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Topology of Certain Quotient Spaces of
Stiefel Manifolds

Samik Basu and B. Subhash

Abstract. We compute the cohomology of the right generalised projective Stiefel manifolds. Fol-
lowing this, we discuss some easy applications of the computations to the ranks of complementary
bundles and bounds on the span and immersibility.

1 Introduction

The study of Stiefel manifolds and their quotients has a long history [8]. Their topol-
ogy has played a fundamental role in solving many problems such as the celebrated
solution of the vector field problem on spheres by Adams. The cohomology of the
(real) projective Stiefel manifolds with Z/2-coefficients was computed in [6] (in the
case of the projective orthogonal and unitary groups, this was first computed in [3]).
This was used to prove immersion results for real projective spaces in [5].

The cohomology of the complex projective Stiefel manifolds was the subject of the
paper [9], but it turned out to contain many errors. The correct computation was
achieved in [1], and a universal property was associated with these manifolds. As a
consequence, the authors conclude the non-existence of certain sections to appropri-
ate bundles over projective spaces and lens spaces. Following this, the question of
parallelizability of complex projective Stiefel manifolds was settled in [2].

This paper deals with right generalised projective Stiefel manifolds, which were
studied in [7]. These manifolds are interesting from a topological point of view and
also since a certain amount of number theory is automatically mixed in with the topol-
ogy in the very definition of these manifolds. They are obtained as quotients of Stiefel
manifolds W, ;. (the space of orthonormal k-frames in C") by an action of the circle
group S'. The action is given by the formula z - (vi,...,v) = (2'vy,...,z%w;),
which can be described by right multiplication by a matrix with diagonal entries
(z4,...,2%,1,...,1) on U(n)/U(n~k). We assume that the k-tuple (I, ..., Iy ) € Z*
is primitive, which means that the gcd of I;, . . ., I equals 1. The corresponding quo-
tient space is called a right generalised projective Stiefel manifold P, W,, i. It is a smooth
real manifold of dimension k(2#n — k) — 1 and can be realised as the homogeneous
space U(n)/S' x U(n - k). In [7], the question of parallelizability of these manifolds
is settled.

In this paper we are motivated by certain computations for complex projective
Stiefel manifolds and attempt to search for similar relations for the right generalised
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projective Stiefel manifolds. We compute the cohomology of these manifolds (cf. The-
orem 2.3) and observe that they satisfy a universal property for complementary bun-
dles of a certain sum of line bundles (cf. Theorem 2.6). Using these theorems we de-
duce implications for line bundles over specific manifolds. The cohomology formulas
also enable us to compute the Pontrjagin classes for the manifolds P, W, ;. Working
specifically with k = 2, we use these to bound the span and immersibility of these
manifolds in Euclidean spaces. Our methods improve the results in [7].

In Section 2, we compute the cohomology of the manifolds P, W, x and introduce a
universal property of these spaces. We follow this with some applications in Section 3.

2 Some Cohomology Computations

In this section we compute the cohomology of the manifolds P, W, x. We work with
Z-coefficients up to Proposition 2.2 and Z/p-coeflicients thereafter. Our method in-
volves an interplay between Serre spectral sequences of various fibrations and enables
us to deduce a universal property for P, W, ;. Throughout we assume that the ged of
(ll,. ces lk) isl.

Recall that the cohomology of the unitary group U(n) is an exterior algebra with
generators in degrees 1,3, ..., 2n —1([4]). We denote this expression by H*(U(n)) =
A(y15...> yn), where the class y; lies in degree 2j — 1. The Stiefel manifold W, j is
homeomorphicto U(n)/U(n—k), and its cohomology is given by A(¥_k41, - - - » ¥n)-
Recall that the principal S' fibration W, x — P, W,  yields a fibration

Wn,k . PZWn,k e BSI)

the latter space being CP*. Note that the Stiefel manifold W, i also fibres over the flag
manifold F(1,...,1, n—k) of sequences of flags of orthogonal subspaces of dimensions
L,...,1,n— k, that is, with k subspaces of dimension 1 and one of dimension # — k.
This fits into a principal (S!)¥ fibration W, y — F(1,...,1,n — k). The S! action
whose orbits are the manifold P, W, ; comes from the inclusion of S in (S!)* given
by ®p:z = (2", ..., 2'). This induces a commutative sequence of fibrations

Sl @, (Sl)k

Wk == W

PeWy o — F(L,...,L,n—k)

P> — . (CcP)k.

