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UNBOUNDED PRINCIPAL EIGENFUNCTIONS AND THE
LOGISTIC EQUATION ON RV

WEI DonG anND YIHONG Du

We consider the logistic equation —Au = a(z)u — b(z)uP on all of RY with possibly
unbounded coefficients near infinity. We show that under suitable growth conditions
of the coefficients, the behaviour of the positive solutions of the logistic equation
can be largely determined. We also show that certain linear eigenvalue problems on
all of RV have principal eigenfunctions that become unbounded near infinity at an
exponential rate. Using these results, we finally show that the logistic equation has a
unique positive solution under suitable growth restrictions for its coefficients.

1. INTRODUCTION
We consider the logistic elliptic equation
(1.1) —Au = a(z)u — b(z)u”, T € R",

where p is a constant greater than 1, a(z) and b(z) are continuous functions with b(x)
positive on RN. Equations of this kind have attracted extensive study because of its
interest to mathematical biology and Riemannian geometry. We refer to 2, 5, 8, 9, 12]
and the references therein for some of the previous research.
When the limits
G = lim a(z) and by = lim b(z)

|z[—00 lz}—o00
exist and are positive numbers, it is shown in [8] that problem (1.1) has a unique positive
solution u, and moreover

u(z) = (Goo/boo) PV as |z] = 0.

In this paper, we consider cases where these limits may not exist. We suppose that
for some > 0, there exist positive numbers a;, a; and 8y, 3 such that

. o(z)
1.2 o = lim ——,
( ) ! |z|—00 le'y

a(z)

Qg = m s ,31 = ll_m b(.’l}), ﬂg = m b(I)

|z| =00 |:L‘|'7 [z]—>o0 |z| =00

It is easily shown that under these conditions, (1.1) has at least one (weak) posi-
tive solution (see Corollary 3.3 in Section 3). By standard regularity theory of elliptic
equations, any W,>?(R") solution of (1.1) belongs to C'(RM).
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THEOREM 1.1. Suppose u € C(RV) is a positive solution of (1.1). If (1.2) is
satisfied, then

lim

u(z) (al)l/(ﬂ—l) —  u(z) <(a2)1/(p—1)
e, D > '

E ! |;|11,n°° |z|’7/(P—1) = Fl_
If in addition, we suppose that

(1.3) poP g

then (1.1) has a unique positive solution, namely

THEOREM 1.2. Suppose that the conditions (1.2) and (1.3) are satisfied. Then
(1.1) has a unique positive solution.

These results considerably improve the corresponding ones in [8]. For the proofs,
apart from further development of the techniques used in [8], one main new ingredient is
the use of certain unbounded principal eigenfunctions for problems of the type

Ad = X(z)¢, z€RY,

where £(z) is sign-changing but is positive and bounded away from zero for large |z].
The existence of such eigenfunctions will be discussed in detail in Section 2 below. The
proofs for Theorems 1.1 and 1.2 will be carried out in Section 3. Some of the ideas in
this paper were motivated by (1, 5] and [12].

For discussions of (1.1) with lim a(z) < 0, we refer to [2, 9] and the references
|zj—o00
therein.

2. UNBOUNDED PRINCIPAL EIGENFUNCTIONS

The main purpose of this section is to show that certain eigenfunctions ¢ € W,u2(RY)
of Ap = M(z)¢ with £(z) sign-changing but positive and bounded away from zero for
large |z|, must become unbounded at an exponential rate as |z| — co. Apart from its
own interest, this is crucial for our analysis of the solutions to the logistic equation.

We consider the following eigenvalue problem on RY,

(2.1) Ad = X(2)¢, z € RY,
where £(z) satisfies

2.2) & € C(RY), &(xp) < 0 for some zo € RV,
' &(z) 28>0 Vijz| > R>0 for some constant § >0 and large R.

It is well known (see [6, Theorem 2.1]) that under condition (2.2), the eigenvalue
problem (2.1) has a positive principal eigenvalue A* corresponding to which there is a
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(3] Unbounded principal eigenfunctions 415

positive principal eigenfunction ¢(z) satisfying ¢(z) — 0 as |z| — oo, where A* is given
by

A= inf{/ |Vu|2d.7:// (—€)udz : u € H'(RV),
RN RN
Furthermore, a recent result in {1} implies that under these conditions, for any

A € (0,2%), (2.1) has a positive solution and none of which tend to zero as [z] — oo,
at least when N > 3. It should be noted that the results in [1] are proved under much

Euldr < O}.

