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GAUSSIAN BOUNDS FOR COMPLEX SUBELLIPTIC OPERATORS
ON LIE GROUPS OF POLYNOMIAL GROWTH

A.F.M. TER ELST AND DEREK W. ROBINSON

We prove large time Gaussian bounds for the semigroup kernels associated with com-
plex, second-order, subelliptic operators on Lie groups of polynomial growth.

1. INTRODUCTION

Let G be a connected Lie group of polynomial growth with Lie algebra g, ay,...,aq
an algebraic basis of g and 4, = dLg(a1),..., Ay = dLg(as) the corresponding repre-
sentatives in the left regular representation Lg of G. Consider thé complex subelliptic
operator

dl
(1) H=-— Z CklAkAz

k=1

where the matrix C = (cx) of complex constant coefficients satisfies 27*(C + C*) > pl
> 0. Then H generates a continuous semigroup S with a bounded integrable kernel K
which satisfies local, that is, small ¢, Gaussian bounds [7, 8] in terms of the subelliptic
modulus |-|' and the volume V'(r) of the Haar measure of the ball B, = {g € G : |g|' <T}.
In fact one can establish global Gaussian bounds.

THEOREM 1.1. There are a,b > 0 such that
? |Kt(g)| < av'(t)_lﬂe"’(lyl’)’t-l

forallg € G and t > 0.

The bounds (2) are well known for real symmetric operators (see, for example, [19,
Theorem VIII.2.9], or [16, Chapter 1V]) and are relatively easy to deduce with the aid of
Nash-Sobolev inequalities and Davies perturbation theory. In the real case Alexopoulos
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[1, 2] combined the bounds with ideas of lomogenisation theory to analyze the asymptotic
behaviour of the kernel and to prove boundedness of Riesz transforms.

The derivation of (2) for complex operators is more complicated and partly based
on homogenisation theory. It uses a number of distinct ideas. First, one may assume the
group G is simply connected since bounds in the general case follow by transference, as
in [11, p. 201], from bounds for the simply connected covering group. Secondly, one may
assume that the local dimension D’ and the dimension at infinity D are equal because
one can always arrange equality by tensoring with copies of the Heisenberg group, if
D' > D, or the Euclidean motions group, if D’ < D, as in the proof of {10, Theorem
3.1]. Thirdly, one may deduce local Gaussian bounds, that is, bounds for small ¢, from
De Giorgi estimates, as in [3, 9]. Fourthly, and this is the contents of the next two
sections, global bounds follow from local bounds if the De Giorgi estimates are uniform
in a suitable scaling parameter, as in [4]. Homogenisation theory is used to control the
scaling.

Throughout the rest of the paper we assume G is simply connected and D' = D > 2.

2. STRUCTURE THEORY

Let g = (g, (-, ]) be the Lie algebra of the connected, simply connected, Lie group
G and q, n and m the radical, the nil-radical and a Levi-subalgebra of g. Then g is the
semidirect product m x q where

[(m1, @1), (M2, @@)] g = (M1, ma), a1, go] + [ma, g2] = [z, 1))

for all m;, my € m and q;, q,. Let @ and M be the connected subgroups of G which have
Lie algebras q and m. We assume that G has polynomial growth or, equivalently, M is
compact and @ has polynomial growth. Then g is of type R, that is, the operators ada
have purely imaginary eigenvalues for all a € g (see [13]).

Next for all a € q let S(a) and K{(a) be the semisimple and nilpotent part of the
Jordan decomposition of the derivation ada. Note that S(n) = {0}. It follows from [1],
Sections 2 and 3, that there exists a subspace v C q such that q = v ® n, [p,m] = {0},
S(v)v = {0} and [S(v), S(b)] = {0}. Then the nilshadow of q is defined as the nilpotent
Lie algebra qnv = (q,[, - ]v) where

[a,b]n = [a, b] — S(a.)b+ S(by)a

with ay, b, the v-components of a,b € q. The lower central series qy,; of gy is given by
dnvi = qn and quksr = [q,dn] for & > 1. Hence quir41 = {0} with r the nilpotency
rank of qny. Now one can choose vector subspaces by, ..., b, € of q and an inner product
on g with the following properties.

I qN;k=bk®"'@br fOTallkE{l,...,T}, b1=U$Eandn=E®qNﬂ.
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8 S(U)bk C b and [m, f]k] Chrforallk e {1, .. .,r}.

III There exists a (real) inner product (-, -) on g such that ada and S(v) are
skew-symmetric, for all a € m and v € v, and the spaces m,v,€,by,...,b,
are mutually orthogonal.

