THE SPECTRA OF SEMI-NORMAL SINGULAR
INTEGRAL OPERATORS

C. R. PUTNAM

1. Introduction. Suppose that
1.1) ¢(x) is measurable and essentially bounded on [0, 1],
and define the bounded self-adjoint operators H and J on the Hilbert space
L2(0, 1) by
(12) (H @) ==f@) and (TN)E) = @m)1[]e@)EE ¢ — x)71f () dt,

the integral being a Cauchy principal value

f= lim f (...)dt.
€0 |t—~z|>¢
It is seen that

(1.3) HJ — JH = <C, where (Cf)(x) = r‘lf; d(x)p () f(2) dt,
or, equivalently,
(1.4) AA* — A*4 = 2C, where A = H + 4J.

Since (Cf, f) = 7 Y(f, ¢)|* = 0, 4 is semi-normal. (For a discussion of such
operators, see [4].)

The problem is still open as to whether the spectrum of every semi-normal
operator 7', that is, an operator satisfying

(1.5) TT* — T*T 2 0o0r =0,

but which is not normal, must have positive (planar) measure. In fact, a
stronger (and plausible) conjecture is that even

(1.6) w||TT* — T*T|| < meas sp(T),

where sp(7") denotes the spectrum of T°; cf. [4, p. 51].

In this paper an investigation of the spectrum of the integral operator 4
will be made. Whether (1.6) must hold even in this special case (with 7" = 4)
for arbitrary ¢ will remain unsettled. However, its validity will be established
if ¢ is restricted to a certain class, for example, if ¢ is Riemann integrable
on [0, 1]. See the Corollary to Theorem 4.

The following theorems will be proved.
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TurEOREM 1. Let ¢ (x) satisfy (1.1) and let

(1.7) M, = esslim sup | ()| 0<x=1.
1=z
If A is defined by (1.1), (1.2), and (1.4), then the following inclusion relations
hold:
and

(1.9) sp(A) D{iz=0c M2 0=x =1} +{z=9y: —M¢ <y £ My}

F+{z=142: —MiSy=M}+{z=2:0=x =1}
That is, sp(4) is contained between the lines x = 0 and x = 1 and the graphs
y==xM, (0 = x =1) and, in addition, sp(4) contains the graph of the two
functions y = XM, on [0, 1], the vertical segments of the lines x = 0 and x = 1
joining these two graphs, and also the interval [0, 1].

TureoreM 2. Let ¢(x) satisfy (1.1) and suppose in addition that
(1.10) |¢(x)| > const > 0 on some open interval (a,d) C [0, 1].

Then every point of (a,b) is an interior point of sp(A4); that is, if a < ¢ < b,
then there exists a disk centred at ¢ and lying in sp(A). Moreover, there exist
operators A satisfying

(1.11) |¢(x)] > 0 on [0, 1]

and for which sp(A) has no interior points whatever (so that, in particular,
(1.10) must be violated).

TaeEoREM 3. Let ¢(x) satisfy (1.1) and suppose that ¢(x) is continuous at
some point ¢, 0 < ¢ < 1. Then the vertical segment consisting of points ¢ + 1y,
—lo )2 = v =< |¢(c)|?, is contained in sp(A) and moreover, if ¢(c) = 0, all
points ¢ + 1y, where —|p(c)|? < v < |p(c)|? are interior points of sp(A4).

It is seen that if ¢(x) merely satisfies (1.1), but ¢(x) = 0 a.e., the assertion
of Theorem 1 does not assure that sp(4) has positive measure. On the other
hand, this assertion does follow from Theorem 3 if it is also assumed that
¢(x) has at least one continuity point ¢ with ¢(c) # 0, or, from Theorem 2,
if only (1.10) holds.

