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LIMIT CIRCLE CRITERIA FOR FOURTH ORDER
DIFFERENTIAL OPERATORS WITH AN
OSCILLATORY COEFFICIENT

by RONALD I. BECKER

(Received 29th October 1979)

1. Introduction

A formally self-adjoint operator L is said to be of limit circle type at infinity if its
highest order coefficients are zero-free and all solutions x of L(x)=0 are square-
integrable on [c, ) for some c¢. (We will drop “at infinity’’ in what follows.)

This paper deals with the perturbation of limit circle operators by operators whose
coeflicients are oscillatory. We deal mainly with the fourth order case, but we will also
obtain some results for second order operators.

For the equation

x"+({*™ +ct" sin dt®?)x =0 (1.1)
Eastham (5) proves that for ¢ real, d=1, m>1, p>0 and
n<min(p+ijm-3,2p—3im—3) 1.2)

we have (1.1) limit circle. Eastham establishes this without obtaining the asymptotic
expansions of (1.1).

Atkinson (1) using asymptotic methods proves that (1.1) is limit circle if one of the
following conditions holds:

n<m-1 and m>2 (1.3)
or
d¢—2— <m+ip-1 d >2 1.4)
——— n<m+ip and m .
or
2
m>-1, d=——, n=m-1 and 0=r<2
m+1
where
c
'r-m+1. (1.5)
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Atkinson (1) (Theorems 6 and 7) also considers the more general equation
x"+(q*+qg+k)x=0

where g satisfies certain conditional integrability conditions and kq™'e L*[c, ). The
result (1.5) is a specialization of one of these results. Note that the resuits (1.2) overlap
with (1.3) and (1.4).

In this paper we extend the results of Atkinson to the equation

(r*x'Y +(q*+rq(g+k))x=0 (1.6)

where g is oscillatory and k € L*[c, «). For this we use a result of Becker (2) (stated
below as Theorem 1 of Section 2) which gives the asymptotic expansions of solutions of
(1.6). The results are given in Examples 1 and 2 of Section 4.

The main purpose of this paper is to develop an analogous theory for the fourth
order equation

(*x®)2 + (ar*q®+ hr*g)x"Y +(Bg* + rg*(g + k))x =0 a.n
where g is oscillatory and k € L[c, «). In order to do this we make transformations of
type

dé =g dt and x=(rg*) "%y (1.8)

and apply an asymptotic theorem of Becker (3) (stated as Theorem 2 of Section 2).

As applications, we obtain results analogous to Examples 1 and 2 below for fourth
order equations (see Examples 3 and 4 of Section 3).

It should be remarked that if one is not interested in obtaining a wide range of
oscillatory phenomena, but would like sharper limit circle criteria, then we could treat
(1.7) as a system and make substitutions requiring much weaker differentiability and
integrability criteria than (1.8). This has been done in Becker (4), where more complete
references to the literature on limit circle criteria may be found. In our case, the
oscillatory nature of g seems to preclude such an approach. (The problem arises in that
Levinson’s asymptotic theorem must be applied in the system case where the coefficient
matrix is a sum of a bounded variation matrix and an integrable matrix. If an oscillatory
g is included, a further transformation by an oscillatory matrix must be made and this
could destroy the bounded variation property of the coefficient matrix.)

Section 2 contains the statements of two results used later, Section 3 develops the
asymptotic theory for fourth order equations, and Section 4 contains applications.

2, Preliminary Results

We state two theorems from other papers which will be used in the sequel.

Theorem 1. Let r and q be positive on [c,®) and C¥c, ). Let
(r@)"*(r*((rq)""?yY and ke L'[c,»), (2.1

let .
6(t)=‘y+j -?ds
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and let g satisfy the conditions

(i) g.(0)=F7 g(s) cos® 0(s) ds and g,(s)={7 g(s) sin® 6(s) ds converge
(ii) gg1 and gg,€ L'[c, )
(iid) ot to) =31 g(s)sin26(s)ds does not have both 1ir'nz§up a(t, ty)=+> and
tim inf o (1, tg) = —<». °

Then the equation (1.6) has independent solutions x,, x, satisfying

x,(t) = (rq)"2e”*“ (cos 0(1)+ o(1))

2.2)
x,(t) = (rg) 2~ (sin 6(1) + o(1)).

