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On polar convexity in finite-dimensional
Euclidean spaces

Shubhankar Bhatt and Hristo S. Sendov

Abstract. Let R” be the one-point compactification of R” obtained by adding a point at infinity. We
say that a subset A € R is u-convex if for every pair of points z;, z, € A, the arc of the unique circle
through u, z; and z,, from z, to z; and not containing u, is contained in A. In this case, we call u a
pole of A. When the pole u approaches infinity, u-convex sets become convex in the classical sense.
The notion of polar convexity in the complex plane has been used to analyze the behavior of critical
points of polynomials. In this paper, we extend the notion to finite-dimensional Euclidean spaces.
The goal of this paper is to start building the theory of polar convexity and to show that the
introduction of a pole creates a richer theory. For example, polar convexity enjoys a beautiful duality
(see Theorem 4.3) that does not exist in classical convexity. We formulate polar analogues of several
classical results of the alternatives, such as Gordan’s and Farkas’ lemmas; see Section 5. Finally, we
give a full description of the convex hull of finitely many points with respect to finitely many poles;
see Theorem 6.7.

1 Introduction

Let R" be the real vector space of dimension n. We compactify R"” by adding an
oo point, and when we say that u — oo, we mean |u| — oo. Denote by R” the one-
point compactification R” U {o0}. Throughout this work, we identify the geometric
structure of C" with that of R?". For example, when we say that something is a
hyperplane in C", we mean a hyperplane in R*” - that is, an affine subspace of real
dimension 2n — 1. Moreover, we use boldface font to differentiate vectors from scalars.

Take a point u € R” and a subset A c R”. Given any two points z;, z, € A, different
from u, there is a unique circle passing through u, z;, and z,. Denote by arc,[z;,2;]
the arc of this circle between z; and z, that does not contain u. We say that A is
u-convex if for every pair of points z;,z, € A, the set arcy[z;,2,] is contained in A.
In other words, we say that A is convex with respect to u, and we say that u is a pole
for A. The observation that some sets are convex with respect to a pole was made by
Pélya and Szeg6 (see pages 53-56 in [8, Chapter 2]), but to our knowledge, it was not
further developed.

Initial results about polar convexity in the complex plane can be found in [11], [12].
The motivation for developing a theory of polar convexity comes from the observation
that polar convex sets can give refinements of classical results about the location of
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2 S. Bhatt and H. S. Sendov

critical points of polynomials, see for example [9]. For example, in [11], polar convexity
was used to give a refinement of the following classical result by Laguerre: Let p(z) be
a polynomial of degree n > 2 and let u € C. A circular domain containing the zeros of
p(z), but not the point u, contains all zeros of the polar derivative of p(z) with respect
to u.

In [13], polar convexity was used to give a refinement of the Gauss-Lucas theorem,
stating that the critical points of a polynomial are in the convex hull of its zeros. In
particular, [13] shows that the critical points of a polynomial of degree # lie in the
intersection of n + 1 polar convex hulls, one of them being the usual convex hull of the
zeros. In addition, this refines a much older result of Specht [14]. This paper aims to
extend these tools and notions to finite-dimensional Euclidean spaces. This allows us
to see polar convexity as a natural extension of the classical convex analysis. It is certain
that classical convex analysis has revolutionized mathematics, finding applications
in areas such as differential equations [7], geometry [4], optimization [10], matrix
analysis [6], economics [5] [3], and many more. The hope is to see polar convexity
grow in the future and find its niches. While this paper focuses on developing the
initial results in the theory of polar convexity, in a subsequent paper, we will show how
polar convexity has a deep connection with the critical points and polar derivatives of
multivariate polynomials.

In Section 2, we state the basic definitions and prove some preliminary geometric
facts.

In the extended complex plane (see [11] and [12]), the development of the theory of
polar convexity was facilitated by the presence of Mobius transforms. In Section 3, we
go over a specific family of Mobius transformations in R” and their special properties
that will be important for us. Mébius transformations in R" have been studied at
length over the years, and we refer the reader to [1, Chapter 3] for a more complete
treatment.

Unlike the classical convexity, polar convexity enjoys a duality property; see The-
orem 4.3. In the complex plane, this was proved in [11], and a very special case of the
duality can be found in Problems 107, 112 on pages 54-55 in [8]. In Section 4, we show
that the duality holds in finite-dimensional Euclidean spaces, and then we explore its
corollaries. As a consequence, we obtain some criteria for checking whether a point is
an extreme point for a given polar convex set.

In Section 5, we talk about separation of sets using spherical domains, and we derive
polar convex analogues of several classical results of the alternative, such as Gordan’s
and Farkas’ lemmas.

In Section 6, we look at sets that are convex with respect to multiple poles. We give
a complete characterization for the convex hull of finitely many points with respect to
finitely many poles. This allows us to prove some relationships between a set and the
set of its poles.

2 Preliminaries and Definitions

For any x € R"\{0}, let

Il
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On polar convexity in finite-dimensional Euclidean spaces 3

This notation is motivated by the fact that (x,x*) = 1and (x*,x*) = 1/| x||%, so x* acts
like the inverse of the conjugate of a complex number in C. We note the easy facts that

(x*)* =x, |x*] = |x| ™", and (cx)* = ¢'x* for any ¢ € R\{0}.
With that in mind, we define

< e oo ifx=0,
“lo if x = oo,
and let R” := R" U {co}.

Definition 2.1 Forz;,2;,u € R™ with z,,z, # u, define

(2.1) arcy[z1,2,] = {u + (t(11 —u) +(1-t)(z2 - u)*)* 1te |0, 1]}
Ifz; =uorz, = u, define arcy (21,2, ] := {z1,2, }.

Geometrically, as we will show in Proposition 3.3, this is the arc of the unique circle
passing through u, z;, z, that lies between z;, z, and does not include u. For example,
if 21, 2, u € C, then (2.1) simplifies to

1
arc, [z1,22] = {u +———:te[o0, 1]}
n-u | z-u
Notice that if the points z;, z,, and u are collinear with u in between z; and z,, then
thereisat € [0,1] suchthat #(z; —u)* + (1 - t)(z, —u)* = 0; that s, oo € arcy [21,2,].
If z, is taken to be oo in (2.1), then

arcy, [z, 0] = {u+ zlt—u ‘te [0,1]} = {u+s(z1—u) is€ [l,oo)}u{oo}.

This is the ray, starting at z; in the direction of (z; — u) with oo added to the ray.
The next lemma shows that when |u| — oo, the arc (2.1) converges to the straight
line segment between z; and z,. The proof can be found in the appendix.

Lemma 2.1 Givenu,z,,2, € R" and t € [0,1], the point

ut (tz—u)" +(1-t)(z, - u)*)’
converges to tz; + (1 — t)z,, asu — oo.

Definition 2.2 Given points zy, ...,z € R” and a u € R" distinct from them, define
the convex hull of z,, . . ., zy with respect to u to be

k k
convy{zy,...,Zx} = {u+ (Y ti(zi - u)*)>F t;>0with Y t; = 1}.
i=1 i=1
If, say z; = u, we define convy{z;, ...,z } == convy{z; :z; 4 u,i=1,...,k} u{u}.
We say that u+ ( Zle ti(zi — u)*)* is a convex combination of z,...,zx with
respect to the pole u or a u-convex combination for short. A calculation similar to the
one in the proof of Lemma 2.1 shows that as we take the limit u — oo, the expression
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*
u+ ( Zle ti(z; —u)*) converges to Zle t;z;, the usual convex combination of

21, ...,2. Thus, when oo ¢ {z;,...,2;}, we have
lim convy{z,...,2zx} = conv{zy,...,zx}.
u—o0

So, we define

| conv{zy,...,z¢} ifoo ¢ {zy,...,2¢},
conVeo {21, 2ic} = {conv{zi iz;#00,i=1...,ktu{oo} ifooe{zy,...,2x}.
The next lemma shows that the set-valued map u — convy{z, ...,z } hasa closed

graph.

Lemma 2.2 Letz,...,z; € R" and let u e R" be distinct from them. Let {u,,} be a
sequence converging to u. Then, for any sequence v,, € convy {z1,...,2x} converging
to some v € R", we have

veconvy{z,..., 2 }.
Conversely, ifv € convy{zy, ..., 2y}, then there is a sequence {v, }, converging tov, such
that vy, € convy, {z1,. ..,z } for every m.
Proof Since u¢{z,...,zx} and {u,,} converges to u, we may assume that u,, ¢
{z1,...,zx} for all m. Let v, = u,, + ( Zf-‘zl tm,i(Zi — um)*)* for some t,, ; > 0 with
Zf-‘zl tm,i = 1. Without loss of generality, {¢,,,; } » converges to t; > 0, and Zle t; =1
So we can just take the limit to conclude. The converse is straightforward. m

Definition 2.3 A set A € R is said to be convex with respect to u € R" or u-convex if
for any z;,z, € A, we have that arcy[2;,2,] € A. For a set A € R”, we define convy (A)
to be the smallest, with respect to inclusion, u-convex set containing A.

Remark 2.3. It is a routine verification similar to the case of usual convexity that
convy{zy,..., 2z} as in Definition 2.2 is indeed the smallest u-convex set containing
{z1,...,2;}. It should also be clear that intersection of u-convex sets is u-convex. In
this way, convy (A) is the intersection of all u-convex sets containing A.

Remark 2.4. 'The reader should note that R"\{u} is always u-convex for any u €
R”. Now, let A € R”. If u ¢ A, then A ¢ R"\{u}, and so conv,(A) € R"\{u}, by the
minimality in Definition 2.3 - that is, u ¢ convy (A). Conversely, if u € A, then since
A < conv,(A), we obtain u € convy (A). This shows

(2.2) u € convy (A) if and only ifu € A.
Similarly, for any u-convex set B, the sets B\{u} and B u {u} are u-convex.

Definition 2.4 Given A € R", we denote by P(A) the set of poles of A. That is, P(A)
is the set of all points u € R” such that A is u-convex.

Example 2.5. Any closed half-space H is convex with respect to any point not in its
interior — that is, P(H) = cI(H®). Let the closed half-space H c R” be given by {x ¢
R": (x,v) > c} U {oo} for some fixed v e R” and ¢ € R. Without loss of generality,
we may assume by translation that ¢ = 0. If u = oo, there is nothing to show since H
is convex in the usual sense. Let u € R” be such that (u,v) <0 and let z;,2, € H be
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On polar convexity in finite-dimensional Euclidean spaces 5

distinct. If z, = oo, then arcy [z, oo] istheray {¢z; + (1 - ¢t)u: ¢t > 1},and so (tz; + (1 -
t)u,v) > 0. If both z;, z, are finite, let z = u + (t(z; —u)* + (1- t)(z, - u)*)*, where

€ [0,1]. Then, because (z;, v) and (z,, v) are both nonnegative, we get the following
inequality:

(12 = w), )/~ ul? + (1= 1) (22~ w),v)/ J22 — u?
|t(zy —u)* + (1) (22 —u)*|?
2 ()1 B0l (- 0/l —ul” )

[t(z1 —w)* + (1= £)(22 —w)*|?