These fibre sequences extend one step further. Consider G;(C"), the Grassmann
manifold of k—planes in C", which is the quotient U(n)/(U(k) x U(n - k)). One
has a principal U(k) bundle W, - Gx(C"), and the map (S')¥ — U(k) given by
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the inclusion of diagonal matrices forms a similar diagram of principal fibrations as
above. Putting all this together one obtains a commutative diagram

§l————— (Y ———U(k)

Wn,k Wn,k Wn,k

PeW,x — F(1,...,1,n — k) — Gx(C")

CP*® ——— (CP*)* — = BU(k).

In the diagram above, the bottom left square and the bottom right square are pullback
squares of fibrations. Hence, the composite

2.1) PeWy x — Gi(C")

L

CP” —— BU(k)
is also a pullback. These fibrations induce Serre spectral sequences

(2.2) EPT = HP(BU(k)) ® HY(W, ;) == HP*(G,(C")),
(2.3) EP? = HP(CP®) ® HY(W,, ;) = HP*1(P,W, ).

The pullback diagram (2.1) induces a map between the two spectral sequences that
commutes with the differentials. Recall that the cohomology of BU (k) isa polynomial
algebra on the Chern classes ci,. .., ¢k, where ¢; = ¢;(&;), & being the universal
k-plane bundle.

Proposition 2.1  In the spectral sequence (2.2) the classes y; € H*(W,, i) are trans-
gressive and support the differential d(y;) = —c; (the classes c; satisfy the equation
Q+e+...)Q+c++cx)=1).

Proof In the Serre spectral sequence for the fibration

U(n) — Gk(C") — B(U(k) x U(n - k)),
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the differentials are given by d(y;) = ¢; (& ® &,-x). This formula follows from [4].
We have the diagram of fibrations

q

(2.4) U(h) ———— W, &
Gi(C") =——=G(C")

|

B(U(k) x U(n - k)) —= BU(k),

and hence a morphism of the associated Serre spectral sequences. Note that for j >
n—k+1, the classes y; € H¥™'(W,, ) pull back to y; € H¥"!(U(n)). We try to read
off the expression for d(y;) in the spectral sequence for the right column from the
one on the left.

Denote by E{*?(1) the spectral sequence corresponding to the left vertical column
in (2.4). The classes yi,..., y,— are not in the image of g*. Let ¢; = ¢;(&x) and
¢ = ¢i(&u—k). Note that ¢; = 0if i > kand ¢; = 0if j > n — k. The formula
d(y;j) = ¢j(&k ® &u—x) implies that in the page E;(,—x)+1(1), C; is equivalent to c; for
i < n— k. Hence,

dyn-iye2(Un-kn1) = ook (§x @ i) = Y, i

i+j=n—k+1
14 -~ 14 !
= Z CiCj+ Cpks1 = Z CiCj = —Cp_gi1
i+j=n—k+1 i+j=n—k+1
i>1 i>1

in Ey(y-k)+2(1). The last equation above follows from ;. ;g cic} = 0, which implies
Litj=d,iz1 CiC;- =—cy.

We observe that the equation d,;(y;) = —c; holds for all j > n — k + 1 in the page
E,;j(I). Proceeding by induction, we have in the page E;;_1(1),¢; = ¢; fori <n -k
and ¢ = 0 for n — k +1<i < j— 1 Then in the page E,;(I) we have the equation

d(y2j1) = (& @&ni) = 2 G = X 6pcq= D, €pcq =—Cj.

p+q=j p+a=j p+q=j
p<k p<k
q<n—k

Denote by EZ*?(r) the spectral sequence for the right column of (2.4). For degree
reasons, the differentials d; are 0 if j < 2(n — k) + 2. The morphism from the spectral
sequence of the right column to the left column implies that the differentials on y; for
i>n—karegivenby d(y;) = —ci. [ |

Next we translate the Proposition 2.1 to obtain differentials in the spectral sequence
(2.3). Foratuple € = (L, ..., Ix) and integers I = (i1, ..., ix), denote |I| = ¥, i; and

e =TI; l;j . We prove the following proposition.

