Using the homotopy lifting property for fiber bundles,
we obtain H: X; x [0,1] - G"*! such that

H" =m(a), and qoHWY = Fly (o1.

Next, assume that we have chosen #; > - -+ > t4_; and H) for j=1.. .~,k — 1. Set
Yi = Xpn (XU -+ U Xj_1), which is a closed subset of X;. We define Fo). (Y x
[0, tx-1]) U (Xk x {0}) > G7* by

B0 (x, 1) 5= ck,j(x).HO (x, 1), %fx € Xy nXj,forj<k-1,
mr(a)(x), ift=0.
It follows from (4.5) that F%) is well defined. Furthermore, using (4.4), we obtain

that g o F(%) and F agree on (Yj x [0, tx_1]) U (Xi x {0}). Applying Lemma 4.14, we
obtain t; € (0, t;_;] and H®) making the following diagram commute:

0!
(Yie x [0, £ ]) L (X < {0}) % Gy
P )
(Yi % [0, tx1]) U (Xk x [0, £]) q
X % [0, tri] u G PU,.

One checks that H(¥) has the desired properties.
Step 4: Let t € [0, t,,]. For each j € {1,..., m}, the map HEJ):X]' - G defines an

element in bgj) € C(Xj,Md);‘a“. Given j< kin{L,...,m} and x € X; n X, it follows
from (4.5) that

ek, (x):b (x) = bF (x).

Thus, bgl), e bﬁ’“) can be patched to give b; € A™! such that bgj) = mj(b,) for eachj.
One checks that each bfj ) depends continuously on f, which implies that the map
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[0,t,] > A™L, t > by, is continuous. By construction, we have by = a, and ¥(b,) =

sa 2 -
F, for each t € [0, t,,]. Using that a belongs to Gen™¢"(A),,, which is an open subset

of A", we can choose k > 1 such that

a=.by e Genﬁb“(A)sa.

n+l

We have W¥(by/i) = Fi/x, which by construction of F (Step 1) belongs to
E(X, Gy /PUyg). It follows that by, € Genyi1(A)ga. [

Proposition 4.16 Let A be a unital d-homogeneous C*-algebra, d > 2. Then,

dim(Prim(A)) +1
2d -2 '

gr(A) =

Proof Setn:=gr(A)and!:=dim(Prim(A)), and then set
81 := {B € Subge,(A) : 1€ B,gr(B) <n}, and
85 := {B € Subyep(A) : B d-homogeneous, locdim(Prim(B)) < 1}.
As noted in Paragraph 3.1, since gr satisfies (D5) and (D6), it follows that 8; is o-
complete and cofinal. By Proposition 3.5, 8, is 0-complete and cofinal. Hence, §; n 8,
is o0-complete and cofinal as well.
Let B € §; N 8,. Then, B is a unital, separable, d-homogeneous C*-algebra. Hence,
dim(Prim(B)) = locdim(Prim(B)), and by Lemma 4.15, we have
dim(Prim(B)) +1
2d -2 '

gr(B) = [

Thus, each B € 8§ n 8, satisfies gr(B) < [25;_12]. Since A is approximated by the

family S; N 8;, we obtain gr(A) <[5 | by Theorem 2.6.
To show the converse inequality, set

mo +1 }
= N N > .
m max{moe n_[zd_zw
Then, each B € 8; N §; satisfies topdim(B) = dim(Prim(B)) < m. Arguing with the
topological dimension as in the proof of Lemma 3.4, we deduce that dim(Prim(A)) =

topdim(A) < m, and thus n > [%‘W], as desired. ]

Theorem 4.17  Let A be a d-homogeneous C*-algebra. Set X := Prim(A). Ifd = 1, then
gr,(A) = gr(A) =locdim(X x X). Ifd > 2, then

locdim(X) + 1]

ero(4) =) = 9

Proof For d =1, this follows from Theorem 2.7. So assume that d > 2. By Proposi-
tion 2.4, we have gr,(A) < gr(A). Let K ¢ X be a compact subset. The corresponding
quotient A(K) is a unital d-homogeneous C*-algebra with Prim(A(K)) 2 K. Using
Proposition 4.16 at the first step, and using Theorem 2.5 at the last step, we get