[For a proof see Becker (2) Example 3].

Theorem 2. Let g(t), h(t) and k(t) be integrable on compact subsets of [c, =). Let a, b
be real, positive and a# b. Let h(t) and k(t)e L'[c,®). Let g(t) satisfy the following
conditions:

(i) The following integrals converge:

o0

g.(t)= r g(s)ds, g(0)= I g(s) cos 2as ds,
() = ‘[m g(s)cos 2bsds, gz ()= Iw g(s) cos (axb)sds,

gi()= r g(s)sin{a+b)sds for te[c, »)

(i) g(g(eLc, o) (i=1,2,3) and g(1) g5(1), g()gs(t) e L{c, ).
(iii) Let

ot t9)= g(s)sin2as ds

1 [ 4
2a_(b2 -a? ,[o

ox(t, to) = J g(s) sin 2bs ds.

to

1
2b(a%*-b?
Suppose that we do not have both

lim sup (o, (8, t)) — o2(t, tp)) =
t2=to

and

lim inf (o, (1, to) — 0(t, o)) = —o=.
t=tg

Then the equation

(D?+a?)(D?*+b¥x =—(g+h)x—(kx')
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has solutions x,(t) (i=1, 2, 3, 4) satisfying
x1(t) = e” ) (cos at +0(1))
x,(t) = e~7*“(sin at + 0(1))
x5(t) = e?2*)(cos bt + 0(1))
x4(t) = e )(sin bt + 0(1))

as t— oo,

[For proof see Becker (3) Theorem 2 slightly modified to include he L' as well.]

3. Asymptotic Expansions for Fourth Order Equations
We will consider equations of the form

M(x)=(r;x®)®+(p,x’) +q,x =0. (3.1)
Let x(t) = w(t)y(t). Then (3.1) becomes
(ne?’y®)@+((4rioe” + 2riwe’ —2r,0"? + p,0?)y’) + oM(w)y =0. 3.2)

By analogy with the second order case (see Becker (2) Section 3), we wish to compare
(3.1) with an equation of the form
@*+ad®+B)y=0 3.3)

where 9 is an operator of the form
d d

9= u(t)a=a (3.4
and
(1) = [ & @3.5)
u(s)
In order to apply Theorem 2, it seems reasonable to look at the case in which the
polynomial
p(A)=A*+ar+B (3.6)
has roots which are real, negative and distinct, i.e.
a>0, >0 and a2>48. 3.7
Substituting (3.5) into (3.3) and simplifying, we get
p(PyP)P+ w0+ pp+ap)y’) + By =0. (3.8)

Comparing (3.2) and (3.8) we get the same coefficient of y® if
r1w2 = “3 (3-9)
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which we will suppose to hold in what follows. From (3.9) it follows that
3ulp’ =re?+2r oo’
3(p2un) =rjo*+4r oo’ + 2o+ 2roe”
=3(p’n"+up'?)+3un”.
Hence we may write (3.2) as
p(’y@)P+u((w?p"+pp +ap)y’y + By
+M((_%"l'wz"'%'iww’_g’lw’z+'13Q’1w“’”+ ﬂ#'2+(le2—aﬂ))y')’

+ p,(w((rlw(z))a) +(p,0"))+ (qlw2 —'g))y =0. (3.10)

We could investigate two methods of proceeding:
(a) Set q,w*=P/u
or
(b) Set p,w*=apu.
However they lead to identical results under the same conditions, so we will only deal
with the first.
In the following, we suppose that in equation (3.1) we have

r, replaced by r* and q, replaced by q*. (3.11)
In addition to (3.9) we assume
pqlw?=1. (3.12)

This seems to restrict the generality of substitution (a) above by setting 8 = 1. However
an investigation of the substitution with general B shows that the final asymptotic
expansions depend only on a/B'/?, and so there is no loss of generality in setting B =1.
(See Remark 4 below.)

Equation (3.9) reads

rrw?=pus. (3.13)
Hence
r , 1
p=— and w’=—3. (3.14)
q rq
In what follows, we will choose
p1=:)—‘:+hr3q =a(r2q2)+hr3q (3'15)

so that p,w>—ap =hr’q 2= hu2.