The first two statements are contained in [1]. The third follows because g is type R
and [m,v] = {0}. First one chooses an arbitrary inner product (-, -) on g for which
the subspaces m, 0,8, b,,...,H, are mutually orthogonal. Secondly, one defines (-, -) by
averaging. Explicitly,

(a,b) = lim V(R)™! do / dm (U(z)Ad(m)a, U(z)Ad(m)b)
R—o0 {z€R%:|z}<R} M

where V(R) is the volume (Lebesgue measure) of a ball of radius R in R%, dm is the
normalised Haar measure on M and U(z) is defined by

U(z) — %1 S(b1)+...+24yS(bay)

with by, ..., by, a basis of b. The average exists because M is compact and the S(v) have
purely imaginary eigenvalues, since g is type R. Note that U(z) commutes with Ad(m).
It follows automatically that Ad(m) is unitary, with respect to (-, -), for all m € M.
Hence the operators ada are skew-symmetric for all a € m. Moreover, each v € v has a
unique decomposition v = z1b; + ... + Tgbg,. Hence S(v) = z:5(b1) + ... + 24,5 (bg,)
and it follows from the averaging that the S(v) are also skew-symmetric. Since the
subspaces m, v, €, B, . . ., b, are invariant under S(b) and ad(m) it follows that they remain
orthogonal with respect to the averaged inner product.

For all u > 0 let ,: g — g be the linear map such that ~,(b;) = u®b; for all ¢
€ {—dm,...,d}, where w; =0 if b; € m and w; = k if b; € hi. Next define [, ],: gx g
— g by [a,b} = 77 ([7(a),%(®)]). Then g, = (g,[-,]u) is a Lie algebra and
Ve gu — § a Lie algebra isomorphism. Define similarly the nilpotent Lie algebra qn,
= (a,[", - Ivu) with [a,8)nu = 72 ([7u(@), 7 (b)]~). Then qu, is the nilshadow of g,. If
a*y, b denotes the Campbell-Baker-Hausdorff formula in a and b with respect to [, - vy
on quy then Qny = (4, *ny) is the connected simply connected nilpotent Lie group with
Lie algebra quy. Set Gy, = M X Qny. We denote by *y,, the multiplication on G, and
by g(~V~ the inverse of g. Define 7,: gnu — L(gnu) by Tu(a)b = (adam + S(u(av))bq,
where g, and a, are the components of @ in m and v and b; is the component of b in
q. If T: gvu — Aut(gny) is the homomorphism such that T,(expg, a) = €™ and
Ty: Gy — Aut(Gny) is the Lie group homomorphism such that

T(expg,, a) expg,, b = expg,,, (Tu(expg,, a)b)

for all @¢,b € gny then (g,h) = gr*xh = (Tu(h=1¥+)g) %ny h defines a Lie group
multiplication on the set Gy, of which the Lie algebra is isomorphic to g, (see [18,
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p- 229]). Here expg,, denotes the usual exponential map on Gny. Weset Gy, = (Gyu,1,%)
and T' = T;. Then with v = 1 the Lie group G is isomorphic to (G yy, r*) and from now
on we identify G with (Gn1,7*). We also delete the u in a symbol if u = 1. As a
consequence :

3) (L6, (2)¢) (9) = (dLow, (Tule™1")a) %) (9)

foralla € g, g € G, and ¢ € C®(G,). But it follows from Statement 2 that T, is
a unitary representation of G, on g equipped with the inner product (-, -). Fix an
orthonormal basis b_g4,,...,bs of g passing through m, 0,8 by,... b, with b_4,,..., b0
a basis of m, by,...,b4, a basis of v and bgy41,...,b04 a basis of n. If a,...,aq is the
algebraic basis of g then uy;(a;),...,uv; (as) is an algebraic basis for g,. Now set
Al = dLg, (wy;'(ar)) for all k € {1,...,d}. Then

(4F%)(5) = u(dLey, (Tuls™ )" (@))% ) (9)

d
Z e <T(I’u(g))bj, ak> (Ej(u)cp) (9)

j==—dm

where E;") = dLg,,(b;) and Ty: G, — G is the lifting of the isomorphism 7,.
Next, define the subelliptic operator Hp,) on G by

1
k=1 i,j=—dm

@ d
Hpyy =~ Z e A A = — Z B™ EE'J‘] BJ(.“)

where the &

'; are multiplication operators, E{:;](g) = uz“"“‘”iEf;-‘) with

&
Gj(9) = Z (T(9)bi, ar) et (T(g)bs, ar)

k=1

and for any function ¥: G — C we write ¥ = 1 o I',. One calculates that

d d'
> (Bigs)9) = Y cn (T(9)bs T(ar)ar) -
i=—dm k=1

d
In particular ), B;¢G; = 0 if j < do. Therefore the equations

i=—dm
d -~
Hx;=- Y B
i=—dm
can be solved for the correctors x;. If j < dp then x; = 0 and if j > dp then x;(9g)
= (T(g)bj, =) with z € n any solution of H,z = ¢, where H, = — i cir(ax)7(ar) and
d ki=1

Cr = — Z cuT(ak)a.
k=1
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Using the parametrisation v = x1b;+. . .+z4,bq, the coefficients ¢;; and the correctors
are functions over M x R% of the form

P(m,z) = z:'l,l),\('r;'z)e”\I

where the sum is over a finite subset of R%* and the v, € C*®(M). The mean value of
functions of this type can be defined by
M(P) = lim V(R)™! /
R—o0

{zeRdo:|z]<R}

da [ dm(m,z) = [ dmyo(m)

