J. Appl. Prob. 52, 1-17 (2015)
Printed in England
© Applied Probability Trust 2015
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Abstract

We study the convergence of centered and normalized sums of independent and
identically distributed random elements of the space O of cadlag functions endowed
with Skorokhod’s Jj topology, to stable distributions in . Our results are based on
the concept of regular variation on metric spaces and on point process convergence.
We provide some applications; in particular, to the empirical process of the renewal—
reward process.
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1. Introduction and main results

The main aim of this paper is to study the relation between regular variation in the space Dj
and convergence to stable processes in ;. Let us first describe the framework of regular
variation on metric spaces introduced by [8] and [9]. Let / be a nonempty closed subinterval
of R. We denote by D; the set of real-valued cadlag functions defined on 7, endowed with
the J; topology. Let 4; be the unit ball of D, with respect to the uniform metric, i.e. the subset
of Dy of functions x such that ||x||; = sup,¢; [x(z)] = 1. A random element X in Dj is
said to be regularly varying if there exists « > 0, an increasing sequence a,, and a probability
measure v on 47, called the spectral measure, such that

lim nIP’(llXH, > ayx, X € A) =x"%v(A) (1.1)
n—00 X1,

for any Borel set A of §; such that v(0A) = 0 where d A is the topological boundary of A. Then

|| X|; has a regularly varying right-tail and the sequence a, is regularly varying at infinity with

index 1/« and satisfies P(|| X||; > a,) ~ 1/n. [9, Theorem 10] states that (1.1) is equivalent to

the regular variation of the finite dimensional marginal distributions of the process X together

with a certain tightness criterion.

In the finite dimensional case, it is well known that if {X,,} is an independent and iden-
tically distributed (i.i.d.) sequence of finite dimensional vectors whose common distribution
is multivariate regularly varying, then the sum )/, X;, suitably centered and normalized,
converges to an «-stable distribution. In statistical applications, such sums appear to evaluate
the asymptotic behavior of an empirical estimator around its mean. Therefore, we will consider
centered sums and we shall always assume that | < o < 2. The case @ € (0, 1) is actually
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2 F. ROUEFF AND P. SOULIER

much simpler. Very general results in the case o« € (0, 1) can be found in [6]. In this case
no centering is needed to ensure the absolute convergence of the series representation of the
limiting process. In contrast, if @ € (1, 2), the centering raises additional difficulties. This
can be seen in [13], where the point process of exceedances was first introduced for deriving
the asymptotic behavior of the sum S, = Z?:] Xin, for X; , = Yi1[i/n, 17, with the ¥;s i.i.d.
regularly varying in a finite dimensional space. A thinning of the point process has to be
introduced to deal with the centering. In this paper, we also rely on the point process of
exceedances for more general random elements X; , valued in ;. Our results include the case
treated in [13, Proposition 3.4]; see Section 3.1. However, they do not require the centered
sum S, — E[S,] to be a martingale and the limit process that we obtain is not a Lévy process
in general, see the other two examples treated in Section 3. Hence, martingale-type arguments
as in [10] cannot be used. We now present our main result.

Theorem 1.1. Let {X;} be a sequence of i.i.d. random elements of Dy with the same distribution
as X and assume that (1.1) holds with 1 < a < 2. For x € Dj, let the sets of discontinuity
points of x be denoted by Disc(x). Assume that the following conditions hold.

(i) Forallt € I, v({x € 4;,t € Disc(x)}) = 0.

(i) Forall n > 0, we have
n

D (Xilyx 1 <ane) — EIX1x), <060 )

i=1

lim lim sup IP’(

el0 nsoo

> a,m) =0. (1.2)
I

Then an_l Z?:] {X; — E[X]} converges weakly in (Dy, J1) to an «-stable process N, that admits
the integral representation

R = Ca/ w(t) dM (w), (1.3)
8]

where M is an a-stable independently scattered random measure on 8 with control measure v
and skewness intensity f = 1 (totally skewed to the right) and ¢ = I'(1 — o) cos(mwoe/2).

Remark 1.1. If x and y are two functions in Dy, then, for the J; topology, addition may not
be continuous at (x, y) if Disc(x) N Disc(y) # &. Condition (i) of Theorem 1.1 means that
if W is a random element of §; with distribution v then, for any ¢ € I, P(t € Disc(W)) = 0,
i.e. W has no fixed jumps; see [11, p. 286]. Condition (i) of Theorem 1.1 also implies that
v ® v-almost all (x, y) € 83 x 4, i.e. x and y have no common jumps. Equivalently, if W
and W' are i.i.d. random elements of §; with distribution v, then, almost surely, W and W’ have
no common jump. This implies that if Wy, ..., W, are i.i.d. with distribution v, then, almost
surely, addition is continuous at the point (W1, ..., W) in (Dy, J1)"; cf. [16, Theorem 4.1].

It will be useful to slightly extend Theorem 1.1 by considering triangular arrays of inde-
pendent multivariate cadlag processes. To deal with £-dimensional cadlag functions, for some
positive integer £, we endow i)f with Jf, the product J; topology, sometimes referred to
as the weak product topology (see [17]). We then let §; ¢ be the subset of O‘Df of functions
x = (x1, ..., xg) such that

llxll; e = max suplx;(1)] = 1.
i=l1,..., el
Note that, in the multivariate setting, we have Disc(x) = U;=
following slightly more general result.

¢Disc(x;). We will prove the

.....
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Theorem 1.2. Let (m,) be a nondecreasing sequence of integers tending to infinity. Let
{Xin, 1 <i < my} be an array of independent random elements of .Df. Assume that there
exists o € (1, 2) and a probability measure v on the Borel sets of (81,4, J f) such that v satisfies
condition (i) of Theorem 1.1 and, for all x > 0 and Borel sets A such that v(0A) = 0,

m
. - Xi n ) _
1 P( | x; , —— € A ) = x"%V(A), 1.4
i D2 ([ il > v i a) = 1)
Jim max P(|| X0 1o > %) =0, (1.5)
mp
lim limsup Y B[ Xpn |, , 1x,, [, ,>] = O (1.6)

X=0 p— :
i=1

Moreover, suppose that, for all n > 0, we have

lim lim sup IP’(

el0 n—oo

> 77) =0. (1.7)

mp
D Kinlyjx,, |, =) — BLXinlyx, |, <o)
i=1 1,0

Then Zznz”l{X,;,, — E[X; ]} converges weakly in (D¢, Jf) to an £-dimensional a-stable pro-
cess R, that admits the integral representation given by (1.3) with 81 replaced by & 4.

