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Abstract

Three families of examples are given of sets of (0, 1)-matrices whose pairwise products form a basis for
the underlying full matrix algebra. In the first two families, the elements have rank at most two and some
of the products can have multiple entries. In the third example, the matrices have equal rank /z and all
of the pairwise products are single-entried (0, 1)-matrices.
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1. Introduction

Let F be a field with identity denoted by 1 and let M,(F) denote the algebra of n X n
matrices with entries in F. We call a matrix having only one of its entries nonzero and
its nonzero entry equal to 1 an elementary matrix. If this 1 is in the position (i, j) we
denote the matrix by E; ;. If {A;}r is a set of n X n matrices whose pairwise products,
that is, the set of matrices {A;A; : i, j € I'}, form a basis for M,(F) then, obviously, the
cardinality of I is at least n. In [1] an example is given to show that this lower bound
is attained whatever the value of n. In this example most, but not all, of the products
are elementary matrices and the following question is raised.

Question 1.1. Is it possible to find n matrices in M,,(F) whose set of pairwise products
is the basis of M, (F) consisting of elementary matrices?

We show (Theorem 3.5) that it is possible if n is the square of an integer. If n is not

a square and F is the real or complex field, no set of (0, 1)-matrices with n elements
can have this property (Theorem 3.1).
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2. Matrices of rank at most two

ExampLe 2.1. Let F be a field with identity denoted by 1. Letn € Z*. For 1 <i<n
define the n X n matrix A; € M,,(F) by A; = E; + E1;. We show that the pairwise
products of {A1,A»,...,A,}, that is, the set of matrices {A;A; : 1 <17, j < n}, is a basis
for M, (F). Since this set has n> elements, we need only show that it spans M, (F), and
to show this it is enough, in turn, to show that every elementary matrix E; ; belongs to
the span. For the proof note that

() EijEg=90E;
(iii) Epi = 3A7 (= A1)
(iv) Ej=A?-1A22<i<n
(V) Ej=3AA, 2<i<n
(vi) Eij=3A1A;,2<j<n
More generally, we have the following theorem. We introduce some notation
to make computations with elementary matrices somewhat easier. In most of what

follows we will denote the elementary matrix E; ; simply by (i; j). From (i) above, we
can write (i; j)(k; [) = 6,(i; D).

THEOREM 2.2. Let F be a field, n € Z* and p €{1,2,...,n} and let u and o be
permutations of {1,2,...,n}. Define A; € M,(F) by A; = (u(i); p) + (p; o(i)) for
1 <i < n. The pairwise products of {A1, A, ..., A,} form a basis for M,(F).

Proor. Since A1 = (i; p) + (ps o - w1~ (i)) we can suppose that u = ¢, the identity
permutation. We will show that each of the n> elementary matrices (i; j) belongs to
P =span{A;A;: 1 <i, j<n}.
For 1 <i,j<nandi# o ' (p), j# o(p)and j # (i),
AiAg(j) = (G5 p) + (p; @@ (i p) + (3 ) = Gs ).
So (i; j) e Pifi £ o~ (p), j £ o(p) and j # o>(i). It remains to show that (i; j) € P if
i=o"Y(p)or j=0a(p)or j=c%(i).
Case I: p = o(p). Then A, = 2(p; p) and so A2 = 4(p; p). Hence (p; p) = A € P.
Subcase I(a): i = o~ '(p). In this case, i = p and we need to show that (p; j) € P, for
1<j<n, j£p. It j#p,
ApAsi(y = 2p; P () p) + (3 ) = 2(ps J)-
Hence (p; j) = 1A,A,-1(; € P,if j # p.
Subcase I(b): j = o(p). In this case, j = p and we need to show that (i, p) € P, for
1<ig<ni#p. Ifi+p,
AiAp =2((5 p) + (ps (D)) (p; p) = 2(i; p).

