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CAUCHY REPRESENTATION OF DISTRIBUTIONS
AND APPLICATIONS TO PROBABILITY
M. AsLAM CHAUDHRY

The Cauchy representation is not valid for every Schwartz distribution f € (D(R))’
because (t —z)~* ¢ D(R). Since for all z € {z: Imz # 0} the kernel (t — z)7!
belongs to Dr,(R)(1 < p < o0), the Cauchy representation of the distributions in
(D;,,(R))' seems possible.

In this paper, we prove this fact. It is also proved that every probability

density defines a generalised function on the space Dr,(R)(1 < p < o0) of test
functions. Applications of these results in probability theory are discussed.

1. INTRODUCTION

Let f € (DLP(R))l . If there exists a complex valued function F(z) analytic in the
z-plane except possibly on the real axis {z: Im z = 0} such that

oo
(1) lim [F(z +i€) — F(z ~ ie)l¢(z)dz = (f, ¢)
e—= —00
for all ¢ € Dy (R), then F(z) is called the analytic representation of f € (Dr, (R))' .
The Cauchy integral representation of analytic functions (in terms of their boundary
values) is an important tool for the mathematical study of physical phenomena. The
role of such representations is even more important when we consider the generalised
functions.
The analytic representation of a generalised function f with compact support is
given by [1]

-~

(2) Fle) = s (70, 7).

f(z) is called Cauchy representation of f € (E(R))'. The Cauchy representation (2) is
not valid for every Schwartz distribution f € (D(R))' because (t —z)~' ¢ D(R). For
all z € {z: Imz # 0} the kernel (¢ —z)™" belongs to D,(R)(1 < p < 0), thus the
Cauchy representation of the generalised functions in (DL,,(R))' seems possible. We
prove this fact and construct an example of the Cauchy representation of generalised
functions with non-compact support. Since (DL,,(R))' O (E(R))' we extend the result
to a wider class of generalised functions proved in [3].
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126 M.A. Chaudhry (2]

2. THE TESTING FUNCTION SPACE D (R), (1 <p < )

An infinitely differentiable function ¢ defined over R is said to belong to the space
D (R) if ¢(¥)(z) belongs to L,(R) foreach k =0,1, 2, 3, .... We define a sequence
of semi-norms {ym}s—o on D (R) as follows: For ¢ € Dr,(R) we define

(3) Ym($) = [ / " |¢"'(z)|”dz]l/p m=0,1,23,....

—00

Since 4, is a norm, the sequence of semi-norms {v,,,}>_, is separating [6]. A sequence
{¢u}pz, in D (R) is said to converge to ¢ € Dr,(R) if foreach m=0,1,2,3,...,

Ym(dy — @) — 0 as p — oo.

The space Dy (R) is multinormed and complete {2, 5]. Moreover, the Schwartz space
D(R) of test functions is dense in Dy, (R) [2]. We denote by (DL,,(R)), the space
of all continuous linear functionals on Dr,(R). We state the structure formula for

f € (DL, (R)' [4, 5].
THEOREM 1. If f € (DLP(R))' (1 < p < ), then f is equal to a finite linear
combination of the derivatives of functions in Ly(R), that is, for each f € (DLP(R))'

(4) (her=3 (-0 [ : fal(2)6(2)dz Vg e Dy (R)

a=0

where fiq| are functions in Ly(R), 1/p+1/q=1.
THEOREM 2. Let f € (DLP(R))', (1< p < o) and F(z) be the complex-valued
function defined in the region @ = {z: Imz # 0} by:

1
t—z

(5) F(z) = 5=(f(2), )

Then F(z) is the Cauchy representation of the generalised function f.
PRrOOF: To prove the analyticity of F(z) we note that

1 1
t—z—h_t—h])’

1 1 1
FUF (4 h) = F(2)] = 5 =(7(2), 7
and we prove that

h=((t —z — h)™' — (¢ — h)"'] converges to (t — z)*
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in the sense of convergence in Dy (R).
Assume that

Bat, ) = (At -2z - k) —(t—2)7} = (t - 2)7].
Then for Imz =y # 0,

dkAh(t, Z)
dik

< hO(Iyle) —0as h—0
(k=0,1,2,3,...)

so that
Ye(Dr(—,2)) — 0 (k=0,1,2,2,..)

as h — 0. Therefore,

(6) 2 p(z) = (), = )2> Vieq.