THEOREM 4. Let ¢ (x) satisfy (1.1) and for each a > 0 let
(1.12) E, = {x € [0, 1]: [p(x)| > 4, a > 0.
Suppose that [0, 1] s the union of disjoint sets M and N; thus
(1.13) [0,1]= M+ N,
where M is an open set with the property that
(1.14) E, is nowhere dense on M for every a > 0,
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and almost all points of the set N are continuity points of ¢(x); thus

(1.15) N C{x € [0,1]: ¢(x) continuous} + a zero set.
Then
1
(1.16) 2 f |6 (t)|* dt < meassp(4).
0
If, in addition,
(1.17) lp(x)|2 = M, a.e. on [0, 1],

then equality holds in (1.16), and in (1.8), so that the spectrum of the operator
A on L2(0, 1) defined by (1.1), (1.2), and (1.4) s given by

(1.18) sp(d) ={x+9:0=x =1, —M, <y £ M}
Since 7(AA4*¥ — A*4) = 2xC, where C is given by (1.3), and since
(1.19) 2r||Cl| = 2[4 ]e()|2 dt,

it is seen that in general
(1.20)  7||4A* — A*A]| £ Area{lx +9y: 0 S x =1, —M, <y < M,}.

Thus, under the hypotheses (1.13)—(1.15) only of Theorem 4, the inequality
(1.16), hence (1.6) with T = A, holds. Further, if (1.17) is also assumed,
then the asserted equality in (1.16) implies equality in (1.6). Whether relation
(1.18) must hold for ¢ arbitrary, that is, for ¢ satisfying only (1.1), will
remain undecided. However, the following result holds.

COROLLARY OF THEOREM 4. If ¢ is Riemann integrable on [0, 1], then (1.18)
holds.

The proof of the corollary follows from the observation that the sets M

and N can now be chosen to be the empty set and [0, 1], respectively.

2. Some Lemmas.

LeEmMA 1. Let T be any bounded operator satisfying (1.5) and let T = H + 1J,
where H and J are self-adjoint. Then the spectra of H and J are precisely the
projections of the spectrum of T onto the x-axis and y-axis (regarded as real lines).

Proof. See [4, p. 46].

Before formulating the second lemma, some terminology will be needed.
Let the spectral resolution of the (arbitrary) self-adjoint operator H be
given by
(2.1) H = [ NdE,,

and for any open interval A and bounded operator R on the underlying
Hilbert space  put Ry = E(A)RE(A). Then if J is also self-adjoint and if
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HJ — JH = 1C, one has HaJy — JaHA = iCa, so that if T = H 4+ 4J is
semi-normal, so also is T's; cf. [4, p. 49]. (Here and below, operators of the
form Ra are regarded as operators on the Hilbert space E(A)$.)

LemMmA 2. Let T satisfy (1.5) and let the real number ¢ belong to the open
interval A. Then, for t real, we have:

sup{t: ¢ + 9t € sp(T)} = supit: ¢ + it € sp(Ta)},

(2.2) . . . .
inf{t: ¢ 4+ it € sp(T)} = inf{t: ¢ + it € sp(Ta)}.

Proof. It will be clear that it is sufficient to prove only the first relation
of (2.2). Suppose that sp(7") contains some point of the form ¢ + 4 and let
d = sup{t: ¢ + it € sp(T)}. Since ¢+ 7d is a boundary point of sp(T)
(cf. [4, p. 47]), there exists a sequence of unit vectors {x,} satisfying

(2.3) (H—cl)x,—0 and (J —dl)x,—0, asn— 0.

Since A is open, ¢ is an interior point of A and the first relation of (2.3) implies
that x, — E(A)x, — 0, so that without loss of generality it can be supposed
that x, = E(A)x, for all n. It follows from (2.3) that (Hs — cIa)x, — 0 and
(Ja — dIa)x, — 0, so that ¢ + id € sp(Ta). Thus, if

e = sup{t: ¢ + it € sp(Ta)},

thend = e.
Similarly, if sp(7'a) contains some point of the form ¢ + 4, then ¢ + 7e is
a boundary point of sp(7°s) and there exist unit vectors x, = E(A)x, satisfying

(24) H — cl)x, — 0, E(A)(J — el)x, — 0.

Since H.J, — J.H, = 1C (where, for any operator R, R\ = R — \), then
(HJ opy %5) — (JH Xy %) = 1(Cxy, x,), which, by (2.4), tends to 0 as
n—0. Since C=0 or C £0, then Cx,— 0. Hence, Hy, — 0, where
v, = (J — el)x,. Since ¢ is an interior point of A, it now follows from the
second relation of (2.4) (cf. [4, p. 54]) thaty, — 0, so thatboth (H — ¢I)x,—0
and (J — el)x, — 0. Hence ¢ + ¢ € sp(7’) and, in particular, e < d. This
completes the proof of Lemma 2.