[dim(K) +1

i ] = gr(A(K)) = gr, (A(K)) < gry(A).

https://doi.org/10.4153/50008414X22000268 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000268

The generator rank of subhomogeneous C*-algebras 1335

Since this holds for every compact subset of X, we deduce that

locdim(X) +1
[M] < gI‘O(A) < gl'(A)
To verify that gr(A) < [%], set [ := locdim(X), which we may assume to

be finite. By Proposition 3.5, the collection
S:= {B € Subgep (A) : B d-homogeneous, locdim(Prim(B)) < l}

is 0-complete and cofinal. Let B € 8. We view B as alocally trivial M;-bundle over Y :=
Prim(B). Since B is separable, Y is o-compact and thus dim(Y) =locdim(Y) <1 <
co. By [Phi07, Lemma 2.5], the M -bundle has finite type. Applying [Phi07, Proposi-
tion 2.9], we obtain a locally trivial M;-bundle over the Stone—éech-compactiﬁcation
BY extending the bundle associated with B. This means that there is a unital d-
homogeneous C*-algebra D with Prim(D) = B(Y) such that Bis an ideal in D. Since Y
is a normal space, we have dim(fY) = dim(Y) by [Pea75, Proposition 6.4.3, p. 232].
Using Theorem 2.5 at the first step, and Proposition 4.16 at the second step, we get

dim(ﬁY)+l]§[ I+1 ]

gr(B)Sgr(D):[ 2d -2 2d -2

Since A is approximated by 8, we obtain gr(A) < [21;_12] by Theorem 2.6. ]

In Corollary 5.7, we will generalize the following result to compute the generator
rank of direct sums of subhomogeneous C*-algebras.

Lemma 4.18 Let A and B be d-homogeneous C*-algebras. Then,

gr(A®B) = max{ gr(A), gr(B)}.
Proof For d =1, this follows from [Thi2l, Proposition 5.9]. So assume that d > 2.
Set X := Prim(A), and Y := Prim(B). Then, A & B is d-homogeneous with Prim(A &
B) ~ X u'Y, the disjoint union of X and Y. Applying Theorem 4.17 at the first and last
steps, we obtain

gr(A® B) - [locdimz(dX_l_le) + f| _ [max{locdim(;(d),_l(;cdim(Y)} + f|
_ locdim(X) +1| [locdim(Y) +1
_max{[ 2d -2 ][ 2d -2 ]}

= max{gr(A),gr(B)}. -

Remark 4.19 Let A be a unital d-homogeneous C*-algebra. Set X := Prim(A). If
d=1, then A = C(X), and by Theorem 2.7, the generator rank of A is dim(X x X).
The value of dim(X x X) is either 2dim(X) or 2dim(X) — 1, and accordingly we say
that X is of basic type or of exceptional type (see [Thi2l, Proposition 5.3]).

If d > 2, then by Proposition 4.16, the generator rank of A only depends on dim(X)
(and d), but not on dim(X x X). Thus, in this case, the generator rank of A does not
depend on whether X is of basic or exceptional type.
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Remark 4.20 Let m >1and d > 2, and set A = C([0,1]™, M,). Let gen(A) denote
the minimal number of self-adjoint generators for A. By [Nag04, Theorem 4], [BE9I,
Corollary 3.2] (see also [Bla06, Theorem V.3.2.6]), and Proposition 4.16, we have

gen(A) = [”‘dgl +1], re(A) = [%] gr(A) = [;;tlz]

5 Subhomogeneous C*-algebras

In this section, we compute the generator rank of subhomogeneous C*-algebras (see
Theorem 5.5). Recall that a C*-algebra is d-subhomogeneous (for some d > 1) if all of
its irreducible representations have dimension at most d, and it is subhomogeneous
if it is d-subhomogeneous for some d (see [Bla06, Definition IV.1.4.1, p. 330]). It is
known that a C*-algebra is subhomogeneous if and only if it is a sub-C*-algebra of a
homogeneous C*-algebra; equivalently, it is a sub-C*-algebra of C(X, M) for some
compact Hausdorff space X and some d > 1.

Inductive limits of subhomogeneous C*-algebras are called ASH-algebras. As an
application, we show that every nonzero, Z-stable ASH-algebra has generator rank
one (see Theorem 5.10).