Since (u,v) < 0, we need only show that

(z,v) = (u,v) +

_ Yz -uP+ -0/ -ul*
[t(z - w)* + (A=) (22 —w)* > =

This expression, following a similar computation as in the proof of Lemma 2.1, is
equal to
~t(1- )|z - 2|
[t(z1 —w)* + (1= 1) (z2 = 0)* 221 - u|? |22 — u[?’

which is clearly nonpositive. Similarly, one can show that H is not convex with respect
to any pole u in the interior of H.

Example 2.6. Consider the positive Lorentz cone, defined by
LY i={(x,t) eR"" :xeR", te R, x| < t} U {oo}.
For all v € R", such that |v| = 1, we have that

LY c HY = {(x,t) e R™ : ((x, 1), (-v,1)) > 0} U {o0}.

So

P(LY) € d((H)) = {(x. 1) e R+ {(x,1), (~v,1)) €0} U {oo} =t H.
That is,
(2.3) P(L*)c () Hy,

veSr1

and since L* = Nycgn-1 Hy, one sees that equality holds in (2.3). But the right-hand
side of (2.3) is just the negative Lorentz cone

L :={(x,t) eR" :xeR", teR,|x| <t} U{oo}.
So we get P(L*) = L™, and vice-versa by symmetry.
3 Méobius transformations in R”

The general theory of Mobius transformations in IR" is outside the scope of this paper,
and we refer the reader to [1]. In this section, we quickly review their properties
relevant for our purposes. Geometrically, they are defined as finite compositions of
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reflections in spheres and planes. We have already been using the Mobius trans-
formation x — x*, which is the reflection in the unit sphere centered at the origin.
Translations and rotations are Mobius transformations. The essential property of the
Mobius transformations that allows polar convexity to work in C (see [11]) is that they
send generalized circles to generalized circles. In R”, they send generalized spheres to
generalized spheres. The Mobius transformations that are important for this paper are
the following family of transformations, indexed by u € R":

Tu(z) := {

and let Teo := Idp,. Geometrically, these transformations can be described as a reflec-
tion in the unit sphere centered at u. Note that it is immediate that if T,(z) is as
defined above, then T = Idg,, and so Ty, is an involution. Moreover, it is shown in
[1, Chapter 3] that Mobius transformations are continuous on R™ under the chordal
metric

u+(z-u)* ifz+u,
00 ifz=u,

ZIf—Y\ i
(1+[x[*) 2 (1+]y[*) 2
2
(1+]x2) 2

ifx,y # oo,
d(x,y) =

ify = oo,

which one gets by using the stereographic projection from S" onto R" embed-
ded inside R"*!. The chordal metric restricted to R” is equivalent to the standard
Euclidean metric, and so Mobius transformations are continuous with respect to the
standard metric as well. In this work, we refer to the standard metric only and not the
chordal metric.

Definition 3.1 We call any hyperplane in R" (with oo included) or any (n — 1)-sphere
in R" a generalized (n —1)-sphere. We call half-spaces in R" (with oo included) and
(n —1)-spherical domains, open or closed, as generalized (n — 1)-spherical domains.

The proof of the next proposition is included for completeness.

Proposition 3.1 The transformation Ty, u € R", sends a generalized (n — 1)-sphere to
a generalized (n — 1)-sphere.

Proof Translations preserve generalized (n — 1)-spheres, so it is enough to prove
that the transformation Ty : x — x* preserves them. Any generalized (n —1)-sphere
in R” is the set of points that satisfy the equation

(3.1) allx|* - 2(x,a) + f = 0,

for some parameters «, 5 € R and a € R". By convention, oo satisfies this equation if
and only if « = 0, and then the set is a hyperplane. When x # 0, dividing throughout
by |2, we get

(3.2) a-2(x*,a) + B|x*|* =0,

and this is the equation of the image of (3.1) under Ty. If 0 satisfies the original
equation, then 3 = 0, and (3.2) reduces to an equation of a hyperplane. In that case, oo
also satisfies that equation. [ ]
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Definition 3.2 We call any k-dimensional affine subspace of R” (with oo included)
or any k dimensional sphere (the intersection of a (k + 1)-dimensional affine subspace
with an (n —1)-sphere) in R" a generalized k-sphere.

Proposition 3.2 The transformation Ty, u € R", sends a generalized k-sphere to a
generalized k-sphere.

Proof Any k-sphere in R" can be written as an intersection of a (n —1)-sphere
with n — k -1 distinct hyperplanes. Since T, is bijective, these are sent to distinct
hyperplanes and (n — 1)-spheres, and they intersect in a k-sphere. [ ]

Specifically, this says that T,, sends generalized circles to generalized circles, and
any circle passing through u, since T, sends u to oo, is mapped to a line.

Proposition 3.3 For z;,2;,u € R" with z;,z, # u, the set arcy (21,2, ] is the arc of the
unique circle passing through u, 7,, z, that lies between z,,z, and does not include u.

Proof The Mobius transformation T, sends the circle through u,z;,z, to the line
through oo, Ty(z1), Tu(z2). The arc of the circle lying between z;,z, that does not
include u gets sent to the segment between T,,(z; ) and T, (z; ) not containing co. Tak-
ing the inverse image of the points on this segment, the points on the arc can be written
as Ty(tTy(z1) + (1 - t)Ty(z2)) for 0 < t <1, which is exactly the parametrization in
Definition 2.1. [ ]

Proposition 3.4 The transformation Ty, u € R", sends u-convex sets to convex sets and
convex sets to u-convex sets.

Proof Let Sbe a u-convex set and z;,7; € S. Since T, sends arcy[z;,2,] to the line
segment {tTy(z1) + (1- 1) Tu(z2) : t € [0,1]}, we see that it is in T,,(S). As Ty is a
bijection, we see that the segment between any pair of points from T, (S) is in Ty (S),
so it is convex. A similar argument shows the other half of the lemma. ]

Definition 3.3 Let S c R" be a sphere. We call a subset § c S, a spherical domain in
Sif§" = § n §” for some spherical domain S” in R”. Equivalently, S’ c S is a spherical
domain in § if for some point u € S, T, (S’) is a spherical domain in the affine space
Tu(S).

Remark 3.5. For any set A CR", both conv,(A) and conv(T,(A)) are minimal
sets among the family of u-convex sets and convex sets, containing A and Ty(A),
respectively. Since T, sends one family to the other, as a consequence of the last
proposition, we get that

Ty(convy(A)) = conv(Ty(A)).

So, in particular, we have

(3.3) Tu(convy{zy, ...,z }) = conv{Ty(z1), ..., Tu(zk)}.
A consequence of this fact is the observation that if u, z;, ..., z are distinct points in
R", then u ¢ convy{zy, ...,z }. Indeed, just note that
oo ¢ conv{Ty(z1),..., Tu(zx)},
since all of the points Ty (z;), i =1, ..., k, are finite.

https://doi.org/10.4153/50008414X24000671 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000671

8 S. Bhatt and H. S. Sendov

Example3.6. Referring back to Example 2.5, we can now see that including the point
oo in H is crucial. Because if u # co were on the boundary of the half-space H, then
Tu(H\{o0}) is a half-space with one point on the boundary missing, so it cannot be
convex.

However, if u € H, then T, (H\{o0}) is a closed sphere with one point (i.e., u) on
the boundary missing, which happens to be convex, so H\{ o} is convex with respect
to any pole in R™\H.

Example 3.7.  Any open half-space is convex with respect to any point not in it. Let
the open half-space H c R" be given by

H={xeR":(x,v)>c}

for some fixed v € R"” and ¢ € R, and let u ¢ H be any point. The fact is simple if u = co.
If (u,v) = 0, then T,(H) is an open half-space and so it is convex as T, maps the
boundary hyperplane 0H := {x € R" : (x,v) = 0} U {co} to a hyperplane. In a similar
fashion, if (u,v) < 0, then u ¢ dH. Thus, T, maps the hyperplane dH to a proper
sphere. Since Ty(u) = oo ¢ Ty(H), we get that T,(H) is the bounded open sphere
and is thus convex. Therefore, the open half-space H is u-convex for any u € R"\H.

Example 3.8.  'We show that a spherical domain § € R" (open or closed) is convex
with respect to any point u € cl(S¢). The cases when S is an open or closed half-
space have been discussed in Examples 2.5 and 3.7. If u lies in 9§, then T,(9S) is
a hyperplane. So, T,(S) is a half-space and is therefore convex. If u is in (clS),
then T,(0S) is a proper sphere. Since u ¢ S, T,,(S) is the (open or closed) bounded
component of R”\T,(3S). From this, we can conclude that T,(S) is convex, and
hence, S is u-convex. In other words, for a spherical domain S, we have P(S) = cl(S¢).

From now on, the word generalized (in generalized spherical domains) will be
dropped, and when talking of spherical domains, it will be assumed that we mean
spherical domains of real co-dimension one unless otherwise stated.

Often in situations where we deal with a single pole u, we may use the transform
Ty to send u to co and translate the problem to one in the realm of classical convexity.

4 A duality theorem

The goal of this section is to prove the “duality” Theorem 4.3, which gives us a duality
between poles and points in the polar convex hull. Before we state it, we record some
computational results that will aid us in the proof of the theorem.
Lemma4.1 Letu,z,,...,z; € R" be distinct, and let

k *

v:u+(2ti(zi —u)*) ,

i=1
forsomet; > 0,1< i <k, such that ¥¥_, t; = 1. Then, we have the following relationships:
@) [v-u|=| E}z'(:l ti(zi - w)* |7
(b) (v-u)* = Z;izl ti(zi —u)*; imd

k Zi— k —u

© Sttt = ha i L
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Proof (a) This part is straightforward:

[v-ul = H(lﬁlti(zi ~w) | = Iiti(zi "

(b) This follows trivially from the fact that (x*)* = x.
(c) We can rewrite the stated expression as

0 Zt(HV ul® - zi —u|” - |z - v|*)

Then, we expand the part in the parentheses in the numerator of each summand:
[v=ul® - Jz; - u|* - |z - v|?
= ((v,v) = (v,u) = (u,v) + (w,u)) = ((2;,2:) - (ziu) = (w,2) + (w, u))
- ((zirzi) = (2, v) = (v, zi) + (V, V)
= —(v,u) = (w,v) = (z;,2;) + (z;,u) + (w0, z;) — (2, 2;) + (2;, V) + (v, 2;)
=(v-uz;-u)+(z; —u,v-u) - 2(z; —u,z; - u).

