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Abstract For areal number 0 < € < 1/3, we show that the anti-canonical volume of an e-klt Fano threefold

is at most 3,200/¢*, and the order O(1/¢?) is sharp.
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1. Introduction

Throughout this paper, we work over the field of complex numbers C.

A normal projective variety X is a Fano variety if —Kx is ample. According to
the minimal model program, Fano varieties form a fundamental class in the birational
classification of algebraic varieties. One recent breakthrough in birational geometry is the
proof of the Borisov—Alexeev—Borisov conjecture by Birkar [3, 4], which states that for
a fixed positive integer d and a positive real number ¢, the set of d-dimensional Fano
varieties with e-klt singularities forms a bounded family. During the proof, one important
step is to establish the upper bound for the anti-canonical volume (—Kx )¢ for an e-klt
Fano variety X of dimension d ([3, Theorem 1.6]).

Motivated by the classification theory of threefolds, we mainly focus on the anti-
canonical volume (—Kx)?3 for an e-klt Fano threefold X. In this direction, Lai [13] gave
an upper bound for those X which are Q-factorial and of Picard rank 1, which is over

O((2)384/ <); later, the first author [10] showed the existence of a nonexplicit upper bound;
91536/¢3

recently, Birkar [5] gave the first explicit upper bound, which is about O(*——).

The main goal of this paper is to provide a reasonably small explicit upper bound with
a sharp order, for the anti-canonical volume of an e-klt Fano threefold. Here, we state the
result for a larger class of varieties containing e-klt Fano threefolds. Recall that a normal
projective variety X is said to be of e-Fano type if there exists an effective R-divisor B,
such that (X,B) is e-klt and —(Kx + B) is ample.

Theorem 1.1. Fiz a real number 0 < € < % Let X be a threefold of e-Fano type. Then
3200

et

Vol(X, — Kx) <

The following example shows that the order O(Z) in Theorem 1.1 is sharp.

Example 1.2. Ambro [2, Example 6.3] showed that for each positive integer ¢, there
exists a projective toric threefold pair (X,B), such that

o (X,B)is ;-

e —(Kx+ B) is ample (in fact, —Kx is ample as p(X)=1), and

o (—Kx)’> (=(Kx+B))’ =" = 0(q"), where usq = (¢*+¢+1)*(¢* +9)* +
(@*+q+1)(¢* +0)-

Remark 1.3. The ideas of this paper originate from [9, 10], which we briefly explain in
the following. Given a threefold X of e-Fano type, in order to give an upper bound of
the anti-canonical volume of X, we may reduce to the case that X admits a Mori fiber
structure X — T'. Then we can split the discussion according to dimT € {0,1,2}. The case
dim7 = 0 was solved in [17] (or [13]) and other two cases were solved in [10]. The main
obstructions of getting a reasonably small explicit upper bound in [10] are the following
two issues:

(1) when dimT =1, we reduce the upper bound problem to finding a lower bound of
certain log canonical thresholds on surfaces, called u(2,¢), but the lower bound in
[10] is extremely small so that the resulting upper bound is extremely large;
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(2) when dimT = 2, we reduce the upper bound problem to the boundedness of such
surfaces T (more precisely, the existence of very ample divisors on T with bounded
self-intersection numbers), but the geometry of those T is quite complicated, which
makes the upper bound nonexplicit; in fact, even if we can classify those surfaces
T, then the resulting upper bound will be explicitly computable but still extremely
large.

This paper is devoted to solving these two issues, and we put two main ingredients into
the recipe.

The first one is a new reduction originated from [11] (Proposition 4.1), which shows
that we may further assume that X admits a better fibration structure X — S so that if
dim S = 2, then there exists a free divisor on S with small self-intersection number. This
solves the second issue.

The second one is a more detailed estimate on the lower bound p(2,¢) (Theorem 3.1),
which solves the first issue. We significantly improve the lower bound from about
O(27%%/<") in [10] to O(€®) (Theorem 3.1).

