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ABSTRACT. A concept o f mean-f ie ld models o f g a l a c t i c dynamos i s e x -
pla ined in which α - e f f e c t and d i f f e r e n t i a l r o t a t i on ac t in an i n f i n i t e 
s l ab o f e l e c t r i c a l l y conducting f l u i d surrounded by f r e e space o r by 
conducting matter a t r e s t . Some re su l t s f o r α -dynamos are presented. 
In the l i m i t i n g case in which the α - c o e f f i c i e n t does not depend on the 
radius, axisymmetric and non-axisymmetric magnetic f i e l d s can be main-
ta ined wi th equal ease . For reasonable a -d i s t r ibu t ions a preference o f 
axisyranetric f i e l d s i s suggested as long as an i s o t r o p i c α - e f f e c t i s 
considered but i t may disappear wi th an i so t rop ic α - e f f e c t . The e f f e c t 
o f d i f f e r e n t i a l r o t a t i o n , which a l lows α to -dynamos, i s b r i e f l y discussed. 

1. INTRODUCTION 

There are good reasons t o assume that the l a rge s ca l e magnetic f i e l d s 
observed in g a l a x i e s a re due t o dynamo processes . The construct ion o f 
appropria te dynamo models i s , however, a d i f f i c u l t mathematical task. 
One promising approach t o the understanding o f such processes i s the 
i n v e s t i g a t i o n o f mean-f ield models in which the induction e f f e c t s , i n 
pa r t i cu l a r α - e f f e c t and d i f f e r e n t i a l r o t a t i o n , a re confined t o a s l ab 
o f i n f i n i t e r a d i a l ex ten t . I f moreover the induction e f f e c t s and the 
magnetic f i e l d s generated a re l o c a l i z e d in a f i n i t e r eg ion around the 
ro t a t i on a x i s , the i n f i n i t e r a d i a l ex ten t i s no longer important, and 
the models can indeed r e f l e c t features o f dynamo processes in g a l a x i e s 
o r o ther f l a t o b j e c t s . Here we expla in t h i s approach in some more d e t a i l 
and present a few i n i t i a l r e su l t s . 

2 . THE MODELS AND THE MATHEMATICAL METHOD 

Le t us consider an i n f i n i t e l y extended s l ab o f e l e c t r i c a l l y conducting 
f l u i d possessing in te rna l motions with non-zero h e l i c i t y . R e l a t i v e t o 
c y l i n d r i c a l coordinates r , γ , ζ , the s l ab i s def ined by -d < ζ < d 
where d i s i t s ha l f - thickness . There the mean magnetic f l ux dens i ty , B, 
i s assumed t o obey the equations 

yAB + c u r l ( u χ Β +<£) - £B/3 t = 0 , d i v Β = 0. ( 1 ) 

107 

R. Beck et al. (eds.), Galactic and Intergalactic Magnetic Fields, 107-112. 
© 1990 IAU. Printed in the Netherlands. 

https://doi.org/10.1017/S0074180900189673 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900189673


108 

The magnetic d i f f u s i v i t y *j i s assumed t o be constant. The v e l o c i t y u 
o f the mean motion and the mean e l ec t romot ive f o r c e & due t o 
f luc tua t ions are def ined by 

u = cor γ, £ = - α ^ Β + a ( z » B ) z ) , ( 2 ) 

which descr ibe the d i f f e r e n t i a l r o t a t i o n and the α - e f f e c t . The angular 
v e l o c i t y co and the α - e f f e c t c o e f f i c i e n t a. a re supposed t o depend on 
r and 2 bat not on ψ , and t o be s y M n e t r i c o r antisymmetric about the 
equa to r i a l plane 2 = 0 , r e s p e c t i v e l y , γ and â are uni t vec to r s in γ and 
2 - d i r e c t i o n . Some anisotropy o f the α - e f f e c t , def ined by the constant a, 
i s admitted. 