Remark 1.2. If m,, = n and ||X,‘,,,HM = Y;/a, where {Y;, i > 1} is an i.i.d. sequence and
(1.4) holds, then the common distribution of the random variables Y; has a regularly varying
right-tail with index «. It follows that (1.5) trivially holds and (1.6) holds by Karamata’s
theorem. Note also that, obviously, if X; , = X;/a, with {X;, i > 1} ani.i.d. sequence valued
in :Df, then (1.4) is equivalent to the regular variation of the common distribution of the X;s.

From Remark 1.2 we see that Theorem 1.1 is a special case of Theorem 1.2, which we will
prove in Section 2.6. We conclude this section with some comments about the «-stable limit
appearing in Theorem 1.1 (or Theorem 1.2). Its finite dimensional distributions are defined by
the integral representation (1.3) and only depend on the probability measure v. If X/ | X||;
is distributed according to v and is independent of || X||;, as in Section 3.2, then (1.1) holds
straightforwardly and, provided that the negligibility condition (ii) of Theorem 1.1 holds, a
byproduct of Theorem 1.1 is that the integral representation (1.3) admits a version in Dj.
The existence of cadlag versions of «-stable processes is also a byproduct of the convergence
in D; of series representations as recently investigated in [5] and [1]. We will come back to
this question in Section 3.2. For now, let us state an interesting consequence of the It-Nisio
theorem proved in [1].

Lemma 1.1. Leta € (1, 2), v be a probability measure on 81, and R be a process in Dy which
admits the integral representation (1.3). Let{T';, i > 1} be the points of a unit rate homogeneous
Poisson point process on [0, 0c0) and {W, W;, i > 1} be a sequence of i.i.d. random elements
of 81 with common distribution v, independent of {I';}. Then E[W], d(;ﬁned by E[W](t) =
E[W(t)] for allt € I, is in Dy and the series Z?il{Ffl/a W; —E[T"; /a]E[W]} converges
uniformly almost surely in Dy to a limit having the same finite dimensional distribution as \.

Proof. The fact that E[W] is in D; follows from dominated convergence and ||w]|; = 1
almost surely (a.s.). The finite dimensional distributions of

Sp = (T; /Wi — B0, IR}

i=1
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converge to those of R as a consequence of [14, Theorem 3.9]. Hence, to obtain the result, it
suffices to show that the series Z?il{F;I/a Wi — E[F;I/Q]E[Wi]} converges uniformly a.s.
Note that the series Z?il{f‘i_l/a — E[Fi_l/a]} converges a.s.; thus, writing

> iy Vew; — EIr; VU EIW )
i=1

i i

= T VW - EW1 + E(w1 Y (r; V¢ — Er; V),
i=l i=1

we can assume without loss of generality that E[W] = 0. Define T, = er‘l:l i—lew,, By
Kolmogorov’s three series theorem (see [11, Theorem 4.18]), since Z?il i72/* < 0 and
var(W;(t)) < 1,forall ¢t € I, T,(¢) converges a.s. to a limit, say Tpo(?).

Arguing as in [5], we apply [14, Lemma 1.5.1] to obtain that the series Y ;o |Fl._1/a -
i_l/“| is summable. This implies that the series A = Z?il(Ffl/a —i~Vyw; is uniformly
convergent. Hence, S,, — T, converges uniformly a.s. to A and A € D;. Thus, forallr € I,
S, (t) converges a.s. to A(t) + To(¢). Since the finite distributions of S,, converge weakly to
those of ® which belongs to D; by assumption, we conclude that A + T, has a version in Dy .
Hence, T, also has a version in Dj.

We can now apply [1, Theorem 2.1(ii)] and obtain that, suitably centered, 7,, converges
uniformly a.s. Moreover, for each ¢, we have E[T,,(¢)] = E[T ()] = 0 and E[|T(t)|2] =
E[W @137, i7%% < 3%, i72/*. Hence, {T(t), t € I} is uniformly integrable. Then
[1, Theorem 2.1(iii)] shows that 7;, converges uniformly a.s. without centering. Thus, S, also
converges almost surely uniformly.

Corollary 1.1. The process R defined in Theorem 1.1 also admits the series representation

o0
-1 -1

R(t) =Y {T;/“W; — E[T; “IE[Wq 1), (1.8)

i=1

where {I';, W;, i > 1} are as in Lemma 1.1. This series is a.s. uniformly convergent.

It seems natural to conjecture that the limit process in Theorem 1.1 or the sum of the series
in Lemma 1.1 is regularly varying with spectral measure v (the distribution of the process W).
However, such a result is not known to hold generally. It was proved in [4, Section 4] under

the assumption that W has a.s. continuous paths. Under an additional tightness condition, we
obtain the following result.

Lemma 1.2. Let o € (1, 2), v be a probability measure on 87, and W be a random element
of 81 with distribution v. Assume that E[W] is continuous on I and that there exist p € («, 2],
y > % and a continuous increasing function F such that, forall s <t < u,

E[|W (s, )P]1 < {F(t) — F(s)}", (1.9)
E[|W (s, OW (£, w)|"] < (F () — F(s)}*", (1.10)
where W (s, 1) = W) — W(s) — E[W () — W(s)]. Then the stable process N defined by the

integral representation (1.3) admits a version in D; which is regularly varying in the sense
of (1.1), with spectral measure v.
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Remark 1.3. Our assumptions on W are similar to those of [1, Theorem 4.3] and [5, The-
orem 1], with a few minor differences. For instance, (1.9) and (1.10) are expressed on a
noncentered W in these references. Here, we only require E[W] to be continuous, which,
under (1.9), is equivalent to condition (i) of Theorem 1.1. Indeed, take a random element W
in 4;. Then, by dominated convergence, E[W]isin D;. Condition (1.9) implies that W —E[W]
has no pure jump. Thus, under (1.9), the process W has no pure jump if and only if E[W] is
continuous on /.