Remark 1.4. We shall also compare our result with [5]. The method used in [5, Theorem
1.2] is a slight modification of [3, Theorem 1.6], which is different from our method (but it
is a more general strategy that works in any dimension). One thing we share in common
is that, [5, Theorem 1.2] also reduces the problem to finding some kind of lower bound
of log canonical thresholds on surfaces ([5, Lemma 2.2]). Here, note that the constant
#(2,€) in [5, Lemma 2.2] is ﬁ in our terminology. If we replace [5, Lemma 2.2] by
Theorem 3.1 in the proof of [5, Theorem 1.2], then we get an explicit upper bound about

O().

2. Preliminaries

We adopt standard notation and definitions in [12] and will freely use them. We use
~Q, ~Rr, = to denote Q-linear equivalence, R-linear equivalence, and numerical equiva-
lence respectively.

2.1. Singularities of pairs

Definition 2.1. A pair (X,B) consists of a normal variety X and an effective R-divisor
B on X, such that Kx + B is R-Cartier.

Definition 2.2. Let (X,B) be a pair. Let f: Y — X be a log resolution of (X,B), write
Ky =f*(Kx+B)+)_a;E;,

where E; are distinct prime divisors on Y satisfying f. (> a;F;) = —B. The number a; +1
is called the log discrepancy of E; with respect to (X,B), and is denoted by a(FE;,X,B).
The pair (X,B) is called

(1) Kawamata log terminal (klt, for short) if a; +1 > 0 for all 4;
(2) log canonical (lc, for short) if a; +1 > 0 for all i;
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(3) e-kit if a;+1 > e for all ¢ and for some 0 < € < 1;
(4) e-lc if a;+1 > € for all 7 and for some 0 < € < 1;

(5) terminal if a; > 0 for all f-exceptional divisors E; and for all f.

Usually, we write X instead of (X,0) in the case when B =0.

2.2. Varieties of Fano type

Definition 2.3. A variety X is said to be of e-Fano type if X is projective and there
exists an effective R-divisor B, such that —(Kx + B) is ample and (X, B) is e-klt for some
0<e<l.

2.3. Volumes

Definition 2.4. Let X be a normal projective variety of dimension n, and let D be a
Cartier divisor on X. The volume of D is defined by

0
Vol(X,D) = limsup M
m—00 m”/n!

Moreover, by the homogeneous property of volumes, the definition can be extended to
Q-Cartier Q-divisors. Note that if D is a nef Q-Cartier Q-divisor, then Vol(X,D) = D™.
We refer to [14, Section 2.2.C] for more details and properties on volumes of divisors.

3. A lower bound of log canonical thresholds on surfaces

The main goal of this section is to prove the following theorem on certain log canonical
thresholds on surfaces. This is the main ingredient of this paper and the most technical
part. Note that in this paper, by a curve, we always mean an irreducible one.

Theorem 3.1. Fiz 0 <e< % Let S be a smooth projective surface. Suppose that there
exists a real number 0 <t <1 and effective R-divisors B,D on S, such that

e (S,B) ise-lc;
e (S,(1—t)B+tD) is not klt;
e BrprD~r—Kg and —Kg is big.

Then t > %.

As an immediate corollary, we confirm the generalized Ambro’s conjecture ([10,
Conjecture 2.7]) in dimension 2 with a greatly improved lower bound.

Corollary 3.2 (cf. [10, Theorem 2.8]). The generalized Ambro’s conjecture ([10,
Congecture 2.7]) holds in dimension 2 with p(2,€) > %.

The reduction from Corollary 3.2 to Theorem 3.1 is standard (see [10, Section 5, Page
1583]).
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Remark 3.3. While the constant term might be improved slightly, the order € in
Theorem 3.1 is sharp. In fact, Ambro [2, Theorem 1.1, Example 6.3] showed that for
each positive integer ¢, there exists a projective toric surface pair (X,A), such that

o (X,A)is %—lc,
—(Kx +A) is ample, and
there exists an effective Q-divisor H ~g —(Kx + A), such that (X,A+¢H) is not

— 1 _ 1

We can modify this example to satisfy assumptions in Theorem 3.1. Take A ~g —(Kx +A)
to be a sufficiently general ample effective Q-divisor, such that (X,A+ A) is still %—lc.
Take 7: S — X to be the minimal resolution of X, then —Kg is big as —Kx is big. We
may write

Ks—I-BZW*(Kx-l-A—‘rA) ~g0

for some effective Q-divisor B > 7*A. Then (5, B) is %—lc. In this case, D :=B—n*A+n*H
is an effective Q-divisor, such that D ~g B ~g —Kg and the pair (S,(1—¢)B+tD) is not
klt as

Ks+(1-t)B+tD=n"(Kx +A+tH+(1—-1)A).