Hence (i; p) = %A,Ap eP, ifi # p.
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Subcase I(c): j = o(i). We need to show that (i;02(i)) € P, for 1 <i<n, i # p. If
I #p,
Aoy = (& p) + (p; e (D); p) + (p; (D)) = (5,07 () + (s p)-
Hence (i; 07(i)) = Aoy — 1A% € P, if i # p.
Case II: p # o(p). If j # o(p) and j # o*(p),
AripAsiy = @ (P )+ (pij) and  ApAsig = (pi ).
Hence,
@' P); ) = AgiyAci(jy — ApAsi(j €P  whenever j £ o(p),a*(p). (2.1
Also, if i # o~ !(p) and i # o72(p),
AiAp, = (@ p)+ (@o(p)) and  AAL 1, = (i p).
Hence
(i;0(p)) = AiA, — AjA,1(,) €P  wheneveri # o l(p), a7 2(p). (2.2)
Now, if i # o~ (p),
Aifaiy = (1:07°(D) + (3 ).
Since ApAs-1(p) = 0(p; p) where 6 = 1if p # o?(p)and 6 = 2if p = o*(p),
(i; (i) = AiAgy — %APA(fl(p) € P wheneveri # o-‘l(p). 2.3)

Taking (2.1), (2.2) and (2.3) into consideration, to complete the proof it only remains
to show that each of (i) (o' (p); o(p)), (ii) (¢ (p); o*(p)) and (iil) (c2(p); o(p))
belongs to P (still with p # o (p)).

Case (i): (0" (p); o(p)). If p # (p),

@' (P);T(P) = Api(Ap = A = AL, + ApAci(p) € P
If p = (p),

(ail(p);o-(p)) = (O'(p), O'(P)) = Au’(p)Ap + %ApAa'(p) - A]27 - Atzf(p) eP.

Case (ii): (07" (p); *(p)). If p # o2(p),

@ (P); 72 (P)) = A1 (pAc(p) = ApAcip) + ApAcip) € P
If p = o*(p),

(@' (p); 7 (p)) = (7 (p); p) = ALy = 5ApAc() € P.

Case (iii): (c~2(p); o(p)). Notice that

_ 1
@2 (D)D) = A2 (A p = Ag2(pyAci () + SA,,A(T,I(,,) eP,

where, as before, § = 1 if p # 0(p) and 6 = 2 if p = o%(p).
This completes the proof. O
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Remark 2.3. The example given in [1] is of a type covered by the preceding theorem.

The next example shows that, with the A; defined as in the preceding theorem (with
1 = 1), o need not be a permutation if the pairwise products span M, (F).

ExampLE 2.4. Define the mapping o : {1,2,3} — {1,2,3} by o(1) = 0(3) =2 and
0(2) = 3. Define matrices A, B,C € M3(F)byA=(1;1)+(1;2),B=(2;1)+ (1;3) and
C =(3;1) + (1;2). We have the multiplication table:

A B C
A (LD+(12) (1;3)+(151) (1;2)
B (2:1)+(2;2) (2;3) (2:2)+(151)
C 3D+@3:2) B:3)H+A31 (3:2)

It is easily seen that the set of products in this table span, and so form a basis for,
M;(F). This example is a simple case of the following general result.

THEOREM 2.5. Let n,p € Z* withn >3 and 1 < p < n. If the map o :{1,2,...,n} —
{1,2,...,n} satisfies

@ o({L,2,....n]\{ph) ={1,2,...,n}\{p} = range(o),
(i) o(p) (),

then the n X n matrices A; = (i; p) + (p; 0(i)), for 1 <i < n, have the property that the
set of matrices {A;jA; : 1 < i, j < n} is a basis for M,(F).

Proor. Let V denote the span of {A;A;: 1 <1i, j <n}. We show that V = M,(F) by
showing that ‘V contains every elementary matrix (i; j). Notice that o(p) = o(gq) for
some ¢ # p and g # o(p) because o(p) # o2(p).