Before we can define the homogenisation H of H we have to introduce one more Lie
group. Define [, ]g: q xq = q by [a,b]lg = I}Lngo[a’b]N“' Then g5 = (q,[-, -]a)
is a homogeneous (nilpotent) Lie algebra (see [14].) If a *y b denotes the Campbell-
Baker-Hausdorff formula in a and b with respect to [, -]y on qu then Qg = (q,*x)
is the connected simply connected homogeneous (nilpotent) Lie group with Lie algebra
qr. Then set Gy = M x Qg. The homogenisation Hof His defined, in analogy with
standard homogenisation theory (5] [20], as the operator with constant coefficients ¢;; on

@y given by
d

1
-3 BB

where d; is the dimension of b, Bi(H) =dLg, (b;) and
d o~
G =M (a,- - > EikBka> .
k=—dm

Then H is subelliptic on Qg for the following reason. First, by,...,bq, is an algebraic
basis for qn, and hence qg, by [12, Lemma 3.5]. Secondly, one can reexpress the ¢;; as

z M(Be&—x) Bl — x3))

kl=—dm
where &: Gy = R is deﬁned by &(m,expg, a) = —(a,b;) forall i € {1,...,d}. Next, if
Tiy--»Tdy € C and Pr = Z Tl(fi Xl) then

i=1

. & &
Re Z T;C;j 75 = Re Z M((Axpr) cut (Arpr)) > MZM(MHPTP) .
1,j=1 k=1 k=1

Hence Arp, = 0 for all k € {1,...,d'}. Since a,,...,aq is an algebraic basis for g this

dy
implies that dLg(a)p, = 0 for all a € g and ¢, must be constant. Therefore Y 7:¢; is
i=1
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bounded which implies 3 = ... = 74, = 0. Hence C = (Gi;) is strictly positive-definite,
that is, H is a subelliptic operator on Qg.

It also follows by a calculation analogous to [5, pp. 27-28], that C* = C*.

The important point is that the homogenisation is obtained from H by a scaling
limit. This is established by an elaboration of the arguments of [5, 20].

We choose and fix a Lebesgue measure on the vector space q. Then we fix the Haar
measure on @y, and Qg such that IQN.. p= fq poexpg,, and [, ¥ = fq P o expy,, for
all p € C.(Qnw) and ¢ € C.(Qg). Then the Haar measure on Gy, or Gy is the product
measure of the normalised Haar measure on the compact group M and the Haar measure
on Quy or Qn, respectively. Finally since ]det fI—’u(g)| =1 for all g it follows that we can
choose the Haar measure on Gy such that qu p= fGNu @ for all ¢ € C¢(G,). Note that
this fixes the Haar measure on G = G,.

If K; (4] is the semigroup kernel associated with the scaled subelliptic operator Hp,
then

(4) Ki(g) = uw P KM, (7' (9))

for all g € G and u,t > 0.
Let | - |, be the modulus on G, with respect to the algebraic basis uy;!(a1),.. -,
~1(as) and let B'™)(r) be the corresponding balls. Then B'(ru) = I'y(B"(r)) and
|B"“’(r)| = u~P|B'(ur)| for all u,r > 0. But there exists a ¢ > 0 such that ¢'r?
|B’ I £ €rP for all > 0, since D = D' by assumption. Hence

(5) P < |BM(r)| g ErP
for all r > 0 uniformly for u > 0.

Note that G, = M x q as manifold for all v > 0. If Q is an open subset of
M x q introduce the Sobolev subspace Hé(;’l‘)(Q) = F’] D(AM) of L(Q) with the usual
Sobolev norm. Then ¢, € H;(;’l‘)(ﬂ) is defined to I;Zisfy HMyp, = 0 weakly on Q if

dl

3 en (A["}Q/), AE"]gou) = 0 for all € C=(Q). Similarly, if ' is an open subset of q then
k=1
H'(H)(Q) ﬂD( (H)) C Ly(Y) and ¢ € H;(;fl)(Q’) satisfies Hp = 0 weakly on ' if

d
55 Gu(BHy, B‘”’ ) = 0 for all ¥ € CX(Q).
k=1

IfQ=MxQ and g € Ly(9) define ¢* € L,() by ¢’(q) = [,,dm¢(m,q). Thus
1® ¢’ = Py with P = [, dm.

PROPOSITION 2.1. Letu, 2> 1 be a sequence tending to infinity, ' an open
subset of q and Q = M x ). Assume ¢, € Hé(;'l"‘)(ﬂ) satisfy Hiy,j¢n = 0 weakly on Q,

(6) sup Z”Ak Pnllty ) <00,
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and @, — Py, weakly in Lo{S2).
Then Py, = Yoo, ¢, € H;(;{{) (€¥) and Hg?, = 0 weakly on V.

The first step in the proof is a strong convergence result.

LEMMA 2.2. Suppose ¢, satisfy (6) and ¢, — @ weakly in L,(Q?). Then
Yoo = Pipoo and p, — @ strongly in Ly(M x Q") for any open subset " of q such that
Q" c Q.
PROOF: Let y(7) € C°(¢Y) and set ¥ = 1@ (™. Then lim B®y = B®y
u—I0
uniformly on M x q for all 7 € {1,...,d}, where B,‘m = dLg, (b}, since

M lim (B( )w)(m q) = ulg& %Eb(H)(—tbi * Nu Q)L)

d
ETP(H)(—tbi *p Q)lo
= (B™y)(m, q) .

