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A Central Limit Theorem and Law of the
lterated Logarithm for a Random Field
with Exponential Decay of Correlations

Byron Schmuland and Wei Sun

Abstract. In [6], Walter Philipp wrote that “... the law of the iterated logarithm holds for any process
for which the Borel-Cantelli Lemma, the central limit theorem with a reasonably good remainder and
a certain maximal inequality are valid.” Many authors [1], [2], [4], [5], [9] have followed this plan in
proving the law of the iterated logarithm for sequences (or fields) of dependent random variables.

We carry on this tradition by proving the law of the iterated logarithm for a random field whose
correlations satisfy an exponential decay condition like the one obtained by Spohn [8] for certain Gibbs
measures. These do not fall into the ¢-mixing or strong mixing cases established in the literature, but
are needed for our investigations [7] into diffusions on configuration space.

The proofs are all obtained by patching together standard results from [5], [9] while keeping a
careful eye on the correlations.

1 Introduction

Our motivation for this paper is a problem from [7] concerning the stochastic dy-
namics associated with a continuous system of particles from classical statistical phys-
ics. In other words, we consider a system of interacting diffusion processes on R?
whose equilibrium measure is a Gibbs measure p with potential ¢. As part of our
investigation into the large scale regularity of the distribution of particles, we needed
to prove that the law of the iterated logarithm holds in equilibrium. This application
will be explained further in Section 5.

If we discretize the problem by letting N, represent the number of particles in the

d .
box (—(n +1/2),n+ 1/2] , what we want to show is that
Nn _E(Nn)

lim su =1, -almost surely.
n P \/ZVar(Nn)loglogn K 4

It is a classical result in probability that this law of the iterated logarithm holds if the
number of particles in disjoint sets are independent random variables, that is, if p
describes a Poisson point process. From the statistical mechanics viewpoint, this is
the case when the potential function ¢ is identically zero.

Extending the law of the iterated logarithm to dependent fields requires approx-
imate independence, that is, the number of particles in widely separated regions of
space should be weakly correlated random variables. The standard proofs [1], [2],
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[4], [5], [9] for dependent fields impose mixing conditions in order to get the re-
sult. Unfortunately, for the particular application we have in mind, it is not known
whether mixing conditions hold.

Therefore we wrote this paper to give a proof of the law of the iterated logarithm
that avoids using mixing conditions, but rather, relies directly on the decay of corre-
lations (Condition 2 below). It is our hope that these results may also be of use to
others who study measures where a decay of correlations is known, but not a mixing
condition.

2 Notation and Basic Inequalities

We begin with a multiparameter, mean zero, strictly stationary process (x;);cz« with
E(x§) < oo. For I C 74 we let |I| denote its cardinality, and we put F(I) = o(x; |
i € I). All distances in 77 will be taken in the £, norm (|i|o := sup{|i1, ..., |ial})
and for subsets I, J welet d(I, J) := inf{|i — j|oo | i € I, j € J}. Define the discrete
(s ball of radius n by B, = {i € 7 | |i|sc < n} and note that |B,| = (2n+ 1)“.

Conditions

1. There is a constant a so that 0 < a|I| < Var(}_,; xi).

2. There exist constants or,c > 0 such that if U;, ¥ are square integrable real
or complex valued random variables with ¥; € JF(I) and ¥; € JF(J), then
| Corr (W, Wp)| < |I||J|ce= D,

Comment The factor |I| | ]| in Condition 2 above means that (x;);cz« does not satisfy
the usual ¢-mixing or strong mixing condition. We lose control over the correlation
of very large sets at a fixed distance from each other. On the other hand this is more
than compensated for by the fact that ce=*¥!:)) decreases exponentially in d(I, J). It
is not hard to see that all the results in this paper hold if we replace |I| | ]| by (/1| |J])?
for any p > 1. However, our proofs fail for exponential mixing with exponential
factors like exp(|I|) exp(]J]). This type of mixing was obtained for Gibbs measures
in [3].

Definition 1  The following explicit constants will prove useful.

ot = Z E(xox;)

iezd

b= Z |E(x0;:)]

iezd

M := max{E(x}), E(x}), E(x5)}

(oo}
€= MZ(Zr +1)%ce /3
r=0

¢ 1= 24b% + 4¢y.
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Note that the decay of correlations in Condition 2 gives
0% < b < Var(xg) Zce*“lilx < 0.
iez?