Proof of Lemma 1.2. Proposition 3.1, below, implies that the stable process R defined
by (1.3) admits a version in Dj;. Let us prove that this version is regularly varying in the
sense of (1.1), with spectral measure v. By Corollary 1.1, ® can be represented as the a.s.
uniformly convergent series

o o0 oo

oy ew — B wiy = rT VW + BIwl Yy e — By,

i=1 i=1 i=1
where W; = W; — E[W]. For k > 1, define & = Z;’ik Fi_l/aWi. We proceed as in the
proof of Corollary 2.2, below. Conditioning on the Poisson process and applying Burkholder’s
inequality, we have, for a constant C;, depending only on p, forall € I, since [|W||; = 1,

(0.¢]
E[|Z4(1)|P1 < C) ZE[I‘Z._”/“] < . (1.11)
i=4
Similarly, using (1.9) and (1.10), we obtain that there exist constants C and C’ depending only

on « and p such that, fors <t <u € I,

E[|24() = 24(9)|"|Zaw) — 2a(0)|"]

o0 p
< CE[(Z r;”“) }E[‘W(s, HW i, u)|"]

i=4

+ cr&:[(i F,.”/“>2}E[|W(s,t)I”]IE[|W(f, w)|”]

i=4
< C'{F(u) — F(s)}*.

This bound and (1.11) imply that ]E[||E4||f ] < oo; see [2, Chapter 15]. Moreover, since
p/a < 2 we have, fori = 2,3, E[Fi_p/“

obtain E[|| 22||?] < 0o and Z can be represented as

] < oo. Using ||W;l|l; < 1fori = 2,3, we finally

o
Iy VoW + 5+ BWD Y (e — B ey =m0 w4+ T
i=l1

—1/a

i

—1/a

i

1/

where T = 3, + E[W] Z;’iz{r — E[l 1} — ]E[Fl_ W] satisfies E[IlTIlf] < 0.
—1/a

Observe that p > «. Since Ffl/ % has a Frechet distribution with index «, it holds that r, W
is regularly varying with spectral measure v, which concludes the proof.

In the next section, we prove some intermediate results needed to prove Theorems 1.1 and 1.2.
In particular, we give a condition for the convergence in D; of the sequence of expectations.
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This is not obvious, since the expectation functional is not continuous in £;. We provide a
criterion for the negligibility condition (1.7) and, for the sake of completeness, we recall the
main tools of random measure theory we need. In Section 3, we give some applications of
Theorem 1.1.

2. Some results on convergence in D; and proof of the main results

2.1. Convergence of the expectation in D;

It may happen that a uniformly bounded sequence (X;,) converges weakly to X in (Dy, Jp)
but E[X,,] does not converge to E[X] in (Dy, J1). Therefore, to deal with the centering, we
will need the following lemma.

Lemma 2.1. Suppose that X,, converges weakly to X in (Dy, J1). Suppose moreover that
there exists m > 0 such that sup,, | X, ||; < m a.s. and X has no fixed jump, i.e. for all t € I,
P(t € Disc(X)) = 0. Then the maps E[X,] : t — E[X,,(t)] and E[X] : t — E[X(¢)] are in
Dy, E[X] is continuous on I, and E[X,,] converges to E[X] in (Dy, J1).

IX]l; < m almost surely. The fact that E[X,] and E[X] are in D; follows by bounded
convergence. Because X has no fixed jump, we also find that E[ X] is continuous on 1.

By Skorokhod’s representation theorem, we can assume that X,, converges to X almost surely
in Dy. By the definition of Skorokhod’s metric (see e.g. [2]), there exists a sequence (X,) of
random continuous strictly increasing functions mapping / onto itself such that ||A,, —id;||;
and | X,, — X o A,||; converge almost surely to 0. By bounded convergence, it also holds that
lim,— 0 E[| X, — X 0 A,,]I;] = 0. Now write

Proof. Since we have assumed that sup,,> [| X, ||; < m, almost surely, it also holds that

IELX,] — EIX]I; < IE[X, — X o Xn]ll; + IE[X 0 A — X1l -

The first term on the right-hand side converges to zero so we only consider the second one.
Denote the oscillation of a function x on a set A by

osc(x; A) = supx(¢) — inf x (7). 2.1
teA teA

Let the open ball centered at ¢ with radius r be denoted by B(¢, r). Since X is continuous at f with
probability one, it holds that lim,_,q osc(X; B(r,t)) = 0 a.s. Since || X||; < m a.s. by domi-
nated convergence, for each ¢t € I, we have lim,_,¢ E[osc(X; B(t,r))] = 0. Let n > 0 be arbi-
trary. For each ¢ € I, there exists r(¢, n) € (0, n) > 0 such that E[osc(X; B(z, r (¢, n)))] < n.

Since [ is compact, it admits a finite covering by balls B(#;, &), i = 1,..., p, with g =
r(ti,n)/2. Fix some ¢ € (0, minj<;<p &;). Then, for s € B(%;, ¢;) and by our choice of ¢,
we have

[E[X o Ap(s)] — E[X ()] < E[|X o An(s) — X ()L, —id, |, <c}] + 2mP(An —idsll; > )
< E[osc(X; B(ti, r(t;, D)1 + 2mP(|A, —id;ll; > )
< n+2mP(Ir, —idsll; > ©).

The last term does not depend on s; thus, ||E[X o A,,] — E[X]|l; < n+2mP(||A, —idf||; > ¢).