It follows from (3) that

sup supl ( A[ lp)( )(9)] < sup supZul wj
u2l geq u2l gEQ

(Tulg)ts, a:)| | (B )(9)] < o0

for all k € {1,...,d'}. Next |¢n|lL,(a) is bounded uniformly in n and ¢, = ¢, 9
€ H;(;'l‘")(Gu,.) for all n € N. Moreover,

1/2
(8) = sup (Z [ sonIIL,(cm) <.

Then

” (I - LGH (m))(ﬁn

= “(1 - Lg,,(m))@n

L2(GH) L2(Gup)

1/2
<ml,, (Z A ‘pnuL,(Gun))
< Clml,, = Cu;' Ty, (m)| = Cuy' Im|

for all m € M and n € N. Therefore (I — Lg, (m))(ﬁ,, converges strongly to zero in
Ly(2) and 0 9o ¥ = L, {m)(weo %) for all m € M. This implies that ¢ % = P ¢ 1.
Hence ¢oo = Ppeo-

Next we argue that the set {@, : n € N} is relatively compact in L(Gy) by checking
the Fréchet—-Kolmogorov conditions of [16, Appendix D.1.3]. Then the second statement
of the lemma follows by choosing %(#) such that ¥()(q) = e for all ¢ € Q".
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The set {¢, : n € N} is uniformly bounded in Ly(Gy) and the @, have a support
in a common compact set. Hence it suffices to prove that

) lim sup|| (7 = Lo, (6)) @

g—re

L2(GH)

and a similar statement with respect to right translations.

First, by, ..., bq, is an algebraic basis for q, by [12, Lemma 3.4]. Hence b_,,,, ..., ba,
is an algebraic basis for g. Let |- I:fb) be the modulus on G, with respect to the scaled
algebraic basis uy;1(b_4,),- .., uy;(b4,) and s the rank of the algebraic basis a,,...,as
in g. Then there is a ¢ > 0 such that

- 1 1
lglt < e (w/*(1gl®) " + u lgl®) < 2¢ (1gh®)"*

for all u > 1 and g € G, with |g|:fb) < 1, where the first inequality follows from (15,
Proposition 1.1], for « = 1, and then by scaling. Secondly, if L5,(Gy) is the Sobolev

space defined with respect to the algebraic basis uy;*(a;), . . ., u7v; (aqs) then one has ” (1
—Lg, (g))wllL ) < d'||ollLy, (6. |9, Combining these estimates one deduces Ly, (Gu)
2 u ' !

is continuously embedded in E;(S)/S(Gu), where [Z;,(;li,) (G,) is the Lipschitz space defined
with respect to left translations on L,(G,) and the modulus | - 0 Moreover, the em-
bedding is continuous uniformly for all u > 1.

Next by standard reasoning (see, for example, the proof of [6, Theorem 3.2]) one
establishes a chain of uniform embeddings of a similar nature. First, one proves that
L;,(;)(G.,) is continuously embedded in the Lipschitz space Lf;’,'y‘/z associated with the semi-
group S generated by the sublaplacian — i (BM)? where B,[“] = dLg, (uvg'(5:)).

i=—dm

The proof uses both the upper and lower Gaussian bounds on the kernel of S® which
follow from (4) and [19, Theorem VII1.2.9}, or [16, Chapter IV], since the sublaplacian is a
real symmetric, subelliptic, operator. Secondly, one argues that L2 /2 18 continuously em-
bedded in the real interpolation space (L(Gy), L: b)(Gu))%w;K defined by the K-method
of Peetre, where Lz;1 (G.) is the Sobolev space defined with respect to the algebraic
basis wy;(b-q,),---,uYs (bs,). Thirdly, one establishes that (L2(Gy), L'(b)( ))7,00;1(
is continuously embedded in the interpolation space (L2(Gwu), L b)(G' N“))'y,oo;K’ where

'(b)(G ~u) is defined with respect to the algebraic basis uv;'(b-a,.),- - -, uy; 1(bs,)- This
embedding, and its uniformity for u > 1, follow by another use of (3). Fourthly, the
interpolation space (La(Gnu), L'(b) (Gnw))
lation space (L2(Gny), Loy (GNu)).,/,m;Ka
from [6, Theorem 2.1.11], and for general u by application of the scaling I, after replacing
the norms on L;(;)(GNu) and L;(;’:)(GNu) by their seminorms. Note that these seminorms
satisfy a scaling relation. Fifthly, the space (Ly(Gnw), L'(b)(GN,,))

o0iK is continuously embedded in the interpo-

uniformly for all > 0. This follows for u = 1
is continuously

7/700K
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embedded in the interpolation space (Lz(Gnu), L’z;,(GNu)),,/,m;K, uniformly for all u > 1,
where L) (G ny) is defined with respect to the algebraic basis b_g4,,,...,b4,. Sixthly, fix
$#H) € C2(q) such that ¢\ (q) = 1 for all ¢ € supp ¥ and set ¥ = 1 ® ¥, Define
the multiplication operator E: Ly(Gy) — L2(Gg) by Ep = ¥ . Then E maps the space
(L2(Gww)s Ly (G Nu))”7 Irook CODtiNUOUSLY into the space (L2(Gh), L2 (G H))7 fr.00sx> U0
formly for all u > 1, where the Sobolev space Lo, (G ) is defined with respect to the basis

d
b_dps- - -, ba. The proof requires some work that we next describe. Forallg =3 & b; € q
&~