The sourroundings o f the s l ab , \z\ > d, a re supposed t o be e i t h e r 
f r e e space o r homogeneous conducting matter a t r e s t . Accord ing ly , Β in 
t h i s ex t e rna l r eg ion must be an i r r o t a t i o n a l so l eno ida l f i e l d o r obey 
equations o f type ( 1 ) wi th y replaced by another constant, and u and £ 
equal t o z e r o . E^orthermore i t i s required tha t Β as w e l l as the 
t angen t i a l components o f the mean e l e c t r i c f i e l d are continuous across 
the boundaries | 2 | = d, and Β vanishes as | s j —> «>. 

The so lu t ions Β t o our problem are B-modes o f the form 

Β = Re ( ê exp(imy> + ^ t ) ) , (3) 

o r superposi t ions o f them. Β i s a complex axisymmetric steady v e c t o r 
f i e l d which i s e i t h e r antisymmetric o r symmetric about the equa to r i a l 
plane, ind ica ted by A o r S in the f o l l o w i n g , m i s a non-negative i n t e g e r , 
and Λ a complex constant, the r e a l par t o f which i s the growth r a t e o f 
the mode. As usual we speak o f Am o r Sm modes. C l e a r l y m = 0 corresponds 
t o axisymmetric and m = 1 t o bisymmetric f i e l d s t ructures . 

I t i s useful t o represent Β in the form 

Β = - cu r l ( ζ x V S ) - 2 x ? T 
00 

( S , T ) = 5 ( s m ( V , £ ) , t J ( 4 ) 
2 m m m ) 

x e x p ( i m ^ + λ t ) , 

where J i s a Bessel function o f the f i r s t kind, ξ = r / d and Ç = 2 / d . 
In t h i s way the equations governing Β can be reduced t o a s e t o f two 
second-order ordinary d i f f e r e n t i a l equations f o r s and t wi th respect 
t o ζ which a re , however, a t the same time i n t e g r a l equations wi th 
respect t o tc . These equat ions, toge the r wi th the boundary cond i t ions , 
pose an e igenvalue problem f o r A. , which has t o be so lved numerical ly . 

In a l l the examples which f o l l o w , a^ i s s p e c i f i e d by 

αχ = a Q f ( ç ) s i n ( T i £ ) ( 5 ) 

where a i s a p o s i t i v e constant and f w i l l be f i x e d l a t e r .The dimen-
s ion le s s measure C o f the magnitude o f the α - e f f e c t i s def ined by 

C = α ά/ΐη 
α ο / 

(6) 
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3. -HÖDELS WITH α INDEPENDENT OF RADIUS 

I t i e i n s t r u c t i v e t o study f i r s t the simple case in which there i s no 
mean motion and a 1 does not depend on the radius. In t h i s l i m i t , s 
and t have a d e l t a - l i k e dependence on *κ . The in t eg ra t ion in ( 4 ) can 
be omit ted and K. f i x e d a r b i t r a r i l y . The equations f o r s and t no 
longer contain i n t e g r a l s . The B-modes show a wave- l ike rSdial v a r i a t i o n ; 
7c i s the dimensionless wave number. Since Β only decays s lowly wi th 
growing radius the energy o f each ind iv idua l mode i s i n f i n i t e . 

As can e a s i l y be seen from the formulation o f the e igenvalue problem 
f o r t h i s l i m i t , λ . does not depend on m. That i s , in add i t ion t o an a x i -
symmetric B-mode, m = 0, there are always a bisymmetric mode, m = 1, 
and modes with higher m which have the same e x c i t a t i o n condi t ions and 
growth r a t e s . 

A number o f d i f f e r e n t models has been i nves t i ga t ed numerical ly . 
For the examples mentioned here ( 5 ) wi th f = l has been used. F i g . l shows 
dependencies o f the marginal C , that i s , those with Re( \ ) - 0, on 3 c . 