3.1. Weighted dual graphs

In this subsection, we recall basic knowledge of weighted dual graphs of resolutions of
surface singularities from [1] or [12, 4.1].

Let Y be a normal surface, and let 7 : Y’ — Y be a resolution with m-exceptional
curves {E;};. The weighted dual graph T of 7 is defined as the following: each vertex v; of
I corresponds to a T-exceptional curve E;, and it has a positive weight —FE2; two vertices
v; and v; are connected by an edge of weight m = (E;- E;) if (E;-E;)#0. If Y is klt
and has a unique singular point, then I' is a tree with simple edges and all m-exceptional
curves are smooth rational curves by [1, Lemma 3.2.7] or [12, Theorem 4.7]. In this case,
denote by ;75 the path from v; to v;, that is, the unique shortest chain in I' joining v;
and v;.

For any subgraph IV C T, define A(I”) to be the absolute value of the determinant of
the matrix [(E; - E;)], made up by vertices in I'". Here, A()) =1 by default.

We will often use the following lemma to compute log discrepancies and multiplicities
of exceptional divisors.

Lemma 3.4 (cf. [1, (3.1.10)]). Let m:Y' =Y be a resolution of a kit surface singularity
P eY. Suppose that the set of m-exceptional curves is {F1,Fa,...,E,}. Denote by T the
weighted dual graph of .

(1) Then for each 1 <k <m,

2512 = (i Ei- ) - AT\ 575)

a(Ek,Y,O) = A(F) .
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(2) If Cis an irreducible curve on Y, then for each 1 <k <n,

> (m 1O By) - AT\ 735

multg, 7°C = A

Proof. (1) is just [1, (3.1.10)] and (2) can be deduced in the same way by applying
[1, Lemma 3.1.9] and the Cramer’s rule. O

The following lemma will be used to deal with the weighted dual graph of the minimal
resolution of a cyclic quotient singularity.

Lemma 3.5. Let I' be a chain with vertices vy,...,v, ordering in the natural sense that
v; 1s connected to viy1 by an edge for 1 <i<n—1. Suppose that for each 1 <1 <n, the
weight of v; is m; with m; > 2. Then the following assertions hold:

1) A) =my- A\ {o1}) — AT\ 0103);

2) (F\vlvk) Mmp+1 - AT\ 10k11) — AT\ 010k12) for 1 <k<n-2;

3) A) > AT\ {0r}) > AT\ 0773) > - > AT\ Tam) = 1,

4) A(T)>n+1 and A(T\1105) >n—k+1 for 1 <k <n; moreover, the equalities hold
if all m; =2;

(5) if AT)=AT\{v1})+1, then A(T)=n+1;

(6) if my, >3 for some 1 <ig <mn, then A(T') > (io+ 1)A(I'\717;,).-

(
(
(
(

Proof. Assertions (1) and (2) can be calculated easily from computing determinants. By
Assertions (1)(2) and the fact that m; > 2, we have

A(l) = 2A(T\{v1}) — A"\ 7172) (3.1)
and
A \v1vg) 2 2A(0\v1vk41) — AP\ 010k 12) (3-2)
for 1 <k <n—2. So Assertion (3) follows inductively from the fact that
A(T\t10,—1) — AT\ 710,) =my, —1 > 0.

Assertion (4) follows from Assertion (3) and a direct computation.
For Assertion (5), the assumption combining with Eqs. (3.1) and (3.2) implies that

A(P\’Ulvk+1) — A(F \ ’Ul’l)k+2) =1
for 1 <k <n-—2. Moreover, Egs. (3.1) and (3.2) become equalities, and hence, all m,; = 2.
So A(I') =n+1 by Assertion (4).
By applying Eqs. (3.1) and (3.2) inductively, one can see that
AT) =z jAT\v10;1) — (1 — DA\ 0175)

for 1 < j <n. Here, we set I'\ w705 =I". Then, by Assertions (1)(2)(3), for 1 <j <n, we
have
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A() > j(m; AT\ v1o5) — AT\ 7105771)) — (7 — DA\ 0175)
= (jm; —j+ DA\ v1v5) — A\ v10;57)
> (jmy =25+ 1A\ 0175).