13
and B = (i1,...,i,) € J(q) define ¢ =&, -...-&,. Foralli e {1,...,d} let D; de-
note the partial derivative (D;p)(m,q) = —¢(m,q + th;)|¢=o. Then it follows from the
Campbell-Baker~Hausdorff formula that there are ¢;;3 € R such that

(10) (B9)(m,q) = —(Dip)(m, @) + > cipd® (Djp)(m,q)

w;—w;=||B||>0

for all p € C*(Gy) and (m,q) € Gy. Similarly,

(Bip)(m,q) = —(Dip)(m,q) + Y. clipd® (Ds0)(m,q)
wi—wi S50

for alli € {1,...,d}. The transition matrix from §,- to D; is triangular, with —1 on the
diagonal. Then it can be inverted and there are ¢j;5 € R such that

(Dip)(m,q) = —=(Bw)ma)+ Y cipd’ (Bie)(m,q) .

wj—w; 2[|B|>0

Since b, generates qu for all i € {1,...,d}, @ € J(d;) and 8 € J(d) there are ciop € R
such that
(Dip)(m, q) = Z Ciag qﬂ (Biayp)(m. q) ,
r2lal>w+|IB|
where §[(:]) = [E,(:‘), [[E,(:zl,g,(:)]]] for all w > 0 and & = (41,...,2,) € J(dy).
Then by scaling

(11) (Dip)(m.g)= Y ciagu PImuT0  (B)(m, q) .

r2lalZw;-+Bll

Hence E is continuous from L5 (G ny) into L2 (G ), uniformly for all u > 1, by (10) and
(11). Then by interpolation the claim follows. Seventhly, by [6] the interpolation space
(L2(Gh), L2a(G H))7 JrooK 1S continuously embedded in the Lipschitz space Lo./r(Gy)
on Gy defined with respect to the basis b_g4,_,,...,bs. Since all the foregoing embeddings
are uniform for u > 1 there exists a ¢ > 0 such that

dl
) - e, < clolds” (Il + 14 le.
k=1
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uniformforalle 2 1,9 € L'(")(Gu) and g € Gy with [g|gy < 1 where |-|g,, is the modulus
on Gy with respect to the basis b_q,,,...,bs. Therefore (9) is proved using (8) and (12).
d

A similar conclusion follows for right translations since dRg,(a) = 5. c¢;dLg, (b;)
= —dm
with c;(g) = (bj, Adg, (¢7")a) and the ¢; are uniformly bounded on M x Q". 1

PROOF OF PROPOSITION 2.1: First, o = Py by Lemma 2.2. The remainder of
the proof is similar to the derivation of the analogous result in the R¢-homogenisation
theory (see, for example, [5, pp. 24-28]). Care is needed, however, since the operators
are subelliptic and their form domains H;(;‘)(Q) vary with the scaling parameter u.

Introduce

Z urt™ (T, ()b, ax) et A[ o

kl=1
for all i € {1,...,d}. Then ||7n;i||z,(n) is bounded uniformly in n by (6). Hence one may
assume the 7,;, or a subsequence, converge weakly to a limit 7; in Ly(2). Clearly n; =0
if 1 > d;. But if X' € C®(Q') with suppx’' C ' and x = 1 ® )’ then by (8) one has

dy

di
B, ) — Blun)y ooy =
(13) > (Bix,m) = lim E__ (Bi™ X, Tzt) = 0

i=1

since Hiy,j¥n = 0 weakly on  and By =0ifi <0, where B = dLg, (b:).

Now set &n; = & — u;lx,!(“") for i € {1,...,d;} where & is again given by &{m,a)
= —(a, b;) and the x} are the correctors of the adjoint H*. It follows that Hj, 6ni=0as
a distribution on Q by the corrector equation for H*. Therefore by a density argument

(XH[‘u,,]fn;i: wn) =0.
But since H,,j¢n = 0 weakly one then has
(14) ([H[:‘"], X]é.n;ia ‘Pn) =0."

Now the commutator [H(:‘"], x] is linear in the Al

4

d
Hipxd == 3 @ (41 (4l + (4l 4}
k=1

and one may use this to evaluate the limit of (14) as n — oo. The calculation is very

similar to the standard argument of [5, pp. 24-27]. The term with the AE‘] acting on ¢,

can be rewritten in terms of 7,; and it converges to Z (( B ){,-,nj). The term with
J.—.