Let 1 <i <n. Then

AiAy = (5 p) + (P, o(DNg; p) + (p;a(p) = (i;0(p)) € V.
Since
AiAp, = (@ p) + (p; oc(D))((p; p) + (p;0(p)) = (i p) + (I T (p),
it now follows that (i; p) € V. In particular, (p; p) € V. Then, from
Ay = (55 p) + (p; (D)) (i); p) + (p; 7)) = (i 72(D) + (ps p),

it follows that (i; 072(i)) € V.
So far, we have shown that each of (i; p), (i; o(p)) and (i; o*(i)) belongs to V. For
l<j<nandjé¢{p,o@}

A= (@ p) + (pr (s p) + (pso())) = (50()) € V.
Using property (i) in the statement of the theorem, it is easily shown that

o({1,2,....n]\{p.c()) = {1,2,...,n)\{p. (D)},
and so we have proved that (i; j) € V for 1 <i, j < n. Thus V = M, (F). O
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RemMark 2.6. Possibly the simplest example of amap o : {1,2,...,n} — {1,2,...,n}
satisfying the hypotheses of the preceding theorem is given by o(n) =2,0(i) =i+ 1
for i # n, and where we have taken p = 1.

REmMARK 2.7. Suppose the map o : {1,2,...,n} — {1,2,...,n} satisfies o(p) = p and
{AiA; : 1 <, j<n}is a basis for M,(F), where A; = (i; p) + (p; 0(i)). Then o is a
permutation of {1,2,...,n}. For, in this case, A, = 2(p; p). Let o (i) = o (j). If neither
i nor jis equal to p then

ApA; =2(p; p)((G; p) + (p;0(0) = 2(p; 0(D)) = 2(p; 0())) = ApA;

and so i = j (since the set of products {A,A; : 1 < r, s < n} is linearly independent). If
i=pand j+# pthen o(i) = o(j)=pand

AjAp = 2((Js p) + (p; P)(P; p) = 2((j; p) + (p3 p)) = 247,

and this is a contradiction.

3. Matrices of rank two or more

We turn our attention to generating sets of matrices with n elements whose pairwise
products are elementary matrices. In Theorem 2.5 above, each of the matrices A;
is a (0, 1)-matrix with two nonzero entries. The same is true for the matrices in
Theorem 2.2 if o(p) # p and u = t. We next show that, for real or complex matrices,
if each generator A; is a (0, 1)-matrix with two nonzero entries, the pairwise products
cannot all be elementary matrices unless n = 4.

TueoOREM 3.1. Let n € Z* and let F be a field with characteristic zero in which n has a
square root. Let {A; : 1 <i<n} C M,(F) be a set of (0, 1)-matrices such that:

(1)  A; has m; nonzero entries for 1 <i < n;
(ii) AjA; is an elementary matrix for 1 <i, j < n;
(iii) {A;A;:1 <14, j<n}is abasis for M,(F).

Then A; has rank equal to m; for 1 <i <n and n = m? for some positive integer m
satisfying Y.\, m; = nm.

Proor. Suppose that such a set {A; : 1 <i < n} of matrices exists. Let 1 <i<n and
suppose that (r; s) is a summand of A; . If no A, had a summand of the form (s; ),
for some , then the sth row of each elementary matrix A,A, would be zero. Since
this is a contradiction, there exists A, having a summand (s; f), for some . Similarly,
considering columns, there exists A, having a summand of the form (u; r), for some u.
Thus if (r; s) is also a summand of A; then A;A, = A;A, = (r;1), so i = j. This shows
that the sets of summands of the A; are pairwise disjoint. Also, if (r(; s;) and (72; 52)
are distinct summands of A; then ry # r», since otherwise A,A; is not an elementary
matrix for some A, (of the form (u;;r(), for some u;). Similarly, s; # s,. Thus the
number of nonzero entries of A; is the rank of A;, that is, m;.
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Let A = }}" | A;. By hypothesis,

(i"A,»)2 —A’=F,,
=1

where E,, is the n X n matrix having all of its entries equal to 1. Since A%e = ne, where
e=(1,1,...,1),it follows that Af = y/nf, where f = Ae + ne. Clearly f # 0. Thus
A’f =nf =E,f and it follows that f is a nonzero multiple of e. So Ae = +/ne and
all of the rows of A sum to +/n. From this, n = m? for some positive integer m and A
has nm nonzero entries. But the number of nonzero entries of A is )i, m; (since the
nonzero entries of the A; are pairwise disjoint). Hence, ., m; = nm. O

CoroLLARY 3.2. If each of the matrices A; has the same number m of nonzero entries,

then n = m2.