F i g . 1. Marginal values o f C versus Κ f o r s eve ra l α -models. 
( a ) i s o t r o p i c α - e f f e c t , i . e . a=0, surroundings f r e e space. 
( b ) i s o t r o p i c α - e f f e c t , i . e . a=0, surroundings conducting matter wi th 
the same magnetic d i f f u s i v i t y as in the s l ab ; the Am and Sm curves l i e 
c l o s e toge the r and are not d i s t inguishable in the drawing. 
( c ) and ( d ) an i so t rop ic α - e f f e c t , a= l and a=-0.75, r e s p e c t i v e l y , 
surroundings f r e e space. S o l i d l i n e s correspond t o n o n - o s c i l l a t o r y 
modes, i . e . I ( λ ) = 0 , broken l i n e s t o o s c i l l a t o r y modes, i . e . I ( A ) = 0 . 
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The most e a s i l y e x c i t a b l e iriodes are those wi th the smal les t marginal 
values o f C . In the major i ty o f the models i nves t i ga t ed so f a r Am-modes 
p lay t h i s p re fe r red par t . Contrary t o a case wi th discontinuous 
α^-d i s t r ibu t ion inves t i ga t ed e a r l i e r by Rädler and Wiedemann (1990) the 
minimum o f the marginal C f o r a p re fe r red mode gene ra l l y occurs not 
with>C=0 but with K i n the order o f unity.Then the c h a r a c t e r i s t i c r a d i a l 
length s ca l e o f the f i e l d s t ructure i s comparable t o the s l ab thickness . 

Ctor r e su l t s are o f some i n t e r e s t i_n view o f the " l o c a l approxi -
mation" used in i n v e s t i g a t i n g s l ab models, e . g . , by Ruzmaikin e t a l . 
(1980) and Zeldovich e t a l . ( 1 9 8 3 ) . As was shown by Rädler and Bräuer 
(1987) t h i s approximation ignores important modes. S igni f icant ly ,amongst 
the " forgo t ten modes" are a l s o modes which are p re fe r red in the above 
sense. Moreover the " l o c a l approximation" i s quest ionable in so f a r 
as i t s t a r t s from modes with >c = 0 although modes with 0 can be 
more r e a d i l y e x c i t a b l e . 

4 . a2-M0DELS WITH a DEPENDING ON RADIUS 

Le t us now proceed t o the case in which there i s again no mean motion 
but a. depends on the radius and vanishes a t i n f i n i t y . Then X i s no 
longer independent o f m. Numerical i nves t i ga t i ons have been c a r r i e d out 
wi th models in which i s s p e c i f i e d by ( 5 ) and f = e x p ( - ( ç /ξ*) ) where 
Ço iß & constant. Tab. 1 g i v e s , f o r models wi th i s o t r o p i c α - e f f e c t , 
marginal values o f C f o r modes with m = 0. In these models the modes 
with m = 0 are presumably p re fe r red t o those with m f 0. For m £ 0 no 
marginal values o f C^ smaller than those f o r m = 0 have been found. 
There a r e , however, reasons t o assume that an i so t rop ies o f the α - e f f e c t 
may lead t o a preference o f modes with m £ 0. 

Table 1 , 
α - e f f e c t , 
Note that 

Marginal values o f C f o r models with i s o t r o p i c 
i . e . a = 0, and var ious j e , surroundings f r e e space. 

*· AO 
C 

α 
SO 

00 

10 
5 

4 ,5 
9,5 
9,7 

5,0 
10,4 
11,3 

The case considered before in which i s independent o f the radius 
corresponds t o ζ0- » . T r i e r e su l t s f o r t h i s case suggest that the f i e l d 
s t ructures f o r _J»>> 1 show a r a d i a l v a r i a t i o n wi th a character is t ic-
s ca l e g i v e n by the thickness o f the s lab ra ther than the r a d i a l s ca l e o f 
the α -d i s t r i bu t ion , tha t i s , a number o f r eve r sa l s along the radius i s 
t o be expected. In our prel iminary f i e l d presentat ions f o r ξ0 - 10 one 
such r e v e r s a l i s ind ica ted . 