RN

weaker assumptions than (2.2).

In the following theorem, we show that in the radial case and under (2.2), much more
can be said. For the general case, a weaker result can be obtained as an easy consequence
of this theorem.

THEOREM 2.1. Suppose that £(z) satisfies condition (2.2) and is radially sym-
metric. Then, for any A € (0,)*), there exists a radially symmetric positive function
¢ € C*(RM) solving (2.1) and such that ¢(zx) — oo as |z| — oo. Furthermore, for any
q € (0,V/Ad), there exist positive constants R. = R.(q) and C = C(q) such that

#(z) > Cet®l  for |z| > R..

PRrROOF: By [1] and [6], we know that equation (2.1) has a positive solution for
A € [0,A*] with A* > 0. From the proof of {1, Theorem 2.3] (but we use the LP-theory
instead of the Holder theory), we see that when A € (0, A*), (2.1) has a positive solution
¢ € C1(R") which is the limit of a sequence of radially symmetric functions ¢,, satisfying
A¢yn = XE(||)$n, Bn(z) > O for |z| < n, and ¢,(0) = 1. It follows that ¢ is radially

symmetric.
Denote ¢(r) = ¢(x), where r = |z|. We find that ¢(r) must be C? and is a solution
of the ODE
1 N-1 /
(2.9) ¢+ X Lgr) = xer1or)

satisfying ¢(0) = 1 and ¢'(0) = 0.
We claim that, for » > R, ¢ can not have a local maximum. Indeed, if ¢(rp) is a
local maximum with ¢ > R, then

¢'(ro) =0,8"(ro) <0and 0> ¢"(r0) + ¢'(r0) = A(ro)d(ro).
This is a contradiction. This fact implies that for some R; > R, ¢(r) is monotone
increasing or decreasing in (R, 00).

We claim that ¢ is increasing for r > R;. Otherwise, ¢ is decreasing for r > R,, and

we must have
lim ¢(r) =7 >0, ¢(r) > n, Vr > R,

=00
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There are two possibilities.
(i) If p >0, then for r > R;, we have ¢(r) > 7, and

(2.4) [PVl () = MrNYE(RB(r) 2 ANy, Vr > Ry

Integrating (2.4) over [R;,7], we obtain

_ _ A6 A
Ui (r) 3 RY I (R + Y - SR
So
s Adn RBy\N-1 , Ry\N-1
(2.5) #'(r) = N7 + (7) ¢'(Ry) — '\577R1(T)

If r is large enough, the right-hand side of (2.5) is positive, a contradiction to ¢'(r) < 0.
(ii) Ifn=0, dueto (2.2),in the case N > 3, we can use [1, Theorem 1.2] to conclude
that no positive solution of (2.1) tends to zero as |z| — oco. This is a contradiction to
7 = 0. Therefore the case 7 = 0 cannot occur. In the following, we give a unified proof
for this fact covering all cases N > 1. Note, however, our condition (2.2) is much more
restrictive than that used in [1].
From (2.3), we obtain

(2.6) [PY =1 (r)) = AV TIE(r) g (7).
Integrating (2.6) over [R;,7], we obtain

27) ) - RYE(R) = 3 [ Y e(o)ots) ds
Since ¢/(r) < 0 for r > Ry, it follows

(2.8) A /m sV1e(s)p(s) ds < —RY'¢'(Ry), Vr > R,.

This implies that -
/ sN1¢(s)g(s) ds < oo.

Ry
Therefore, since ¢ € L*([0,00)) and £(r) > § > 0 for r > Ry, we can conclude that

o0 o0
(2.9) / rN=1¢%(r) dr < oo, / rN=1¢(r)¢?(r) dr < .
0 0
We now multiply (2.6) by ¢(r) and integrate over [0,7] to deduce

(2.10) rN1g' (r)e(r) ~ /r sV (s)? dr = )\/r sN1¢(s) 9% (s) ds.
0

0
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[9] Unbounded principal eigenfunctions 417
By (2.7) and (2.8), we find that r¥~1¢'(r) has a finite limit as 7 — co. By assump-
tion, ¢(r) = 7 =0 as 7 — oo. Therefore
™V 1¢'(r)g(r) = 0 asr — co.