We now show that such sets of (0, 1)-matrices exist.
ExawmprE 3.3. Define the 4 x 4 (0, 1)-matrices A, B, C, D, each of rank two, by
A=1;D+(2;4), B=(1;3)+(2;2), C=&1D+3;4), D=(43)+(3;2).
We have the multiplication table

A B C D
(L1 (1;3) 2D (253)
2:4) (2:2) (1;4) (1;2)
41 @3 3D (353)
34 32 &4 &2

QW

Here the set of 16 pairwise products of A, B, C, D is the set of all 4 X 4 elementary
matrices in My(F).

ExampLE 3.4. Define the 9 X 9 (0, 1)-matrices A; ;, 0 < i, j < 8, each of rank three, by

Ao = (1) +(255) +(3;9),
Ao =154 +(2;8) +(3;3),
Ao = (1;7) +(2:2) + (3;6),
Aqo =5 D +(6;5) +(4,9),
Aqy = (5:4) +(6;8) + (4;3),
Aan =(5:7) +(6;2) + (4;6),
Aoy =91 +(7:5) + (8;9),
Aoy =(94) +(7:8) +(8;3),
Apay =9;7)+(7;2) +(8;6).
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We have the multiplication table

Aoy Ao Aoz Aco Aan Agny Aco Acn Ae
Aoo (LD (1;4) (1;7) 251) 234 &7 G D (B354 (357
Aoy (3:9) (3;3) (3:6) (1;9) (1;3) (1;6) (2,9 (2;3) (2:6)
Ao (25 (2;8) (2;2) (355) (3:8) (3:2) (1;5) (1;8) (1;2)
Aqg ;1) 534 &:7) (6:) (6:4) (6:7) K1) 44 &)
Aapy &9 E3) 46) (5:9) (5:3) (5:6) (6;9) (6;3) (6;6)
Aap (6:5) (6;8) (6;2) (4:5) (4:8) (42) (5:5) (5:8) (5:2)
Aoy 91D 94 O:7) (1) (T:4 (T;71) 1) 84 (87
Aoy B9 (83) (86) (959 (9:3) 9:6) (7,9 (7;3) (7;6)
Acy (7:5) (7;8) (7:;2) (8:5) (8:8) (8:2) (9;5) (9:8) (9:2)

Here the set of 81 pairwise products of the A is the set of all 9 X 9 elementary
matrices in My(F).

The preceding two examples are particular cases of the following result.
TuEOREM 3.5. Let m € Z* and let n = m*>. There exists a set of n (0, 1)-matrices
{A;:1<i<n}CM,(F) such that each A; has m nonzero entries and

() AA; is an elementary matrix for 1 < i, j < n;

(i) {A;A;: 1<, j<n}is a basis for M,(F).

Proor. By Example 3.3 above, we can suppose that m > 3. Define the matrices A j,
for0<i,j<m-1,by

m-j

Ay = D () +imy(r=1+ )m+1) = j+1)

r=1
+ D @@ i (= m+ Hom+ 1) j),
r=m—j+1
where o : {1,2,...,m} — {1,2,...,m} is the cyclic permutation (1,2, ..., m) (that is,
=23~ m-1)>m—1). Call H.(Aq ) the rth head of A ;, and call
T,(A(,j) the rth tail of A j where these are defined by
H,(Aq ;) = o'(r) + im,
r=1+jm+1)—-j+1 ifl<r<m-j,
(r-m+j)im+1)—j ifm—j+1<r<m.