AE"] acting on &,; is more complicated. It gives a contribution

_Z Z 1o (BI85 (6 — (Bixd) ™), 0n) -

j=1k=—dm
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Since the inner product is uniformly bounded in 7 all terms with w; > 1 vanish as n — oo.
Also ¢, converges strongly to @ on the support of ¥, by Lemma 2.2. In addition

lim (( 0 ) (Bfx), ¢e) = ((Bf'x), ¢e) M(¥)

since (I — P)(EJ(-")X) =0 = (I — P)pe. Therefore one deduces from (14) and c*=Cr
that

dy
S (B x&,m) Zak(B "% ¢00) = 0
j=1

d ~
But Z:(BJ(-H) (x&),m;) = 0 by (13), with x replaced by x¢&;, and B](.H)E.- = §;;. Therefore
J:

(15) X1 7]] chk(B X (poo) .

Since C is strictly positive-definite equations (15) can be solved to give

dy

(B 900) = = 3 _(C ks (x,m5)

=1

for all x = 1 ® x' with x' € C®(). One immediately concludes that ¢! € H;(;{”)(Q’).

Then (13) and (15) imply that ((I ® H)*X, peo) = E(B(H)x, n;) = 0. Hence Hy¢?, =0
=

weakly and the proof of Proposition 2.1 is complete. 0

3. GAUSSIAN BOUNDS

In order to establish the Gaussian bounds (1) on K, it suffices to prove that Kt["]
satisfies Gaussian bounds for all t € (0, 1] uniformly for u > 1 by taking u = t/? in
(4). - Local bounds on Kt{"] can be deduced either by a parametrix argument [8] or,
following Auscher (3], by De Giorgi estimates [9]. But the first method is ill suited to the
deduction of uniformity. One can, however, obtain uniform local estimates by adaptation
of the homogenisation arguments of Avellaneda and Lin [4]. These require uniform De
Giorgi estimates together with the uniform growth properties (5) and a uniform Poincaré
inequality.

Let [|¢ll2,ur denote the norm of ¢ € L,(B"™)(r)) and for ¢ € HQ(") (B")(r)) set

4 1/2
(16) IVillonr = (314801,
k=1

Further let (), denote the average of ¢ € Lyjoc(M x q) over (B"“)(r)). Then the
required Poincaré inequality states that there is a ¢y > 0 such that

(17) |I’~P ((p)u T”2ur N T2||V (p”2ur
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uniformly for allu > 0,7 > 0 and ¢ € H;(;'l') (B'®)(2r)). This follows from [17, p. 1],
which establishes that there exists a ¢y > 0 such that

(18) lo — (D1-llo, < en PP lIViell3 s

uniformly for all r > 0 and ¢ € C{°(G). Then (18) is valid for all » > 0 and ¢
€ Hj,(B'(2r)) by approximation and (17) follows by scaling.

The key De Giorgi estimates are the following.

PROPOSITION 3.1. Forallv € (0,1) there exists a cpg > 0 such that for all
u >0, Re (0,1 and p € Hyy (B™(R)) satistying H,p = 0 weakly on B'®)(R) one
has

(19) IVeli3.r < €D (r/R)P™ 2| V0ll2 0

forall0 <r < R.

ProoOF: The De Giorgi estimates (19) are valid for each u > 1 by [9, Proposition
3.3]. The problem is to prove uniformity. This requires several lemmas.

Let [|¢||z,x, denote the norm of p € Ly (B"™)(r)) and if p € H;(;{’) (B"™)(r)) define
|V ||y, similarly to (16), where BH)(r) is the ball on Qg with respect to the
algebraic basis b,...,bs,. Then for ¢ € Ly 10c(Qx) let {(9)g, denote the average over
B'(H)(r). We begin with two Caccioppoli inequalities.

LEMMA 3.2. Thereexistc; > 1 and o € (0,1) such that

I ”V (p”2uar ar 2”(10 <(p>“’r||§,u,r

uniformly for allu > 0,7 € (0,1] and ¢ € H;(:l‘) (B"™)(r)) satistying Hpjp
= 0 weakly on B'®)(r), and,

11 IV G| 10r < 17| 0 — (DDl 1,

for all r € (0,1] and ¢ € Hyt)(B'™)(r)) satisfying Hp = 0 weakly on
B'H)(7r).

PROOF: Statement 3.2 has been proved in {9, Lemma 2.7], using cut-off functions.
The proof of Statement 3.2 is more delicate, since it requires the constant to be uniform
in u.

By [12, p. 30], there exist c,0 > 0 and for all R > 0 a function 7z € C®(B'(R))
such that ng(g) = 1 for all g € B'(cR), 0 < nr < 1 and ||Ax7rllec € ¢ R™! uniformly
foral R > 0 and k € {1,...,d'}. Foru > 0 and R > 0 define 7711) = gy o [y. If

u > 0 then plt) € C (B’(“) ), n(g) = 1 for all g € B™(oR), 0 < 7% < 1 and
IIAL"]ng‘)”oo < c¢R7! uniformly for all R >0 and k € {1,...,d'}, by scaling. But then it
follows from the proof of [9, Lemma 2.7] that Statement 3.2 is valid. 0
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The B'®)(r) have the following uniform geom..... property. Let B{*)(p) be the ball
of radius p on M with respect to the vector space basis b_q4,_, . . ., bo.