Lemma 3 combined with Condition 1 shows that 02 > a > 0.
From the definition of b, it is easy to see that

(1) E[(Zx) 2} < bl1l.

The analogous result for the fourth moment is more difficult, and is given in the
following lemma.

Lemma 1 For any index set I C 74
4
2) E[(Zx) ] < oI
iel

Proof We first gather some basic facts on the moments of x;. From stationarity and
Cauchy-Schwarz we have Var(x;) < M,

Var (x;xj) < E[(xix)*] < E(x})'?E(x})'* = E(xg) < M,

and Var (x;x;x;) < E[(xixjxk)z] < E(x§) < M. Now we analyze the fourth moment

of the sum .
E[(Zx,) } = Z E(xixjxixi).-

i€l @i,j.kDE

For each multiindex (i, j, k,I) € I* define the maximum distance between coordi-
nates by
r(i, j, k1) :== max{ Is — t|oo | s,t € {i,j,k, l}}

Now divide the index set into pieces accordingly: I* = (J°, I,, where
I ={G,j, kD) eI*|ri,jkl) =r}

Note that the cardinality of I, satisfies |I,| < |I|(2r + 1)*. The set I, is, in turn,
divided into two pieces depending on whether there is one isolated index, or two
pairs of isolated indices. That is,

I'=1{G,j,kl)el max min s—tleo >1/31},
r=1Gikhel| se{ij ki te{i,j,ll,l}ﬁt#s| oo 2 7/3}

and I? := I, \ I!. For every (i, j,k,I) € IZ, the set {i, j, k, I} can be divided into two

pairs {s, ¢} and {u, v} so that |s — t|oo < 1/3, |u —V|oo < r/3and d({s,t}, {u,v}) >
r/3.
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If (i, j, k, 1) € I}, then supposing i is the isolated index, we get

|E(xixjxixy)| = |E(xixjxiexi) — E(x;)E(xjxexp)|

< \/Var (x;) \/Var(xjxkxl)3ce_“’/3

< M3ce /3.

On the other hand, if (i, j, k,I) € I?, then

|E(xixjoxy)| < |E(xx)E(x,x,)| + \/Var (xgx,) \/ Var (x,x,)4ce "3

< |E(x5x;)E(xyx,)| + MdAce "3,

Therefore

E[ (in) 4} < 4M§: |I,|ce""/3 + 4! Z Z |E(x5; ) E (x|
r=0

i€l (s,t)EI? (u,v)E?

e 2
— 4MZ |I,|ce75"/3 + 24( Z |E(xsx,)|)
r=0

(s,t)EI?
o0
< |114M Y (2r + 1) ce " + 24(b]1))?
r=0
S C2|I|2. |

Definition 2 Let & = xg and forr > 1let &, = EiEB,\BH X;.

Lemma 2  For any indices R C {0,1,...,n} and any x > 0 we have

4d%c, |RI*(2n + 1)2¢@-D
P(Zlér\zx) < 2[R > .
rER

Proof Using Jensen’s inequality we find the pointwise bound (37 . |&))* <
IR]> Y, & Taking expectations and using Lemma 1 gives

E[(le) ] < IR B < IR supECE)) < Rl \ B

reR reR

Now B, \ B,_1| = 2n+1)* — (2(11 —1)+ 1) 4 < 2d(2n+ 1)*71, so square this and
the result follows from Chebyshev’s inequality. ]

Definition 3 Define S, = 3 (& = > icp Xi.
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Lemma3 Forn > 1 wehave
Var(S,) 5
2n+1)4
Proof By stationarity we have 2n+1)40? =3, 5, 2 jeze E(xix;j) and by definition
we have E(S) = 3,5 37 cp, E(xix;j). Taking the difference gives

@n+ 1) —E(S) = > > E(xx)).

i€B, j¢B,

E(S2) 2
an+ i ¢

a1
~2n+1

(3)

We will divide this sum into two pieces and estimate them separately:

Z Z E(xixj) + Z E(xixj)-

r=1 i€B,,j¢B, i€B,,j¢B,
li—iloo=r li—iloo>n
I I

In bounding the first sum, we observe that ifi € B,, j ¢ By, and |j — i|oc = 1, then
n—1 < |iloo < n. The number of such #’s is the cardinality of B, \ B,—,, that is,
(2n+1)* — (2(n — r) + 1) which is less than or equal to 2dr(2n + 1)4=1. For each i,
the number of j’s with |j — i|o = 7 is less than or equal to (2r + 1). This leads to
the following bound.