Since ||A,, —id; ||; converges a.s. to 0, we obtainlim sup,,_, o, [E[X o A, ] — E[X]||; < 5. Since
n is arbitrary, this concludes the proof.
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Remark 2.1. Under the stronger assumption that X,, converges uniformly to X, Lemma 2.1
trivially holds since [|E[X,, — X]|I; < E[||X,, — X||;], and the result then follows from dom-
inated convergence. If X is a.s. continuous then the uniform convergence follows from the
convergence in the J; topology. If X,, is a sum of independent variables converging weakly in
the J; topology to X with no pure jumps then the convergence in the J; topology again implies
the uniform convergence; see [1, Corollary 2.2]. However, under our assumptions, the uniform

convergence does not always hold, as illustrated in the following example.

Example 2.1. For I = [0, 1], set X;, = 1[y(n—1)/n,11 and X = 1y 1} with U uniform on [0, 1].
Then the assumptions of Lemma 2.1 hold. However, X, converges a.s. to X in the J; topology
but not uniformly.

Let us now provide counterexamples in the case where the assumption of Lemma 2.1 on the
limit X is not satisfied.

Example 2.2. Let I = [0, 1], X = 1j,2,1}, and X, = 1{y, 1] where U, is drawn uniformly on
[% —1/n, %]. Then X, — X a.s. in O; but E[X,,] does not converge to E[X] = X in the J;
topology, though it does converge in the M topology.

Example 2.3. Set X,, = 1y, 1) for all n with probability % and X, = —1y,, 1] for all n with
probability %, where u, = % —1/nand v, = % — 1/2n. In the first case X,, — 1j1/2,11in Dy
with I = [0, 1] and in the second case X, — —1j1,2,1)in D;. Hence, X;, — X a.s.in Dy
for X well chosen. On the other hand, we have E[X,] = 1}, 4,) Which converges uniformly to
the null function on [0, u] U [%, 1] for all u € (0, %), but whose supremum on / = [0, 1] does
not converge to 0; hence, E[X,,] cannot converge in £D; endowed with Ji, nor with the other
usual distances on £D; such as the M; distance.

The assumption that sup, || X,||; < m a.s. can be replaced by a uniform integrability
assumption. Using a truncation argument, the following corollary is easily proved. The
extension of the univariate case to the multivariate one is obvious in the product topology
so we state the result in a multivariate setting.

Corollary 2.1. Suppose that X,, converges weakly to X in (D%, J f). Suppose moreover that X
has no fixed jump and {|| X, |7 ¢, n > 1} is uniformly integrable, that is

im limsup E[| Xnll7 ¢ 1yyx,1, ,>m] = O.

1
M—>00 p—soo

Then the maps E[X,] : t — E[X,(¢)] and E[X] : t — E[X (¢)] are in D, E[X] is continuous
on I, and E[X,,] converges to E[X] in (:OZ, Jf).

2.2. Weak convergence of random measures

Let X be a complete separable metric space (CSMS). Let M (X) denote the set of boundedly
finite nonnegative Borel measures © on X, i.e. such that w(A) < oo for all bounded Borel
sets A. A sequence (u,) of elements of M(X) is said to converge weakly to w, denoted by
Mn =t W, I limy o0 i, (f) = p(f) for all continuous functions f with bounded support
in X. The weak convergence in M(X) is metrizable in such a way that M(X) is a CSMS.
We denote by B(M (X)) the corresponding Borel sigma-field. Let (M,) be a sequence of
random elements of (M(X), B(M(X))). Then, by [3, Proposition 11.1.VIII], M, converges
weakly to M, denoted by M,, = M, if and only if lim,,—s oo E[e~Mn(N] = E[e=M ] for
all bounded continuous functions f with bounded support. A point measure in M(X) is a
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measure which takes integer values on the bounded Borel sets of X. A point process in M (X))
is a random point measure in M(X). In particular, a Poisson point process has an intensity
measure in M(X). In the following, we shall denote by N (X) the set of point measures
in M(X) and by M (X) the set of finite measures in M (X).

Consider now the space £D; endowed with the J; topology. Let § be a bounded metric
generating the J; topology on £D; and which makes it a CSMS; see [2, Section 14]. From now
on we denote by X; = (Dy, § A 1) this CSMS, all the Borel sets of which are bounded, since
we chose § bounded. We further let & *(X ;) be the subset of point measures m such that, for
all distinct x and y in Dy such that Disc(x) N Disc(y) # &, m({x, y}) < 2. In other words, m
is simple (the measure of all singletons is at most 1) and the elements of the (finite) support of m
have disjoint sets of discontinuity points. To deal with multivariate functions, we endow Xf
with the metric

12
Se((xrs o xe), (], .., X)) = Y 8(xi, X)),

i=1

so that the corresponding topology is the product topology denoted by Jf. Finally, we de-
fine the space Y;, = (0,00] x 47, which is a CSMS when endowed with the metric
d((r,x), (r',x")) = |1/r = 1/r'| + 8¢(x, x").

Proposition 2.1. Let y € M (Y1) and ¢ > 0 be such that
() forallt € I, u({(y, x) € Y.t € Disc(x)}) =0,
(i) u({e, oo} x 81¢) =0.

Let M be a Poisson point process on Y ¢ with control measure ju. Let {M,} be a sequence
of point processes in M(¥Yr.¢) which converges weakly to M in M(¥Y1.¢). Then the weak
convergence

/ / ywM,(dy, dw) = / ywM (dy, dw) 2.2)
(€,00) V8¢ (8,00) ¢
holds in (D¢, Jf) and the limit has no pure jump.

Proof. Let us define the mapping ¥ : Y5 ¢ — x§ by

yw ify < oo,
0 otherwise.