Using this fact and letting r — oo in (2.10), noticing also (2.9), we find that

(2.11) /0 N1¢()ds<oo/ sN-1¢'(s)%d =—,\/ sN1E(s)p%(s) ds

Let us note that the first identities in (2.9) and (2.11) imply that ¢ € H*(RY), while
the second identity in (2.11) is equivalent to

A=/ ;v¢;2dz// ¢2d;

But by the definition of A*, we have
v < [ vepds/ [ (o6 ds.

Thus we arrive at the contradiction A* < A.

Summarising, we arrive at a contradiction in each case when assuming ¢(r) is de-
creasing for r > R;. This proves our claim that ¢(r) is increasing for 7 > R;.

Next we shall show ¢(r) > Ce? for all large r. By a simple calculation we find that
u(r) := rV-1/2p(r) satisfies

(2.12) v~ q(r)u =0,
where N— (N -3
ql(T) = /\E(T) -+ (_——4)7‘(2;—)'

By condition (2.2), for any &, € (0,4), we can find R, > R, such that
q(r) > A6 = 63, Vr > Ry.

Let v(r) = e%—F2) 4 ¢=bo(r-R2)  Clearly v satisfies

(2.13) v =6 =0,v>0, Vr € (—00,00),v'(Ry) =

Multiplying (2.12) by v and (2.13) by u, subtracting and integrating over [R,7], we
obtain

W (r)u(r) = u(r)v'(r) 2 v'(Rp)v(Rz) — u(R2)v'(Re) = 2u'(R2) 2 0
It follows (u/v)' > 0, and hence

(R2)
Z o(By)

e
2

=:a9 >0, Vr 2> R,.

<
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Therefore,
(2.14) #(r) = rO=N/2y(r) > gort=N)/2elo(r—R2)

Since 8, € (0,6) is arbitrary, for any given ¢ € (0,v/Ad), we may assume that &, is
chosen so that § = v/Ad; > gq. We now see from (2.14) that for some positive constants
C = C(q) and R, = R.(q),

é(r) = Ce™, Vr > R,.
This finishes the proof of the theorem. 1]

COROLLARY 2.2. Suppose that {(z) satisfies (2.2) and for r > 0 let &(r)
= Imll_n &(z). Then

o= inf{/RN |Vu|2d:c//RN(—§)u2dx tu€ HI(RN),/RN £u’dz < 0}

is positive, and for each A € (O,T), there exists a positive function ¢ € C1(R") solving
(2.1). Moreover, for any such ¢ and any q € (0, \d), there exist positive constants R,
and C such that
(2.15) Tn|ax¢(:1;) 2 Ce" forr 2 R,.
I|=r

PROOF: Since £ < £, from the definition of the principal eigenvalue A* for (2.1), we
find A* > X". Therefore, for each A € (0,X’), by the method in [1], (2.1) has a positive
solution ¢ € C(RV).

To show (2.15), we argue indirectly. Suppose that for some A € (0,X") and some
g € (0,VAd), (2.1) has a positive solution ¢ satisfying
(2.16) lim max ¢(z)/e" = 0.

r—oo |zl=r

By definition, £ satisfies (2.2) with the same 4. By Theorem 2.1, we can find a

radially symmetric positive function ¢ such that

Ad =X, >0 in RV,
and

(2.17) é(|z]) > Ce*l for some C > 0 and all large |z].

Denote

ar = maxq&(m)/a(lxn

lzl<r
Clearly a, > 0 and due to (2.16), (2.17), there is a sequence {r,} satisfying r, —+ oo
such that a,, is achieved at some z, with |z,| < .. Then ¥n(z) == ar,¢(|z|) — ¢(z) is
nonnegative in B, _, it vanishes at z,, and is positive for |z| = ry,.

https://doi.org/10.1017/50004972700037229 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700037229

(7] Unbounded principal eigenfunctions 419

It is easily checked that, in the weak sense,
AYn £ MYy in By,
Let u, = 9 /¢. Since ¢ satisfies
A¢ = XEp, ¢ > 0in RV,
a simple calculation yields
Au, +2¢7'Vé - Vu, <0in B,,.