<> > |Exx)|

r=1 n7r<woo§”-,
‘j_i‘oo:r

n
= ZZdr(Zn + D) 2r + 1) Mce™ "

r=1

<@n+1)4Qn+1)"'M Z dQ2r)2r+ 1)%ce "

r=1

< (@2n+1)4Cn+ 1)—‘%.
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Using stationarity, we bound the second sum as follows

< > |Exg)|

1€B,,|j—i|oo>n

:Z Z |E(xox;)]

i€By |jloo>n

< (@2n+1)'M Z(2r+ 1)%ce"

r>n

< @n+1)f@n+ 1)—162—1.
Combining the bounds for I and I1, and dividing by (2 + 1)4 gives (3). |

3 Central Limit Theorem and Maximal Inequality

Lemma 4

sup| P(S,/o(2n+ 172 > 2) — d(z)| = O(n~),
z€R

where © is the standard normal error function.

Proof The strategy is first to show that the main contribution to S,, comes from x’s
whose indices form a collection of reasonably large, but well spread out, subcubes
W; of [—n, n]?. We then use the decay of correlations to show that the contributions
from the different W;’s are nearly independent.

Fix ¢ < 1/2 and for n > 2'/¢ define p(n) := |n'/?|, q(n) := [n'/?>~¢], and
k(n) = b;f;lj Since 7 is large enough so that k(1) > 1, the interval [—n, 1]
contains k intervals I, . . ., Iy of length 2p + 1 with a distance g between them.

2p+l g
——r >

1 2 k

2n+1

For each i € {1,2,...,k}¥, define the cube W; = I;, x --- x I;,. The collection
(Wi)ie {12, xy¢ consists of k¥ subcubes of [—n, n]¢, each with [W;| = (2p + 1)%. The
ratio | |J; Wi|/|[—n, n]?| of their cardinalities satisfies
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2n+1

d
kd(2P + l)d (2p+q+l - 1) (Zp + l)d
@2n+1)d — 2n+1)4

(e a )
N 2n+1 2p+q+1

a2\ ¢ al/2—e\ 4
>11- 1— ———
- < 2n+ 1> < nl/2 >

> (1 —2n" V241 —n=e)?

> (1—2n)

>1—2d(2n"°),
so that
k(2p+1)4 .
4 1—— |1 <4 -,
@ 1= | < adn

Foreveryi € {1,2,...,k}% let ¢; := Zjewi xj, and let ((/)icq1,... kye be inde-
pendent copies of ((;)icy 2.... k3¢~ Notice that ¢; has the same distribution as S,. The
central limit theorem for S, uses the following series of approximations to a standard
normal Z:

S, DT D Y1 D Y 1

o@n+ 142 " o@2n+1)42 7 g2n+1)42 7 (k4 Var(())12 T

The first approximation is easiest, so let’s begin there. Using (1) and (4) we obtain

E{(ﬂ)z] VA e X)) _ bladn

o(2n + 1)4/2 o2(2n+1)4 - o

This gives us

(5) E <

For the third approximation we first use the independence to get

E > ¢ _ 26 ’ N k4 Var (¢)
a(2n+ 1)d/2 (dear(Q)) 1/2 - 02(21’1+ l)d

Sn - Zi Ci

o(2n + 1)4/2

) - 2\/En*5/2'

a

2
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Now rewrite the right hand side and use Lemma 3 and (4) to get

ki Var(Q) K var(©) \*
-5 ) < (11— o
< o (2n+1)d> ( 02(2n+1)d)

_(y_Keprnt  var©Q Y
U @n+1)Md X02(2p+1)d

k(2p +1)4
= (’1  (2n+ 1)

;

Var(S,)
B or(2p + 1)4

< (4dn+c2p+ 1)_1)2
< (4d +¢;)n %,

This gives us

(6) E(

For the second approximation, we work directly on the characteristic functions. The

final bound is obtained by induction, here is the first step, where j is any index in
{1,2,..., k.