Multiply the last expression by ¢; and divide it by |z; — u/. Then, sum over i from
1 to k and use part (b) of the current lemma to obtain

(- “Z A D)2

o zi—uf?

This completes the proof. [ ]

Part (c) of the last lemma is often helpful in simplifying computations, as demon-
strated by the following example.

Example4.2. Itiswell-known that the convex cone S¥ of n x 1 positive semi-definite
matrices is a convex cone. We show here that it is also polar convex with respect to any
matrix in the negative semi-definite cone S”. To see this, take U € S” and A;, A, € S7.
Then, for any t € [0,1], let

A=U+(t(A-U)" +(1-1)(A, - U)*) .

We show that A is a positive semi-definite matrix. Indeed, by Lemma 4.1, part (a), we
have

t(A - U)* + (1-1)(Ay - U)*
[t(A1 = U)* + (1= t) (A, = U)*|?
U+ (A -U)* +(1- t)(A2 -U)H|A-U|?
A -U

A=U+

v (MY Ly ja-UP?
(e op 001 op)
[A-UJ? [A-UJ?
—U(1-t—— (1t
(- 1pa—oE -4 915 —op)
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[A-UJ? JA-UJ?
ROV it IS B it B
YEE L
|A, - A? A, - Al
-Ult———+(1-t
(HA—UHZ =092 =5p)
A=V JA- U
+ Ayt —t >0,
Uaop TG T

where the last equality follows from Lemma 4.1, part (c). We see that A is a linear com-
bination of positive semi-definite matrices with nonnegative coeflicients. Therefore, A
is a positive semi-definite matrix.

With these identities proved, we proceed to prove the main result in this section,
which gives us a duality between poles and points in the polar convex hull.

Theorem 4.3 (Duality Theorem) Letu,v,zy,. ..,z be distinct points in R”. Then,
v econvy{z,...,zx} ifandonlyif ueconvy{z,...,2x}.

Proof By symmetry, we prove only the necessity. Without loss of generality,
we may assume that none of u,v,zy,...,z; are oo. (Otherwise, pick a point z ¢
{w,v,2;,...,2¢}, and apply T,.) Let
k *
v:u+(2ti(zi —u)*) ,
i=1
for some t; > 0, Zle t; = 1. Observe that

k k

e Y
k .
= (V—u)(Hv_luHZ _; 12 iluHZ)
Thus, we continue
k k . _
(i) = (G ar S )

i=1

[v—uf?
= (v-u)*|v-ul? (I—Zt uHZ)
S Jzi-v?
=(u-v) tin— ,
( ; |zi - u||2)
where in the last equality, we used part (c) of Lemma 4.1. Define

tillz: - v|?|z; — ul2
(4.1) . ilzi —v|*|zi —u|

- — >
Yi-1tilzj = v[*|z; - a2
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and note that Y%, 4; = 1. Using the above calculation in the second equality below,

we get
k * k sz—VHZ k Z; -V "
(Xwim-v7) =(2t )X )
2 il 2 N S T
Kz - v L
(e (Sl
DI P DI P

Adding v to the first and last terms of the above equalities, we conclude
k *
u:v+(2yi(zi —V)*) ,
i=1

and hence, u € convy{zy, ..., zx}. ]

Since a set is unbounded when its closure contains the point co, we get the following
corollary.

Corollary 4.4 Letu,zy,. ..,z be distinct points in R". The set convy{zy,...,zx} is
unbounded if and only ifu € conv{z, ...,z }.

Define the relative interior of convy{zi, ...,z } to be the set
ri convy{zy, ..., z¢} := T, (ri conv{ Ty (z1), ..., Tu(zx)}).

In other words, this is the preimage under T, of the relative interior of the convex set
Tu(convy{zy,. ..,z }). Using Theorem 6.9 in [10], it is not difficult to see that

k % k
riconvy{zy,..., 2} = {u+ ( Z ti(z; —u)*) : t; > 0 with Z t; = 1}.
i=1

i=1
Then, from formulae (4.1) in the proof of Theorem 4.3, we obtain the next corollary.

Corollary 4.5 Let w,v,zy,...,2; € R" be distinct points. Then, v is in the relative
interior (resp. boundary) of convy{zy,. ..,z } if and only if w is in the relative interior
(resp. boundary) of convy{zy, ...,z }.

Definition 4.1 Let wu,z;,...,Z eR” be distinct points. We say that
veconvy{z,...,2x} is a u-extreme point if it cannot be written as a u-
convex combination, with positive coefficients, of any two distinct points in
convy{zy,..., 2}

Equivalently, v is u-extreme if T,(v) is an extreme point of the convex set
conv{Ty(z1),..., Tu(zx)}. This shows, using classical convex analysis, that the
extreme points of convy{z, ...,z } are among the points z;, ..., z;. Thus, we have
the following corollary.

Corollary 4.6 Let u,z,,...,z; € R" be distinct points. Then, z; is a u-extreme point
of convy{z, ...,z } ifand only ifu ¢ conv,,{z,...,2i-1,Zi1>- > Zk }-

https://doi.org/10.4153/50008414X24000671 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000671
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Proof To see necessity, fixan i € {1,..., k} and assume
U € Convy, {Zl, ey Zi15Zit]s ey Zk}.

Since u # z;, there are t; € [0,1], for j € {1,..., k}\{i}, such that

Gelandu=T,( Y 4T.()).
je{l,.. KN\ {i} je{L ok \{i}

Moreover, since u ¢ {z;,...,z;}\{z;}, none of the t; can be 1. So, u is not
a z;-extreme point of conv,{z;,...,Zi_1,Zis1,...,Zx}. Using Theorem 4.3, z; €
convy{zy,...,2i_1,Zit1, - - - »Zx }» and by definition, z; is not a u-extreme point. The
argument for the sufficiency is similar. ]

Remark 4.7. 1f one takes u = co in Corollary 4.6, we get that z; is a u-extreme
point of conv{zy, ...,z } if and only if oo ¢ conv,,{zy,...,Zi_1,Zi+1,...,Zx }. Using
Theorem 4.3, the latter condition is equivalent to z; ¢ conv{z,...,Z;i_1,Zis1, - ., Zk }>
which is equivalent to the definition of an extreme point in classical convex analysis.

Corollary 4.8 Letu e R" and Z c R" be a u-convex set, not containing u. Then, v € Z
is a u-extreme point if and only if u ¢ convy(Z).

Proof If v is not a u-extreme point, then there are points z;,z, € Z distinct from
v such that v € convy{z;,2,}. Therefore, u € convy{z;,2,} € convy(Z). Conversely,

if u € convy(Z), then by Carathéodory’s theorem, there are points z;, . ..,z € Z, for
some k < n + 1, distinct from u and v, such that u € convy{z, ...,z }. This implies
thatv € convy{zi, ...,z }. Therefore, v cannot be u-extreme. [

With the notation from the last corollary, note that if v € int(Z), then convy(Z) =
R"; therefore, no point in the interior of Z can be a u-extreme point.

Proposition 4.9 Let w,v,z,, .. .,z; be distinct points in R", not all on a circle. Then,
neither of the sets convy{zi, ..., zx } and convy{z,, ..., 2y} is contained in the other.

Proof Without loss of generality, we may assume u = o0, S0 V,Zy,...,Zx € R". The
assumption that the points are not on a circle now becomes that they are not on a line.
We show that

conv{zy,...,zx} ¢ convy{z;,...,2¢}

with the opposite non-inclusion being analogous. Since the points are not all on
a circle, there are at least two distinct points in zj,...,z; (i.e., k >2). Since v ¢
{z1,...,2x}, we have that v ¢ convy{z;,..., 2 }. If v € conv{zy,...,z; }, then we are
done. Assume this is not the case. Then, there is a closed half-space H containing
conv{z, ...,z } having at least two points z;, z; on the boundary and not containing
v. (Note that if the points v,z;,...,z; are on a line, such a half-space does not
exist.) Let z € conv{z;,z;}\{z1, ...,z }; that is, z € conv{zy, ...,z }. Since H is also
z-convex, we get that v ¢ conv,{z,,...,zx} € H. By Theorem 4.3, we obtain that
z ¢ convy{zy, ...,z }, concluding the argument. ]

Note that the proposition fails if the points are on a circle. For example, take z;,
Z,, u, and v in this order, clockwise on a circle. Then, according to Proposition 3.3,
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we have
convy [z1,2,] = arcy [21,22] = arcy [21,2,] = convy [21,25 ] -

5 Theorems of the alternatives

Analogous to classical convexity, we prove a separation theorem involving polar con-
vex sets. This naturally leads into theorems of alternatives. However, where theorems
of alternatives usually imply the existence of 1-forms or solutions to linear systems in
the classical setting, theorems of alternatives in the polar setting imply existence of
2-forms. We start by noting a few simple facts. We refer the reader to [10, Section 11]
to recall the various versions of the hyperplane separation theorem.

Definition 5.1 A spherical domain § ¢ R” is said to separate two sets A, B € R" if
either AC S and B< cl(S°) or BC S and A ¢ cl(S¢). Such a spherical domain (or
the boundary of the spherical domain) is called a separating spherical domain (or
separating sphere) for the pair A, B. We say that S strongly separates A and B if it
separates these sets and An dS =@ =BndSs.

Lemma 5.1 (Spherical separation) If u e R" and A, B are nonintersecting u-convex
sets in R", then there exists a (n —1)-spherical domain S, having u on its boundary,
which separates A and B. Moreover, if u ¢ A U B and one of the following holds,

(1) A is closed in R™ and B is closed in R"\{u}, or

(2) A and B are both open,

then S can be chosen to strongly separate A and B, still having u on its boundary.

Proof Note that Ty(A) and T,(B) are nonintersecting convex sets. The classical
hyperplane separation theorem implies that there is a hyperplane H that separates
Tu(A) and Ty(B). Then, Ty(H) is an (n —1)-sphere, having u on its boundary,
separating A and B. Next, note that ifu ¢ AU B, then T,(A), T,(B) € R™.

(1) If A is closed as a subset of R", then it is compact. Since u ¢ A, T (A) is compact
in R”. Similarly, if B is closed in R"\{u}, then T, (B) is closed in R".

(2) If A and B are both open, then so are the convex sets Ty (A) and T, (B).

In both cases, from ordinary convexity, we can find a separating hyperplane H such
that Ty(A) N 0H = @& = Ty (B) n 0H. We conclude by setting S := T, (H). ]

Lemma5.2 Let Z € R" be closed and let u € R" be such that u ¢ 9Z. Then, convy(Z)
is closed in R".