5. REMARKS CONCERNING aco- MODELS 

9 

Star t ing from a"-models and admitt ing d i f f e r e n t i a l ro t a t ion we a r r i v e 
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at acj -iriodels. As for the angular velocity we focus our attention on 
its dependence on r. With axisyifjirietric B-modes it can be easily deduced 
that the differential rotation in general favours AO-modes if the signs 
of and ̂ co/Qr for s>0 differ, and SO-modes if they coincide. It is 
an open question under which conditions non-axisymmetric fields are 
preferred, if at all. A sufficiently strong differential rotation always 
favours axisymmetric fields. 

There arg some reasons to believe that acd-modeIs constructed by 
modifying α -models as considered above with f »1 can reflect typical 
features of the observed galactic magnetic fieîds. Start from an a"-model 
of that kind and consider, e.g., an axisymmetric field. Suppose then, 
thinking of the observed rotation profiles, an angular velocity which 
varies only slightly in the neighbourhood of the rotation axis up to a 
radius of the order of the slab thickness and decays after that with 
growing radius. Then a modified field is to be expected which has a 
noticeable poloidal part near the axis but is predominantly toroidal in 
the outer regions. This would correspond to the observations of strong 
poloidal fields in the galactic centers. There is, of course, also the 
possibility of reversals along the radius in this outer region, which 
would then suggest an explanation of the reversals found in the Milky 
Way galaxy. 
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DEINZER: Of what kind are your excited dynamo modes: oscillating or 

non-oscillating? 

RÄDLER: In the simple a 2 models in which a does not depend on radius 
both oscillatory and non-oscillatory modes have been found. Oscillatory 
behaviour, however, occurs only with small radial wave numbers, that is, 
with large radial scales of the fields. As a rule, the most easily excitable 
model of a given symmetry type is non-oscillatory. For models in which α 
depends on radius only axisymmetric modes have been investigated so far. 
They proved to be non-oscillatory, too. I expect that the non-axisym-
metric modes in such models are oscillatory, which simply means that the 
fields rotate about the disk axis. 

SHUKUROV: How sensitive are the properties of the "forgotten modes" to 
the boundary conditions at the disk edge, and which particular boundary 
conditions have you used? 

I l l 
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RÄDLER: I d i s c o v e r e d t h e " f o r g o t t e n modes" in a s imple mode l o f an a2 

d y n a m o in an i n f i n i t e s l a b w i t h an α c o e f f i c i e n t i n d e p e n d e n t o f t h e 
r ad iu s . T h e s p a c e o u t s i d e t h e s l ab w a s supposed t o be v a c u u m . In t h i s 
mode l t h e " l oca l a p p r o x i m a t i o n " does n o t p r o v i d e t h e mos t e a s i l y 
e x c i t a b l e mode , w h i c h i s a n o n - o s c i l l a t o r y A - ( a n t i s y m m e t r i c ) mode , and 
s u g g e s t s t h a t i t i s an o s c i l l a t o r y S - ( s y m m e t r i c ) mode w h i c h p l a y s t h e 
p r e f e r r e d r o l e ( s e e R ä d l e r and Bräuer , 1987, A s t r . N a c h r . 308 , 1 0 1 ) . I 
w a n t t o s t r e s s , h o w e v e r , t h a t t h e p rob l em o f " f o r g o t t e n modes" i s n o t 
r e s t r i c t e d t o t h i s e x a m p l e . I t i s a g e n e r a l s h o r t c o m i n g o f a l l a p p r o a c h e s 
t o d i sk mode l s s t a r t i n g from s o l u t i o n s o f t h e d y n a m o e q u a t i o n s in w h i c h 
t h e r a d i a l d e r i v a t i v e s a r e i g n o r e d , t h a t i s , f rom s o l u t i o n s w i t h z e r o 
r a d i a l dynamo number . In a d d i t i o n t o t h e f a c t t h a t such a p p r o a c h e s 
i g n o r e i m p o r t a n t modes y o u shou ld a l so b e a r in mind t h a t t h e mos t e a s i l y 
e x c i t a b l e modes n o t n e c e s s a r i l y c o r r e s p o n d t o v e r y smal l r a d i a l w a v e 
numbers . In mos t o f t h e e x a m p l e s I m e n t i o n e d in my t a l k t h e y a re w a v e 
numbers in t h e o r d e r o f u n i t y t h a t p l a y a p r e f e r r e d r o l e . 