Yy, w) = {

Also, let W : M (Y1) — :M(X?) be the mapping defined by

(W (m)1(A) = m(yr 1 (A) N (e, 00) x 81.0)),

for all Borel subsets A in M(Xﬁ). Since 9(A N ((g, 00) x 81¢)) C dA N ({e, 00} X 81.¢)),
we have that m — m(- N ((g, 00) x 8;¢)) is continuous from M (Y, ¢) to M (Y1 ¢) on the set
A ={pn € M(Yr1.0): u({e, oo} x 87,¢) = 0}. Using the continuity of i on (0, 00) x &y ¢, it
is easy to show that m +— m o w_l is continuous on Az = { € M(Y; ) : there exists M >
0, u([M, o] x ;) = 0}. Hence, ¥ is continuous on A = 41 N 4A2. We note now that

the map
mr—)/ / ywm(dy, dw) =/w\I/(m)(dw)
(£,00) V810

https://doi.org/10.1239/jap/1429282603 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1429282603

Convergence to stable laws in the space D 9

is continuous as a mapping from ¥ ~! (W (X)) endowed with the — w* topology to @47 f) on
the set W1 (AN *(6;)) N . This fact is a straightforward adaptation to the setting of finite point
measures endowed with the w* topology of [16, Theorem 4.1], which establishes the continuity
of the summation on the subset of all (x, y) € Dy x Dy (endowed with the product J; topology)
such that Disc(x)NDisc(y) = &. Thus, the weak convergence (2.2) follows from the continuous
mapping theorem, and by observing that the sequence (M,,) belongs to U—HWN (X)) forall n
and that, by (i) and (ii), M belongs to ULN*(X))) N A as. (see Remark 1.1). The fact that
the limit has no pure jump also follows from (i).

2.3. Convergence in Df based on point process convergence

The truncation approach is usual in the context of regular variation to exhibit a-stable
approximations of the empirical mean of an infinite variance sequence of random variables.
The proof relies on separating small jumps and big jumps and on point process convergence.
In the following result, we have gathered the main steps of this approach. To our knowledge,
such a result is not available in this degree of generality.

Theorem 2.1. Let {N,, n > 1} be a sequence of finite point processes on X; and N be a Poisson
point process on Y1 ¢ with mean measure j1. Define, for alln > 1 and ¢ > 0,

Sn=/ / ywN,(dy, dw), S,Ts=f / YwN,(dy, dw),
0.00) /814 ©.e1 /81,

Zg=/ / ywN(dy, dw),
(e,00) /8¢

which are well defined in JDf since N and N, have finite supports in (g, 00) X 8¢ and
(0, 00) x 4; ¢, respectively. Assume that the following assertions hold.

() No = Nin (M(Yr.0), BM(Yr1.0))).
(ii)) Forallt € I, pn({(y,x) € Y1, t € Disc(x)}) = 0 and u({oo} x 8r¢) = 0.
(i) fig ) y*u(dy, 81,0 < oo.
(iv) For each ¢ > 0, the sequence {f(g’oo) YNu(dy, 81.¢), n > 1} is uniformly integrable.
(v) Foralln > 0, limg o lim sup,_, o P([| S;° = E[S;1], , > ) = 0.
Then the following assertions hold.

e Foreache >0, Z, € i)f, E[Z.] € D¢, and Z, — E[Z,] converges weakly in (Q‘De, Jf)
to a process Z as ¢ — 0.

e S, — E[S,] converges weakly in (JDE, Jf) to Z.

Proof. For ¢ > 0, we define
5t = / / ywNa(dy, dw),  §7F = SF—E[ST], 5 = 8= — B[S,
(g,00) /4 ¢

which are random elements of JDf. By Proposition 2.1 and (i) and (ii), we have that S ¢
converges weakly in (D!, Jf) to Z,, provided that ;({e} x 87 ¢) = 0, and Z, has no pure jump.

Since || S¢ “1 0 = f(s 00) YN, (dy, 81.¢), by (iv) we find that{” S-¢ H[ ¢+ 1 = 1}isuniformly
integrable. Applying Cdrollary 2.1, we find that E[S, *] converges to E[Z,] in (D¢, J f) and
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that E[Z,] is continuous on /. Thus, addition is continuous at (Z,, E[Z.]); see [17, p. 84].
We obtain, for all ¢ > 0, as n — o0,

§>¢ = 7z, —E[Z:] inDj. (2.3)
Define S, = S, — E[S,]. Then S, = S’,T £+ S’,f‘? and (v) can be rewritten as

lim lim sup P(|Su =574, , > m =0 (2.4)

By [2, Theorem 4.2], (a) and (2.4) imply (b). Hence, to conclude the proof, it remains to
prove (a), that is, Z, converges weakly in (D?, J )toaprocess Z. Forallz € and0 < & < &/,
we have

Ze(t) — Zg(t) = / yw()N(dy, dw),
81

(e,¢']

where N is a Poisson process with intensity measure . Thus, denoting by |a| the Euclidean
norm of vector a and by Tr(A) the trace of matrix A, we have

E[|Z (1) = Zer (1)1 = Tr(cov(Ze (t) — Ze (1))

=/ / Y w()u(dy, dw)
(e,6'] /810

se/ Vu(dy, 81.0).
(e,€']

We deduce from (iii) that Z, (1) — Z; (¢) converges in L? as ¢ tends to 0. Thus, there exists a
process Z such that Z, converges to Z pointwise in probability; hence, in the sense of finite
dimensional distributions. To obtain the convergence in (:De, Jf), since we use the product
topology in SDf, it only remains to show the tightness of each component. Thus, hereafter we
assume that £ = 1. Denote, for x € Dy and § > 0,

w’(x,8) =sup{|x@®) —x&)| Alx@w) —x@®)|;s <t <uel,|u—s| <8} 2.5)

By [2, Theorem 15.3], it is sufficient to prove that, for all n > 0,

hm sup IED(|| Ze||, > A) =0, (2.6)
—)OOO <<
lim lim sup IP’(w”(ZS, 8) >n) =0, 2.7
§40 £l0
hm lim sup P(osc(Ze: [a,a + 8)) > n) =0, (2.8)
el0
hm lim sup P(osc(Ze: [b — 68, b)) > n) =0, 2.9)
el0

where I = [a, b] and 0s¢ is defined in (2.1). We start by proving (2.6). For any g9 € (0, 1] and
¢ € [&g, 1], we have || Z, HI < f(s()yoo) yN(dy, 4;); whence,

sup P(|Z], > A) <A~ lJEU yN(dy,%fz)},
so<e<l (€0,00)

which is finite by (iv).
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This yields that lim— oo sup, <. <; P(IWell; > A) = 0 and to conclude the proof of (2.6),
we only need to show that, for any n > 0,

lim sup P(|Z; — Zg|, > n =0. (2.10)