Thus F(2) is analytic in the region §1. Let us define
[= ]
) I(e) = / (F(z + i€) ~ F(z — ie)]é(s)ds.
Since ¢ € Dy, (R) and for each fixed € > 0, F(z +1i¢c) € Ly(R) [1/p + 1/q = 1], the
integral (7) exists for all € > 0. From (5) and (7) we get:

1 1
—z—1 t—z+1e

/ 8(=) (1), m)

Using the structure formula (4) for f we get

10)=55 [ " 9() (£,

j —f  _é(z)d=
Ie) = Z( v [0, 5 [W[(t_z)z +€2]]>¢( )

where f; € Ly(R)(1 < j < r). However,

aJ € : a] €
ez [wut e +e=1] 5z [ww = +e21]
Vi=12,3,..)
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Therefore,

€

ey [T, ey e
10=3 ¢ [0, ' [r[(t_z),+€2]])¢(z)dz.
Using Fubini’s theorem and integration by parts we get

r o $()(z)dz
® 1 = Yo, % [~ ),

However,
[ *° ¢(J)(I)dz ) .
- —_— t) in Dy (R) as € —» 0%
see [2, 5, 6]. ‘
Hence, letting ¢ — 07 in (8) we get:

r

lim I(e) = 3 (f5(2), 4(t))

j=1

= (f(t), (1)) Vo € D (R) [by (4)].

Thus F(z) is indeed the Cauchy representation of f € (D, (R))'. 1]

We construct an example of a generalised function with non-compact support, and
by using Theorem 2, prove the existence of its Cauchy representation.

o0
EXAMPLE 1. Let f(t) = Y, a,8(t — n) where a, are appropriate constants (for exam-
n=1
(e

ple X |an] < o) and §(t) be the Dirac delta function. Then, Supp f = {1, 2, 3,4, ...}

n=1
is a non-compact set and therefore, f ¢ (E(R))'. However, for every ¢ € Dy, (R)
(1 < p < 0©) the map

(9) $— (f,9) =) and(n)

is well defined since ¢(z) — 0 as |z| — oo [2]. Therefore, the series (9) is conver-
gent for all ¢ € Dy (R) and f € (DLP(R))'. According to Theorem 2, the Cauchy
representation of the generalised function f exists and is given by

(10) Fz)=Y %

Z2mi(n—z)
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3. PROBABILITY DISTRIBUTION

Suppose that a random variable z taking real values between —oco and oo may be
characterised by a probability distribution $(¢), where ®(t) is defined as the probability
that z lies in the interval (—oo, t). Then, we have

P(t) <1 for —co<t< o0
Q(tl) < Q(tz) for tl < tz

and ‘lim ®(t)=1.
The quantity

(11) ft) = %‘I’(t)

is called the probability density. In certain cases (that is, the case of discontinuous
probability distribution) the derivative in (11) does not exist in the ordinary sense.
However, the probability density (11) defines a generalised function on some space of
test functions. For example, suppose that it is certain that the random variable = takes
the value zy. Then,

0 fort<
Q(t) - or T
1 fort > z,.
Thus ®(t) = H(t — zy)

where H is the Heaviside step function. In this case the probability density f(¢) does

not exist in the ordinary sense. If, however, we admit generalised functions, then,

f(t) = %H(t —z9) = 6(t —zp)

is the Dirac delta function.
As a matter of fact every probability density f(t) belongs to a certain space of
generalised functions. We prove this fact in the following theorem.

THEOREM 3. Every probability density f(t) defines a generalised function on the
space D, (R)(1 < p < o0) of test functions.
PROOF: For any ¥ € Dr,(R) (1<p<o0)

(12) (70, %) = (g9 = (1) [ 22
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Since the map ¥ — di/dt is continuous injection [5] on D, (R) (1 < p < o) and
&(t) is bounded, the integral (12) exists, that is, the linear operation f(t) — (f(t), ¥(t))
is well defined. Moreover,

I{f(2), $(NI < /;°° li—f' dt (because ®(t) < 1)
<Colivly, [

Therefore, f(t) is bounded. 0

Consequently, f(t) defines a generalised function on Dy (R) (1 < p < o). The
following corollary is an immediate consequence of Theorems 2 and 3.

COROLLARY 1. For every probability density ¢(t), the Cauchy representation,
as defined in (2), exists.

EXAMPLE 2. Suppose that a random variable takes values t;, 15, t3, ... with probabil-
ities p1, P2, P3y ---» ij = 1. Then,
i

o(t) = ) piH(t —t;).
i
The probability density f(¢) is the generalised derivative of ®(t), that is,

f(t)= ZP;‘W — ;).

In view of Theorem 2 and Theorem 3 proved earlier, f(t) defines a generalised
function on Dp,(R) (1 < p < oo0) and the Cauchy representation of f(t) equals

- 1 1
f(2)=%;pjt1—z.

For example, the binomial probability distribution is given by:

n

a(t) =) (';)uf(l —w)" T H(t - §);

i=1
u is a parameter and the random variable takes the values 1, 2, 3, ..., n. The proba-
bility density is:
n n ) i -
10 =Y (5w -y ise-)
j=1
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and the Cauchy representation of f(t) is:

flz) = z,.: (;‘)ufu - : -

j=1
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