Theorem 3. Let r and q be positive and four times differentiable on [c, ), let h be
differentiable on [c, ) and let ge L'[c, T] for all T>c. Let a>2 and let —a? and —b?
(a, b>0) be the zeros of

p(A)=A%+aA +1.
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We will write

w=—, w2=£—3 and 0(t)=‘y+J ds.

~ [

r
q
Hypothesis A. The following belong to L'[c,®): p 2(r*)"w?, p 2(r*)ww’, p ?r'n”,
w2 rtwe”, pmin?, o(rte®)? and o(r’q*w’); h, k and w(hr’qe’).

Hypothesis B. g(t) satisfies (i), (ii) and (iii) of Theorem 2 with the trigonometric
functions cos (2a8(s)) etc. in place of cos2as etc.
Then the equation

(r*x®@ 4+ ((ozréq2 +hriq)x’) +(q*+rg*(g+k))x=0 (3.16)
has solutions x,(t) (i=1, 2, 3, 4) satisfying
x,(t) = (rg®)~V2e°:*(cos afd(t)+ o(1))
x,5(t) = (rg®)*2e7:*)(sin ad(t) + o(1))
x3(t) = (rg®) V22" <X(cos bO(t) + o(1))
x4(t) = (rg®)"V2e~*= <)(sin bO(t) + 0(1))

3.17)

where

gt c)= ‘ g(s) sin 2a6(s) ds

4[:

oyt c)= j' g(s) sin 2b6(s) ds.

__1
2b(a%-b?)
Further, (3.16) is of limit circle type if (rg®)~2e***<)e LY¢, =) (i=1, 2).

Remark 1. In the case r=1, Hypothesis A reduces to:

Hypothesis A,. The following belong to L'[c,®): q"q™2%, wo®, h, k and w(hqw')’;
(w=q").

Remark 2. It is known that for q real and positive, the fact that q"q~?€ L'[c, ) and
q¢ L'[c, ) implies that q">°q 3 e L'[c, ). See Coppel (5) IV.4.

Three. If q is “slowly oscillating”, we expect the first two terms of Hypothesis A, to
be the critical ones. '

Four. We may derive the expansions for the equation

(r*x@)? + ((ar®>q?>+ hr*q)x") +(Bq* +rg*(g + k))x =0 (3.18)

(with 0<B# 1) from the case with B=1 as follows. Let a,=a/BY?, r,=1/BY%,
h,=h/B', g,=g/B** and k,=k/B**. Then (3.18) becomes

(r3x®) @+ (ar3q” + hyr3g)x’) +(q* + rg*(g + k))x = 0. (3.19
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Supposing that a,>2 i.e. a>28"2, that Hypothesis A holds for r and q (or equival-
ently for r, and q) and that Hypothesis B holds for r, and g, we may use Theorem 3 to
obtain expansions for (3.18) of the type (3.17) with r, replaced by r.

Proof of Theorem 3. Make the substitutions

x = (rg®)™y
0(t)=‘y+j gds, 50 d0=%t, (3.20)
a=d
de

We write 9y = ytl.
Using (3.10), we see that (3.16) reduces to

@*+ad*+1)y
= (& Grto?~3riow’ + 3107~ o~ uw = huy )
+u(@(ro®)®+o((ar’q® + hriq)w’y - (g + k))y
= (i le“])m+ wN,y (say). (3.21)
We have iNl is integrable with respect to 6 if and only if %Nl is integrable with

respect to t, and wNj is integrable with respect to 8 if and only if N, is integrable~with
respect to t etc. Also

o

jm wn(s)g(s) cos 2ad do = j g(s) cos 2a6(s) ds etc.

Then apply Theorem 2.

4. Applications

Example 1. We apply Theorem 1 to the equation
%Y +(*™ +ct" sindt®)x =0 “4.1)

for t€[0, ©) where m>—1 and p>0; c, d real. In applying Theorem 1, we set k=0,
v =0 so that

6(t)= L smtds=(m—1+1)"1m

g(®)=ct" ™ !sin dr*.
Condition (2.1) is satisfied if m>1—1. Hence if n<m+1—1 then ge L0, ) and
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there are two solutions which are O(tV2(*™), Thus if
m>1—-1, n<m+l-1 and m+I[>2 4.2)

then (4.1) is limit circle.
On the other hand we do not need ge L. We will have o(t, 0) — limit; g, and g,
converge and gg,, gg, € L'[0, «) if

m>1-1; d#2(m—-1+1)"' or p#Fm-Il+1; n<m+l+ip-1, m+I1>2. (4.3)

Then by Theorem 1, if (4.3) holds then (4.1) is limit circle.
A further case is when

m>1-1, d=2(m+1-1)"! and n=m+I-1. (4.9
In this case we have (for a > 0):

expo(t, a)= exp% I %sin2 20(s) ds = (C + o(1))t4.