To compute the generator rank of a subhomogeneous C*-algebra, we use that it is
a successive extension by homogeneous C*-algebras. Using the results from Section 4,
we compute the generator rank of the homogeneous parts. The crucial extra ingredient
is Proposition 5.3, which allows us to compute the generator rank of the extension by
a homogeneous C*-algebra.

Given a C*-algebra A, we equip the primitive ideal space Prim(A) with the hull-
kernel topology (see [Bla06, Section I1.6.5, p. 111ff] for details). Given an ideal I C A,
the set hull(I) := {J € Prim(A) : I ¢ J} is a closed subset of Prim(A), and this defines
a natural bijection between ideals of A and closed subsets of Prim(A).

Lemma 5.1 Let A be a unital C*-algebra, and let (I ) ey be a decreasing sequence of
ideals. Then, the following are equivalent:

(1) Ug hull(I;) = Prim(A).

(2) Foreach ¢ € A*, we have limy_,oo |¢|1, || = O.

Proof For each k €N, let z; denote the support projection of I} in A**, and let
nx: A > A/l denote the quotient map.

Claim: Let ¢ € A% and k € N. Then, ||¢|1, | = ¢** (2k ). To prove the claim, let (h4)4
denote an increasing, positive, contractive approximate unit of Ix. Since ¢|;, is a
positive functional on Iy, we have | ¢|y, || = lim, ¢ (h,) by [Bla06, Proposition I1.6.2.5].
Using also that zj, is the weak*-limit of (h4)4 in A**, we get

I9lr, || =lim o (ko) = 97 (2k),

which proves the claim.

Let S(A) denote the set of states on A, which is a compact, convex subset of A*,
and let P(A) denote the pure states on A, which agrees with the set of extreme points
in S(A). Given a € (A**)s,, we let @ S(A) — R be given by

a(p) = 9" (a),
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for ¢ € S(A). Then, @'is affine. If a € A,, then @ is continuous. Given k € N, let (h)q
be an increasing approximate unit of I. Then, Zj is the pointwise supremum of the
increasing net (hg )« of continuous functions, and therefore lower-semicontinuous.

To show that (1) implies (2), assume that Uy hull(I;) = Prim(A). Let ¢ € P(A).
Since every pure state on A factors through an irreducible representation, there
exists k such that ¢ factors through 7. Let ¢ € (A/Ix)* such that ¢ = ¢ o ;. We have
m;"(z) = 0, and therefore

zk(9) = 97 (2k) = 97" (" (24)) = 0.

Thus, (Zx )k is a decreasing sequence of lower semicontinuous, affine functions
with limg_ e Zx(¢) = 0 for each ¢ € P(A). By [Alf71, Proposition 1.4.10, p. 36],
we have limy_,o, Zx (@) = 0 for each ¢ € S(A). Applying the claim, it follows that
limy— o0 ||@|1, || = O for every ¢ € S(A). Now, (2) follows using that every functional
in A* is a linear combination of four states, by [Bla06, Theorem I1.6.3.4, p. 106].

To show that (2) implies (1), assume that Uy hull(I;) # Prim(A). We will show
that (2) does not hold. Let € A be a primitive ideal with J ¢ [y hull(Iy), and let ¢ be
apure state on A/J. Let m: A - A/] denote the quotient map. Set ¢ := ¢ o 77, which isa
pure state on A. Let k € N. In general, the restriction of a pure state to an ideal is either
zero or again a pure state. Since J ¢ hull(Iy), we have ¢|;, # 0, and thus |¢|;, | = 1.
Thus, limg—eo | @l || =1 % 0. ]

Proposition 5.2 Let A be a C*-algebra, let (Ii)ken be a decreasing sequence of ideals
such that Ui hull(Iy) = Prim(A), and let B< A be a sub-C*-algebra. Assume that
B/(BnIy) = A/Iy for each k. Then, B = A.

Proof We first reduce to the unital case. So assume that A is nonunital, let A denote
its minimal unitization, and let B denote the sub-C*-algebra of A generated by B and
the unit of A. For each k € N, we consider I; as an ideal in A. Let nx: A > A/l and
mf: A — AJI; denote the quotient maps. Note that A/I is naturally isomorphic to
(A/I})*, the forced unitization of A/I;. By assumption, mx(B) = m(A). It follows
that 71} (B) = { (A). Furthermore, Prim(A) is the union of the hulls of the I . Then,
assuming that the results holds in the unital case, we obtain B= X, which implies B = A.