LEMMA 3. As above, let T = H + 1J satisfy (1.5). Suppose that a < d < b,
where a and b denote the left and right end points, respectively, of the set sp(H),
and let A denote either of the intervals [a, d) or [d, b]. Let ¢ = a or ¢ = b and,
for a real t, suppose that ¢ + it € sp(Ta). Then also

(2.5) ¢+ it € sp(T).

Proof. Since ¢ + 1t is a boundary point of sp(7'a) (cf. Lemma 1), there
exists a sequence of unit vectors x, = E(A)x, satisfying

(2.6) (H—cl)x,—0 and E(A){J — tI)x,— 0.
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As in the proof of Lemma 2,
@.7) (H — cI)(J — tI)x, — 0.

Since ¢ is an end point of sp(H), it follows from (2.7) and the second relation
of (2.6) that (J — tI)x, — 0. Thus both (H — ¢I)x, — 0 and (J — tI)x, — 0,
and hence (2.5) holds.

LeMMA 4. Let {T.,} denote a sequence of bounded operators on a Hilbert space
H which is strongly convergent to T, T, — T'; thus

(2.8) Twx — Tx  for all x in .

Suppose that a, € sp(T,) and that a, — a as n — oo, In addition, suppose that
there is a constant § > 0 for which

(2.9) (Ty — a,))*(T,, — a,I) = 6I for all n.

Finally, suppose that T,*T, — T,T,* = C, is completely continuous and that
the sequence {C,} converges in the uniform morm topology to a (completely
continuous) operator C; thus

(2.10) |G, — C|| — 0.
Then
(2.11) a € sp(T") (im fact, @ is in the point spectrum of T*).

Proof. Since a, € sp(7,) and (2.9) holds, then there exist unit vectors x,
such that (7, — @,l)*x, — 0. Since {x,} is a bounded sequence, it has a
weakly convergent subsequence, which will also be denoted by {x,}, thus
there exists a vector x such that x, <> x. For any fixed vector y, 7,y — T,
and hence

((Tw — aD)*x0, y) = (@0, (T — a@xD)y) — (x, (T — al)y) = ((T' — al)*x, y),
that is, (T — auI)*x, = (T — al)*x, and hence (T" — al)*x = 0. If x = 0,

then (2.11) holds, and the proof is complete.
Suppose then, if possible, that x = 0, so that x, 2 0. However,

(Tn - anI)*(Tn - anI)xn - (Tn - anI)(Tn - anI)*xn = CnXp,
and since ||C, — C|| — 0 (and C is completely continuous), it follows that
Cuxn — 0. Since (T, — a,I)*x, — 0, then also (7, — a,])x,— 0, in
contradiction to (2.9). This completes the proof of Lemma 4.

By the essential spectrum, es sp(T’), of a bounded operator T is meant the
complement of the set of complex numbers ¢ for which the range of 7" — ¢I
is closed and the null spaces of 7" — ¢I and (T" — cI)* are both finite-
dimensional. (Cf. [10; 7; 6].) If B(®) denotes the Banach space of bounded
operators on the Hilbert space $ and if C denotes the ideal of com-
pletely continuous operators on &, then it is known that the essential
spectrum of an operator T on & coincides with the spectrum of its natural,
homomorphic image in the factor algebra B(9)/C; cf. [1; 7].
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LEmMMA 5. Let T be a semi-normal operator, so that (1.5) holds, with no
non-trivial reducing subspace on which T 1is normal, and suppose also that
TT* — T*T = C is completely continuous. Then

(2.12) essp(T) = {c: T.T* and T *T . both singular},

where T, = T — cl.

Proof. Let ¢ € essp(T’). Then both T, T* and T *T, must be singular.