Proof Without loss of generality, we may assume u = co. If co ¢ Z, then Z is a
bounded closed set. So we can conclude that conv(Z) is closed. Otherwise, oo €
int(Z). Then, conv(Z) = R”, so we are done. ]

Example 5.3. Note that the assumption u ¢ Z in Lemma 5.2 is necessary. Indeed,
take the set
Z={zeC:|z]=1}u{0,(1+1i)/2}

and take the pole u = 1. Notice that both 0 and (1 + i) /2 lie on the circle |z — 1/2| = 1/2,
which also passes through u. Then, it can be shown that

conv,(Z)=Zu{zeC:|z| <L, |z-1/2| >1/2} uarc,[0, (1+i)/2],

which is not closed. The situation is illustrated in Figure 1.
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14 S. Bhatt and H. S. Sendov

z z
Z 4=
u=1 ©0 ° u=1
Figure I: 'The set Z (in black) and its u-convex hull (in orange).
Lemma 5.4 (Gordan’s lemma) Letu,z;,...,Z; € R" be distinct, such that u # 0, co.

Then either there are numbers t, . . ., ti € [0,1] with ¥, t; = 1 such that

k
(5.1 (0-u)* :Zti(zi—u)*,
i1

or there exist some a € R", a, B € R, with 8 > 0 such that

(5.2) oa(z;,z;) + (z;,a) + <0, foralli=1,...,k, and
' a(u,u) + (u,a)+f=0.

Proof Note that Equation (5.1) is the same as saying that 0 € convy{zj,...,2x}.
Assume that this is not the case. Since u ¢ {z;, ...,z }, the set convy{z,...,z;} is
closed. So, by Lemma 5.1, there is a spherical domain S, having u on its boundary, that
strongly separates {0} and convy{z, ...,z }; that is,

S nconvy{zy,...,zx} =2 =9Sn{0}.

Let a(x, x) + (x,v) + 8 = 0 be the equation of the boundary of the spherical domain S.
Since it separates {0} and convy{z, ...,z }, both of them evaluate to different signs
and neither of them are zero. In particular, since 0 ¢ 9S, we have

B =a(0,0)+(0,a)+ B = 0.

If B > 0, we are done; otherwise, take —a, —a, and —f3 to get the inequalities in (5.2).
Since u € 9§, we get the equality in (5.2). ]

Remark 5.5. Lemma 5.4 implies the classical Gordan’s lemma. Indeed, applying *
and adding u to both sides of (5.1) give

*

0:u+(zk;t,-(z,-—u)*)
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Taking limits as u - oo and using Lemma 2.1, we see that (5.1) converges to

k
0= Z tiZ;.
i=1

This is equivalent to saying that 0 € conv{z, ...,z }.

However, if 0 ¢ conv{z,, ...,z } and letting u converge to oo, the strongly separat-
ing sphere in the proof of Lemma 5.4 becomes a hyperplane since it is chosen to pass
through the pole u. By case (1) of Lemma 5.1, it can be chosen to be strongly separating.
Let its equation be (z,a) + 8 = 0. We may choose the sign of a and f8 so that

(zi,a)+B<0foralli=1,..., k.

Since the hyperplane is strongly separating the sets {z;, . . ., zx } and {0}, we must have
(0,a) + 8 > 0; that is, § > 0. Combining with the previous equation, we get

(zj,a) <Oforalli=1,...,k,

thus recovering the equations of the alternative in the classical Gordan’s lemma; see
[2, Theorem 2.2.1].

Lemma5.6 Letz,...,z; € R" be distinct and not all 0 and let

k
u:= —Z tiz; for some ty, ..., ty € [0, 00).
i1

Suppose u is distinct from z,, ...,z and let v e R"\{oco,u}. Then, either there are
numbers ay, ..., ax € [0, 00), such that

k
(53) V= Z OiZ;

i=1

or there exist a € R" and a, f € R, with a > 0, such that

afz;,z;) +(z;,a) + f> 0, foralli=1,...,k,
(5.4) al{v,v) +(v,a) + $ <0, and
a(u,u) + (u,a)+f=0.

Proof If u=- Z{«Ll t;iz; for t; €[0,00), then wue-cone{z,...,z;}, and so
cone{zy,...,2;} is u-convex. (The argument for the latter is analogous to the one
in Example 2.6.) Consequently, cone{z;, ...,z } U {oo} is also u-convex. Thus, for
any v € R"\{co,u}, either v € cone{z,,...,z;} or there exists a spherical domain
S, having u on its boundary, separating v and cone{z;, ...,z } U {co}. Again, since
cone{zy,...,z;} U {oo} is closed, this domain can be chosen so that

0S N (cone{z, ...,zx} Uoo) =@ = 3S N {v}.

Let a(x, x) + (x,a) + f§ = 0 be the equation of the boundary of the spherical domain .
Since cone{z;, . ..,z } is an unbounded set, it must lie in an unbounded component
of R™"\0S. If dS happens to be a hyperplane, then « = 0, and we can choose the signs
of a and f to satisfy (5.4). Otherwise, R"\0S has only one unbounded component,
and we can choose the coefficient « to be positive. Then, since cone{z;,...,z;} is
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an unbounded set, the quadratic term in a(z;,z;) + (z;,a) +  determines the sign
of the whole expression. The inequalities in (5.4) follow. Since v lies in the bounded
component, we have a(v,v) + (v,a) + f§ < 0. Finally, the boundary of the spherical
domain passes through u, giving the third statement in (5.4). [ ]

The proof of Lemma 5.6 shows that it is convenient to redefine the cone of
Z;,...,Zx € R" from classical convex analysis to include the point at co as follows:

k
cone{zy,..., 2} = {Z tiziit, ..., bk € [0,00)} U {oo}.
i=1

This is the union of all rays that pass through 0, z, oo, for some z € conv{z,, ...,z }.
Extend this definition to z,, . . ., z; € R" by

cone{z,...,zx} :=cone{z; :z; # o0,i=1,...,k} U {co}.
Definition 5.2 Givenz,,...,zx € R” and u € R" distinct from them, define the cone

of 71,. ..,z with respect to u by

coney{zy,...,2x} = {u+ (iti(u+ (zi —a)™) —u)* S TR A [0,00)} U {u}.

This is the image under Ty of cone{Ty(z1),..., Tu(zx)} U {0}, and so it is u-
convex. Note that T,,(0) = u — u*. Geometrically, coney{z, ...,z } is the union of
all circular arcs that pass through u — u*, z, u, for some z € convy{z, . . .,z }. Finally,
forany u,zy, ...,z € R”, define

coney{zy,...,2x} == coney{z; :z; #u,i=1,...,k} u{u}.
Figure 2 shows a u-cone in R?.
Lemma 5.7 (Farkas’ lemma) Letu,zy, ...,z € R" be distinct such that u + oo and let
v e R"\{u}. Then, either there are numbers t1, ..., ty € [0, c0) such that

k

u+(v-u)' =) ti(u+(z; —u)*)

i=1
or there exist an a € R" and a, 5 € R such that

a(zi,z;) + (zi,a) + <0, foralli=1,...,k,
(5.5) a(v,v) +(v,a)+ >0,
a(w,u) +(u,a)+f =0, and
a(w,u) —a—f=0.

Proof The first condition is equivalent to v € coney{z, . . ., z }. Applying the trans-
form T, to this inclusion, it is equivalent to Ty(v) € cone{Ty(z1),..., Tu(zi)}.
Assume this is not the case. Using the classical Farkas’ lemma, we get that there is a
closed half-space H supporting cone{ Ty(z;), . . ., Ty (zx) } at 0 and separating it from
{Tu(v)}. Moreover, H is such that T, (v) lies in the open complement of H. Apply T,
to the boundary hyperplane 0H, which contains co by convention; see Example 3.6.
We get that S := T, (dH) isa sphere separating {v} and coney{z, . .., z } such thatv ¢
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Z1

22

z3

Figure 2: The cone in R?, with respect to u, determined by the points z1, z2, and z3 (in orange)
and the boundary of their u-convex hull (in black).

Sandu,u-u* € S (sinceu = Ty(oo) andu —u* = T,,(0)). Let a(z,z) + (z,a) + f =0
be the equation of § and choose the signs such that a(v,v) + (v,v) + § > 0. Since Sis a
separating sphere, we get that a(z;,z;) + (z;,a) + f <O forall i =1,..., k. Moreover,
since S passes through u, u — u*, we get

(5.6) a({u,u)+(u,a)+pf=0 and
alu-u',u-u*)+{u-u',a)+p=0.
Simplifying the second equation and using (5.6) gives

(24
w]?

a(u,u) + (u,a) + f—2a + —(u*,a) =0

or 2a(u,u) + (u,a) — a = 0. Subtracting (5.6), one obtains
alu,u) =a+p,
therefore concluding the proof. [ ]

Remark 5.8. 'The proof of Lemma 5.7 shows that when u = oo, it reduces to the usual
Farkas’ lemma; see Lemma 2.2.7 in [2].
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6 Polar convexity with multiple poles

Problems in polar convexity involving a single pole can often be reduced to the setting
of classical convexity. However, as the examples above show, a set can be convex with
respect to multiple poles at once. In this section, we look at how multiple poles interact
with each other. We start by defining what a convex hull with respect to multiple
poles is.

Definition 6.1 Given U, Z ¢ R", define the convex hull of Z with respect to U, denoted
by convy (Z), to be the smallest set in R” containing Z and convex with respect to each
ueU.

If U = @& above, then convy (Z) is simply Z, and if Z = &, then convy (Z) is also @.
Similar to (3.3), for u € R”, we have

Tu(convy(Z)) = convy, (yy (Tu(Z)).

It is natural to ask what the convex hull of a given set with respect to multiple poles
looks like. For example, given poles u, co and points zi, 23, z3 in the complex plane,
their {u, oo }-convex hull is displayed in Figure 3.

We are going to prove an inductive procedure for finding the convex hull of a
set, given finitely many poles. Before we do that, we recall the definition of a convex

polytope.
Definition 6.2 (Convex polytope) A convex polytope in R” is the convex hull of a
finite number of points in R”. A face of a polytope is an intersection of the polytope

z3

21

%)

[ X7

Figure 3: CONV{y 00} {Z1, 22, 23}-
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with a hyperplane, such that none of the relative interior points lie in the hyperplane.
Faces of a polytope are partially ordered by inclusion. Maximal faces are those that are
not contained in any other face of the polytope. A polytope P c R" has full dimension
if its real span is R".

Definition 6.3 Given points zi, . .., Z € R” and a u € R" distinct from them, define
the affine hull of z,, . . ., zy with respect to u to be

k . k
aff {z1,..., 24} = {u+ ( > ti(zi —u)*) ;e Rwith Yt = 1} U {u}.
i-1 i=1

Ifue{z,...,2¢}, define affy {z;,..., 24 } == affy{z; 1 z; # w,i=1,..., k} u {u}.