Thus, we may assume from now on that A is unital. To reach a contradiction,
assume that B # A. Using Hahn-Banach, we choose ¢ € A* with ¢|p = 0 and |¢| = 1.
Apply Lemma 5.1 to obtain k such that | ¢|;, | < 3. Since every functional is a linear
combination of four states [Bla06, Theorem I1.6.3.4, p.106], we obtain y,, € (I)} with
ol = Y30 i™Wm, and we may also ensure that |[y,,| < | ¢[r, | < 3. Using [Bla06,
Theorem 11.6.4.16, p. 111], we can extend each y,, to a positive functional ¥, €
A% with || = [Wm]. Set @ = ¢ — 33 _; i" . Then, w € A* satisfies w|;, = 0 and
lo-al <.

Let @ € (A/I;)* satisfy w = @ o 7x. Given a € A, use that A/I; = mx(B) to choose
b € Bwith i (b) = mx(a) and ||b| = |7k (a)| (see [Bla06, Proposition I1.5.1.5]). Then,
w(a) = w(b), and thus

()| = |w(b)] < |w(b) - o(b)| + |o(b)] < [w - ¢[|b] < 5] al.

1

Hence, @[ < 3,andso1=|¢| < |¢ — @] + |w]| <1, which is a contradiction. |
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Proposition 5.3 Let A be a separable C*-algebra, and let (I} )ken be a decreasing
sequence of ideals satisfying Uy hull(I; ) = Prim(A). Then,

gro(A) =supgro(A/I), and gr(A)=supgr(A/ly).
k k

Proof Part I: We verify the equality for gr,. For each k, set By := A/l and let
mg: A — By denote the quotient map. By Theorem 2.5, we have gr,(A) > gr,(Bg). It
thus remains to prove gr,(A) < sup, gr,(Bx). Set n := sup, gr,(Bx), which we may
assume to be finite. For each k, set

Dy :={(a0,...,an) € AL : (m(a0), ..., mi(an)) € Genyar (B )sa -

Since gr,(By) < n, and since By is separable, Gen, 1 (Bx)sa is a dense G;-subset of
(Bk)%™ by Theorem 2.2. We deduce that Dy is a dense Gs-subset of A%, Then, by
the Baire category theorem, D := N Dy is a dense subset of A”.

Let us show that D € Gen,;1(A)s,, which will imply that gr (A) < n. Let a € D,
and set B := C*(a) ¢ A. By construction, we have 7y (B) = A/I} for each k. Applying
Proposition 5.2, we get B = A, and thus a € Geng (A)s,.

Part 2: We verify the equality for gr. If A is unital, this follows from Part 1. So assume
that A is nonunital. We consider I as an ideal in A. As in the proof of Proposition 5.2,
we see that A/I; = (A/I;)*, and that Prim(A) is the union of the hulls of the Ij. By
[Thi21, Lemma 6.1], we have gr(B) = gr(B™") for every C*-algebra B. Applying Part 1
at the second step, we get

gr(A) = gro(A) = supgry (A/Ix) = supgro((4/I)") = supgr(A/L;). ™
Lemma 5.4 Let A and B be separable C *—a[fgebras. Assume that"no nonzero quotient
of A is isomorphic to a quotient of B. Then,
gro(A® B) = max { gr,(A),gr,(B)}, and gr(A® B) = max{gr(A),gr(B)}.