Otherwise, let us say that T'.T* = é6I, where § = const > 0. (A similar
argument works if T .*T, = 6I.) Then there exists a bounded operator B
such that BT ., T * = T'.T*B = I and, since T'.T * — T *T, = C, BT *T, =
I 4+ D, where D is completely continuous. Since 7' *T,B* = I + D*, T, has
both a right and left inverse modulo C and hence ¢ is not in essp(7), a
contradiction. (The above holds even if T is not semi-normal.)

Next, suppose that both 7', T * and T *T', are singular. Since T is semi-
normal, then 7', T * — T *T, is semi-definite and it will be clear that there is
no loss of generality in supposing that 7" *T", = T'.T*. There exists a sequence
of unit vectors {x,} such that T'x, — 0. Since {x,} is bounded, it has a weakly
convergent subsequence, which will be denoted by {x,}, thus x, — x. But if
x = 0, then T, cannot have a left inverse modulo C; for if BT, = I + E,
where E is completely continuous, then x, — 0 (strongly), a contradiction,
since the x, are unit vectors. Thus ¢ € es sp(7T’). On the other hand, if x 5 0,
then Tex = 0 and, since T *T, = T .T.*, also T';*x = 0. Thus T would have
a normal reducing subspace, a contradiction.

LEMMA 6. Let T and T, (n = 1, 2, ...) denote bounded operators on a Hilbert
space and suppose that

(2.13) T — T|| — 0.
Then
(2.14) meas sp(7) = lim sup (meas sp(73)).

Proof. Let M denote a bounded open set containing all sets sp(7’,) and
the (closed) set sp(7") and let M; denote the open set My = M — sp(7T).
Next, let N be any closed subset of M, so that, in particular, N lies at a
positive distance from the boundary of M;. Then

(2.15) sp(T,) N N is empty for » sufficiently large.

For, otherwise, there would exist ¢, € sp(Ty) N Ny < mp < ...), and
hence a subsequence {m;} of {n;} such that ¢ = lim ¢,, exists. Since N is
closed, ¢ € N and, since ¢y, € sp(Twm:) and || T, — T]| — 0, also ¢ € sp(7).
Thus sp(7°) M N is not empty, which is impossible. Next, let ¢ > 0 and choose
N = N, so that meas(M; — N.) < e Since sp(T") = M — M, and since, by
(2.15), sp(T) C M — N, for n sufficiently large, it is clear that (2.14) holds.
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3. Proof of Theorem 1. First, some properties of the self-adjoint singular
integral operator J defined in (1.2) will be noted. If M is defined by

3.1) M= ess sup lo@))*,

then sp(7) = [—M, M]; cf. [3; 5]. Let A = H + 4J now be defined by (1.1),
(1.2), and (1.4), let ¢ be any point of (0, 1), and let A denote any open (half-
open if ¢ = 0 or 1) subinterval of (0, 1) containing ¢. Then, in the notation
following the statement of Lemma 2, consider the (semi-normal) operator 4 a.
It now follows from Lemma 1 that there exist points z; and 2 in sp(4a)
such that Re(21), Re(z:) belong to the closure A’ of A and Im(z;) = Ma
and Im(z;) = — Ma, where

My = esssup |¢(x)|”
o7

According to Lemma 2, both 2; and 2, also belong to sp(4). On letting A
shrink to the point ¢, and noting that ¢ is arbitrary in (0, 1), it follows that
{z =x 4 iM,:0 =< x <1} belongs to sp(4), with M, defined by (1.7).
Further, it is clear from Lemma 1 and from (2.2) of Lemma 2 that (1.8)
holds.

That the set {z = 7y: —M, <y < M} occurring in (1.9) also belongs to
sp(4) follows from Lemma 3. To see this, let A. = [0, €], where ¢ > 0. Then
if ¢ is any point in [—m., m.], where

me = esssup |p(x)|’,
A

there exists some z € sp(4a4), hence, by Lemma 3, also z € sp(4), satisfying
Im(z) = t. By Lemma 1, Re(2) € A.. Since [—M,y, My C [—m., m], it is
clear that if —My, £t £ M,, there exist 2, = ¢, + it € sp(4) with ¢, — 0.
Hence it € sp(4), and thus the set {z = 7y: —M, <y < M,} belongs to
sp(4). A similar argument shows that the set {z = 1 4+ 7y: — M1 < y < M4}
also belongs to sp(4).