Therefore due to u, = ¢¥n/¢ 2 0 and u,(z,) = Yn(z,)/9d(zs) = 0, one can apply the
strong maximum principle (see {10, Theorem 9.6]) to conclude that u, = 0 on B, a
contradiction. This finishes the preof.

3. PROOF OF THE MAIN RESULTS

In this section, we first prove the asymptotic behaviour of the positive solutions of
(1.1) as given in Theorem 1.1, and then make use of this result and Theorem 2.1 in
Section 2 to prove the uniqueness result in Theorem 1.2.

To start, we recall a comparison principle (see, for example, [8, Lemma 2.1]) which
will be frequently used in the later proof. .

LEMMA 3.1. (Comparison principle) Suppose that Q is a bounded domain in
RN, Let u;, up € CY(Q) be positive in Q and satisfy (in the weak sense)

(3.1) Auy + a{z)uy — b(z)u,? < 0 < Aus + a(z)us — b(z)us”? in Q

and

im - <0.
ol (U2 = 1) <

where p > 1, a(z), b(z) are continuous with b(x) positive on  and ||a|| o) < co. Then
ug € uy in .

It should be noted that in Lemma 3.1, the assumption that u; and u, are positive
and satisfy (3.1) in  has hidden restrictions on a(z) and b(z). Moreover, from the proof
in [8] one easily sees that the restriction that ui,u; € C?*() there can be replaced by
uy, uz € CYQ).

Next we present an existence result which is folklore. As we cannot find it in the
literature, for completeness, a proof is provided.

PROPOSITION 3.2. If)\(B,) <0 for somer >0, then (1.1) possess a minimal
positive solution u and a maximal positive solution T, where A;(B,) denotes the first
eigenvalue of the problem

(3.2) —Au - a(z)u = Ay, ulsp, =0,

and B, is the ball centered at the origin with radius r.
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PROOF: By the properties of the first eigenvalue (see, for example, [4]), forall R > r,
A1(Br) < 0. Let ¢ be a positive eigenfunction corresponding to A;(Bg). Then for all
small positive constant ¢, it is easily checked that e¢ is a lower solution of the problem

(3.3) —Au = a(z)u — b(z)uP, ulsp, =0.

Y=Y s an

Clearly any positive constant greater than or equal to M = r%z;x(a(x) /b(z))
upper solution of (3.3). Thus (3.3) has at least one positive solution. By Lemma 3.1, it
has a unique positive solution.

Let us choose an increasing sequence of positive real numbers r, with r; > r and
rn — 00 as n — 0o. By the properties of the first eigenvalue in [4], and by the above
discussion, problem (3.3) with r = r,, has a unique positive solution u,. By Lemma 3.1,
we deduce u, < Uup41. If we can find an upper bound for u, on any fixed Bg, then by a
standard regularity argument, u(z) = lim,_ 0 un(z) is well-defined in RY and it would
be a positive solution of (1.1). To find such an upper bound, we consider the problem

(3.4) —Av = a(z)v — b(z)v?, v|ap, = o0.

(Here and throughout this paper, by v|sp, = 0o, we mean v — oo as dist(z, 8Bg) — 0.)
By (3] (see also [11} and [7]), (3.4) has a positive solution v. Then clearly by Lemma 3.1,

un(z) < v(z), Vo € By

for all large n so that r, > R. This is the bound we are looking for, and hence the
existence of a solution for (1.1) is proved.
From u, < uny; we find
u(z) 2 ua(z) >0

for each n, and hence u is a positive solution of (1.1). For an arbitrary positive solution
u of (1.1), we can see that u satisfies

—Au = a(z)u — b(x)uP, wulss,, > 0.

By Lemma 3.1, u 2 u, on B, for each n, and hence

So u is the minimal positive solution of (1.1).