Here, we set A(T'\ 710,71) = 0. In particular, if m;, > 3, then A(T') > (ip + 1)
A(F\Ull}io). O

3.2. Geometric structure of §-lc surface pairs

Lemma 3.6. Fiz a real number 0 < 6 < % and a positive integer N. Let Y be a normal
surface, and let C be an irreducible curve on Y, such that (Y,(1—96)C) is 6-lc. Let w:Y' —
Y be the minimal resolution of Y. Suppose that p(Y'/Y) < N. Then multgn*C > NLH
for any prime divisor E on'Y’, such that E is w-exceptional and w(E) € C.

Proof. By shrinking Y if necessary, we may assume that P € Y is the only singular point
on Y and P € C. Denote by I' the weighted dual graph of 7. For any m-exceptional prime
divisor F, clearly multg 7*C is a positive rational number and its denominator divides
A(I) by Lemma 3.4. So it suffices to show that A(T') < 25

By [16, Corollary 6.0.9], (Y,C) is lc. Then the weighted dual graph T" of the minimal
resolution 7: Y’ — Y are classified into three cases, as in [12, Theorem 4.15]. We split the
discussion into these three cases. Denote by m = p(Y'/Y) the number of m-exceptional
curves on Y.

As (Y,(1-9)C) is 6-Ic, a(E,Y,(1 —0)C) > 6 for any prime divisor E over Y. We will
apply this fact to some specially chosen F.

Case (1): For the case [12, Theorem 4.15(1)], I' is a chain with vertices vy, v,
corresponding to m-exceptional curves Ey, -+, E,,, such that 77 'C intersects £ and E,,.
If m > 2, by Lemma 3.4, we have

A(F\{m})—i—A(@).

a(E1,Y,0) =multg, 7°C = A

Then

a(E,Y,(1-0)C) =a(E1,Y,0) — (1 —¢)multy, 7*C
_ 5 AC\{ei})+1
AT
Therefore, a(E1,Y,(1—0)C) > 0 implies that A(T'\ {v1})+1> A(T"). So, by Lemma 3.5(5),
AM)=m+1<N+1.
If m =1, then a similar computation by Lemma 3.4 shows that

2AT\{u}) 2

a(ELY,(1-6)C) =6 N AT

Therefore, a(E1,Y,(1—6)C) > § implies that A(T") <2.
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Case (2): For the case [12, Theorem 4.15(2)], we have m > 3.

If m >4, then I' is a tree with only one fork. Let Ef be the m-exceptional curve
corresponding to the fork vertex wve. Then I'\ {ve} = IV U {v1} U {ve}, where vy,v9
correspond to (—2)-curves intersecting F¢ and IV is the chain corresponding to curves
connecting Fr and 7, 1C.

Then, by Lemma 3.4,

a(Ef,Y,O)
_ A1) - Av2) = A) - Afvr) - A(va) + A(TY) - Ava) + A(LY) - Ay
A(T)
4
A

and

A('Ul) . A(UQ) 4
ltp,"C = = .
mle T C=TIAT) T AD
Then a(E:,Y,(1-9)C) = ﬁ‘;). Therefore, a(E,Y,(1—§)C) > ¢ implies that A(T") < 4.
If m = 3, then T" is a chain consisting of three vertices vi,v9,v3 corresponding to
Eq,Es,E5, such that E; and E3 are (—2)-curves and 77*_10 intersects F5. Then a
similar computation by Lemma 3.4 shows that a(F»,Y,(1—9)C) = ﬁ‘;). Therefore,

a(E9,Y,(1—-6)C) > § implies that A(T") < 4.