Also, (4.4) implies that g,, g, converge and gg, and gg, € L'[a, ). Using the asympto-
tic expansions of Theorem 1, we see that all solutions are L? if

—(m+l):t§<—1 ie. if

el <2(m+1-1). @4.5)

Thus (4.4) and (4.5) are sufficient for (4.1) to be limit circle.
The conditions (4.2) and (4.3) are generalizations of the results of Atkinson (1)
quoted in (1.3), (1.4) and (1.5) above.

Example 2. We consider the equation

o -1
(') + (q2 + r([ :1—:) sin 20(¢t) + qu)x =0 (4.6)
where
o) =vy+ j —? ds.
Then
o -1
g= 7([ is) (rq)* sin 26(t)

rq

and
g.=2 I (‘;’ sin® 8 cos o)h(s) ds

where

h(t)= ‘r(f° f—;)—lq‘z.
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Then if 77'h(t) is nonincreasing it follows as in Atkinson (1) Theorem 6 that g
converges. Further

T (" du\t,
exp o(t, c)=exp 1 E (rq) ' ds+ C+o0(1)
L /4
~crvon([ )"
rq
Again following Atkinson, we have
lgil=h sothat |gg,| ég h2.

Assume now that
rq’'q~? is nonincreasing, (rq)~' € L'[c, «) and g is unbounded. 4.7

Then q' =0 and following Atkinson (1) Theorem 7 we see that h is nonincreasing, and
= ds
—z=QRrg") .
| Tqztm
Thus
|gg.l ég h?=41%rq"*q 2.

We assume finally that
rq?q 3 e LY[c, ). 4.8
Then under hypotheses (4.7), (4.8) the conditions of Theorem 1 are satisfied and there

are two solutions which are
oo +7/4
(")
rq

Hence all solutions are square-integrable if
1+7/2>0 ie. iff|7]<2. 4.9)
Thus (4.6) with r, g >0, r, g € C*[c, ) is of limit circle type if (4.7), (4.8) and (4.9) hold.

Example 3. We consider the equation
(t*'x@)? + a(PMH™x'Y +(Bt*™ + ct" sin dt®)x =0 (4.10)

where @, B>0 and a®>4p. (See Remark 4 for the technique of dealing with the case
B+#1). Then

0, = Bl/4j sl ds = Bl/4(m —1+ 1)—1t"'"+1; g= B_Uzct"—l_sm sin dt®.

We proceed as in Example 1 but using Theorem 3 in place of Theorem 1. Hypothesis
A is satisfied if m >1—1. Hence if o,(o, ¢) and o,(ex, ¢) are absolutely convergent then
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there will be two solutions which are o(t~*2¢*3™)_ This will be the case if n—1-3m <
—1. Thus if

m>1—-1, n<l+3m—-1 and [4+3m>2 (4.11)

then (4.10) is limit circle.
Let —a? and —b? be the two zeros of A2+a/BY?A +1=0. Assume that

(d#2aB"*(m—1+1)"" and d#2b"4(m-—1+1)" and
d#(a£b)B"(m—-1+1)"Y) or p#EFm-Il+1 (4.12)
and
m>1—-1, n<l+3m+ip—1, 1+3m>2.
Then under conditions (4.12) the equation (4.10) is limit circle.
The last case of Example 1 could be treated as before, but it will be covered by the
following example which generalizes Example 2.
Example 4. Consider the equation
(r*x@)? + a(r*q®x") +(q* + q*(h, sin 2a0(t) + h, sin 2b6(t)) +rqg*k)x =0 (4.13)
where
8(=vy+ J" plds, p =é;

(4

—a® and —b? are the roots of A2+ aA +1=0 (and we have taken 8 =1 for simplicity).
We assume

a>2; keL'c,©); r,q>0; rqeC*c ») and satisfy Hypothesis A (4.14)
h.(t) has one sign; sgn h,(Oh(H=0; wu'h?eL'c,o) (i=1,2). 4.15)

(See Atkinson (1) Theorems 6 and 7 for a treatment of the second-order case under
similar hypotheses). In the notation of our Theorem 3, we have

g = p"'(h, sin 2a6 + h, sin 2b6).