Proposition 2.2 In the spectral sequence (2.3), the classes y; (for j > n — k) are
transgressive and the differentials are given by d(y;) = = X p2;(~1)7 €.
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Proof Inthediagram (2.1), the map ¢,: CP*° — BU (k) classifies the k-plane bundle
&h @ ... @ &% The Chern classes of this bundle are computed by

c(eajf’f) =[]+ x).
J

For the classes c’, define ¢’ =1+ ¢{ +-- so that c¢” = 1. This implies the pullback of ¢’
to CP* is given by the equation

¢’ =]+ 1x)™"
j
Thus, ¢;(c}) = Z|I|:j(—1)j€1xj. The result follows. [ |
Using the formulas above, we now compute the Z/p cohomology of P, W, .

Theorem 2.3  For an odd prime p,

H* (PeWo s Z[p) = (Z[p)[x]/(x") ® A(Yn-kits -+ o YN-1 IN+1> o Y,
where N = min{r:r>n—kand ¥ _, ¢''40 (mod p)}.

Proof We compute via the Serre spectral sequence (2.3) with Z/p coefficients whose
differentials are computed in Proposition 2.2.

By the multiplicative structure, the first non-zero differential on a class in the ver-
tical 0-line is forced to be a transgression. With N defined as in the statement, note
that the first non-zero transgression is given by dyn(yn) = xV. Therefore, the page

E33., is isomorphic to the algebra

(ZIp)[x)/(x") ® A(Yn-ksts -+ s YN-1 IN+1s o Y-

Since the classes y; are transgressive, there are no further differentials as x* = 0 for
i >N in EJ};,,. Hence, Exny1 = Eoo. It follows that we must also have

H*(PeWo i Z/p) = (Z[p)[x]/(x") ® A(Ynists - --» YN-1> YN41>- - -5 Vn)-

For the multiplicative structure, observe that the factor (Z/p)[x]/(x") is a subal-
gebra as it comes from the horizontal 0-line. Arbitrarily pick classes

yi € H ™ (PoW, 15 Z[p)

(for j > n—kand j # N), which pull back to y; € H¥™'(W,, x;Z/p) under the
induced cohomology map of the quotient map W, — P¢W, ;. These exist by the
additive computation above. The classes y; are odd dimensional classes and hence
square to 0. Thus, multiplication induces a ring map

(Z]p)[x]/(x™) ® A(Yn-ksts - s YN-1s YN+15 -+ -» Yn) — H* (PeW, i3 Z[p)

which is an additive isomorphism by the argument above. The result follows. ]

One can try to repeat the above argument for p = 2, but then the squares on the
classes y; might not be zero. However, if k = 2, this case cannot arise, and we have
the following result.
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Theorem 2.4 Let € = (1, 1) and suppose that 2 divides 3 .41 1711, Then

H*(PeWo 23 Z(2) = Z)2[x, yu-a] [ (x", yi_).
Otherwise,
H*(PeWi,23Z/2) 2 Z2[x, yu] [ (x" 7 y2).

Proof The proof for Theorem 2.3 can be repeated verbatim here. The only issue is
with multiplicative extensions. Again choose representatives for y,_;, y, in an arbi-
trary fashion. We examine the possible values for y?. From dimension reasons no
other class exists in the degree of y?_; and y? in either of the cases. The rest of the
proof works as in Theorem 2.3. ]

Example 2.5 Put? = (1,...,1) so that we recover the complex projective Steifel
manifold. In that case note that 3 ;. ¢" is the number of ordered k-tuples of elements

with sum r that is (”]szl) = (rﬁf) Consider

N=min{r:r>n-kand ("*")#0 (mod p)}.