LEMMA 3.3. There exist ¢ € (0,1] and ¢ > 1 such that B™)(cru) x B'‘H)(cr)
C B'™(r) ¢ BM(dru) x BH)(¢r) uniformly for all r,u > 0 with 7u > 1.

ProoF: Since the T(g) with g € Gy are orthogonal with respect to the inner
product (-, -) on g the balls B(r) and Bg,(r) of radius r on G and G with respect to
the vector space basis b_g4,,,...,bq are equal, by (3). Hence by [19, Proposition I11.4.2],
there exists a ¢; > 0 such that B'(cj!r) C Bg,(r) C B'(cir) for all 7 > 1. Next for

all > 0 define R, = {Z &b &) < rviforalli € {1,. }} Then it follows

from the proofs of [19, Proposition 1V.5.6 and IV.5.7), that there exists a ¢; > 0 such

that expq, Re-1, C Boy(r) C expg, Re,r for all r > 1, where Bgy(r) is the ball on

QN with respect to the basis by,...,bs. But obviously there exists a ¢; > 0 such that

expq, Re1, C B'™)(r) C expg, Re,r for all r > 0. Hence the inclusions of the lemma

are valid for u = 1. But then the general case follows by scaling. 0
Let ¢y > 1 be the constant in (17). We may assume that

(20) “'lp 1r/J)Hi'”z Hr = SN T2|IVI(H)w"2 Hyr

uniformly for all » > 0 and ¢ € H;(;f” (B'#)(2r)). Further, let ¢, be as in Lemma 3.3
and ¢; and o as in Lemma 3.2.

LEMMA 3.4. Forall v € (0,1) there is anry € (0,co(c)™") such that
% = ) reo-trally meginy S 07218 200 = W)t [ 1,

uniformly for all ¢ € H;(f) (B'H)(2¢)) satisfying Hy = 0 weakly on B"®)(c).

PRrOOF: Let 1 € (1,1). By [9, Proposition 3.3}, there exists a cpg > 0 such that
forall R € (0,1] and ¢ € H;(;fl')(B’(”)(R)) which satisfy Hy = 0 weakly on B'®)(R) one
has

”Vl(H)w”z Hr S CDG (T/R)D Han ||Vl(H)¢||2 H.R
for all 0 < r < R. Hence in combination with (20) and Lemma 3.2.3.2 it follows that
v - (¢)Hr||2 Hr S CDGCN r¥(r/R)P7H2 |V |2 4 ok

< C1Cpg CN g~DHm (""/R)D“"l ”¢ - (1/’) H,R||§,H,R

whenever 0 < 7 < (6 A27)R < R < 1 and ¢ € Hyt)(B'™)(R)) satisfying Hy = 0
weakly on B"")(R). But

cicpgeno~ P (r / R)D+ = ( ciepcen(o R)—D+2—2u1 72 -u.,)) FD+20

So take R = ¢ and r small enough. 0
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PROPOSITION 3.5. Forallv € (0,1} there exist o € (0,1) and uq > 1 such
that for all u > up and ¢ € H;(;;') (B'™(2)) satisfying Hp,jp = 0 weakly on B"™(1) one
has "

IVeolzur <70 2N Viupl3 s -

PROOF: Let 1p € {1,1). Let rp be as in Lemma 3.4. Suppose there is no such up.
Then for all n € N there exist u, > ory'VpVnand , € H'("")(B’("")(Z)) such that
Hju,)on = 0 weakly on B'®»)(1) and

”vu,,(p"“2 Un ,T0 > r(] 2+2u"V (pﬂ“'Z,‘u,, 1

where p > 0 is such that BM)(cp) = M. We may assume that {@n)u,1 = 0 and
V., @nll2u,1 =1 for all n € N. Then {|¢al2u,1 € cn for all n € N by the Poincaré
inequality (17). But M x B¥)(c) c B"®~)(1) for all n € N since uy > p, by Lemma 3.3.
Applying Proposition 2.1 to the set M x B#)(c) and the restrictions of the functions
©n to the set M x B (c) it follows that there exists a subsequence of i, @, .. ., also
denoted by ©1, @2, . . ., such that ¢, converges weakly on M x B'")(c) to a ¢ satisfying
¢ = Py and Hep = 0 weakly on B"#)(c), where 1 = ¢*. Moreover, since c'o~'ry < ¢ one
may assume by Lemma 2.2 that ¢, converges to 1®1 strongly in L,(M x B ) (do~1ry)).

Then

rO-T = liminf rg

> 2+2ullvun ‘pn“2,un,l

< Hminf |V, @al3 u, ro
. . - 2
< llﬂg}f ¢ ot To 2”<Pn - <‘Pn>un,a“r0”2,u,.,a~‘ro

by the Caccioppoli inequality of Lemma 3.2.