For example, the affine hull of one point is the union of the point and {u}. The
affine hull of two distinct points is the unique circle (or line) passing through them
and the pole u, including u. The affine hull of three distinct points is either a circle,
if they together with u are on a circle, or a two-dimensional sphere (or affine space),
otherwise.

Using Definition 3.2, one can see that affy{z;, . ..,z } is the generalized ¢-sphere,
with the smallest ¢, that contains z;, . . ., Zzx and u. When u = oo, then aff, {z;, ...,z }
becomes the affine space, spanned by {z,, . ..,z } over R. We denote the latter simply
by aff{z;,..., zx}.

Lemma 6.1 Let w,zy,...,2x € R" be distinct, such that conv,{zy,...,2x} has
nonempty interior. Consider the family

L= {S c R" : S closed spherical domain,{z,,...,z} c S,u €3S
and aff  {{z;,...,2x, u} N93S} = 85}.

Then, £ is finite, and we have

convy{zy,...,zg} = [ ) S\{u}

Sel
and
convy{u,zs,...,z¢} = [ S.
Sel
Proof Without loss of generality, we may assume u = co. Then, conv{z,,...,zx}

is a convex polytope of full dimension and can be written as the intersection of
supporting half-spaces corresponding to each of its maximal faces. Since the polytope
conv{zy, ...,z } is of full dimension, there are clearly only finitely many half-spaces
H,suchthataff{{z,...,zx} n 0H} isahyperplane. The second statement now follows
from Remark 2.4. L]

Remark 6.2. Notice that the set convy{z, ...,z } has empty interior if and only
if the polytope conv{Ty(z1),..., Tu(zx)} is not a full dimensional polytope. This
happens when the points Ty(z1),..., Tu(zx) all lie in a hyperplane - that is,
when aff{Ty(z1), ..., Tu(zx)} is not the full space. This is equivalent to saying that
affy{z1,...,z;} is not the full space or that the points u,z;, ...,z alllieona (n —1)-
sphere.
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Let the points z;, ...,z € R” be distinct and let u,u; € R” be distinct (but not
necessarily distinct from zy, . . ., zx). For i € {1,2}, consider the following two families
of spherical domains:

(61) 8;:= {S c R" : S closed spherical domain, {z,...,z¢} S,

u; € 0S and {u;,uy} c c(S°)}
and
(6.2) L; ::{S €8;:affy,{{z1,...,Zx,u, up} N3OS} = 88}.

Note that these families contain domains that are convex with respect to both u;
and u,. Also note that £; is necessarily a finite set. With that in mind, we have the
following result. Its proof can be found in the appendix.

Theorem 6.3 Let the points z,, ..., Zy € R" be distinct and let u;, u, € R" be distinct
(but not necessarily distinct from z,, . . ., 2y ). Suppose that not all of {zy, . .., 2, u;, u, }
lie on a (n - 1)-sphere. Then,

2
(6.3) convy, (convy, {z,...,zx}) =) S>
i=1 Se§,;
where 8;, i = 1,2, are the families of closed spherical domains defined in (6.1).
As a consequence of the above, we have the following convenient fact.

Corollary 6.4 For any distinctzy, . . .,z € R" and wy, u, € R” not necessarily distinct
fromzy,...,zx, we have

(6.4) CoNV iy, w3 121> - - +» 2k } = convy, (convy, {zy, ..., 2 })

= convy, (convy, {z1,...,Zx}).

Proof Without loss of generality, assume u; = co. If {z;,...,2;} U {u;,u,} lie on
a hyperplane, the sets in (6.4) will also all lie in this hyperplane. So we can restrict
to this hyperplane to assume that not all of {z;,...,z¢} U {u;,u,} lie on a hyper-
plane. We prove the first equality; the second follows by symmetry. The contain-
ment convy, (convy, {zy,...,2k}) € convyy, u,3 121, . .., 2k} follows from minimality
in Definition 6.1. We want to show the opposite inclusion

CONVy, w3} 1215 - - - Zk | € convy, (convy, {zy, ..., Z¢ }).

From Theorem 6.3, we see that convy, (convy,{z1, ...,k }) = N Nses, S- All the
domains S lying in either 8; or 8, are convex with respect to both u; and u, by
definition. It follows that convy, (convy,{z;, ...,z }) is also convex with respect to
both u; and u,. Again by minimality in Definition 6.1, we get that

CONV (y, w3 {215 - - +» Zk } € convy, (convy, {zy, ..., 2 }),
completing the proof. ]
Corollary 6.5 For any Z c R" and distinct u;, u, € R", we have

CoNV (y, 4,3 (Z) = convy, (convy, (Z)) = convy, (convy, (2)).
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Proof We prove the first equality; the other one follows by symmetry. The inclusion
convy, (convy, (Z)) € convyy, u,3(Z)

follows by minimality. To see the other inclusion, it is sufficient to prove that
convy, (convy, (Z)) is up-convex. Let x;, X, € convy, (convy,(Z)). Then, by repeated
application of Carathéodory’s theorem, we get x,X, € convy, {vy,...,v¢} for some
Vi,...,Vg € convy, (Z). By Carathéodory’s theorem again, we get that x;,x; €
convy, (convy,{z1, ...,z }) for some z;, ..., zx € Z, that may be assumed distinct. By
Corollary 6.4, convy, (convy,{z1, ...,z }) is uy-convex, so

arcy, [X1, X2 | € convy, (convy,{z;,...,2zx}) C convy, (convy, (Z)).

Therefore, the set convy, (convy, (Z)) is convex with respect to both u; and u, and
contains Z. So, by minimality,

conv (y, u,}(Z) € convy, (convy, (Z)),
concluding the proof. [
Corollary 6.6 Given Z C R" and distinct points wy, . .., Wy, in R”, we have
CONViy, . un} (Z) = conv,,, (COHV{ul,...,um,l} (2)).

Moreover, the polar convex hull on the left does not depend on the order in which we take
the polar convex hulls on the right.

Proof As before, by minimality, we have the following inclusion:
convy,, (conv{ul ..... Wt} (2)) c CONV iy, un} (2).

So it is enough to prove that convy,, (convyy,, . u,_,3(Z)) is convex with respect to all
of u;, i =1,..., m. We use induction on the number of poles, m. Note that the base
case, m = 2, is Corollary 6.5. Assume the corollary to be true for m — 1 poles. Then, by
the induction hypothesis

conviy,,...u,} (Z) = convy,,_, (convyy,,...u,}(£))-
Taking the u,, convex hull and using Corollary 6.5, we get

convy,, (convyy,, . 1(Z)) = convy, (convy,,_, (convyy,  u, ,1(Z)))

= convy,,_, (convy,, (convyy, . ,1(Z))).

By a similar reasoning, we may replace u,,_; by any otheru; fori = 1,...,m — 1. There-
fore, we conclude that convy,, (convyy, . ,3(Z)) is indeed convex with respect to
all the u;’s, so the corollary holds. [ ]

Let the points z;, ...,z € R” be distinct and let uy, ..., u,, € R” be distinct (but
not necessarily distinct from z,, .. .,z;). To shorten the notation in the proof of the
next theorem, we define

Zy=Az1,...,zx yand Uy, := {uy, ..., 0, }.
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Analogous to the families considered in (6.2), we consider the following families of
spherical domains, for i € {1,...,m}:

(6.5) L;:= {S cR": S closed spherical domain, Z; c S, u; € dS and
Up c cl(S°) and affy, {(Zx v Uy ) N 0S} = 0S}.

In words, the domains in £; are uj-convex, for all j=1,...,m, with the additional
requirement that u; € dS. Moreover, the domains in £; are determined by some of the
points Z; U Uy,.

Theorem 6.7 Let the points zi, ...,z € R", n>2, be distinct and let the points
u,...,u, € R", m>2, be distinct (but not necessarily distinct from z,, ..., zx), such
that convy,, (Zx ) has nonempty interior. Then the boundary of convy,, (Zy) is made up
of pieces of the boundaries of closed spherical domains S with the following properties:

(a) Each S liesin L;, for somei=1,...,m,
(b) Each piece of the boundary is of the form convysny, (0S N Zy), and
(c) We have

(6.6) convy, (Zx) =) () S.

i=1Sel;

In other words, given a point z ¢ convy,, (Zy), there exists a spherical domain S €
L;, such thatz ¢ S, forsomei=1,...,m.

Proof If convy (Zg) is the entire R”, then the families £; are empty and the
theorem holds, so assume that this is not the case. The proof is by an induction on the
dimension of the ambient space, n. When the dimension is n = 2, the theorem is simply
[11, Theorem 5.2]. Suppose that # > 3 and the result holds when the dimension of the
space is n — 1 or lower. This assumption means that the result holds in any subspace or
affine space of R" of dimension 7 — 1 or on any sphere in R” of dimension 7 — 1. To see
the latter, simply send a point of the said sphere to oo using a Mobius transformation.
We begin with the following containments:

3

(6.7) J convasnu,, (9SN Zk) cconvy, (Zy) () () S
j=18eL;

%9
m
&

-
I

where the inclusions follow by the minimality of the convex hulls. To conclude the
proof, it is sufficient to show that

m

(6.8) U convasnu, (350 Z) =3 N 9).

) Sel; j=18eL;

Indeed, assume (6.8) holds. Without loss of generality, assume that u,, = oo or else
apply a M&bius transformation to R” that sends u,, to co. Then, M7 Nseg; S is a
closed convex set, and so it is equal to the convex hull of its boundary. Taking the
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convex hull of all parts in (6.7), we have

conv( J convasay, (SN Zk)) cconvy, (Zx) () () S

SeL; j=18eL;
j=L,...m
= conv(a(ﬁsgj S)) = conv( | ng convysny,, (0S N Zk)).

Thus, we have equalities throughout, and we are done.

For the remainder of the proof, we show (6.8). Since ﬂ;":l Nse g S is the intersection
of spherical domains, the boundaries of such domains are the sole contributors to the
boundary of N2} Nseg; S- To see that each domain S contributes exactly a piece of the
form convysny, (9S N Zx), fix some S € £; and restrict to its boundary 9S. Let

{u,..., ), }:=0SNU,,.
Recalling Definition 3.3, define the following families of spherical domains:
L' :={S" c 9S: &' closed spherical domain, 9§ N Z ¢ §',u € 95,
98N Uy c cl(8") and affy {95 N (Zx U U ) N3S'} = s},

where in this definition, by 0S’, we understand the boundary of S’ relative to 9S, and
by §’¢, we understand the complement of S’ relative to 0S.