The first term in this set is r = n — k + 1 which is (Z) In view of the relation

(r+k) B (r+k—1)+(r+k—1)
r )\ r-1 r ’
if (rtfl_l) = 0 (mod p), (P;k) = (Hf_l) (mod p). Therefore, one can rewrite the

equation defining N as N = min{r : r > n — k and (t) # 0 (mod p)}. This matches
the cohomology computation in [1, Theorem 1.1].

Refer to the commutative diagram (2.1). This is actually a homotopy pullback.
Hence, one has an associated universal property for the manifold P, W,, .

Theorem 2.6  'The space Py W, i classifies line bundles L for which there exists an
(n - k)-bundle E such that E &; L' is a trivial bundle.

Proof Since the diagram (2.1) is a homotopy pullback, [ X, P, W, k] is equivalent to
amap X — CP* and a map X — G¢(C") such that the composites to BU(k) are
homotopic. Denote by L the line bundle classified by the map to CP* and by E the
pullback of the complementary canonical bundle &,_x over G (C"). Then the maps
are homotopic on composition to BU(k) if and only if ®;L" @ E = nec. The result
follows. ]

Remark 2.7 1f ¢ = (1,...,1), the universal property classifies line bundles L such
that kL & E is a trivial bundle. We have the sequence of implications

kLoEznec — L"®@E®kec2nl” < E"®L®kec 2nlL

Thus, the universal property is equivalent to having k linearly independent sections
to the bundle nL. This reduces to the universal property in [1, (5.2)].
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3 Applications

In this section we consider applications of the cohomology computations in Section 2.
We focus on the manifolds P, W, ,, but analogous computations can be done for
Py W, i for k > 3. There are two kinds of applications we consider, the first being
ranks of complementary bundles using Theorem 2.6 and the second being bounds on
the number of linearly independent vector fields and immersion codimensions. We

fix the notation
ld+1 _ ld+1

_h
Balhy ) ==

so that for £ = (Z], lz) with Zl 74 lz, Z\I|:d EI = ¢d(lla lz)
3.1 Ranks of Some Complementary Bundles

For a vector bundle ¢, call a bundle # complementary if £ @ # is a trivial bundle. The
universal property of P, W,  in Theorem 2.6 implies that the topology of the spaces
P, W, « can be used to study the ranks of complementary bundles when ¢ is of the
form L" @ --- @ L'*. We concentrate on the case k = 2.

Suppose that X is a manifold of dimension 2#. Recall that a complex vector bundle
& over X possesses a complementary bundle { of dimension n. Usually one tries to
bound the dimension of { using Chern classes. Let 7 be a complex line bundle over
X and let { be such that { ® n* ® 5" is trivial. Suppose that y = ¢;(#). It follows that

ll+1 lz+1
a(@=y" 2 (CDPIE (DY =y (-) 2= = gi(h, b)y'.
p+q=i

If c,({) = ¢n(l, L) y" # 0, then rank({) > n. We ask the question: what happens if
this element is 0? One can argue from the homotopy theory of classifying spaces that
there exists a { of dimension n —1. One can also observe this using the spaces P, W,, .
Indeed, from Theorem 2.6, there exists a complementary { of dimension n — 1 if and
only if there is a lift in the diagram

PeW,11,2

|

X ——Cp”

for £ = (I, 1,). The fibre of the vertical map is W, ,, and hence the obstructions
to such a lift lies in H k“(X; 7Tk Wy41,2)- In this case the coefficient group is 0 unless
k > 2n —1and m3,-1(Wy41,2) 2 Z. Therefore, the only possible obstruction to this
lies in the group H?"(X;Z), and this can be explicitly computed as the n*" Chern
class. Next we consider an application where the spaces P, W, , give a better bound
than the Chern classes. Let L? () denote the lens space $?¢*1/(Z/m). Consider the
space X = §% x L4(m) so that H*(X) = Z{e,} ® (Z/m){u} (e, is the pullback of
the generator of H2S? and u the pullback of the generator of H2L?(m)). Consider
the line bundle A given by the element e, + u € H*(X). We consider the following

question: if A" ® A" @ { is a trivial bundle, what are the possible restrictions on the
rank of {?
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The dimension of X equals 2d + 3; thus, we can choose ( to have dimension d + 1.
The cohomology of LY (m) is given by