Proof The equality for gr, follows directly from [Thi2l, Proposition 5.10] by consid-
ering the ideal I := A. Applying Proposition 2.4 at the first and last steps, and using the
formula for gr, and that rr(A @ B) = max{rr(A),rr(B)} at the second step, we get

gr(A®B) = max{grO(A ®B),rr(A® B)}
= max{gr0 (A),gr,(B),rr(A), rr(B)} = max { gr(A), gr(B)}. |

Theorem 5.5 Let A be a subhomogeneous C*-algebra. For each d >1, set X  :=
Primy (A), the subset of the primitive ideal space of A corresponding to d-dimensional
irreducible representations. Then,

gr,(A) = gr(A) = max {locdim(Xl X X1)>I£132X [IOCdIm(Xd)H]}
>

2d -2

Proof By Proposition 2.4, we have gr,(A) < gr(A). Given d > 1, let A; denote the
ideal quotient of A corresponding to the locally closed set Prim;(A) € Prim(A).
Applying Theorem 2.5, we obtain gr,(A4) < gr,(A). Note that A is d-homogeneous.
In particular, A; = Cy(X;). Using Theorem 2.7, we get

locdim(X; x X;) = gr,(A;) < gry(A).
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For d > 2, applying Theorem 4.17, we get

"locdim(Xd) +1

22 1 = gro(Aa) < gry(A).

It remains to verify that

(5.1) gr(A) < max {locdim(Xl x X1), sup [IOCdIm(Xd)H]} .
ds2 2d -2

Recall that a C*-algebra is m-subhomogeneous if each of its irreducible represen-
tations has dimension at most m. We prove the inequality (5.1) by induction over m.
Note that 1-subhomogeneous C*-algebras are precisely commutative C*-algebras, in
which case (5.1) follows from Theorem 2.7.

Let m > 2, assume that (5.1) holds for (m —1)-subhomogeneous C*-algebras, and
assume that A is m-subhomogeneous. Let I be the ideal of A corresponding to the
open subset X, € Prim(A). Note that A/I is (m —1)-subhomogeneous. Set

n := max {locdim(Xl x X1), sup "kjcdlm(Xd)H“}
p 2d -2
By assumption of the induction, we have gr(A/I) < n. We need to prove that
gr(A) < max{n, F(’Cdlm(xm)“” )
2m -2
Set I := locdim(X,,) and
8y = {B € Subgep(A) : gr(B/(BNI)) < n}, and
8, := {B € Subsep(A) : BN I m-homogeneous, locdim(Prim(B 1)) < I}.

As noted in Paragraph 3.1, the collection {D € Subse,(A/I) : gr(D) < n} is o-
complete and cofinal. Applying Lemma 3.2(2), we obtain that 8; is o-complete and
cofinal. Similarly, using Proposition 3.5 and Lemma 3.2(1), we see that 8 is o-complete
and cofinal. Hence, 8; N §; is o-complete and cofinal as well. Using Theorem 2.6, and
using that A is approximated by 81 N 8,, it suffices to verify that every B e 8;n 8,

satisfies
r(B) < ma {n[ L+l ]}
C e W e |

Let Be8; nS,. Set J:=Bnl By construction, J is m-homogeneous with
locdim(Prim(J)) < I, and B/J is (m - 1)-subhomogeneous with gr(B/]) < n. Note
that J is the ideal of B corresponding to Prim,, (B). Since B is separable, Prim,, (B) is
o-compact. Choose an increasing sequence ( Y ) xen of compact subsets of Prim,, (B)
such that Prim,, (B) = Uy Y.

For each k, note that Yy € Prim,,(B) is closed, and let J; be the ideal of J
corresponding to the open subset Prim,,(B)\Ys. Considering Ji as an ideal of B,
we have B/Ji = (J/Jx) ® B/]. Since J/]J is m-homogeneous, and B/] is (m —1)-
subhomogeneous, no nonzero quotient of J/Ji is isomorphic to a quotient of B/].
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Applying Lemma 5.4, we obtain
gr(B/Jx) = gr (U/)) @ B/J) = max{gr(J/Jx), gr(B/]) }.

Since J/] is a quotient of ], and J is m-homogeneous with locdim(Prim(J)) < [, it
follows from Theorems 2.5 and 4.17 that

locdim(Prim(J)) +1 <[ I+1 }
2m -2 “lam-2|

gr(J/Jk) < gr(J) =

Applying Proposition 5.3 at the first step, we obtain

I+1
gr(B) = stipgr(B/]k) = stipmax{gr(]/]k),gr(B/])} < max{n, [Zm _2]}’

as desired. ]

Remark 5.6 Let A be an m-subhomogeneous C*-algebra. Ford =1,...,m,let A; be
the ideal quotient of A corresponding to the locally closed subset Prim;(A). Then, it
follows from Theorem 5.5 that

gr(A) = max { gr(Ay),..., gr(Am)}.
Analogous formulas hold for the real and stable rank (see [Brol6, Lemma 3.4]).