Since 9§ is a dimension # — 1 ambient space, the theorem holds by the induction
hypothesis, so

’
m

(6.9) convysny, (SN Zy) =) () S
j=1 S’eL;

In the next two paragraphs, we explain how each domain §” € £’ can be extended to
a domain §” € £, such that $"” n 0S = §’. Without loss of generality, we may assume
that both £’ and £; correspond to the same pole uj; that is, u; = u; for j=1,...,m’
(or else we just relabel uy, ..., u,, so thatuj, ..., u),, are the first m’ of them).

If L;. are all empty, then ﬂ}":ll ﬂsleﬁ; §" = 9S. So, (6.9) becomes convygny,, (0S N
Zi) = 9S, and then, (6.7) shows that

dS cconvy, (Zy) () ) S
j=1SeL;

In this case, since there is at least one point in U,, U Zj not lying on 9§, and S € £;
implies that affy, {(Zx U Un) N 0S} = 0S, we conclude that convy,, (Zx) = S. If L'
are not all empty, then fix §" € £’ and assume that u; = co or else apply a Mdbius

transformation to R” that sends u j to oo. (Abusing notation, we keep the names S and
S’ after that transformation.) Since u;j € dS’ c S, 9S’ becomes a hyperplane in 98,
which is our ambient space of dimension #n — 1. (Note that dS becomes a hyperplane
in R") By definition, S’ contains the points dS N Zy and separates them from the
points dS N U,,, relative to dS. Since dS separates Z; and U,,, the points Z;\dS and
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U \0S are strictly on different sides of 9S. Thus, S’ can be extended to a half-space H
in R" that contains the points Zj and separates them from the points U,,,. (To obtain
this initial half space H, just rotate slightly the half-space S around 0S’.) That is, the
half-space H is such that

U,, c cl(H) and convy,, (Z) c H.
We show now that H can be chosen in such a way that
affy, {(Zx v Uy,) Nn0H} = 0H.

In this way, we have H € £ j, and by construction, Hn dS = S’
If dim affy; {(Zx U Up) N 0H} = n — 1, then we are done. So assume

(6.10) dim affy {(Zy v Up,) N 0H} <n - 2.
Since dS N (Zx U Uy, ) NS’ € (Zx u U,,) N 0H, we have that
08’ = affy, {9S N (Zx v Uy) N 3S'} caffy, {(Zx v Uy) N OH}.
But the dimension of dS’ is n — 2, so we conclude that
affy, {(Zx U Un) N 0H} = 3S’,

and (6.10) holds with equality. Rotate dH around 0S’ until it hits a point in
(Zr U U,,)\0S. (Note that the latter set difference is not empty since otherwise,
convy, (Zi) c dS, contradicting the assumption that the polar convex hull has
nonempty interior.) It should be clear now that after the rotation, the dimension of
affy, {(Zx U Up) N 0H} is n — 1. Finally, let S” be the inverse image of H under the
Mobius transformation that sent u; to co.

By (6.9), we have that for each point x € 9S outside of convysny,, (0S N Zy), there
is a spherical domain 8’ € £, for some j = 1,..., m, that excludes x, relative to 9S. By
the above, §” can be extended to an §” € £ that satisfies S” N 9S = §’, and hence, §”
excludes x.

Returning to (6.8), take a point x € 8( ﬂ;":l Nsez; S). There is an S e L; for
some i =1,...,m such that x € dS. By the above observation, we need to have x €
convysny, (0S8 N Zx). So x belongs to the left-hand side of (6.8). Conversely, if x
is in the left-hand side of (6.8), then x € dS for some Se £;, i=1,...,m. By (6.7),
x € N7 Nses; S, s0 x must be on the boundary of that intersection. The proof of (6.8)
is completed. [ ]

Remark 6.8. Notice, in the theorem above, that if for some S € £; wehave 0S N Z; =
@, then the boundary piece convygsny,, (9S N Zi) contributed by it is also empty. This
means that convy,, (Zy) is in the interior of the domain S. Therefore, such an S can
be safely ignored from the intersection (c) to obtain the same result. So, in view of
Theorem 6.7, we may write

(6.11) convy, (Zk) =) () S.
i=1  Sel;
ASNZy+0
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That is, the families £; are not minimal and contain more spherical domains than
needed.

Remark 6.9. Note that if convy,, (Zx) has nonempty interior, then it is necessarily
connected, for m > 2. In this case, the pieces of the boundary, as described in Theorem
6.7 (b), that matter are the ones that are exactly of co-dimension one. Indeed, if for
some spherical domain S € £;, 0S N Z; = {z;} for some j =1,..., k, then the bound-
ary piece contributed by it is the singleton {z;}. Since this is a closed connected subset
of R”, the boundary point cannot be isolated. By Theorem 6.7, the boundary pieces
are finitely many. So, there is a boundary piece that intersects every neighborhood of
z; (since every point in IR” has a countable basis). Let S’ € £ ;s be the spherical domain
that generates this boundary piece. Then, because 9S" is closed, we must have z; € 9S’,
and thus, z; is in the boundary piece generated by S'. Therefore, we may also ignore
those spherical domains S € £; such that [0S n Zi| < 2. That is,

m

(6.12) convy, (Zx) =) [\ S
i=1  Sel;
|BSnZk\22

We may not be able to ignore more spherical domains without additional hypotheses.
If|0S N Z| = 2, then the boundary piece generated by S may contribute nontrivially to
the boundary of the U,,-convex hull depending on the position and number of poles.

Remark 6.10. 1f convy, (Z;) has empty interior, then it is contained in some sphere.
We may consider that sphere to be our new ambient space. We can do this repeatedly
until we have an ambient space, such that convy,, (Z; ) has nonempty interior relative
to it. In this ambient space, we can apply Theorem 6.7 to express it as an intersection
of spherical domains.

Recall Definition 2.4 of the pole set associated to a subset Z of R”. Because of
the above description of convy, (Zi) as intersection of finite number of spherical
domains, we obtain the following corollary.

Corollary 6.11 Let the points z,,...,2Zx € R" be distinct and let uy, ..., u,, € R",
m > 2, be distinct (but not necessarily distinct from z,, ..., zx), such that convy, (Z)
has nonempty interior. Then,

(6.13) convy, (Uy) € P(convy, (Z)) =) [ <l(S°).
" asnzils2

Proof Forany S € £;, with [0S n Zi| > 2, we have Uy, c cl(§¢) and Zx n S = @. So
cl(8¢) is convex with respect to all z;, and we get

m

convz, (Un) () ) <l(S°).
i=1 Sel;
[0SNZi|>2

Next, suppose v does not belong to the right-hand side of (6.13). Then, v € int(S)
for some S € £; with [0S N Zy| > 2, say 21,2, € 9S. Then, arcy[z;,2,] ¢ S, so by (6.12),
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Sy

P(Ap10)
A[1,1,o] /

S

Figure 4: Tllustrating Example 6.12 when Apg 0,17 = P(A[1,1,07)-

v ¢ P(convy,, (Z)). Therefore,

m
P(convy, (ZK)) () [ <(S).
izl SeL;
[9SnZx|>2
Finally, for any v in the right-hand side of (6.13) and any S € £; with [0S N Z| > 2,
we have v ¢ int(S) and so S is v-convex. Therefore, the right-hand side of (6.12) is
v-convex, and so we conclude that v € P(convy,, (Zx)). Thus,

m
N M (S cP(convy,, (Zk)).
i=1  Sel,

[0SNZk|>2

This completes the proof. ]
The next example extends Example 4.1(f) from [11].

Example 6.12. Consider spherical domains Sy,...,S; c R”, such that $;n'S ; has
nonempty interior and S; ¢ S; for all i # j. For any v € {0,1}*, define

Ay = {xeR":xeS;ifv;=landx € cI(S¢) ifv; =0 fori=1,...,k}.
Lete:=[1,...,1] € {0,1}*. Then, A._, € P(A,) and
(6.14) Aev =P(Ay), whenever [0S; N 0Ay| > 2 foreachi=1,...,k.

Example 3.8 shows that P(S;) = cl(S{), and vice versa. Therefore, it is clear that
Ae_y € P(Ay). Figure 4 illustrates the case when equality holds. However, the equality
does not hold in general, as Figure 5 shows.

Let the condition on the right-hand side of (6.14) hold and fix a point u ¢ A._y.
Then, there is some i, such that u ¢ cI(S{) (the case when u ¢ S; is anaologous), but
Ay c S;.Suchan S; would not be convex with respect to w: if {x;, x, } ¢ 9S; N dAy, then
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Figure 5: Illustrating Example 6.12 when Apg 0,117  P(A[1,1,0,01)-

arcy[x1, X | ¢ S;. Since Ay c S;, this implies that A, cannot be convex with respect to
u. Therefore, A._y 2 P(Ay), establishing (6.14).

Theorem 6.13  For any Z € R", we have Z ¢ P(P(Z)).

Proof Note that if Z is either R”, @, or a singleton, then P(Z) =R", and so
P(P(Z)) = R”. Similarly, if P(Z) is a singleton, then P(P(Z)) = R".

Thus, we may assume that both Z and P(Z) contain at least two points. We need
to show that if z; € Z and if u;, u, € P(Z), then arc, [u;, u;] € P(Z). Assume that
the points z;,u;, and u, are distinct; otherwise, the inclusion arc, [ug, uy] ¢ P(Z)
is trivial. In other words, one has to show that any v € arc,, [u;,u,] is a pole for
Z; that is, for any z,,23 € Z, we have arcy[z,,23] € Z. If 2,23 happen to be on the
circle determined by z;,u;,u, and v, then it is easy to see that arcy[z;,23] € Z by
considering several cases (we omit the details). Otherwise, by Remark 6.10, we may
restrict to a smaller dimensional ambient space that has dimension at least two and
where the set convy, u,1{Z1, Z2, 23 } has nonempty interior. By Corollary 6.11, we have

Ve arc, [u, uy] € convy,, 4, {w, up} € Pconviy, v,y {21,225 23}).
This shows the first inclusion in
arcy[ 2y, 23] € convyy, u,3121,22,23} € Z,

while the second inclusion follows since u;, u, € P(Z). Finally, since z,,2; € Z were
arbitrary, we get that v e P(Z). ]

Remark 6.14.  As a consequence of the above theorem, given any set Z ¢ R", we get
two increasing chains of sets

ZcP(P(Z2))c - cP"(Z)¢c -,
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and
P(Z2) cP(P(P(2)))c - <P (Z)c -,
Let
A= G P*(Z) and B := G PH(7).

Then, we get that P(A) 2 Band P(B) 2 A. Indeed, for any z;,z, € Aand u € B, thereis
an integer k, such thatz;,z, € P?¥(Z) and u € P***1(Z). This shows thatarc,[z;,z,] <
P2k(z) c A.