What remains now is to show the existence of a maximal positive solution of (1.1).
To this end, we choose an increasing sequence of real number 7, such that r, — oo as
n — oo and denote B, = B, . Next we consider the boundary blow-up problem

(3.5) —Aw = a(z)w — b(z)w?, w|em, = oo.
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By [3] (see also [11] and [7]), (3.5) has a unique positive solution which we denote as w,.
Applying Lemma 3.1, we see wy, 2 wyy 2 u for all n, so

7= lim w,
n—o0

is well-defined on R". Furthermore, by standard regularity considerations, we know &
satisfies (1.1) on R" and % > u, so % is a positive solution of (1.1).
Clearly any positive solution u of (1.1) satisfies, for each n,

—Au = a(z)u — b(z)uP, ulsp, < 00.
By Lemma 3.1, we obtain w, > u on B, for all n, and hence

7= lim w, > u.
n—eco

The proof is now complete. 0
When condition (1.2) is satisfied, it is easily seen that A;(B,) < 0 for all large 7.
Therefore, we have the following result.

CorOLLARY 3.3. Under condition (1.2), problem (1.1) has a minimal positive
solution and a maximal positive solution.

We are now ready to prove Theorem 1.1. We consider the cases v = 0 and v > 0
separately, as the proofs we use are considerably different.

LEMMA 3.4. Assume thatu € C'(RN) is a positive solution of (1.1). If condition
(1.2) is satisfied with y = 0, then

(3.6) lim w*~\(z) > 2
|z|—o00 .32
and
(3.7) m w'(z) < 2.
|z|—o0 b
PRrooF: For any small positive ¢ such that 3¢ < min {a;, f1}, there exists a large
R such that
|z| > R implies a(z) 2 ap:=a; —¢&, b(z) < bg:=f2+e.
Set

a(z) = ¢(z)a(z) + (1 - ¥(z))ao, b(z) = P(z)b(z) + (1 — ¥(z))bo,

where 9(z) is a smooth cutoff function such that

(3.8) { PY(z) =1, V|z| < R, ¥(z) =0, Viz| > 2R,

0 < ¥(z) <1, V|z| € [R,2R].
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Let us now choose an increasing sequence of real numbers r, with r; > R large enough
such that A;(B,,) < 0. As in the proof of Proposition 3.2, the problem

(3.9) —~Av =a(z)v — b(z)vP, vlss,, =0

has a unique positive solution v,. Then v(z) = | llim vn(z) is well-defined on RV, and by
|00

standard regularity considerations v(z) is a positive solution of the problem

(3.10) —Av =a(z)v — b(x)v®, z € R".

Since |llim a(z) = ag > 0 and Illim b(z) = by > 0, by Theorem 3.1 in [8], v(z) is the
|00 ZT|—00

unique positive solution of (3.10) and

lim v(z) = (ao)l/(p_l).

lal—so0 by
On the other hand, any positive solution u(z) of (1.1) satisfies
—Au= a(&:)u - b(z)uP > a(x)u — b(z)uP, ulsm, > 0.
So by Lemma 3.1, u4(z) > v.(z), Vz € B,,, and hence

u(z) > v(z), Yz € RY, lim u(z) > lim v(z) = (ag/by)/? V.

|z| =200 |z]—o0

Therefore (3.6) holds due to the arbitrariness of .
It remains to show (3.7). By (1.2), for any small positive &, there exists a large R
such that
a(z) S op+€ =0, b(z)2P1—€=: b, V|z| > R.

Set
a(z) = a(z)y(z) + (1 — ¥(2))ac, b(z) = b(z)¥(z) + (1 - %(2))bo,
where 1(x) is a cutoff function as in (3.8). Let us now consider the problem

(3.11) —Aw = @(z)w — b(z)w?, wlap, = oo

By [3] (see also [11] and [7]), this problem has a unique positive solution w,, w = lim w,
r—+00

is well-defined on R and is a positive solution of the equation

(3.12) —Aw = @(z)w - b(z)w”, z € RV.