€040 0<e<eg

The arguments leading to (2.3) can be used to show that, for all 0 < ¢ < &g,
S750 — 8§78 = Zoy— Ze inDy (2.11)

(although the latter is not a consequence of (2.?1) because Z;, and Z, have common jumps).
By definition, we have Sy 0 =87 =8~ S;so. By (2.11) and the continuous mapping
theorem, we obtain || S50 — S<El, = || Zey — Zs Thus, by the portmanteau theorem, for
allnp > 0,

I I

P(|1Zey = Ze|, = m) = limsup P(| 7% — S5, = m)
n—00

5hnwupP<”§;mH12;2)—FﬁmsupP(”S;ﬂLEzz>.
n—oQ 2 n— 00 2

We conclude by applying (v) which precisely states that both terms in the right-hand side tend
to zero as &g tends to 0, for any n > 0. This yields (2.10) and (2.6) follows.
Now define the modulus of continuity of a function x € Dy by

w(x, ) = sup{|x(@) — x(s)|, s,t € I, |t —s| < 5}.

We shall rely on the fact that, for any x, y € Dy, w”’(x + y,8) < w”(x,8) +w(y, §). Note
that this inequality is no longer true if w(y, §) is replaced by w”(y, §). We obtain, for any
O<e<eggandé$ > 0,

w”(ze» 3) < w”(ZE()v 3) + w(zs - Zsoa 3 =< w”(zso’ 3 +2 ”Ze - Zso ”1 .

Since 280 is in Dy, we have, for any fixed g9 > 0, lims_,¢ ]P’(w”(Zgo, 8) > n) = 0. Hence,
with (2.10), we conclude that (2.7) holds. Similarly, since, for each subinterval T, we have

08c(Ze; T) < 08¢(Zegs T) +2 | Ze — Zsy |, -
so we obtain (2.8) and (2.9). This concludes the proof.

2.4. Regular variation in £ and point process convergence
Now let {X; ,, 1 <i < my,} be an array of independent random elements in £D; and define
the point process of exceedances N, on (0, co] x 47 ¢ by

m)l
N = 2 1l X/ Xl

i=1
with the convention that 8 o/0 is the null mass. If the processes X, ;, 1 < i < m,, are i.i.d.
for each n, then it is shown in [7, Theorem 2.4] that (1.1) implies the convergence of the
sequence of point processes N, to a Poisson point process on Dy. We slightly extend here
this result to triangular arrays of vector-valued processes. Let N be a Poisson point process on
Y10 = (0, 00] x 85 ¢ with mean measure pq (dy dw) = ay~* dyv(dw).

Proposition 2.2. Conditions (1.4) and (1.5) in Theorem 1.2 imply the weak convergence of Ny
to N in (M(Yr1.e), BM(Yr1.0)))
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2.5. A criterion for negligibility

Condition (v) of Theorem 2.1 is a negligibility condition in the sup-norm. It can be checked
separately on each component of S~ — [E[S~°]. We give here a sufficient condition based on
a tightness criterion. Recall the definition of the modulus of continuity w” in (2.5).

Lemma 2.2. Let {U; ,, € > 0,n > 1} be a collection of random elements in Dy such that, for
allt € I and n > 0,

lim lim sup var (U, » () = 0, (2.12)
e=>0 n-oo
lim sup limsupP(w” (U, 8) > n) =0. (2.13)

8>00<e<l n—o0

Then, for all n > 0,
lim lim sup P(|| U, |, > n) =0.

e=>0 p—soo

Proof. By (2.12) and the Bienaim—Chebyshev inequality, we obtain, forall > Oandt € I,

lim lim sup P(|U; ()| > 1) = 0.

e~>0 p—oo

It follows that, forany p > 1,#; < --- < tp,and n > 0,

lim lim supIP’(k max |Us,n (1] > n) —0. (2.14)
=L.p

6—)0 n—o0 - N=l1,...,

Fix some ¢ > 0. By (2.13) we can choose § > 0 such that limsup,_, .. P(w” (Us ,, 8) >
n) < ¢ for all ¢ € (0, 1]. Now note that, for any § > 0, we may find an integer m > 1
and 7] < t] < -+ < by, such that, for all x € D, |x||; < w”(x,8) + maxg=1, m |x(&)|;
see [2, Proof of Theorem 15.7, p. 131]. This and (2.14) yield

lim lim sup IP’(” Uen ”] > 1)

e=>0 pooo

< sup limsupP(w” (Uep, 8) > 1) + lirr%)lim supIP’(k nllax |Ue.n(te)| > g)
£— = 4

O<e<l n—o00 n— 00

E c’
which concludes the proof since ¢ is arbitrary.

Itis well known that the stochastic equicontinuity condition (2.13) can be obtained by bounds
on moments of the increments; see [2, Chapter 15]. We therefore obtain the following corollary.

Corollary 2.2. Let X, X;, i > 1, be i.i.d. random elements in Dy such that || X ||; is regularly
varying with index o € (1, 2). Let {a,} be an increasing sequence such that

lim nP(||X||; > a,) = 1.
n—>oo

For ¢ > 0 define )_(8,” = X1yx|,<a,e — E[X1)x),<a,¢] and for s, t € I define )_(g,n(s, t) =
)_(g,n (1) — }_(gyn(s). Assume that there exist p € (,2], y > % a continuous increasing
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function F on I, and a sequence of increasing functions F, that converges pointwise (hence
uniformly) to F such that, foralls <t <u € 1,

sup na, "E[|Xen(s, 0)|P] < {Fu(t) — Fu(s))?, (2.15)
O<ex<l
sup n2a, PE[ Xen (s, DI Xen(t, 0)|P] < {Fuu) — Fy ()} (2.16)

O<e<l
Then condition (v) of Theorem 2.1 holds.