It remains to be proved that

(3.2) [0, 1] C sp(4).

The argument will be somewhat complicated and another lemma will be
needed before continuing with the proof.

LemMA 7. Suppose that
3.3) o (x) s of class C? and that |¢p(x)| > 0 on [0, 1],
and let A be defined by (1.1), (1.2), and (1.4). Then
(3.4) essp(d) ={z=x £ 1iéx)|:0=x =1}
+{z=1au: —[6(0)* =y = [¢(0)[%
+{z=1+4: —[¢()2 =y = [¢(1)[]}.
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Also
(3.5) sp(d) =f{x+9:0=sx =1, —[¢@)|2 =y = [p(x)]3,

that is, sp(A) is the region between the graphs y = =£|p(x)|2 over 0 S x < 1
and between the lines x = 0 and x = 1.

Proof. The assertion (3.4) is essentially a result of Schwartz [7]. Actually,
the singular integral operators considered by Schwartz are Cauchy principal
values of the form

lin; (.0 + e — x)tds,
but his methods involving the theory of commutative Banach algebras apply
equally well (and almost verbatim) in the present case to yield (3.4). The
details will be omitted. (Relation (3.4) holds even if C? is replaced by C°.)

It is clear from (3.3) that the set of (3.4) is a piecewise C? simple closed
curve. The assertion of (3.5) is that sp(4) consists of this curve together
with its interior. Since 4 is semi-normal, its spectrum cannot be precisely
the above simple closed curve unless 4 is normal; see [8; 9; 11]. However, if
A4 is normal, then clearly ¢(x) = 0, in contradiction with the second relation
of (3.3).

Consequently, there exists at least one point of sp(4) in the interior of the
curve (3.4). Since |¢(x)| > 0, it is clear that 4 has no non-trivial normal
reducing subspaces. (In fact, it follows from the Weierstrass approximation
theorem that L2(0, 1) is the least space containing the range of C in (1.3)
and (1.4) and which is invariant under the multiplication operator H = x.)
Hence, by Lemma 5, relation (2.12) (with 7" = 4) holds. But (even for any
bounded operator) at any boundary point ¢ of sp(4), both 4 *4,and 4.4 *
(where A, = A — cI) are singular. It now follows that the entire interior
of the set (3.4) is in sp(4), that is, relation (3.5) holds, and the proof of
Lemma 7 is complete.

Next, consider the finite interval Hilbert transform Q defined on L%(0, 1) by

(3.6) @)@ = Gm [ ¢ — =0 a
For any a > 0, define ¢,(x) on [0, 1] by

_Jo(x) if[¢@)| = a,
3.7) $a(¥) = {a if |¢(x)| < a,

and let the self-adjoint singular integral operator J, be defined by

6.9 TN = (07 [ 6806 — 270 di.
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It is clear that
(3.9) Jf = Jof = ¢Q(3f) — $.0(8cf)

= (¢ — ¢)Q(Bf) + ¢.0(( — Fa) /),
and hence

[[(J = T)fll £ 2 sup o) ] f11,

so that, in particular, ||[J — J,|| = 0 as ¢ —» 0. Hence, if 4, = H 4+ 4J,, H
being the multiplication operator x on L2(0, 1), then

(3.10) |[4, — A]] >0 asa—0.
It will be shown that for each ¢ > 0,
(3.11) [0, 1] C sp(4.).

Relation (3.2) then follows from (3.10) and (3.11).
In order to prove (3.11), let 0 = ¢ = 1 and, as above, let 4, = H + iJ,,
where J, is defined by (3.8). Then if B, = 4, — ¢I one has (cf. (1.4))

(3.12) BB* = (H—cI)* 4+ J2+ C,,
where
(3.13) CHE = 77 | 6@ 5030 .