Case (3): For the case [12, Theorem 4.15(3)], I is a chain with vertices vy, - ,vp,
corresponding to m-exceptional curves E, ---, E,,, such that 7 1C intersects E;. If all E;
are (—2)-curves for 1 <i < m, then by Lemma 3.5(4), A(l) =m+1<N+1.If —E? >3
for some 1 <ig <m, take iy to be the minimal one, then by Lemmas 3.4 and 3.5(4),

'\ TigUm) s A(T'\7173,)

a(E;,,Y,(1-9)C) = Al

AT) A(T)
iy AT\TiT)
=30 T A

10 1)

SAm T
Here, the last inequality is by Lemma 3.5(6). Therefore, a(E;,,Y,(1 —46)C) > ¢ implies

that A(I') < o < AtL O

Lemma 3.7 (cf. [10, Claim 2]). Fiz 0 < < 1. Let X be a smooth projective surface, and
let (X,B) be a §-lc pair, such that Kx +B=0. Then C* > —% for any irreducible curve
Con X.

Proof. We may assume that C? < 0. Then, by the genus formula,
—2<2p,(C)=2=(Kx+C)-C
=6C%*+(Kx+(1-6)C)-C
<5C*+(Kx+B)-C=3C> 0
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Lemma 3.8. Let X be a normal projective surface, such that Kx is Q-Cartier and not
pseudo-effective. Then either X ~ P2 or X is covered by a family of rational curves C,
such that (—Kx -C) < 2.

Proof. Take 7 : X’ — X to be the minimal resolution of X, then Ky +G = n*Kx,
where G is an effective Q-divisor. Then Kx is not pseudo-effective as Kx is not pseudo-
effective. Suppose that X ¢ P2, then clearly X’ o P2. By the standard minimal model
program, there exists a morphism X’ — T whose general fibers are P!. Therefore, X' is
covered by a family of rational curves C’, such that (—Kx:-C")=2. So (-Kx -7(C")) <
(—Kx/ -C")=2. O

3.3. Proof of Theorem 3.1

In this subsection, we give the proof of Theorem 3.1.
By [8, Lemma 3.1], there is a birational morphism g :S — S’, where S’ is P? or the
n-th Hirzebruch surface [F,, with n < % Since B ~g D ~gr —Kg, we may write

Ks+B=g"(Ks +9.B);
Ks+(1—t)B+tD = g*"(Kg/ + (1 —t)g. B +tg.D).
Hence, (5,9.B) is elec and (S,(1 —t)g.B +tg.D) is not klt. By replacing the triple
(S,B,D) with (S’,9.B,g.D), we may assume that S is P? or IF,, for some n < %
Fix a positive real number 0 < § < ¢, such that § < %. Take
to =max{s € R | (S,(1—s)B+sD) is é-Ic}.
Then clearly 0 <ty < t. In the following, we will show that
5%(e—0)

o a5+ 0%(c—1)

(3.3)

In particular, we can take 0 = §, then Eq. (3.3) implies that ¢ >ty > %.

By the definition of ¢y, there exists a prime divisor E over S, such that
a(E,S,(1—tg)B+tgD) = 4.
If E is a prime divisor on S, then as (9, B) is e-le, we have
multg B<1-—g¢;
multg((1—tg)B+teD)=1-6.
So

e—4 e(e—9)
tOZ 2 )
multg D —1+4+¢€ — 2+ 3¢+ €2

which implies Eq. (3.3). Here, we used the fact that

3 if § =P2;
multg D < 9

by applying [10, Lemma 3.3] to a general point on F.
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So, from now on, we may assume that E is exceptional over S. By [6, Corollary 1.4.3],
there exists a projective birational morphism f:Y — S, such that E is the unique
m-exceptional divisor on Y. We have

Ky + (1 —to)By +toDy + (1 — 5)E = f*(KS + (1 —to)B -‘rtoD). (34)
Here, By and Dy are strict transforms of B and D on Y. Write

Ky + By +bE = f*(Ks+ B) =0,
Ky +Dy+dE = f*(Ks+D)=0.
Then (1—tg)b+tod=1—4. Since b <1—¢€ as (S,B) is e-Ic, we have
fo> <=0
d+e—1

So, in order to bound ¢y from below, we need to bound d from above.
By Eq. (3.4), we know that (Y,(1 —t¢)By +toDy + (1 —9§)FE) is é-Ic, and

Ky + (1 —to)By —|—t0Dy + (1 —(S)E =0.

We can run a (Ky + (1 —tg) By + toDy )-MMP (which is also a (—E)-MMP) on Y to
get a Mori fiber space Y/ — Z, such that E’ is ample over Z, where E’ is the strict
transform of £ on Y'. Here, (Y',(1—9)E’) is again d-lc by the negativity lemma. We
have —Ky+ = Dy, +dE’, where Dy~ is the strict transform of Dy on Y.