2.6. Proof of Theorem 1.2

We apply Theorem 2.1 to the point processes N, and N defined in Section 2.4 and the
measure [, in lieu of . By Proposition 2.2, we have that N, converges weakly to N in
M(¥Y1.¢),1.e. condition (i) of Theorem 2.1 holds. Condition (i) of Theorem 1.1 and the definition
of pq imply condition (ii) of Theorem 2.1. Condition (1.7) corresponds to condition (v) of
Theorem 2.1. Condition (iii) of Theorem 2.1 holds since

1
P o
/ Ve (dy, 51,e)=/ ay*“dt = :
0.1] 0 2-a

For0 < ¢ < x, define Y, = f(&oo) yN,(dy, 87¢) and Y = f(&oo) yN(dy, 8;.¢). The weak
convergence of N, to N implies that of N, (- x &7¢) to N(- x 47¢). In turn, by continuity of
the map m +— f :o ym(dy) on the set of point measures on (0, co] without mass on {e, oo}, the
weak convergence of N, (- x 81 ¢) to N (- x §; ¢) implies that of ¥, to Y. On the other hand, (1.6)
and (1.4) imply that E[Y,,] converges to E[Y] and E[Y] < oo. Since Y, and Y are nonnegative
random variables, this implies the uniform integrability of {Y,}, which is condition (iv) of
Theorem 2.1. Finally, (1.3) follows from [14, Theorem 3.12.2].

3. Applications

The usual way to prove the weak convergence of a sum of independent regularly varying
functions in Dy is to establish the convergence of finite dimensional distributions (which follows
from the finite dimensional regular variation) and a tightness criterion. Here, we consider
another approach, based on functional regular variation. We proved in Section 2.4 that functional
regular variation implies the convergence of the point process of (functional) exceedances. Thus,
in order to apply Theorem 1.1 or Theorem 1.2, an asymptotic negligibility condition (such as
(1.2) or (1.7), respectively) must be proved. Since the functional regular variation condition
takes care of the ‘big jumps’, the negligibility condition concerns only the ‘small jumps’, i.e.
we must only prove the tightness of sum of truncated terms. This can be conveniently done by
computing moments of any order p > «, even though they are infinite for the original series.
In this section, we provide some examples where this new approach can be fully carried out.

3.1. Invariance principle

We start by proving that the classical invariance principle is a particular case of Theorem 2.1.
Let {z;} be a sequence of i.i.d. random variables in the domain of attraction of an «-stable law,
with @ € (1, 2). Let a, be the (1/n)th quantile of the distribution of |z1| and define as usual
the partial sum process S, by S, (¢) = a,; 1 Z,E'Z]l (zk —E[z1]). Foru € [0, 1], denote by w, the
indicator function of the interval [u, 1], i.e. w,(t) = 1j,,17(¢), and define X; , = an_lzkwk/n.
Then we can write S,, = ZZ=1(Xk,n — E[Xk.»]). We will apply Theorem 1.2 to prove the
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convergence of S, to a stable process in D (1) with I = [0, 1]. Note that Han H, = zx/ay.
Thus, by Remark 1.2, we only need to prove that (1.4) holds with a measure v that satisfies
condition (i) of Theorem 1.1 and the negligibility condition (1.7). Let v be the probability
measure defined on 87 by v(-) = fol 8y, (-) du, ny bedefined on (0, oo]x 87 by po ((r, 00] %) =
r~*v(-), and u, be the measure in the left-hand side of (1.4). Since || Xk H[ = zr/ay, the
random variables z; are i.i.d., and wy,, are deterministic, we have, for all » > 0 and Borel
subsets A of 4§,

| n
(7. 001 X A) = (P(21 > aur) X (; Zl{wk,nem)
k=1

By the regular variation of zj, the first term of this product converges to r~*. The second

term of this product can be written as P, o ¢_1 (A), where P, = n—! ZZZI Ok/n is seen as a
probability measure on the Borel sets of [0, 1] and ¢ : [0, 1] — Dy is defined by ¢ (1) = w,.
Since ¢ is continuous (with O; endowed by J;) and P, converges weakly to the Lebesgue
measure on [0, 1], denoted by Leb, by the continuous mapping theorem, we have that P, o ¢~
converges weakly to Leb o ¢~ = v. This proves that (1.4) holds.

To prove that (1.7) holds, note that

I871; = " pmax,

k
D @ <ane) — Bz iz <ane)D |
i=1

where S,~° denotes the sum appearing in the left-hand side of (1.7). By Doob’s inequality,
we obtain

n
L1155 11%] < 2Vﬂf(an_1 ZZk1{|a|<ans}) < nay Blzil{jg<a,e)] = 0(6*),

i=1
by regular variation of z;. This bound and Markov’s inequality yield (1.7).

3.2. Stable processes

Applying Corollary 2.2, we obtain a criterion for the convergence of partial sums of a
sequence of i.i.d. processes that admit the representation RW, where R is a Pareto random
variable and W € 4;.

Proposition 3.1. Let {R, R;} be a sequence of i.i.d. real valued random variables in the domain
of attraction of an a-stable law, with 1 < a < 2. Let {W, W;, i > 1} be an i.i.d. sequence
in 85 with distribution v satisfying the assumptions of Lemma 1.2, and independent of the
sequence {R;}. Then, defining a, as an increasing sequence such that, by P(R > a,) ~ 1/n,
an_l Z?:l {R; W; —E[R]E[W]} converges weakly in Dj to a stable process Z which admits the
representation (1.3).

Remark 3.1. By Lemma 1.1, the stable process Z also admits the series representation (1.8),
which is a.s. convergent in £; and by Lemma 1.2 it is regularly varying in the sense of (1.1),
with spectral measure v. As mentioned in the proof of Lemma 1.2, the proof we give here of
the existence of a version of Z in Dj is different from the proof of [5] or [1].