TH(Agj) = {
Then A(,"j) = :nzl(Hr(A(i,j)); Tr(A(i’j)). Notice that, for0 <i,j<m -1,

|Hr(A(,"j)) - HS(A(,',j))l <m-1 forl< r,s <m,
T, (A j) -~ Ts(Ag )l 2m+1 forl <r,s<mwithO<|r—s|#m—1,
|Tr(A(i,j)) - TS(A(,',]'))| =1 if |}" - S| =m-—1.
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In particular, all of the tails of A; j are distinct and all of the heads are distinct because
o' is a bijection on {1,2,...,m}.
We claim that

T (A :1<r<min{HyApg):1<s<mj[<1 for0<i, j,p,g<m—1.
Suppose Tr(A(,'gj)) = HS(A(p,q)) and Tu(A(i,j)) = HV(A(p,q))v with r # u and s # v. Then
1T (Ag.j) — Tu(Ag )l = |Hs(Apg) — Hi(Apg)l <m —1,

so |T(A¢,j) — Tu(Ag,j)l = 1, and we can take r = 1,u = m, so that T,.(A(; ;) = jm + 1
and T,,(A(; j)) = jm. Consequently, Hy(A, ) = ocP(s) + pm = jm + 1 and H,(A(,4) =
oP(v) + pm = jm, and so o”(v) = (j — p)m. It follows that j — p = m, so that P (v) =
m. Since oP(s) = oP(v) + 1, we have o”(s) =m + 1. This is a contradiction and
establishes the claim.

Next we shall show that

T (Au ) : 1<r<mnN{HApg):1<s<mj|=1 for0<i,jp,g<m-1.
We do this by showing that

{T\(Aij): 1<r<mnN{HyApg):1<s<m}#0 for0<i,j,p,g<m—1.
In fact we will show that

(1) Ty ji(AGj) = Hujr1(Apg) 1< j<p,
(lii)  Tp41(AGo) = Hi(Apg):
Q) Ty jipr1(AG ) = Hpjr1(Apg) ifj2p+1.

Case (li). Letr=p—j+lands=m— j+1with1 <j<p.Thenl <r<m- j, and
soT (Aij)=—=1+j)m+1)—j+l=pm+1)—j+1. Alsom—-p+1<s<m,
so H(Apg) =0P(s)+pm=s+p-—m+pm=p—j+1+pm=TI(Aq)).

Case (1ii). It is easily verified that T,+1(A0)) = Hi(Apg) = pm+p + 1.

Case(2). Letr=m—j+p+lands=m—j+1withj>=p+1.Thenm—j+1<r<
m,andso T, (A j)=F-m+jm+1)—j=(p+Dm+1)—j Alsol <s<m- p,
SO H,(Apg) =0P(s)+pm=s+p+pm=m—j+1+p+pm=T(Aqj).

Hence, for every i, j and p, g, the set of tails of A(; ; and the set of heads of A(, )
have precisely one element in common. It follows that the product A A, is an
elementary matrix. Since we know, in each case, the tail of A(; ;) and the head of A(,
which coincide, we can write down these elementary matrices (the other products are
Zero).

For1 < j<p,

A pApg = Hp_ j11(AGj)s Tp—js1 (A i) Hin— jr1(Ap.g)s T j+1(Apg)
= (Hp_js1(AGj)); Tejr1(Apg))
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and this is equal to

(p—j+im+D+1;(m+qg—j)im+1)—g+)ifp—j+i+1<mj>qg+1,

p-j+im+D)+1;Ad-j+qm+1)—q)ifp—j+i+1<m,j<q,

p-j+im+D+1-m@m+qg—j)m+1)—-g+1)ifp—j+izm,j>q+1,

p-j+im+D+1-mA—-j+qgm+1)—q)ifp—j+i>m,j<gq.
For j =0,

Ai0Apg = Hpr1(A60); Tpe1(Aao))Hi(Ap.p): Ti(Ap.g))
= (Hp1(Ai0); T1(Apg))
(p+i(m+1)+1;gm+ 1) ifp+itl<m,
={(p+i(m+1)+1—fn;c1m+ D ifp+itlzm+l.
For j> p+1,

A pApg = Hp jomi1 (A j))s T jame1 (A jy) Hie js1(Ap.0))s Tin—jr1 (Ap.g)
= Hp jrm1(Aa.j); Timejr1(Apg)

and this is equal to

(p—j++Dm+1);m+q—-pHim+1)—qg+1)
ifj>p+1+iand j>q+1,
p—j+G+Dm+1D;A-j+gm+1)-¢q)
ifj=2p+1+iandj<g,
(p—Jj+@@+Dm+1D)-—mm+qg—-jm+1)-qg+1)
ifj<p+iand j>qg+1,
(p—j++Dm+1D)-m(A-j+g)m+1)-q)
if j<p+iand j<gq.