H* (LY (m); Z) = Z[u, vag )/ (mu, u™ v2 4 uvagan)
and by the Kunneth formula
H*(X;Z) = Z[ea, t, vags1 )/ (€2, mu, u®™  v2 ;| uvyas).
We ask whether one can choose { of rank d. The total Chern class of { is
c(0) = (1+ hez +1)) " (1+ L(es +u))™
This implies that
car1(Q) = pari(l, b)) (ez + )™ = g (I, 1) (d +1) e u? (mod m).

Hence, dim({) > d + 1 if m does not divide ¢ 4,1(l, 1) (d +1).

We consider the case when m divides ¢4.1(11,l;) so that there is no obstruction
to dimension of { being d coming from the Chern class. Now we try to work out the
obstruction theory. A choice of { is equivalent to a lift

PeWgi5,5

|

x —-cp~,
with € = (I, ).
The cohomology of L (m) with Z/2 coefficients (assuming that  is even) is
H* (LY (m); Z/2) = Z[u,v]/ (™™, v? - eu)
with deg(u) = 2,deg(v) = 1, and ¢ = 5 (mod 2). The Bockstein homomorphism
B:H'(L*(m); Z/2) - H*(L%(m);Z) is given by the formula B(v) = Zu. Also, we
have the formula
Sq*(u ™) = (d - 1)uv.
Similarly, for the space X, we have
H*(X;(Z]2)) 2 Z[ ey, u, v]/ (€2, u*,v* —eu),
B(eutv) = gezudv, Sq*(eu®™ ) = (d - eyutv, Sq*(u'v) = 0.

Next consider Py Wy, 5. We have H*¥*1 (P, Wy, ,.2;7Z/2) = 7,2 generated by y4.1,
if¢g41(h,12) =0 (mod 2). In this case, the Bockstein

H2 Y (PeWyi,0:Z[2) —=Z/2{ya}
iﬁ
H*P2(PoWy Z) === Z[¢(h, L) {x?*1}

is given by
/))(ydﬂ) = %¢d+1(ll, lz)xd+1.
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In this case, also note that yg., is 0 in H2¥*3(P, Wy,,.2;7Z/2) so that Sq2(y4s1) = 0.
Using these computations we prove the following proposition.

Proposition 3.1  Suppose d is even, m is even, m divides ¢ 4,1(11,12), and v,(m) =
va(¢a1(h, 1)), where vy(n) denotes the 2-adic valuation of n. Then dim({) > d +1.

Proof Suppose dim({) = d; then there exists f: X — P,Wy,,, such that f*(x) =
c1(1) = ez + u. We have

B(ran) = 59alh L)x ",

hence,

B(f*(yan)) = ﬁ( %¢d+1(lla lz)de) = w(d +1)ezud = %ezud.

The last equality follows as m divides ¢4(11, 1), va(m) = vo(¢pa(h,12)) and d + 1 is
odd. This implies f*(y411) = e2u v + ku?v for some k. Then

HP (P Wy 3 7)2) ——> HP44(X;7)2)

lsqz isqz

H (P Wi 3 2[2) —> H53(X;2)2)
implies
F*SG(yar1) = SEf* (yar1) = Sq*(e2u™ v + kutv) = e;uiv 0
as d is even. However, *Sq*(y4+1) = f*(0) = 0, which leads to a contradiction.
Hence, it follows that dim({) > d + 1. [ |

3.2 Bounds for Span and Immersions in Euclidean Space

We compute the Pontrjagin classes for P, W, , and deduce some bounds for the span
and immersion codimension. The dimension of the manifold P, W,, , is 4n — 5. Note
the expression for the tangent bundle for P, W, , from [7, 2.2]:

T(PeWy) 2 (8 @c &) @ r(§7" @ B) @ r(E77 ©c B) @ €.
In this expression, & is the complex line bundle associated with the principal S*-bundle
W,.2 — Pp(W,,,) and Bis the universal complex vector bundle satisfying {1 @2 @p =
nec in Theorem 2.6. The bundles &° are defined using the tensor product in the group
of complex line bundles so that {" = & The operation r is the realification functor
carrying a complex bundle to its underlying real bundle. Eliminating the bundle j
from the equation above one has the following expression from [7, Lemma 2.1]:

T(PeW,,) ® r(cf_l2 ®cC Ell) @ 3ep = nr(f_l1 @ f_lz).