Proof of Proposition 3.1. We apply Theorem 1.1 to X; = R;W;. The regular variation
condition (1.1) holds trivially since || X||; = R is independent of X/ || X||; = W. Con-
dition (1.10) implies that W has no fixed jump, i.e. condition (i) of Theorem 1.1 holds.
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Thus, we only need to prove that the negligibility condition (ii) of Theorem 1.1 holds. Write
8¢ =ay ' Y {Ril{ri<ea) Wi — E[R1{g<q,)JE[W1} and r, ; = a, ' Ri1{g,<a,e}. Then we

have
n

n
S7E =) raifWi —EIWI +E[W1 {rni — Elryil). 3.1
i=1 i=1

Since | E[W]||; < 1, the second term’s infinite norm on / can be bounded using the Bienaym—
Chebyshev inequality and the regular variation of R which implies, for any p > o, E[|r, ;|’] ~
(a/(p — a))eP~*n~!. Hence, we only need to deal with the first term on the right-hand side
of (3.1), which is hereafter denoted by S',fg Since R is independent of W, conditions (2.15)
and (2.16) are straightforward consequences of (1.9) and (1.10). Thus, condition (ii) of
Theorem 1.1 holds by Corollary 2.2. The last statement follows from Lemma 1.2

3.3. Renewal-reward process

Consider a renewal process N with i.i.d. interarrivals {Y;, i > 1} with common distribution
function F, in the domain of attraction of a stable law withindex o € (1, 2). Leta, be anorming
sequence defined by a, = F< (1 — 1/n). Then, for all x > 0, lim,,—s 00 R F (apx) = x~¢.
Consider a sequence of rewards {W;, i > 1} with distribution function G and define the

renewal-reward process R by R(t) = Wy(). Let ¢ be a measurable function and define
Ar(¢) by

T
Ar(9) = /O $(R(s)) ds.

We are concerned with the functional weak convergence of Ar. We moreover assume that the
sequence {(Y, W), (Y;, W;), i > 1}isi.i.d. and that Y and W are asymptotically independent
in the sense of [12], i.e.

n— 00 a,

Y v
lim nIP’((—, W> € ) — g ® G* (3.2)

on ]0, oo] x R, where G* is a probability measure on R. This assumption is obviously satisfied
when Y and W are independent, with G* = G in that case. When Y and W are independent and
E[l¢p(W)|¥] < oo, it has been proved by [15] that a;l {Ar(¢) — E[AT ()]} converges weakly
to a stable law. Define A = (E[Y])~! and Fy(w) = AE[Y 1{w<w)]. Then Fy is the steady state
marginal distribution of the renewal-reward process and lim;_, .o P(R(#) < w) = Fy(w). For
w € R, consider the function 1;.<,,), which yields the usual one-dimensional empirical process:

T
Er@) =a;" [ (ke — Folw) ds.
0
Theorem 3.1. Assume that (3.2) holds with G* continuous. The sequence of processes ET
converges weakly in D (R) endowed with the Jy topology as T tends to infinity to the process E*

defined by E*(w) = ffooo{l{xfw} — Fo(w)}M (dx), where M is a totally skewed to the right
stable random measure with control measure G*, i.e.

log Efe! /=5 #0400 — —|f|a)»ca]E[|¢(W*)|a]{1 + isign()B(¢) tm(?) }
where W* is a random variable with distribution G*, ¢ = I'(1 — a) cos(wa/2), and B(¢p) =

E[62 (W*))/Ell¢ (W*)]. ’
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Remark 3.2. We canalso write E* = ZoG*— Fy-Z(1), where Z is a totally skewed to the right
Lévy a-stable process. If, moreover, ¥ and W are independent, then the marginal distribution
of R(0) is G, G* = G, and the limiting distribution can be expressed as Z o G — GZ(1); thus,
the law of sup,,.p E*(w) is independent of G.

Proof of Theorem 3.1. Write

N(T)
Erw) =az;' Y Yilgww) +az (T = Svywyry=w) — ap ATELY Ly <u)]
i=0
N(T)
=a;' Y Yiliw<w) — EIY Lyw<uyl} — a7 {Snery — A7 N(D)} Fow)  (3.3a)
i=0
— a7 ' (Snvery — THVwypy<w) — AB[Y Liw <u) ]} (3.3b)

The term in (3.3b) is op (1), uniformly with respect to w € R. Define U; = G*(W;) and
U = G*(W). Define the sequence of bivariate processes S, on I = [0, 1] by

Su(t) = a, " Y (Yillw,=ny, 11" = ELY [y, <, 11'D),

i=1

where x’ denotes the transpose of a vector x € R2. Then the term in (3.3a) can be expressed
as the scalar product [1, — Fo(w)]Sn(r)(G*(w)). Using that N(T)/T converges almost surely
to A, we can relate the asymptotic behavior of Sy (r) to that of S,,. The latter is obtained by
applying Theorem 1.2. The fact that the mapping (y, w) — y[1;G*(w).17- 1j0,17]’ is continuous
from (0, co) x R to :Dlz and the convergence (3.2) imply that the distribution of Y [1(yy <, 11’ is
regularly varying with index « in !D;Z with ¢ = 2 and v defined by v(-) = P((L;y* 17, Lj0.17) € -)
where U* is uniformly distributed on [0, 1]. Conditions (1.4), (1.5), and (1.6) then follow by
Remark 1.2. Next, we must prove the asymptotic negligibility condition (1.7). It suffices
to prove it for the first marginal X = Y1y 1. Fore > O and n > 1, define G, (t) =
na; 2e®BIY* 1y <q,e)1{v<n]. It follows that (2.15) and (2.16) hold with p = 2, y = 1, and
Fy, =supg_.<1 Gun.e = Gy,1. By (3.2) and Karamata’s theorem, we have lim, . oc Gp,1(¢) = ¢.
Therefore, Corollary 2.2 yields (1.7). By Theorem 1.2, the previous steps imply that S,
converges weakly in (D, J1) to a bivariate stable process which can be expressed as [Z, Z(1)],
where Z is a totally skewed to the right o-stable Lévy process.
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