26 26

o(2n+ 1)4/2 (kd Val'((i)) 1/2

> < (4d+c)n"°.

| E(e" 259) — E(e" 209)| < | B(e 271 9e"0) — E(e 27 ) E(e")]
+ ‘E(eitzl#j C,‘)E(eit(j) _ E(eitzi#j Cl’)E(eith/)|

= ’COV(eitZ"#j “ e )| + ‘E(eitzz#j Gy — E(e" X&)

S ‘Bn‘zce_“q + ’E(eifz,4j (x) _ E(Eitzi#f {i')’
= (2n+ D¥ee 4+ | ("> ¢) — E(e" =)

Continuing in this way, peeling off the individual random variables one at a time, we
arrive at the uniform bound

|E(e" 216) — E(e" X 9)| < k¥(2n + 1) ce™
< 2n+1)*ce .
We also have

E—<L) o < Var(ZrEini xr) < bkd(2p+ 1)d _ ﬁ

o(2n+1)4/2 ol2n+1)  — o2@2n+1)4 ~ o2’

and

E( 26 )2' _kVar(Y e %) _ Kb2p 1! _ b

o(2n+1)4/2 o22n+ 1) T 22n+1)4 T o2’
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E[( D 1 )T<@
c(2n+1)42  o(2n+1)4/2 ~ ot

Putting these together gives

This gives us

(7) |E(eitziC,-/U(2n+l)d/2)_E(eitZi(i//a(2n+l)d/2)’ < mln{ (2n+1)3dce—aq, ‘t‘ 2\/5} )
g

From Esseen’s lemma, there is an absolute constant K so that

o s o z E(CH)
2 ity . ¢ K4E(C?) d 14 4
(8) |e™" /2 — (e 2 ¢/ VIEGD)] SKE—(CiZ’)zk |t[fe™" /%,

if |t| < \/k7(24E(C{‘)/E(§i2)2) ~! Sincen > 4, we have
k> |(2n+1)/BvVn+1)] > /n/4,

so by applying (1) and (2) to E(¢}')/E(C?)?, we see that the bound (8) is valid for
|t| < T := (a?/48c,)n°/*. Using (5), (7), (6), and (8) we have

|P(S,/o2n+1)? > z) — ®(2)|
T

</
-T

T —e/2
g/ 2vbdn™*2 dt+/ z—ﬂdt
0< | <T!

-T g

2n+1 3d .,—aq T
+/ wdt+/ (4d + c))n dt
T-1<|t|<T It] T

E(eitS,,/U(2n+l)d) - eftz/z

t

T
2 4
+/ Kc—ik‘d|t|3e‘f/4dt+—.
r a T

The reader may now easily check that each term is O(n~%/*) and by taking ¢ close to
1/2, we may guarantee that 1/9 < /4, which gives the result. [ |

Definition 4 Let X, := (20%|B,|loglog(|B,|)) 2,
Lemma5 For fixed 3 > 1 and e > 0, we have

P(max [Sj| > fxa) < 2P(|S| > 51 = &)xu) +On™ 7).
Sjsn

https://doi.org/10.4153/CJM-2004-010-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-010-6

218 Byron Schmuland and Wei Sun

Proof Definer = [n'/®|, k= [n/r|,andfor j = 1,...,n,
Ej = {ISi| < Bxm i < j}N{IS;] = Bxn}-
Now
>
P(max |Sj| = Bxn)

<P( U BN {Ss =Sl = o)) +P(IS.] = 801 - e)xa)

1<j<n

k—2 r

+P( U EN{S =81 = 2xad) +P(IS) = B0 - )xa)

I=(k—Dr+1
k—2 r
< ZP( (UEii) 0 { 1S, — Sieayr| = %x})
i=0 =1
k—2 r
+ P(U[Emjﬂ{\5(i+2)r—3ir+j| > %XnH)
=0 j=1

+P( U B8 =8I = exd]) +P(IS,] = 81— 2)x)

I=(k—1)r+1
k—2 r c
< > P( (UlEmj) N { |Sn — Siix2yr| > EXn})
i=l j=

k—2
9
+ ;P(|fir+1| + oot || > EXn)
9
+P([gg vl + +16] = Sx) +P(ISi] = 801 = €)xa).