Corollary 5.7 Let A and B be subhomogeneous C*-algebras. Then,

gr(A @ B) = max { gr(A), gr(B)}.

Proof Let m >1be such that A and B are m-subhomogeneous. Let A, be the ideal
quotient of A corresponding to Primy(A), and analogous for By, for d =1,...,m.
Then, A; and B, are d-homogeneous, and A; ® B, is naturally isomorphic to the
ideal quotient of A @ B corresponding to Prim,; (A @ B). Applying Theorem 5.5 (see
also Remark 5.6) at the first and last steps, and using Lemma 4.18 at the second step,
we get

..........

= max {d:rilaxm gr(Ag), ,max gr(Bd)} = max { gr(A), gr(B)}. m

..........

It is natural to expect that the generator rank of a direct sum of C*-algebras is the
maximum of the generator ranks of the summands. The next result shows that this
is the case if one of the summands is subhomogeneous. In general, however, this is
unclear (see [Thi2l, Questions 2.12 and 6.4]).

Proposition 5.8 Let A and B be C*-algebra,s and assume that B is subhomogeneous.
Then,

gr,(A® B) = max{gr,(A),gr,(B)}, and gr(A® B)=max{gr(A),gr(B)}.

Proof Let m > 1 such that B is m-subhomogeneous. The proof proceeds analogous
to that of [Thi2l, Proposition 5.12] (which is the result for m = 1) by considering the
smallest ideal I € A such that A/I is m-subhomogeneous (instead of the smallest
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I such that A/I is commutative), and by using Corollary 5.7 instead of [Thi2l,
Proposition 5.9]. [ ]

Lemma 5.9 Let A be a nonzero, subhomogeneous C*-algebra. Then, gr(A® Z) = 1.

Proof Given a finite subset F C A, set Ap:= C*(F) c A. Then, Ap is a finitely
generated, subhomogeneous C*-algebra. By [NW06, Theorem 1.5], there is k € N
such that locdim(Primg(AF)) < k for every d > 1. For p,q € N, let Z, ; denote the
dimension-drop algebra

Zpq={f:[0,1] > M, ® M, : f continuous, f(0) € 1® M,, f(1) € M, ®1}.

For p and g sufficiently large (for example, p, q > k + 2), it follows from Theorem 5.5
that gr(Ar ® Z, 4) < 1. Using that Z is an inductive limit of dimension-drop algebras
Zp,.q, Withlim,, p,, = lim, g, = co,we have gr(Ar ® Z) < 1by Theorem 2.6. The fam-
ily of sub-C*-algebras Ar ® Z € A ® Z, indexed over the finite subsets of A ordered by
inclusion, approximates A ® Z, whence gr(A ® Z) < 1by Theorem 2.6.

By [Thi21, Proposition 5.7], every noncommutative C*-algebra has generator rank
at least one, and thus gr(A® 2) = 1. ]

Theorem 5.10 Every nonzero, Z-stable ASH-algebra has generator rank one.
If A is a separable, Z-stable ASH-algebra, then a generic element of A is a generator.

Proof Let A be a nonzero, Z-stable ASH-algebra. Let (A ), be an inductive system
of subhomogeneous C*-algebras such that A = li_n}/\ A,. Then,

A2A®Z=limA, ® Z.
by

By Lemma 5.9, we have gr(A, ® Z) <1 for each A. Using Theorem 2.6, we get
gr(A) < 1. Since A is noncommutative, we deduce that gr(A) =1 by [Thi21, Propo-

sition 5.7].
If A is also separable, then the generators in A form a dense Gs-subset (see
Remark 2.3). [ ]

Remark 5.11 Let A be a unital, separable, Z-stable C*-algebra. It was shown in
[TW14, Theorem 3.8] that A contains a generator. If A is also approximately subho-
mogeneous, then Theorem 5.10 shows that generators are even dense in A. I expect
that every Z-stable C*-algebra has generator rank one. However, in general, we do not
even know that every Z-stable C*-algebra has real rank at most one.
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