If dim Z =1, then a general fiber of Y/ — Z is a smooth rational curve. By restricting
—Ky' = Dy/+dE’ on a general fiber, we get d < 2.

If dim Z = 0, then Y is of Picard rank 1. In this case, —Ky+ = eE’ for some e > d. If
Y’ ~ P2, then clearly d < e < 3. So, we may assume that Y’ % P2. By Lemma 3.8, there is a
general rational curve C, such that (—Ky--C) <2. Take 7’ : Y, ;. — Y to be the minimal
resolution of Y’/ and take Yj,;, to be the minimal resolution of Y. Then the morphism
Yimin — Y’ factors through Y, .

Claim 3.9. We have p(Yimin/Y) < %— 1.

We grant Claim 3.9 for this moment and continue the proof of Theorem 3.1. The proof
of Claim 3.9 will be provided later. By Claim 3.9,

p()/I;lin/Y/) < p(Ymin/Y/) = p(Yin/Y) +p(Y) —1
< p(Ymin/Y)+2 < §+ L.

Here, we used the fact that p(Y) = p(S)+1 < 3. Recall that (Y',(1—4§)E’) is ¢-lc and

< %, then, by Lemma 3.6, 7/* E’ is an effective Q-divisor with all coefficients larger than
&‘i%. As C is general, by the projection formula, (E'-C) > Si%’ which implies that
eé?

8426

< (eE’-C) = (—KY/ C) <2.

Hence, d <e < 165—";45.
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In summary, we always have d < 16;545. Therefore, by Eq. (3.5),

e—9 5%(e—9)
to 2 >
d+e—1"164+40+0%(e—1)

Proof of Claim 3.9. Denote by 7 : Yjuin — Y the minimal resolution of Y. Denote by Ey
the strict transform of F on Y. Denote by fo = fom: Y — S the induced morphism.

Denote P = f(E) € S. Then Y\ E ~ S\ {P} is smooth. Therefore, Y, and Y are
isomorphic over Y \ F and

Exc(fo) = f5 '(P) = Exc(m) U Ej.

Note that fy: Yinin — S can be decomposed into successive blow-ups along smooth points
and Exc(m) does not contain any (—1)-curves, so Fy is the unique (—1)-curve in Exc(fp).
In other words, if we denote the last blow-up by Yiin — S1, then Ej is the exceptional
divisor over Sj.

Denote by I' the weighted dual graph of fy, and denote by vy the vertex corresponding
to Ey. Then T is a tree and I"\ {vg} is the weighted dual graph of 7. Since the weighted
dual graph of S; — S is also a tree, I'\ {vp} has at most two connected components (which
implies that Y has at most two singular points).

Claim 3.10. IT' is a chain.

Proof of Claim 3.10. Take I to be a connected component of I'\ {vo}, then it
corresponds to exceptional curves over a singular point on Y. Recall that (Y,(1—90)E)
is 0-lc by Eq. (3.4). As 6 < ¢, (Y,E) is lc by [16, Corollary 6.0.9]. Then the weighted
dual graph IV and its relation with vy are classified into three cases, as in [12, Theorem
4.15]. We shall rule out [12, Theorem 4.15(1)(2)]. In the case of [12, Theorem 4.15(1)], T
contains a loop, which is absurd; in the case of [12, Theorem 4.15(2)], I' contains a fork
with two (—2)-curves on two tails of the fork, so, by contracting (—1)-curves in the graph
successively, we will reach some model with two (—1)-curves over P € S, which is also
absurd. Hence, we conclude that I' is a chain connecting to vy by one edge at one end.
Therefore, I' is a chain. O

If T\ {vo} is empty, then clearly Y is smooth and p(Yimin/Y) = 0. So, in the following,
we split the discussion into two cases, depending on the number of connected components
of T'\ {vp}.

Case (a). I'\ {vg} has one connected component.

In this case, denote the m-exceptional curves by E1,...,En, such that Ej intersects E',
where N = p(Yinin/Y). Then all E; are (—2)-curves for 1 <i < N.