Applying Lemma 2 (with x = 5x, and |R| < 2r), for sufficiently large 1 we get

k—2 r
£
P(1glfl<xn |S]| > 5Xn) < ZP( (UEir+j> N { |Sn - S(i+2)r| > EXn})
- i=0 j=1

64%c,d*r*

Foranirye TP 2 A0 —ox)
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From the decay of correlations we get

' €
P( (UlEmj) N { IS — Scivayr| > EXn})
=

,
3
< P B ) P10 = Susar] = Sxa) +@not DM,
j=1

Now for every i we have

E((Sh — Siis2yr)? 2b 1
P(|Sn - S(i+2)r| > EXn) < (( ) ) ) < <
2 (e/2)2x2 e?o2loglog(|B,|) ~ 2
for sufficiently large n. Therefore

k—2

' 19
ZP(]_UIEHJ-)PQS" ~ Seanl = S0

INA
M| =
o
—
s>
3

~—

1=0

IN

1
Z >
5 P(max 15| = Bxn),
and hence
1
> < 1> _ 2d . —ar
P(lrél]agxn IS;i| > Bxn) < 2P(1I£1]g1§)<n ISi| > Bxn) + (k= 1)2n+1)>ce

64%c,d*r*
—— +P(|S,| = (1 — n) -
ot ey TS 2 80 =)
That is,

64%c,d*r?

P S:| > < (2n+ 1) ge—0r 4
ﬂ?ﬁ;' il > Bxn) < 2n+1)"" ce ont D)

+2P([S) = B(1 —€)xa) - W
Corollary 1 For fixed 3 > 1 thereis p > 0 so that
) — —(1+p)
P(lgagn S| = Bxa) = O(log(n) ).

Proof Combine the central limit theorem (Lemma 4) with the maximal inequality
(Lemma 5). [ |

4 Law of the Iterated Logarithm

Proposition 1~ The law of the iterated logarithm holds, that is,

S}’l . . Sn
limsup— =1 and liminf— = —1 P-almost surely.
n Xn o Xn
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Proof The assertion will be proved if we show that for any € > 0,

(9) P(|S,,| > (1+¢&)x, i.o.) =0
(10) P(S, > (1 —¢g)xaio.) =1,
and

(11) P(S, < —(1—¢e)xnpio.) =1.

The proof of (9) is almost identical to [5, Theorem 1]. For 7 > 0 and k so large that
(1+7)%/0? > 1, define ny = | (1 + 7)%/0?| + 1. Then from the maximal inequality
we have

—(1+p)

;P(lggk 1S > (1+7)xm) < sz:(log(nk))

<K (klog(1+7) +log(o?) """
k

< 00.

For sufficiently large k we have x,,, < (1 + ZT)d/ZXnk_]. Fix 0 < v < € and choose 7
so that (1+¢) > (1 +~)(1 + 27)%2. The Borel-Cantelli lemma tells us that

P(|Sn| > (1+¢e)xn i.o.) P( max  |S,| > (1+&)xn_, i.o.)

g1 <n<ny

IN

P(,max 15, > (1+ ey, io.)

<P<max \S|>ﬂ )
(o

1<n<ng (1 + 27 )d/z Xﬂk

1ax |S\>(1+7)Xnk10)

AB

and this gives us (9).

We proceed to prove (10). For k > 1 define n, = k*, my = n;/k?, and for A > 0
put By = Bi(A) = {8y, — Sm, > (1 — 2X) x4y, }- The first thing we need to do is show
that

(12) > P(By) =0
k

We will use the inequality

(13) P(Sy, > (1 = A)xn,) < P(Bi) +P(Sp, > Axny)-
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Using Var(S,,) < b|By,| and recalling that x; > ¢°|B,,|, Chebyshev’s inequality
gives us

b, 2%

(14) (Smk > )\X”k) o 2|B | O.ZAZkZd'

Since this is summable it suffices to show that ), P(Snk >(1-— )\)Xnk) = oo. From
the Central Limit Theorem we have

D IP(Sn = (1= M) = @((1 = Nxu,/ 0By )| <> |By |7 < o0,
k k

Therefore it suffices to show that

Z<I> )\)Xnk U‘Bnk‘l/Z) ZCD((I—)\)\/Zloglog(|Bnk|)) = 00.
k

But this follows in the usual way from the asymptotic relation ®(x) ~ x~! exp(—x?%/2)
and this gives us (12).