There are m* = n matrices A j, so there are n* such products. The proof will be
complete if we show these products give rise to different elementary matrices, that is,
Al jinApra) = Al.jnApr.gy TMplies that (i1, j1) = (@2, j2) and (p1, q1) = (P2, 42).-

Let Ag, jyApran = At jpApag) With it j1, 1, g1, 12, j2, p2,g2 €{0,1,2,...,m — 1}. In
the remainder of the proof, for an elementary matrix (i; j), we will call i the head of
(i; j) and j the tail of (i; j) and write H((i; j)) =i, T((i; j)) = j. Then
H(AGijpAprgn) = HAwjnApagy)  and - T(Ag, jnApgn) = T (A ) Ap.g)-
Now
H(A(il,jl)A(PlyfIl)) = HP1—1'1+1(A(1'1J1)) or Hp]—j]+m+1(A(i|,j]))
and
T (A jnApran) = Tn-ji+1(Ap, 1) O Ti(Apq1)»

with similar expressions for H(A,, j,)A(p.,)) and T(A¢i,, j)Apa.g0))-
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Case I: ji = j, = 0. Then T(A;, 0)Ap 1) = T(Ai,00A(pa.q0))» Which gives
T1(Apg)) =T1(Ap,g)) =qum+ 1 =gom + 1,

so that g = g». Also, H(A, 0)Ap1.q1) = H(Ax,,0/A(py.g0))» Which gives

Hp +1(AG.0) = Hpr1(AGy0) = 0 (p1 + 1) + iym = 02(pa + 1) + ixm.
Thus ot (py + ]) —02(py + 1) =i —ijm <m —1 and it follows that i; = i, and
o''(p1 +1) =c?(p2 + 1), 50 p1 = pa. Thus (i1, j1) = (i2, j2) and (p1,41) = (P2, q2)
Case 2: j; #0, jo, # 0. In this case

H(AG jnApra) = Hr (A jy) - and - H(A,.j)Ap,.g) = Hr (A, ),
wherer; =p;—ji+lorpy—ji+1+mandry,=py— j,+ lorp, — jo + 1 +m. Thus

o' (r) + iym = 02 (ry) + ixm and |07 () — 072(r)| = |i — i1lm < m — 1. It follows that
i] = iz and ry = n. Also

T(A(il7jl)A(Plsql)) = Tm—/l"'l(A(P],q])) = T(A(iz,jz)A(pz,qz)) = Tm—jz+1(A(p2,q2))-
Now Ty ji+1(Apg)) = (m+q1 — j))im+ 1) —q1 + Lor (1 +¢q1 — ji)im+ 1) — g and
Tin-jps1tAprgn) =(m+qo — jp)m+ 1) =gz + 1 or (1 +¢>— jo)m+1)—q>. We
cannot have T, +1(A@p,g)) = (m+q1 — jO)m+1) —q1 + 1 and T, 11(A(p,.0) =
(1+ g2 — ja)(m + 1) — g, since then

m+qg—ji—1-qg+ jalm+1)=lg1 —q> — 1| < m,

from which ¢; — g, — 1 =0and j, — j» = m, a contradiction. Similarly, we cannot have

Tn-jis1(Apgy) = +q1 — j))m+ 1) — q, Tm—j2+1(.A(pz,qz)) =(m+qy— jo)m+1)—
g2+ 1. So T’"*JHH(A(PI,%)) = Tin-jp+1(A(p,.q,)) must give

(g1 — j1) — (g2 = jolm + 1) = g2 — q1| < m,
from which we deduce that g; = ¢, and j; = j,.