Suppose that Y, — S is decomposed into successive blow-ups at smooth points as

Ymin:}/o_>Y1_>"'_>YN_>YN+1:S7

then F; is the strict transform of the exceptional divisor of Y; — Y; ;1. For each 4, denote
by G; the strict transform of (1 —tg)B+t,D on Y; and denote by P; € Y; the blow-up
center on Y;.
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Write

N

i=1
Then, the coefficient of Ey is computed from G; and E; by the formula
1—5:multp1 Gi+b—1.

Since by <1—4§ as (S,(1—tg)B+1toD) is é-lc, we have multp, G1 > 1, hence, multp, G; >
multp, G; > 1 for 1 <i < N+ 1. Hence, the intersection number G? decreases at least by
1 after each blow-up for 1 <¢ < N + 1. Therefore,

N+1<Gi,, -Gy =K% —-GE. (3.7)

Since Yiin is the minimal resolution of Y, we have b; >0 for 1 <i < N in Eq. (3.6). In
particular, (Ymin,Go+ (1—96)Ey+ Zil b;F;) is a d-lc pair, such that

N
+Go+(1-08)Eg+ Y biE; =0,

=1

Ky,

min

Write Go =), cxCk, where C}, are distinct prime divisors, then ¢, <1—4. By Lemma 3.7,
CE>-3.
If S=TF,, then ), ¢, <4 by [10, Lemma 3.3]. Hence

= (el > () (2= () (1-6)-(—)
k k k

24(1—5)-(—%):8—?

Combining with Eq. (3.7), we have

N+1<KE-8+45=3

If S =P?, then we have >, ¢y < 3, and by the same argument, we get

N+1§K§—G%§976+g§§.

Case (b). I'\ {vg} has two connected components.

In this case, suppose that the two connected components are two chains I'1,I's consisting
of vertices vy,...,vp and uq,...,uq, corresponding to exceptional divisors £4,...,E, and
Fi,...,F,, respectively, where Ey and F; intersect Ey. Here, p+¢ = p(Yiin/Y).

Set m; = —E? and [; = fFj2 for 1 <i<pand1l<j<gq. Recall that I" is the weighted
dual graph of a resolution over the smooth point P € S, so after blowing down Ej, there
is exactly one (—1)-curve among the strict transforms of E; and Fj. So without loss of
generality, we may assume that m; > 3 and [; = 2. Again, by the fact that a contraction
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of a (—1)-curve in the graph induces another unique (—1)-curve, we know that [; = 2 for
1<j<mi—2<q and l,,—1 >3 ifm;—1<q.
Since Yy is the minimal resolution of Y, we may write

Ky, +G = fi(Ks+(1—tg)B+tyD) =0,

in

where (Yiin,G’) is a 6-lc pair. By Lemma 3.7, we conclude that m; = —E? < %.
By Lemma 3.4, we have

a(EiY,(1-0)E) = A(FAI(\FT;%) +4- A(FAI(}SW); (3.8)
a(F}.Y,(1-6)E) = A(Z\F’B%) 16 A(FAz(\;SUj) 59)

forl1<i<pand 1<j<gq.
To finish the proof, we need to show the following claim.

Claim 3.11. We have p < % and q < %—2.

Proof of Claim 3.11. Recall that (Y,(1—§)FE) is é-lc.
First, we show that p < %. We may assume that p > 2. By Eq. (3.8),

Therefore, a(E1,Y,(1—0)F) > § implies that

5> A~ AT ) > AT\ {0}) > p.

Here, the second inequality is from Lemma 3.5(6) with ip =1 and the third is from
Lemma 3.5(4).
Next, we show that ¢ < % —2. If g =mq — 2, then clearly ¢ < % —2. If ¢ >mq —2, then
take jo =mq —1, we have [;, > 3. By Eq. (3.9),
AT \TTg) | AT \wrg)
A(Ts) A(Ty)
Jo Al \ urwg,)

SAr) T T AT

Therefore, a(F},,Y,(1—6)E) > ¢ implies that

a(F;

Jo»

Y,(1-6)E) =

%O > A(T2) — AT \urty,) > joA(Le \urt;,) > jolg —jo+1).

Here, the second inequality is from Lemma 3.5(6) with ig = jo and the third is from
Lemma 3.5(4). Recall that m; = jp+1, so ¢ < %—I—ml —-2< % —2. O

In summary, p(Yuin/Y) =p+q< 3 —2. B
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4. Upper bound of anti-canonical volumes

In this section, we prove the main theorem.