Next note that v = [, {p ~ v|? has its minimum for v = (p)q, the average of ¢ over
Q. Moreover, B® (671ry) € BM(do~1rqu) x B (do~'ry) = M x B (co ‘11'0) by
Lemma 3.3 whenever 0~ 'rou > 1 and o !rqu > cp. Therefore with r; = o™ !ry one
has

liﬂg}flltpn - <‘pn)un,d“ro";umd-xro < lim inf I‘Pn - <7~p)H,r1l2

n~00 MxB'(H)(da~1ry)

2
=/ |l®'¢_<¢)H,nl
MxB/(H)(c/ag=1rg)

=l = @l gy -
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It follows from Lemma 3.4 and again the normalisation |M| =1 that

D-
o N3 e

_ ~D—24+219 2
=1t / lol
MxB"H)(c)

< r272 20 lim inf |onl?
00 JMxBH)(c)

N

T(l,)_2+2u g a 0-2 7'(')_2“1/} - ('l/))H.fl”;,H,r;

<rg 0 liminf [jgall3,, 0 =m0 T
n—00
Then one has a contradiction since v < 1y, D > 2 and 7y < 1. 0

These local estimates extend to global estimates by various applications of scaling.
fO<r< R s,u>0¢9p€ H'(") (B'™(R)) satisfying Hpp = 0 weakly on B'®)(r)
and ¢ = pol, then ¢ € HY (B)(Rs™Y)) and Hyqi = 0 weakly on B®@)(rs™1).
Moreover,

IVes®llz s = 5* 2 1 Ve0l3 06
for all p € (0, Rs™1}.

LEMMA 3.6. Forall v € {0,1) there exist g € (0,1) and up > 1 such that for
allT € (0,7q), u > rug and ¢ € H;(;’f) (B'®™(2)) satisfying Hye = 0 weakly on B'®)(1)
one has

V2 ‘P”zur < rg PR Dm R V4 <P||2u 1

PrOOF: Let 79 € (0,1) and up > 1 be as in Proposition 3.5. The proof is by
induction. By Proposition 3.5 one has

”V:L(p”g,u,ro = 2+2u”V (p”2,u1

forall u > ug and p € Hé‘fl‘) (B'®)(2)) satisfying H,e = 0 weakly on B'®)(1). Let k € N
and suppose that

(21) V%, wll«“,k < (r5) PNVl -

for all u > 75 *ug and ¢ € H;S’l‘)(B’(“) (2)) satisfying Hpyp = 0 weakly on B (1). Let
uzrg® My and p € H,Y(B"™(2)) satisfying Hiuy = 0 weakly on B'®)(1). Set s = r}
and ¥ = poI'y. Then Proposition 3.5 implies that

”V 'lp”2 ,US,Tg \ D—2+2ullvzaw”§,us,l .

Hence

k+1)(D-242
DVl <70 L

IVl o < 7
where the induction hypothesis (21) is used in the last step.

This proves the lemma if 7 € 7Y. The general case is an easy consequence. 0
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LEMMA 3.7. Forallv € (0,1) there exist rg € (0,1) and ¢ > 0 such that for all
w> 0 and ¢ € HyY (B"™)(2)) satisfying Hj,p = 0 weakly on B'®)(1) one has

(22) IVl < er® Vo0l .,

for all T € (0, 7).

PROOF: Let 79, ug be as in Lemma 3.6. Let u > 0, 7 € (0,79} and ¢ € H. '(") Y (B'™(2))
satisfying Hyp = 0 weakly on B'®)(1). If u > r~ug then (22) is valid with ¢ = ry P+?-%
by Lemma 3.6. So we may assume that u < r~'ug. Let cpe be the De Giorgi constant for
the operator Hi,, associated to the order v (see [9, Proposition 3.3]). Set ¢ = @oT',-1,,.
Then Hjy, b = 0 weakly on B'®)(uug?) and

”V:.L 7/’"%,«;0,,; CpG (p/R)D 2+2””V 11)"2 ,uo,R
for all 0 < p < R < (uug! A 1). Therefore

”V (p“2uu-1uop 19:7¢} (p/R)D 2+2V”V (p”2uu lugR
forall 0 < p < R < (uygt Al).

Now if u < ug choose p = uug'r and R = uuy*. Then

”v <p||2ur = CDG’rD 24’2‘/“v <p”2,ul

as desired.

But if u > uo and since u < 7~ !ug one can choose p = uuo'lr and R = 1. Then
”V 50“2111' € ¢pe (uuo T)D 2+2VHV (p“2uu

l'll() .
If, however, u~lug < 1o then, by Lemma 3.6, one has

(23) ”V (10“2,11, u—lyg X < TO_D+2 21/(“ 1uU)D 2+2V”v (pHZul
Alternatively, if u~'ug > o then (23) is valid since u~'ug < 1. Hence

IV, ‘/’qur Cpc Ty D+2_2u(uualr)D—2+2”(u UO)D 2+2u|lv (P||2u1

=CpGTo o DIt 2+2”“V ‘P“2u1
as required. 0
ProoF ofF PROPOSITION 3.1: The De Giorgi estimates of the proposition follow
from those of Lemma 3.7 by scaling. 0

Although the estimates (5), (17) and (19) have been expressed in terms of balls
centred at the identity the same bounds are true for balls centred at an arbitrary g € G
by right invariance of the differential operators and unimodularity of G. Therefore one
obtains the desired Gaussian bounds on K; [ for ¢ € (0,1], uniformly for u > 1, by [9,
Theorem 4.1], since all the estimates are uniform in «. Then the bounds of Theorem 1.1
follow from (4).
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