To show that p; = p; in this case, we should consider the fact that r| = r,. We
cannot have r| = p; — j; + 1 and r, = p» — jo + 1 + m, since then, using the fact that
J1 = j2, we would have m = p; — p,, which is a contradiction. Similarly, we cannot
have ry=p1— j] +1+mand rp=py— j2 + 1. Thus Hl’l(A(il,jl)) = Hrz(A(iz,jz)) must
give p; — j1 = p2 — j2, from which we deduce that p; = p,, since j; = j,. Thus
(i1, j1) = (i2, j2) and (p1, q1) = (P2, q2).

Finally, we show we cannot have either j; =0, j, # 0 or j; # 0, j, = 0. Suppose
that 1= 0, J2 # 0. Then T(A(il,jl)A(Pl,ql)) =qim+ 1 and

TAG,jppAprg) =m+q— jp))m+1) =g+ 1or(1+g2— jo)im+1)—q».
If T(A(iz,jz)A(Pz,qz)) =(m+ q2 — ]2)(1’!’! +1)-— 9+ 1, then
gm+D)—qi+1l=gm+1=m+q— jo))m+1)—qgs +1,

$O Im+ gz = jo = qilim + 1) = lg2 = g1l <m — 1, which gives g, = ¢ and j, =m, a
contradiction. If, on the other hand, T'(A¢,, j))A(p,.g,)) = (1 + g2 — j2)(m + 1) — g2, then
qim+ 1) —qi+1=(+¢g2 = jo)m+1),s0

N+g2—jo—qilm+1)=lg—q + 1| <m,

https://doi.org/10.1017/5S000497271800076X Published online by Cambridge University Press


https://doi.org/10.1017/S000497271800076X

412 W. E. Longstaft [11]

and so ¢ — g1 + 1 =0 and j, = 0, a contradiction. Similarly, we cannot have j; # 0
and j, = 0. This completes the proof. O

ReEmark 3.6. In the following remark, e; denotes the standard basis vector in C" which
has kth entry equal to one and all other entries zero. Also, 7" denotes the adjoint of the
matrix 7. We use the well-known fact that for any rank-one complex square matrix R
and any complex matrices X, Y of the same size as R, if XRY = 0 then either XR =0
or RY =0.

Question 1.1 from the introduction is answered in the affirmative by Theorem 3.5
for matrices of size n where n is a square. If n is not square, the answer is still unknown,
even for real or complex matrices, although Theorem 3.1 shows that, in this case, sets
of (0, 1)-matrices will not provide an example. But suppose n > 2 and {A; : 1 <i < n}
is a set of n X n real or complex matrices (not necessarily (0, 1)-matrices, and not
necessarily of equal rank) such that {A;A; : 1 <i, j<n}={E,,:1<p,q<n}

(i) We cannot have A;A; = E; ;, for 1 < i, j < n. In fact, we will prove that if i # j,
then A? = E, ,, A = E,g and A/A; = E,,,, with u = p or v = g, leads to a contradiction.
Suppose it were true. Then

0=AJAT = AiAiADA; = AiE,,A),

so AiE,, =0 or E,,A;=0. If u=p, then A;E,, =0, so A,E,, =0 (since
AE, E,,=0 and E,,E,, #0). But this would mean A? =0, which is a
contradiction. On the other hand, if v = ¢, then £, ,A; = 0,50 E,,A; =0 = Aj which
again is a contradiction.

(ii) Let 1 <14, j < n. There exist p, g such that A,A, = E; ;. Then range(A;(A,A,)) =
span{A;e;} = range((A;A,)A,) C range(A;A,) = span{e;}, for some k. Thus each matrix
A; has at most one nonzero entry in each column. Applying this result to the set of
adjoints {A; : 1 <i < n} shows that each A; has at most one nonzero entry in each row.
So the rank of any A; is the number of its nonzero entries.

(iii) If n is odd, there exists i such that A? is diagonal. For an elementary matrix has
nonzero trace if and only if it is diagonal. Since trace(AB) = trace(BA), we see that
A;A; is a diagonal elementary matrix if and only if A;A; is. If no A? is diagonal, the
number of diagonal positions would be even, so n would be even.