Under hypotheses (4.14) and (4.15) we may follow Atkinson (1) Theorem 6, but using
our Theorem 3 in place of his Theorem 1, to obtain the existence of independent
solutions x; (i =1, 2, 3, 4) satisfying

x,(t) = (rg®)~ 2 {exp ~3[ I 9 h, ds}(sm af(t)+o(1)
£ = (rg?) " {exp 5 j ds(cos ab(0) + (1) s

x3(t) = (rq3)‘”2{exp —1-M J }(sm bo(t)+o(1))

20 = a7 {exp s [ 9 dsicos b +o(1)
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where L =2a(b%>—a?) and M =2b(a*—b?). From this we see that if -~ h, (i=1,2) are
mtegrable and (rq3)’ € LY[c, ») then (4.13) is limit circle.

A case when . hi are not integrable will now be discussed. We will set
_ E dS -1 _ o dS -1
hy()=q 4({ ?) and  hy(f)=1q 4([ ?) .

In order to apply the above, we must verify (4.15), which will be done under further
hypotheses:

rq’'q~? is nonincreasing; (rq®)~' e L{c, );

4.17)
q is unbounded and rq'*q™3 € L[c, ) (so that q' =0).
We have -
ng=—fooel[ 2 24" 8)
(t"'hy) {4q q (I ) q ) (4.18)

Also

[ ) ) -

— = =N=5) dsz4|— =4 .

e 19> -[ q°/\q* a) 9 (4ra°)

Using this in (4.18) we see that (r7'h,) =0. Further,
o g\ ~2
u“hz—'rz(—]q (I é) =167%rq’q 3 e LY[c, «).
r rq

Thus (4.15) holds. We have

o,(t,c)=QRa(®*>—a?)™ | g(s)sin2ab(s)ds

=(Qa(b*-a*)™!

[\ ) [ Ny

I‘ p  hy(s) ds+C+o(1)

ds

LY (ry=rlaalo>-a))
rq®

exp o;(t, ¢) = C'(‘[m

Similarly

ds
rq®
From (4.16) it follows that there are two solutions which are

o 4)")
o[ 27

In particular under hypotheses (4.14), (4.15) and (4.17) we have (4.13) limit circle if
(1£27)>0 and (1£2v,)>0

exp o,(t, c)= C”(Im )v‘ (vy=v(4b(a®-b%))™).

and two solutions which are
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i.e. if |7,/ <3 and |v,|<3 or
|rl<2a|b®*—a? and |v|<2b|b*-a?. (4.19)

It is clear that if 7#0, »#0 and (4.14), (4.15) and (4.17) are satisfied then two
solutions are always L?[c, »). By using (4.19) we can in some cases choose 7 and v so
that exactly 2,3 or 4 solutions are L?[c, «). If we want the limit-3 or limit-4 cases, we
may get them with » =0. We illustrate with an example.

Let r=1, h,=27t"2 and h,=21t"2. Then q=t and the equation becomes

P+ a(t®x") + (t* +2¢%(7 sin 2a0(t) + v sin 2b6(1)))x =0 (4.20)

It is easily seen that (4.14) and (4.15) are satisfied. We have 6(t)=3¢>. (Note that
Hypothesis A holds if in the notation of Example 3, we have m >1~1). By (4.16) there
are solutions satisfying

x, =t"327"L(sin (a/2)t*+ 0(1)),

Xy = 73 (005 (a/2) 2+ 0(1)),
x3=t">27M(sin (b/2)t2+ 0(1)),
X4 =t M(cos (b/2)12+ 0(1)).

Now choosing 7 and v appropriately results in the limit-2, limit-3 or limit circle case.

Atkinson (1) uses the theory for second order operators to get limit-1, 2, 3 or 4 cases
for their squares, and the above results are a generalization showing how the limit-4 case
can be destroyed via lower-order oscillatory perturbations. For results of a different
kind on the destruction of the limit-circle case, see Eastham and Thomson (7) and
Read (8).
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