Now suppose that ¢ ¢ sp(4,), so that, in particular,
(3.14) A, — cD)(Ag — c)* = 61

holds for some constant § > 0.
Next, define 4, = H + 4J, (n = 1,2,...), where H is as given in (1.2) and

615) G =i [ e@a0E -0,
where the ¢, are defined below. These functions ¢, should satisfy
(3.16) ¢, € C* on[0,1], a = |¢u(x)] = const, ¢u(x) — ¢a(x) a.e.
In view of (3.16), one has
3.17) Auf — Aof, A — ASf, asn— o0, for each f € L2(0, 1),

that is, the sequences {4,} and {4,*} converge strongly to 4 and 4%,
respectively. This can be seen from a relation similar to (3.9). In fact,
(dn — Ao)f = 2(Jp — Jo) f and

(Jn - Ja)f = (¢n - ¢a)Q($nf) + ¢aQ((‘l—5n - $a)f)
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Using (a + b)? < 2(a® + b?), one obtains
619 [ 1 st s2 [ 16 - allo@ola
+2 [ a0 — sonla

The second integral on the right of the inequality is majorized by

const||Q((¢. — &a)f)||* = const|| (6, — &) f||% But ¢, — ¢, a.e.

and also |(, — &.)f|? = const|f|?, and hence by Lebesgue’s dominated
convergence theorem ||(¢. — @;)f|| = 0 as » — co. Thus, in order to prove
(3.17), it is sufficient to show that the first integral on the right of the inequality
(3.18) also tends to 0. But this integral equals

@19 [ len= oGl = D+ [ 00— sl a,

where h, = Q(&.f) and b = Q(@.f). Since ||¢.f — Juf|| — 0, then ||k, — k|| — 0.
Since |¢, — ¢4 < const, the first integral of (3.19) tends to 0. That the last
integral of (3.19) also tends to O follows from another application of the
dominated convergence theorem, and thus (3.17) is now established.

Next, it will be shown that there exists a constanty > 0 such that

(3.20) (4, — cI)(4, — c)* = 41.
By a relation similar to (3.12),
(B.21)  |[(An = cD*f|I* = |[(H — eD)flI* + [[1.]I* + (G, 1),

f € L0, 1),
where (C,f) (x) = 7 1¢,(f, ). Let g, be defined by
(3.22) 2 = ($/Ba) f.
Then J,f = ¢,Q(¢.f) and Jogn = ¢aQ(Fugn), so that by (3.22),
(3.23) Jof = (@n/ba)J an-

Now C.f = 77'¢.(f, ¢») and Cof = 7 1¢,(f, ¢.), and hence

(Caf, 1) = 77, d)|* = 77 (gus $a)|* = (Cagn, £0)-
Consequently,
[(An = eD*fII* = [ (& = )?Ba/Ful*|gal? &t + [ |60/ ba|*|Taal? dt + (Cagnr g0).
Furthermore,
3.28)  [[(Aa = eD*all* = [ (o = )lgal* dt + [ Vagal? dt + (Catnr £0)-

Since 0 < a = |¢,(x)|, |¢u(x)| = const, it is clear that there exist positive

constants «, 8, where 0 < a < 1 < B, such that, for all x, one has

a = |ba(x)/dn(x)], [0 (x)/da(x)| < B,
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and hence
(3.25)  o¥[(4s — cI)*gl|* = [[(4n — cD)*f||? < BY|(Ae — cI)*gl|2
In view of (3.22),

(3.26) alfll = llell = 8lI/1I.

Relations (3.25), (3.26), and (3.14) now yield (3.20).
As noted above,

7"(Cnf—' Caf) = ¢n(fy ¢n) - ¢a(f1 ¢a) = ¢n(fv ¢n - ¢'a) + (¢n - ¢a)(fr ¢a)y

and hence =l||C.f — C.f|| < const||¢, — ¢4|| ||f]l. Thus ||C, — C||—0 as
n— 0. Now, for 0 £ ¢ £ 1, it follows from (3.5) of Lemma 7 (with ¢, 4
replaced by ¢,, 4,) that ¢ € sp(4,), hence ¢ = ¢ € sp(4,*). Thus Lemma 4
can be applied, with the T, T, C,, and C corresponding to the present 4,*, 4 ,*,
2C,, and 2C, respectively, and a, = c. [t follows that ¢ € sp(4,). Thus the
assumption that ¢ € sp(4,) implies (3.14), which, in turn, implies that
c € sp(4,), a contradiction. Thus, it follows that, indeed, ¢ € sp(4,) and,
since ¢ is arbitrary in [0, 1], also [0, 1] C sp(4,). As noted earlier, (3.2) follows,
and the proof of Theorem 1 is now complete.