SOKOLOFF: G a l a x i e s a r e n o t e x a c t l y f l a t s l abs , bu t t h e y a r e t h i c k e r in 
t h e o u t e r pa r t . Somet imes t h i s e f f e c t i s i m p o r t a n t . Is i t p o s s i b l e or 
d i f f i c u l t t o i n t r o d u c e such d e t a i l s in y o u r compu te r i n v e s t i g a t i o n s ? 

RÄDLER: T h e m a t h e m a t i c a l m e t h o d I used , w h i c h i s in a s e n s e a n a l o g o u s 
t o t h e B u l l a r d - G e l l m a n fo rma l i sm in t h e ca se o f s p h e r i c a l mode l s , w o r k s 
v e r y w e l l w i t h s l ab m o d e l s . I t s a p p l i c a t i o n t o mode l s w i t h o t h e r g e o m e t r y 
i s p o s s i b l e bu t r a t h e r c o m p l i c a t e d . I w o u l d p r e f e r a n o t h e r a p p r o a c h t o 
such m o d e l s . 

DEINZER: I f i t i s p o s s i b l e t o e x c i t e n o n - a x i s y m m e t r i c dynamo modes 
b e f o r e a x i s y m m e t r i c modes f o r a un i form b a c k g r o u n d ( w i t h o u t d e n s i t y 
w a v e s ) , t h e n m a g n e t i c f i e l d s a l o n e w o u l d be a b l e t o e x p l a i n t h e sp i r a l 
s t r u c t u r e o f g a l a x i e s . I s t h i s f e a s i b l e ? 

RADLER: In m e a n - f i e l d d y n a m o mode l s w h i c h a r e c o m p l e t e l y a x i s y m m e t r i c 
w i t h r e s p e c t t o t h e mean m o t i o n , t h e α pa r ame te r , e t c . , b o t h a x i s y m m e t r i c 
and n o n - a x i s y m m e t r i c mean m a g n e t i c f i e l d s a r e p o s s i b l e . In t h e ca se o f 
s p h e r i c a l mode l s w e k n o w many e x a m p l e s in w h i c h n o n - a x i s y m m e t r i c 
modes a r e e v e n e a s i e r e x c i t a b l e t h a n t h e a x i s y m m e t r i c o n e s , and fo r d isk 
m o d e l s f i r s t e x a m p l e s o f t h a t k ind h a v e b e e n g i v e n . Of cou r se , i f n o n -
a x i s y m m e t r i c m a g n e t i c f i e l d s g r o w in an a x i s y m m e t r i c b o d y in t h e a b o v e 
s e n s e , t h e y w i l l d i s tu rb i t s s y m m e t r y . In p a r t i c u l a r , b i s y m m e t r i c m a g n e t i c 
f i e l d s t r u c t u r e s m a y l e a d t o s p i r a l s t r u c t u r e s in t h e d e n s i t y d i s t r i b u t i o n . 
T h i s , h o w e v e r , d o e s n o t mean t h a t t h e s p i r a l s t r u c t u r e o f t h e g a l a x i e s i s 
a c o n s e q u e n c e o f t h e i r m a g n e t i c f i e l d s . 

https://doi.org/10.1017/S0074180900189673 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900189673