Since Izl&n(»‘d(x) = Qoo > 0 and 'llgnwz(x) = boo > 0, by Theorem 3.1 in (8], w(z) is the
unique positive solution of (3.12) and |:zl|i—I»Iloow(z) = (@oo/bo)/?~1. On the other hand, if

u is a positive solution of (1.1), then

—Au = a(z)u — b(z)uP < @(z)u - b(z)uP, ulsp, < co.
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By Lemma 3.1, we obtain u(z) < wy(z), Vz € B,, and thus

— 1/(p-1)
lim v € lim w= (aﬁ) .

|x|—o00 |z| =00 boo

Since ¢ is arbitrary, (3.7) follows. 0

LEMMA 3.5. Suppose u € C'(RY) is a positive solution of (1.1). If (1.2) is
satisfied with y > 0, then

w(z) _ o

3.13 lim > —
(3.13) lzlsoo |17 i
and

— w2) _
3.14 1m < =
(3:14) BRI B

PROOF: Let {z,} be an arbitrary sequence of points z, in RN satisfying r, = |z,|
— oo and let € > 0 be such that 3¢ < min {¢;, £;}. By (1.2), there exists a large R > 0
such that
a(z) = aolz|”, b(z) < by, VY|z| > R,

where ag = a; — ¢, by =2 +e¢.
For any fixed zo € RV, let

By={z: R <|z| < Ry}, where Ri = (1 —¢)|zo|, Ry =(1+¢)|zo.
We consider the following problem
(315) T —-Av = a0R17v - bo’Up, ‘UlaBo =0.

If vo(z) is a positive solution of (3.15), then by Lemma 3.1 it must be the unique positive
solution, and hence it must be radially symmetric: vo(z) = vo(|x|). Let

wo(r) = Ry P Vw(r).

Then
~Aw = R17W(ao - bow(p_l))a wlaBo =0

Through a simple rescaling w(r) = z(r/R;), we obtain
(3.16) —Az = R, ?2z(ap — bo2” 1), zlon =0,

where @ = {z:1 < |z] < (1 +¢)/(1 —¢€)}. By [8, Lemma 2.2}, for all large R;, (3.16)
has a unique positive solution z(z) and z(z) — (ao/bo)/*~?) uniformly on any compact
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subset of 2 as R; — oo. Therefore (3.15) does have a unique positive solution vy(z) as
described above, and there exists a large R, > R such that for R, > R,,

voP o) 2 (1- e)a—oRl".
bo
It follows that
voP (o) ag
3.17 —— L > (1 =)=,
(317 EUEE A »

Since |z,| = r, = 00, there exists a positive integer ny such that for n > ng, when z is
replaced by z,, equation (3.15) has a unique positive solution v,. Then by (3.17),

'Unp-l(xn) a9
LI Sod 720, 6 IUNIRPA T & o i)
l nl,7 /( 6.)

If u is a positive solution of (1.1), then for all large n,
—Au 2 agRy"u — bov®, ulgp, > 0,
where
B,={z:(1—¢€)lza| < |z| < (1 +€)|znl}-
By Lemma 3.1, we obtain v,(z) € u(z) on B,,. Thus, for all large n, u(z,) > v,.(z,), and

'U'p_l(zn) 'Unp—l(xn)

> (11—t
ERCRE P Gl

bo

Since {z,} is an arbitrary sequence with |z,| — oo, this implies that

p—1
lim (z)

ay
|z}—00 IIP ’

bo

> (1 — E)’7+1

Inequality (3.13) then follows as € > 0 can be arbitrarily small.
Next we shall prove (3.14). In a similar fashion, for any sequence of points z,, in RY
satisfying |z,| — 0o, and any given small positive €, there exists a large R > 0 such that

a(z) S ailel’, bl@) > b, Viz|> R,
where a; = as +¢, b, = B — €. We consider the problem
(318) —-Av = alR21v - b]vp) v'aBo = 00,

where By, R, are defined as before. By (3] (see also [11, 7]), problem (3.18) possesses a
unique radially symmetric positive solution vo(z) = vo(|z|). Let

vo(r) = R27/("'1)w(r).
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Then w(r) satisfies
—Aw = Ry"w(a; — biwP™), wlas, = oo.