Open Problem  Characterize the pairs of sets (A, B) in R", such that P(A) 2 B and
P(B) 2 A. Moreover, characterize the pairs of sets (A, B) in R”, with the stronger
conditions that P(A) = Band P(B) = A.

To conclude, we express Corollary 6.4 algebraically in the special case
(6.15) convy(conv{z, ...,z }) = conv(convy{z,...,2x}).
Doing so gives us the following identities.

Corollary 6.15  Given distinct points u,z,, ...,z € R"™, and t, a;, B € [0,1], for 1 <
j < k, such that

k

k
D=2 Bi=1

j=1 j=1

there exist y;, 0;,j € [0,1], for 1< i <mand1< j <k, such that

=~

n
Z)’i :Z(Si,jzlforalllsién
i=1 j=1

and satisfying

(t(iai(zi —u))* + (1—t)(§;ﬁi(zi —u))*)

- i)’i(é&,j(% —“)*)*'

i=1

Proof Clearly, the points ¥ a;z;, 5, Biz; are in conv{z, ...,z }. For any t ¢
[0,1], we have

k k *
u+ (t(Z; a;z;—u)" +(1- t)(Z;ﬂizi - u)*) € convy (conv{zy, ...,z })
= conv(convy{z, ...,z }).

By Carathéodory’s theorem, there are points xj,...,Xx, € convy{zy,...,2z;} and
parameters yi, ...,y € [0,1], such that }7_; y; = 1and

k k * n
(616) u+(t(Zocizi—u)*+(1—t)(2/3,-z,~—u)*) :Zy,-x,-.
i=1 i=1 i=1
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Since x; € convy{z,...,2;}, there must be parameters &;,...,0; x such that
2?21 0;,j=1and
k *
(6.17) xi:u+<28i,j(zj—u)*) ,foralli=1,...,k.
j=1
Substituting the equations (6.17) back into (6.16) and simplifying gives the stated
identity. u
In particular, when n = 3, we get an algebraic relationship in the complex plane.

Corollary 6.16  Given distinct pointsu,zy, ...,z € C,and t, aj, fj € [0,1], for1 < j <
k, such that

there exist y;, 0;,j € [0,1], for 1< i <3 and 1< j <k, such that

3 k
Zyizzai,jzlforall1£i£3

i=1 j=1

and satisfying

1 1 + Y2 + V3
k t + 1-¢ - Zk 61,}‘ Zk 62,}‘ Zk 83,)’ :
Sk ai(zi-u) XK Bi(zi—u) j=lzj—u j=lzj—u j=lzj—u

7 Conclusions

In conclusion, the paper aims to establish the foundations of a theory of polar con-
vexity in the case of finite-dimensional Euclidean spaces to build on. Polar convexity,
as a generalization of classical convexity, enjoys many unique properties — the Duality
Theorem, for example - that could not be formulated in the classical setting. These
properties, however, are still applicable to the classical setting, and we hope that these
will be exploited to approach many classical problems.

The theory is still in its infancy. One could ask what are the polar convex functions
and if they have applications to optimization problems that parallel those of classical
convex functions. Section 6 looks at convexification of sets with respect to multiple
poles. These sets are convex, in the classical sense, if one of the poles is co. Thus, if a set
is convex with respect to multiple poles, it is natural to ask what additional properties
do these super convex sets have. Also in Section 6, we give a description of the convex
hull of finitely many points with respect to finitely many poles. It is natural to ask for
similar descriptions when one or both of these sets are infinite. Concrete answers to
such questions are not known even in the case of nicely behaved infinite sets and may
be a topic of further research.
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Appendix

This section contains deferred proofs and results that may distract the reader from
the main development.

Proof of Lemma 2.1 By definition, we have

u+ (t(z—u)" +(1-1)(z, ~u)*)’
u tH(z;—-u)* +(1-t)(zo —u)*
[t(z1 —u)* + (1 t)(z2 —u)*|?
:uo_tMn_mv+u—nmh—uw)
[t(zy —w)* + (1= £)(z2 —w)*|?
tz/|z —u|® + (1- 1)zo/[ 22 — u?
[tz —w)* + (1= 1) (zo —w)*|?

(71)

We look at the two terms of the last displayed expression separately. For the first term,
we have

ALl + 0=l = uf?
[tz —w) + (1= 1) (22— w)* 2
_Jtm w0 - P - o -l - (- 0 - w)?
o —w)* + (1= 1) (22— w)* 2

u * *
= 5t -+ (1= )z -0 Pla-ul|z - v’

—t|zy —u? = (1- 1) [z - u]?),
where
D= |t(z - w)* + (1= 1) (22 — )" [|*|z1 - u[?[z, - u?.

In the numerator, expand ||t(z; — u)* + (1 - t)(z, — u)*|?* as a dot product and mul-
tiply throughout by |z; — u|?|z, — u?. After elementary simplifications, we arrive at

u
S(=t0=Dlza—ul? = t1= )z~ ul® + 11 - )z - w22 - u)

+t(1—t)(zz—u,zl—u))

u 2
=—(—-tl-t)|z1 -z
S (=Dl -2
_ —t(1- 1)z - 22 ]|z - u|?|z, — u|?

|t(z1 —w)|z2 —u|? + (1= 1) (22 — w) |21 —u[?]?

o) 4
_,0Uul),

[u
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Now we look at the second term in (7.1) and multiply its numerator and denominator
by |u|?. Then, it can be developed as

-2 -2
2z _ _u _ Z _ _u_
tzy/ |z —u|? + (1- )z /|25 —u|?> tzl‘ Tul ~ Tol ‘ + (=022 1~ ‘
_ * _ _ 12 - * * .
[t(z1 —a)* + (1-¢)(z5 —u)*| ”t(ﬁ_ﬁ) +(1_t)(ﬁ_\l%\\) 2

Thus, taking the limit as |u| — oo, the first term in (71) converges to 0, while the
second converges to tz; + (1 - t)z,. This completes the proof of the lemma. [ ]

Lemma7.1 Letthepointsz,,...,z; € R be distinct and let uy, u, € R” be distinct (but

not necessarily distinct from z,, . . ., zx ). Suppose that not all of {z1, . . ., Zx, u1, u, } lie on
a (n —1)-sphere. Then,
(7.2) () S= () Dforie{1,2},

Se8; Del;

where the families 8; and L; are defined in (6.1) and (6.2).

Proof By symmetry, we may assume that i = 1. Since £; € &y, it is clear that

(1Sc () D.

Se8y Del,
To see the other containment, without loss of generality, assume u; = co. The set £;
consists of all supporting half-spaces that either correspond to the maximal faces
of the polytope conv{z,,...,z;} separating u, and conv{zy,...,z;} or those that
correspond to the maximal faces of the cone

u, + cone{z; —uy,..., 2 — W},
or both. Since 8 is the set of all half-spaces that separate u, and conv{z, ...,z }, we
have that Npegs, D € S forall S € 8;. [ |

Proof of Theorem 6.3 Without loss of generality, we may assume u, = co and write
u; as u. In the proof, we need both families (6.1) and (6.2). So 8;, £; correspond to u
and 8, £, correspond to oco. It is clear that

2
conv(convy{zy,...,zx}) () () S

i=18e§;

because the right-hand side is convex with respect to both u and co and contains
{z1,...,2x}. We aim to show the opposite inclusion.

2
() S ¢ conv(convy{zs,...,zx}).

i=1Se§;
If 0o € int(convy{z, ...,z }), then conv(convy{z,...,z;}) = R", so the inclusion
is trivial. Thus, we assume that oo ¢ int(convy{zs,..., 2z, }) and consider four cases
based on whether co and u are in {z;, ...,z } or not.
Case 1: Assume that oo, u ¢ {zy, ...,z }. We consider two sub-cases.
Case l.a: If oo ¢ convy{z;,...,z;}, by Lemma 5.1, part (1), there is a spherical
domain S, containing convy{z, ...,z } and having u on its boundary, that strongly
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separates convy{zy, ...,z } and {co}. Since oo is in cl(§¢), S is convex with respect
to both co and u, we get that S € 8;. So oo ¢ ﬂle Nses, S

Since oo ¢ convy{z,...,zx}, then convy{zy, ...,z } is closed and bounded. Thus,
the set conv(convy{z, . ..,z }) is closed and therefore also closed in R"\ {0 }. So, by
Lemma 5.1, part (1), for any x ¢ conv(convy{z;,. ..,z }) U {oo}, there is a spherical
domain S, containing conv(convy{z,...,z}) and having co on its boundary, that
strongly separates the sets {x} and conv(convy{z,...,z}). We want to show that
x £ N Nses, S-

Indeed, if u € cl(S¢), then since S is convex with respect to both u and oo, we have
S€8,.80, x ¢ N7 Nses, S- If u g cl(S°), then cl(S°) is a closed u-convex spherical
domain containing both x and oo and not containing u (in particular, u is not on
the boundary of cl(S¢)). Next, convy{z, ...,z } is a u-convex set that is closed in
R™\{u}. By Lemma 5.1, part (1), there is a spherical domain S’, having u on its
boundary, containing convy{z, ...,z } and strongly separating conv,{zy,...,z;}
and cl(S¢). Since oo € cl(S), we have that S’ does not contain oo and has u on
its boundary. So, S’ € 8}, and since x € cl(S¢), we get that x ¢ S’ and conclude that
x ¢ N7_; Nses, S This concludes the proof in the case when oo ¢ convy{zi, ...,k }.

Case 1.b: Suppose now oo € dconvy{zi, ...,z }. Then, by Corollary 4.5, this is
equivalent to u € dconv{zy, ...,z }. Every domain S € §; is u-convex and contains
{z1,...,zx} by definition, so it contains conv,{zy, ...,z }. This implies that S also
contains oo, but by definition, co € cl(S¢), and therefore, co € 9S. Similarly, u € 9S for
all S € 8,, so we conclude that §; and 8, contain the same domains. Since a domain
Sekl;orSel, is forced to have both u and oo on its boundary, they are all half-
spaces. Therefore, for all S € £; U £,, we get that

(73) affy{{z1,...,2x,u,00} N39S} = aff . {{21, ..., 2k, 1,00} N IS}
=affy{{z1,...,2x,u} N 9S}.

To see the last equality, note that we have

o0 € dconvy{zy, ...,z } € affy{{z1,...,2zx,u} N 3S}.
The first equality in (7.3) shows that the families £; and £, are equal. By assumption,
Z;,...,Zk, U, oo are not all on a hyperplane. So, using Lemma 7.1, we have
2 2
NNs=NMNs=Ns.
i=1 8¢8; i=1SeL; SeL,

Let £ be the family of spherical domains described in Lemma 6.1. Then, the second
equality in (7.3) shows that £; ¢ £. Note that if S €L and oo € dS, then S € L;.
Therefore, if S € £\ L1, then oo ¢ 9S;in other words, dS is a bounded set. Any spherical
domain S € L\£; contains {z,...,z¢} and has u on its boundary, and hence S
contains convy{z, ...,z }. Thus, S is unbounded since oo € convy{zy,...,zx}, by
Corollary 4.4. Since £\ £ is a finite set, there is an R > 0 such that D(0; R)¢ c S\{u}
forall S € L\L;. (Here, D(0; R) is the open ball with center 0 and radius R.) Thus, we
have

D(O;R) c () S\{u}.