Observe that the first Chern class of the line bundle & equals the class x defined in
Section 2. It follows that the total Pontrjagin class of the tangent bundle is given by
(modulo 2-torsion)

3.1) p(T(PeW,2)) = (1= 2x%)" (1= Bx?)" (1= (L - h)*x%) .
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Thus, the Pontrjagin classes lie in the subalgebra of H* (P, W, ;) generated by x. We
have the following result on the span of these manifolds.

Theorem 3.2 Forany € = (I}, 1) such that there is a prime q dividing n but not I, - I,
the span of PeW, 2 is < 4n —5—2| %52 |. In addition for n odd, if q divides If' - 13, then
the span of Pp W, 5 is < 3n — 4.

Proof Recall that if the span of a vector bundle y is k, then the Pontrjagin classes
pi(y) are 0 for i > | (dim(y) — k)/2]. In the spectral sequence for H* (P, W, 2;Z) of
Section 2, the first differential onto a power of x hits some multiple of the element
x""1, Therefore, the powers x' are non-trivial for i < n - 2.

Suppose there is a prime g that divides #n but not I, — [;. Then the expression (3.1)
modulo g and x" is the same as (1 - (I — I;)?x?)~", which has non-zero coefficient
(modulo ¢q) for every even power of x. Thus the coefficient of x2L"2*] is non-zero,
implying the first part.

For n odd, write n — 1 = 2k and consider the possibility that the Pontrjagin class
Ppr(t(PeW, 1)) # 0 (mod q). The expression (1 - (I, — I;)*x*)™! has a non-zero
coefficient of x™~!. Therefore, py(7(P; W, ) is non-zero if the class x" ! is non-zero
in H*(P; W, 2;Z/q), which in turn is equivalent to the condition ¢,_;(};,1,) = 0

(mod gq). Note that ¢,,_1(I1, ) = -h

1= Hence, the result follows. [ |

Remark 3.3 Note that the second condition is easily satisfied (for example if g — 1
divides n and g does not divide any ;). There can be other results similar to Theo-
rem 3.2. For example, a similar argument demonstrates that if a prime q divides n -1
but not [; — I, [ or l; + 31, the first conclusion holds. If in addition g divides I]* — I}
the second condition holds. One can make similar computations with g dividing n -2
and so on. Thus it is possible to write down many sets of divisibility relations for I;
and I, which imply the first consequence, and in addition if the prime divides I]* — I3
without dividing /; — I, then the second consequence also follows.

Next we consider the problem of immersing the manifold P, W, , in Euclidean
space. If P, W, , is immersed in RY for some N, then we have 7 ® v = Neg, where v
is the normal bundle. The total Pontrjagin class modulo elements of order 2, satisfies
p(v) = p(t(P;W,,))™". From (3.1), it follows that

(3.2) p(v) = (A-Ex*)™"1-5x*) (1= (- h)*x?).

Theorem 3.4  Suppose that there exists a prime q dividing n — 1 and I, — ;. Then
the class plansJ(v) is non-zero. Hence the manifold PyW, , does not immerse in
R4n—5+2["7‘3j.

Proof We compute p(v) modulo g and x" as in Theorem 3.2. Reducing (3.2) mod-
ulo g and x", we get

p(v) = (1-I{x*)7*(mod g,x").
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The coefficient of x2L*7 | in this expression is

(ZL;;J) :i(2L$J+1).

This equals n — 2 or n — 3, none of which are divisible by g as q divides n — 1. ]
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