4.1. A reduction step

The following proposition is a refinement of [10, Theorem 4.1] by the idea of [11,
Proposition 4.1].

Proposition 4.1. Fiz 0 <e<1. Let X be a threefold of e-Fano type. Then X is birational
to a normal projective threefold W satisfying the following:

1) Wis Q-factorial terminal;

(1)

(2) Vol(X, — Kx) <Vol(W,— Kw);

(3) W is of e-Fano type;

(4) there exists a projective morphism f: W — Z with connected fibers, such that one
of the following conditions holds:

(a) Z is a point and W is a Q-factorial terminal Fano threefold with p(W) =1;

(b) Z =P,

(¢) Z is a del Pezzo surface with at worst Du Val singularities and p(Z) =1, and
general fibers of f are PL.

Proof. By [10, Theorem 4.1], X is birational to W with a Mori fiber structure (see [10,
Definition 2.1]), in particular, W satisfies Properties (1)(2)(3). So here, we only need to
explain how to get Property (4) by the proof of [11, Proposition 4.1(5)].

Denote by W — T the Mori fiber structure on W. Note that dim7 € {0,1,2}. By [18,
Theorem 1], W is rationally connected, which implies that T is also rationally connected.

If dimT =0, then take Z =T and W is a Q-factorial terminal Fano threefold with
p(W) = 1. In this case, we get (a).

If dim7T =1, then T ~PL. In this case, we get (b).

If dimT =2, then T is a rational surface as it is rationally connected, and T has at
worst Du Val singularities by [15, Theorem 1.2.7]. We can run a Kpr-MMP on T which
ends up with a surface 7", such that either

e T’ is a del Pezzo surface with at worst Du Val singularities and p(7") =1, or
e there is a morphism 77 — P! with connected fibers.

In the former case, take Z =T’ and take f: W — Z to be the induced morphism W —
T — T, then general fibers of f are smooth rational curves as —Ky is ample over T,
then we get (c). In the latter case, take Z = P! and take f: W — Z to be the induced
morphism W — T — T’ — P!, then we get (b). O

4.2. Proof of Theorem 1.1

According to Proposition 4.1, we can split the discussion into three cases. We essentially
follow the proof in [10].
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Proposition 4.2 (cf. [10, Corollary 6.3]). Suppose that 0 < € < % Keep the setting as in
Proposition 4.1. Assume that case (b) holds. Then

3200
Vol(W, — Kw) < 2.
€
Proof. By [10, Theorem 6.1],
6M (2
Vol(W, — Kyw) < 6M2.c) ’6),
11(2,€)
where M(2,¢) < 2+4+ 2 < 2 by [8] or [10, Corollary 4.5] and p(2,€) > % by Corollary 3.2.

O
Proposition 4.3 (cf. [10, Theorem 6.6]). Keep the setting as in Proposition j.1. Assume
that case (c) holds. Then
1152

5 -

Vol(W, — Kw) < —

Proof. By the classification of del Pezzo surfaces with at worst Du Val singularities and
Picard rank 1 (see [7, Theorem 8.3.2]), there exists a base point free linear system H on Z
which defines a generically finite map, such that H? <6 (see also [11, Proposition 4.3]).
Take a general element H € H and denote G = f~!'(H). Consider the self-intersection
number d = H?.

By [10, Lemma 6.5], we have Vol(G, — Kw|g) < @. Then by [10, Theorem 6.6],
Vol(W, — Kw) < W. This proves the proposition as d < 6.

Here, we remark that in [10, Lemma 6.5, Theorem 6.6], the assumptions are

e W — Z is a Mori fiber space and dim Z = 2;
e H is very ample.

But those assumptions can be slightly weakened as in our setting without any other
changes to the proofs:

e general fibers of W — Z are P!;
e 7 is base point free and defines a generically finite map. 0

Proof of Theorem 1.1. By Proposition 4.1, it suffices to bound Vol(W, — Ky ). If case
(a) holds, then Vol(W, — Ky ) = (—Kw)? < 64 by [17]. If case (b) or (c) holds, then the
conclusion follows from Propositions 4.2 and 4.3. O
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