4. Proof of Theorem 2. Suppose that 0 < ¢ < 1 and that |¢(x)| =
const > 0 on (a, b), where a < ¢ < b. Then it will be shown that there exists
a disk about ¢ lying in sp(4). (That ¢ lies in sp(4) was proved in Theorem 1
above.) Suppose the contrary, so that ¢ is a boundary point of sp(4), and hence

4.1) (4 — c)*g, —0

holds for a sequence of unit vectors {g,}. A relation similar to (3.21) holds for
[[(4 — eI)*g,||*; thus

“.2) |4 = eD)*all® = [ (¢ = )?gl? dt + [ [Tgal? &t + 771 (gu, ¢) 2
By (4.1) and (4.2) it follows that | (x — ¢)2|g,|? dt — 0. Hence

f Ignl2 dt — 0,
[0,1]—(a,d)

and hence there is no loss of generality in supposing that g, = 0 outside (a, b).
Now, in place of the sequence of operators 4, of § 3, consider the single
operator B where

(4.3) (Bf) () = xf(x) + i(Jof) (%),

FNE = @07 [ v@FO¢ - =70
and where ¢ (x) is of class C? on [0, 1] and |¢(x)| = const > 0 on [0, 1].
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(For instance, one could take y(x) = 1.) Corresponding to (3.22), define
now f, by

(4.4) fo = (8/9)gn.
Clearly, (fu, ¥) = (gu, ¢), and hence
4.5) ||(B = cD*ll* = [ (x = )2 ful> dt + [ |Tuful? dt + 772 (g, &) |

Since all terms on the right of (4.2) tend to 0 as # — o0, it is clear (in view
of (4.4)) that at least the first and third terms on the right of (4.5) also tend
to 0. But (cf. (3.23)) Jg, = (¢/¥)Jyf» and hence, since [¢| < const on [0, 1].

we have

(4.6) JlelPlufl2dt—0,  n—co.

However,

4.7) f | Joful® dt — 0.
[0,1]—(a,b)

To see this, recall that (H — ¢I)g,—0 (H = x on L2(0,1)), and hence
(H — ¢cl)fyn—0. But (cf. (1.3)), (H — cI)Jy — Jy(H — ¢I) = iCy, where
(Cyf)(x) = 7= (/f, ¥). In particular, Cy = 0. Since

((H = cI)Jyfu, f) — (Jy(H = cI) fu, fu) = 1||C¥f,]|2 — 0,

it is clear that (H — cI)Jyf, — 0, that is, [ (x — ¢)2|Jyful? dt — 0. Since
¢ € (a,b), (4.7) follows. It now follows from (4.6), (4.7), and (1.10) that
[|[74fnll = 0. Thus, by (4.5),

(4.8) /(B — cI)*full =0,

where B is defined by (4.3). It is clear that 0 < const < ||f,|| = const.
Since (B —c)(B—c)* =2 (B — c)*(B — cI) (cf. (14)), it follows from
Lemma 5 that ¢ is in the essential spectrum of B. But, since ¢ is of class C?,
and since |[¢(x)| = const > 0 on [0, 1], in particular on (g, b), this is impossible
by Lemma 7 (with ¢ replaced by ¢), a contradiction. Thus, the hypothesis
that ¢ is a boundary point of sp(4) in untenable. Thus, since ¢ belongs to
sp(4), ¢ is an interior point of sp(4), as was to be shown.

5. An example. In this section, the proof of Theorem 2 will be completed
by giving an example of a function ¢(x) satisfying (1.11) for which the
spectrum of the associated operator 4 defined by (1.1), (1.2), and (1.4) has
no interior points.