(iv) No A; can have rank one. For suppose that A; had rank one. Then A; = AE,,
for some nonzero scalar A and some p, g. Since Al.2 is an elementary matrix, 1> = 1 and
p=q,50A; =xE,, Now{AA;: 1 <j<n}={E,,:1<r<n},{AjA;:1<j<n}=
{Esp:1<s<n}. Letr# p. There exist j,k such that A;A; = E,, and AA; = E, .
Then (A;Aj)(AvA) = E,, = E, ,(A;AE), . Since AjA; is an elementary matrix, we
must have A;Ay = E, , = Ai2 and so j =k =i, and p = r. This is a contradiction.

In particular, on a space of dimension two, no such set of matrices can exist, since
otherwise, each A;, being noninvertible and nonzero, would have rank one. (This was
observed in [1].)

(v) No such family can exist on a space of dimension three. Suppose we had 3 x 3
matrices A, B, C such that {A%, AB, AC, BA, B>, BC,CA, CB, C?} is the set of elementary
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matrices on C3. By what has been observed, each of A, B, C has rank two, and one of
them, which we can assume to be A, has a diagonal square. We can even suppose that
A? = E| ;. By the spectral mapping theorem, since A’e; = ej, there exists a nonzero
vector f such that Af = uf, where = +1. Then A%f = f, so we can take f = e;.
Thus e; € range(A). Since the range of A is spanned by elementary basis vectors (see
(i) above), we can suppose that range(A) = span{e;, e;}. Then range(A?) = span{e;} =
span{Ae;, Ae,}, so Ae, = ye; for some scalar y. Since A%e, = 0 = yAe, = yue; we have
v = 0. Thus Ae; = 0 and since A has rank two we must have Ae; # 0.

Suppose that BC is diagonal. Then CB is also diagonal (since it has nonzero
trace), and we can suppose that BC = E,, and then CB = E33. Since Ae; # 0, we
have ACB # 0. Now ej3 is orthogonal to the range of A, so it belongs to the kernel
of A*. Thus, since A* has rank two, A*e; # 0, so A*E,, # 0 and, taking adjoints,
E;2A =BCA #0.

We have shown that ACB # 0 and BCA # 0. Since A2CB = A(AC)B =0 and AC
has rank one, and ACB # 0, we get A2C = 0 by using the fact mentioned at the
beginning of this remark. Similarly, from BCA? = B(CA)A = 0, we get CA? = 0. Since
E,C =CE;; =0, it follows that the matrix C has the form C = 0@ D, where D is a
2 X 2 matrix. Since C has rank two, D is invertible. This contradicts the fact that
C? = 0 ® D? has rank one.

We have just shown that BC cannot be diagonal. Similarly CB cannot be diagonal.
Suppose that AB was diagonal. Then AB cannot equal E33 since then we would
have BA = E;; so BAe, =0 = e; (since Ae; = 0). Thus AB = E,; and so BA = Ex .
Then BAE] =0= B(uel) SO Bel =0 and BEl,l =0. Now A3 = AEI,I = ﬂEl,l- Then
A’AB=0=AB=puE B, so E;;B=0. As argued in the preceding paragraph,
E\1B = BE,; =0 contradicts the fact that B? has rank one. Thus we cannot have
AB diagonal. Similarly we cannot have AC diagonal.

By what we have shown above, since there exist X, Y € {A, B, C} such that XY = E;
and YX = E53, we can suppose that B> = E>» and C? = Es3. Then A%C? =0 and
AC? # 0 (since Aes # 0) implies that A’C = E 1.1C = 0, which in turn implies that
B*C # 0 (note that C*e; = 0 implies that C*e, # 0). Similarly, B°’A> = 0 and B?A # 0
implies that BA> = BE 11 = 0, which in turn implies that BC? £ 0.

Thus B2C # 0 and BC? # 0. But this contradicts B>C? = B(BC)C = 0 (since BC has
rank one). So no such family can exist.

(vi) What about 5 x 5 real or complex matrices? Does such a family exist?
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