SeL\L,
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Therefore,

N saD@RFc( N $)n( N S\{u})

Sely Sely SeL\Ly
= ) S\{u} = convy{zy,..., 2},
Sel

where in the last equality, we used Lemma 6.1. Since we are in a case where u ¢
{z1,...,2x} and uwe dconv{z,,...,z;}, the boundary of the intersection of half-
spaces, (sez, S, contains at least a line, so

conv( N SﬂD(O;R)C) =MNS,
Sel, Sel,

and by Lemma 7.1, we have

ﬁ N S= ﬁ () S= () Scconv(convy{zs,...,zx}).

i=1SeS;  i=1SeL;  SeL,

Case 2: Assume that oo € {z;,...,zx},butu ¢ {z,,...,z;}. By definition,

conv{z,,...,zx} = conv{z; :z; #00,i=1,...,k} U{oco}.
If weconv{zy,...,zx}, then weconv{z;:z;#00,i=1,...,k}. So we have
o0 € convy{z;:z; #00,i=1,...,k}, and convy{z; :z; #00,i=1,...,k} =
convy{z,..., 2z }. This, of course, implies that
conv(convu{zi 1z, #00,i=1,.. .,k}) = conv(convu{zl, ... ,zk}).

Therefore, any spherical domain S, convex with respect to both u and oo, that contains
{z;:2; #+ 00,i=1,...,k} is forced to contain oo because it contains conv,{z; : z; #
00,i=1,...,k}. Thus, co € dS because S is convex. This implies that the families
81,82, L1,and £, corresponding to the sets {z;, ..., zx } and {z; : z; # 00,i =1,...,k}
are the same. So, we can consider the set {z;, ...,z }\{oo} and argue as in Case 1.

Therefore, we may assume that u ¢ conv{z,, ...,z }. If S € £}, then by definition,

oo € cl(S¢), but the premise of the current case implies that co € S, so we need to have
oo € 0S. Since in addition, u € S, one can see that

(7.4) affy{{z1,..., 2k, 0,00} N 9S} = aff . {{21,...,2¢,u, 00} N IS}
=affy{{z1,...,2x,u} N 3S}.
The first equality shows that £; € £,. Therefore, we have
2
(7.5) NMNsS=0NSs.
i=1SeL; Sel,

The family £, is the set of all half-spaces that support the maximal faces of the cone
u +cone{z; —u,...,z; —u}. (Note that the latter cone has a nonempty interior, or
else {zy,...,2,u, 00} lieona (n — 1)-sphere, contradicting our assumption.) That is,

() S=u+cone{z; —u,...,zx —u}
Sel,

(7.6) ={u+t(z-u):t>0,zeconv({zy,...,zx }\{oo})} U {o0}.
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A domain S € £, can be of two types: either u € 9S or u € §°. In the first case, S is
a half-space that supports a maximal face of the cone u + cone{z; —u,...,z; —u},
while in the second case, S is a half-space that supports a maximal face of the polytope
conv({zy, ...,z }\{oo}) that separates u from {z, ...,z }. Thus,

(7.7) () S={z+t(z-u):t>0,zeconv({z,...,z}\{c0})} U{oo}.

Sel,

We need to prove that

() S < conv(convy{zi,...,zx}).
Sel,
Letagain £ be the family as described in Lemma 6.1. Then, the second equality in (7.4)
shows that £; ¢ £. Note that if S € £ and oo € 9S, then S € £;. Therefore, if S € L\ L,
then oo ¢ 9S; in other words, 0S is a bounded set. Any spherical domain § € £\£;
contains {z;, ...,z } and has u on its boundary; hence, S contains convy{z;, . . .,z }.
Thus, S is unbounded since oo € convy{zy, ...,z } by Corollary 4.4. Since £\ £, is a
finite set, there is an R > 0 such that D(0; R)¢ c S\{u} for all S € £\L;. We get that

{z1,..., 2k }UD(O;R) S {zy,...,zxJU [ S\{u}.

SeL\Ly
Therefore,
(7.8) ({z1,-- .z} UD(OR)) 0 () S € ({21, 26} U ) S)\{u}
Sel, Sel
=) S\{u} = convy{zs, ...,z },

Sel

where in the last equality, we used Lemma 6.1. Using representations (7.6) and (7.7),
one can see that for large enough R, we have

(79) m SﬁD(O;R)C = m SﬁD(O;R)C.
Sel; Sel,

Thus, taking the convex hull from both sides in (7.8), we obtain

conv(convy{zi,...,zx}) 2 conv(({zl, ..z} UD(0;R)) n SQ S)

= conv({zl, ceZi U (D(O;R)C n N S))

Sel,

= conv({zl, censZpJ U (D(O;R)C N SQ S))
= SQZS.

This concludes the proof in this case.
Case 3: Assume u € {z;,...,z;} but oo ¢ {z, ...,z }. By definition,

convy{zy,...,zx} =convy{z; :z; #u,i=1,...,k} u{u}.
If weconv{z;:z; #u,i=1,...,k}, then we have oo €convy{z;:z; #u,i=
L,...,k} and conv{z;:z;+u,i=1,...,k} =conv{zy,...,zx}. Therefore, as
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before, any spherical domain S convex with respect to both u and oo that
contains {z;:z; #u,i=1,...,k} is forced to contain u because it contains
conv{z;:z; #u,i=1,...,k}. Thus, ue dS because S is u-convex. This implies
that the families 8;,8,,£;, and £, corresponding to the sets {zj,...,zx} and
{z;:z; +u,i=1,...,k} are the same. So we can consider the set {zj,...,zx}\{u}
and argue as in Case 1.

Assume now u ¢ conv{z; :z; #u,i =1,...,k}; that is, u is an extreme point of
conv{zy, ...,z }. By Corollary 4.6, this also implies that oo ¢ convy{z,...,zx},
$0 convy{zy,..., 2z} is closed and bounded. Therefore, conv(convy{zs, ...,z }) is
closed and bounded. We aim to show that

2
Ifx ¢ conv(convy{z,...,zx}), thenx ¢ () () S.
i=18e§;

If x = oo, then since oo ¢ convy{z;:z; #w,i=1,...,k}, by Lemma 5.1, part (1),
there is a spherical domain S, containing convy{z; :z; # u,i =1,...,k} and having
u on its boundary, that strongly separates convy{z; :z; #u,i=1,...,k} and {o0}.
Since oo is in S¢, S is convex with respect to both co and u, we get that S € §;. So
0o # M Nses, S-

If x ¢ conv(convy{zy,. ..,z }) U {o0}, then there is a closed half-space S strongly
separating x and conv(convy{z;, ...,z }) and containing the latter set. If u € cl(S¢),
then S is also u-convex, so S € 8, and x ¢ N7_; Nses, S. If u € int(S), then cl(S¢) isa
u-convex domain disjoint from conv,{z, ...,z } and containing both co and x. By
Lemma 5.1, part (1), there is a spherical domain §’, having u on its boundary, con-
taining convy{z; : z; # w,i =1,..., k} and strongly separating conv,{z; : z; # u,i =
L,...,k} and cl(S°). Also, because u € 9S’, we get that S’ contains convy{z;, ...,z }.
Since oo € cl(S€), we have that S’ does not contain oo and has u on its boundary. So,
S’ € 8. Finally, since x € cl(S°), we get that x ¢ S’ and conclude that x ¢ N7_; Nges, S-
This concludes the proof in this case.

Case 4: Assume that co,u € {z;,...,z}. ffueconv{z; :z; #u,i =1,..., k}, then
ueconv{z;:z; #u,00,i=1,...,k}. Then, by Theorem 4.3,

o0 € convy{z;:z; #u,00,i=1,...,k} Sconvy{z; :z; # 00,i=1,...,k}.

Therefore, any spherical domain S, convex with respect to both u and oo, that contains

{z;:2; #00,i=1,...,k} is forced to contain co because it contains convy{z; : z; #

00,i=1,...,k}. Thus, oo € 95, because S is co-convex. This implies that the families

81,83, L1, and £, corresponding to the sets {z;, ..., zx f and {z; : z; # c0,i =1,...,k}

are the same. So, we can consider the set {z;, ...,z }\{oo} and argue as in Case 3.
Assume thatu ¢ conv{z; :z; #u,i =1,..., k}. Then,

ufconv{z;:z; #u,00,i=1,...,k} U{oo}.
Then, using Theorem 4.3, we obtain
oo ¢ convy{z;:z; #u,00,i=1,...,k} u{u} =convy{z; :z; # 00,i=1,...,k}.

It follows from definitions (6.1) and (6.2) that 8§; = 8, and £; = £, because all the
domains S € §; U 8, are forced to contain both oo and u on their boundary. Thus, the
family £, consists of all supporting half-spaces corresponding to the maximal faces of
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the cone u + cone{z; — u,...,z; — u}. (Note that the latter cone has a nonempty inte-
rior, or else {z;, ..., 2z, u, 00} lie on a (n — 1)-sphere, contradicting our assumption.)
So, using (7.2), one sees that

2

(7.10) ﬂﬁS:ﬁﬂS: () S=u+cone{z; —u,...,z —u}.

i=1Se8;  i=1SeL;  Sel,
To conclude the argument, it is sufficient to show
u+cone{z, —u,...,z; —u} € conv(convy{zy, ...,z }).

As before, let £ be the family of spherical domains described in Lemma 6.1. Since oo €
{z1,...,21}, all the domains S in £ are unbounded. Note that £, ¢ £. There are two
types of domains in £: those with oo in their interior and those that have oo on their
boundary. The latter ones are those in £;. There are finitely many domains in £, and
since the domains S € £\£; have bounded boundaries, the boundaries are all in a ball
D(0; R) with large enough radius R > 0. So, we can conclude that D(0; R) U {u} € S
for all S € £\L;. Thus, by Lemma 6.1, we have

N Sm(D(O;R)CU{u})E(SQ s)n( N s)=Ns

SeL; SeL\L, Sel

= convy{z,...,Zx}.

Therefore, using (7.10), the set convy{z;,...,2;} contains u and all points of u+
cone{z; — u,...,z; — u} beyond a certain radius. So, we conclude

u+cone{z; —u,...,z; —u} C conv(convy{z,...,Zx}).

This completes the proof. ]
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