Through a rescaling w(r) = z(r/Ry), we obtain
~Az = Ry"2(a; - b12P7Y), z|gn = oo,

where Q = {z : (1 —¢)/(1 +¢) < |z] < 1}. By [8, Lemma 2.3], z(z) — (a1/b;)*!
uniformly on any compact subset of Q as R; — oo. Thus, there is a large R, > R such
that for R, > R,,

vP ™ (Zo) ay
2 < (14 121
|IO|7 = ( + ) bl

Since |z,| = r, — oo, for all large n, the unique positive solution v, of (3.18) with z,

replaced by z,, satisfies
Unp_l(l'n) a,

—lx B b, —(1+ e)'r+1

If u is a positive solution of (1.1), then for all large n,
—Au € a1 R"u — biuP, ulgp, < 00,
where B, = {z: (1 —¢)|za| < |z| < (1+¢)|za|}. By Lemma 3.1, we obtain

u(z) € va(z), Vz € B,,.

Thus 1(z,) p-1( )
u¥ NIy V" (ZTn ay 1
< 14¢)™
|Za|7 |za | bl B )
This implies that .
= uf (z) a1 (1 + s)'~/+1

|| =00 |.’E|7 b1
Inequality (3.14) now follows as € > 0 can be arbitrarily small. This completes the proof
of the lemma. 0

Clearly Theorem 1.1 is a direct consequence of Lammas 3.4 and 3.5. To prove
Theorem 1.2, we shall need the following result whose proof uses Theorem 2.1.

LEMMA 3.6. Under conditions (1.2) and (1.3), there exists a positive function
¢ € C'(RY) satisfying ¢(z) — oo as |z| — oo, such that for any positive e, u +€¢ is an
upper solution of (1.1), that is (in the weak sense),

—A(u+e9) > a(z)(u+ed) — b(z)(u +€9),

where u is the minimal positive solution of (1.1).
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PrOOF: Under condition (1.2}, due to Corollary 3.3, (1.1) has a minimal positive
solution u. Let

o(z) = pblz)u?™" - a(z).
By Lemmas 3.4, 3.5, and by (1.2), (1.3), we have
o(z)

lim ——= 2 poyfi/B2 — ap > 0.

|lz|—o00 I I

Therefore, there exists a large R such that o(z) > § for all |z] > R and some positive §.
We can now easily find a radially symmetric function £(z) = £(|z|) such that it satisfies
(2.2) and &(z) € o(z), Vz € RY. By Theorem 2.1, we obtain a radially symmetric
positive function ¢ € C?(R") solving, for some A € (0, A\*) N (0, 1),

Ag = XE(z)d, Vz € RV,
and
(3.19) é(z) > Ce?™ for some C > 0, ¢ > 0 and all large |z|.
Since A < 1, for |z| > R, from £(z) > 0 we deduce
X(z) < {(z) < o(z), Viz| > R.
We now choose t > 0 large enough such that

[M(z) = o(2))8(z) = tp - 1)b(2)w’(z) < 0, V]a| <

Then define
$(z) = ¢(z) + tu(z).
We have
(3-20) A¢ — o(z)¢ = [M(z) — o(2)]d(z) - t(p — 1)b(z)uP(z) < 0 in RV.

We shall see that ¢(r) meets the requirement in this lemma. By (3.19), ¢(z) — oo as
|z] = oco. For all positive ¢, setting v = u + €¢, then, by (3.20),

—Av — a(z)v + b(z)v” > €[~Ad — a(z)¢ + pb(z)w” ' ¢ = €[~ A¢ + o(z)¢] > 0

Hence v = u + £¢ is an upper solution of (1.1). The proof is complete. 0

We are now ready to complete the proof of Theorem 1.2.

PROOF OF THEOREM 1.2: By Corollary 3.3, problem (1.1) has a minimal positive
solution u and a maximal positive solution T. Due to Lemma 3.6, for any positive ¢,
u + €¢ is an upper solution of (1.1). By (3.19) and Lemmas 3.4, 3.5, for fixed £ and
all large |z|, u + €¢ > T. This implies, by Lemma 3.1, u + €¢ > T on all large balls.
Therefore it is true on all of RY. Since £ > 0 is arbitrary, it follows that u > % on R".
On the other hand, u < % on RY. Thus we must have y = %, which implies that (1.1)
has a unique positive solution. The proof of Theorem 1.2 is now complete. 0
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