Let (i be the indicator function of By. Considering the distance between 1, ; and
ng gives

(4 )Hr)=2 itk > =2 | 40k 4 ) — 2JkA0HD3  _ ek
> [4(k + j) = 2]k K7
> (k+j)%,
so by the exponential mixing condition, we see
exp(k + )] Cov(Cr, G+ j)| < exp(k + )|Bn,,, [Pcexp(—alk + j)?)

<exp(k+ 20k + )** ) + 1) cexp(—alk + j)?)

< explk+ )3 [(k+ )* P cexp(—alk + j)?)

< 9cexp(10(k+ j) — a(k+ j)?)

< 9cexp(25/a).

Adding gives us

| Cov(Cx, Cre )|

M

1

IN
)

M2 1M
Mo -

exp( —(k+ ])) 9cexp(25/a)

»
I
—_

-
Il
-

https://doi.org/10.4153/CJM-2004-010-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2004-010-6

222 Byron Schmuland and Wei Sun

Therefore
n—1 n—k
Var(z () = ZVar(<k>+zZ Cov(Ge, Gjue)
k= k=1 j=1
n
<Y P(BY) +K.
k=1
Thus,

P(ick <33 Pw) < P(éck < %ZMB@)
<[ 6> p| > %ip(m))
k=1 k=1 k=1

- 4Var(>op_, G
T (XL, PBY)
4(ZZ=1 P(By) + K)
(i, PBO) "

Since >, P(Bx) = 00, letting n — oo gives P(}_ 2, k < 00) = 00

(15) P(Bx(\) io.) =1.
Note that Bx(¢/4) C (Snk >(1-— s)xnk) U (—Smk > (5/2)X,,k) , so from (15)
1 < P(Sy, = (1 —€)xn, 1.0.) +P( =S, > (£/2)Xn, 1.0.).
But as in (14) we see that ), P ( e (E/Z)Xnk) < 00 so that P(—Smk >

(€/2)Xn, 1.0.) = 0. From this (10) follows and (11) can be proved similarly. [ |

5 An Application

The following example is extracted from [7] to which we refer the reader for complete
definitions and more details.
The space of locally finite configurations in R is defined by

T == {7y CR?: |y NK]| < oo for every compact K},

where the configuration ~ is identified with the Radon measure »_ . A Gibbs

xE’y
measure (4 is a probability measure on I'y. that is specified by:

* an activity parameter z > 0, roughly the average number of particles per unit
volume in RY;
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 and a potential function ¢, where ¢(r) roughly measures the correlation between
particles at a distance r from each other.

It is known that for sufficiently small z, the measure p is translation invariant with p
the mean number of particles per unit space.

In the language of Section 4, we take P to be the Gibbs measure i, and we define
the random field for i € 7, by

x=(i+(=1/2,1/2]%) —p,

. . . d .
so that S,, is the number of particles in the cube C, := (—(n+1/2),n+1/2]" minus
its mean value. Under Conditions 1 and 2, Proposition 1 gives

Sn
(16) lim sup

=1, p-as.
n /2 Var(S,)loglogn

For certain of the Gibbs measures we consider, Spohn [8, Lemma 4] proved that
there is an exponential decay of correlations, exactly as required in Condition 2. In
[7] we show that condition 1 holds as well, and are able to conclude that (16) holds

true.
But this is only half of the story. The stochastic dynamics is a I'r«-valued Markov
diffusion process X; whose invariant measure is . Let X,,, := X,(C,) denote the

number of particles in the cube C,, at time t; then because the process is in equilib-
rium, equation (16) implies that

Xn,t - E(Xn,t)
/2 Var(X,,,) loglogn

P(limsup = 1) =1, forallt>0.

Then, under certain conditions, we can use the theory of Dirichlet forms to strength-
en this result [7, Proposition 6] to be uniform in time, that is,

Xnﬁt - E(Xn,t)
/2 Var(X,,,) loglogn

P(limsup =1 forallt > 0) =1.

This shows that the large scale regularity of the particles is not violated even as they
move through space.
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