Let 0 < 8 < 1 and define a Cantor set Ci (nowhere dense perfect set) of
positive measure on [0, 1] by putting Ci = [0, 1] — >_I,, where {I,} is a
sequence of open intervals defined as follows. Let I; be an open interval of
length |I;| = 38 and in the centre of [0, 1]. Next, remove open intervals
I, and I; from the centre of each of the two remaining closed intervals and
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suppose that |I;| + |I3] = 1B. Similarly, remove open intervals I, Is, I, and
I; of total length 3/8 from the centre of each of the remaining four (closed)
intervals. Continuing in this way, one obtains a Cantor set C; of measure
|Ci] = 1 — B. Next, one proceeds with a similar construction on each of the
removed intervals I, I3, ... . (Actually these intervals are open, but this is
of no consequence.) This procedure is repeated indefinitely in such a way that
the sum of the measures of the Cantor sets thereby constructed is 1. One
thus obtains a sequence of disjoint nowhere dense sets {C,} (n =1,2,...)
such that [0, 1] = > C, + Z, where Z is a set of measure 0 and C, and Z
are pairwise disjoint. Then define ¢ (a.e.) by

(5.1) ¢(x) =1/n on C, n=12...).

If E, is defined by (1.12), it is clear that E,, being the union of a finite number
of the C,s, is nowhere dense on [0, 1]. That sp(4) cannot have any interior
points follows readily from (1.8).

It is interesting to observe that (1.8) can be improved in this case to the

assertion
(5.2) sp(d) ={x+1:0=x =1, —M, Sy < M}
In order to see this, define ¢,(x) on [0, 1] by
_Jow) i () > 1/m,
(5:3) ¢u(¥) = {0 otherwise,

and define the self-adjoint singular integral operators J, by

(54) (Juf) () = (ir)_lj; 6n (%) Ea(8) ¢ — )7 f(¢) dt.

Itis clear that for each fixed %, ¢,(x) > Oon.S, = > 51 C; and ¢,(x) = O a.e.
on [0, 1] — > %1 Cy, so that, in particular, J, leaves invariant , = L2(S,).
Thus J, = Jo/On @ 0/9ut. The second term denotes the 0 operator on
Out = L*(0, 1) © Dy Since $, is obviously invariant under the multiplication
operator H = x, then 9, reduces A4, = H 4+ iJ, and thus one has the

representation

(5.5) A, = B, @ x/D,*, where B, = A,/ $,.
It is clear (cf. the argument following (3.9)) that

(5.6) [[4 = 4,][ -0, n—o0,

and that

(5.7) sp(4.) = sp(B,) + sp(x/ D).

Since sp(Re(B,)) is the closure of 3 %_; Cy, which is nowhere dense on [0, 1],
it follows from [4, p. 54, Theorem 3.7.1] that

(5.8) 7||B,B,* — B,*B,|| < meas sp(B,).
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Further, it is clear that the left side of (5.8) is unchanged if B, is replaced by
A, and, from (5.7), that meas sp(B,) = meas sp(4,). (Note that the measure
here is that of the plane.) Consequently,

(5.9) w||4.4.* — A,*4,|| < meas sp(4,).
In view of (5.6) and Lemma 6,
(5.10) w||AA* — A*4|| < meassp(4).

Hence (cf. 1.19)),
(5.11) meassp(4) = 2/, |¢(t)| at
= Area{x +1iy: 0 S x =1, —[o(x)]2 2y = |p(x)|¥.

Since, in the present example, M, = [¢(x)|? a.e., (5.2) now follows from (1.8)
and the fact that the set S is closed.

6. Proof of Theorem 3. Let 0 < ¢ <1 and suppose that ¢ is continuous
at ¢ and that ¢(c) # 0. Then |¢(x)| > 0 on some open interval containing ¢
and, by Theorem 2, there exists a disk about ¢ belonging to sp(4). It follows
in particular that for ¢ real and |¢| sufficiently small, all points ¢ + ¢ are
interior points of sp(4). It will be shown that if d = sup{s: ¢ + ¢ are interior
points of sp(4) for 0 = ¢ = s}, then

(6.1) d = |¢(c)].

The argument with ‘“sup” replaced by ‘“inf” and |¢|?, [0, s] replaced by
—|¢|% [s, 0] is similar. Thus, in order to complete the proof of Theorem 3
it is sufficient to show that (6.1) holds.

First, it is clear that ¢ + 4 is in the boundary of sp(4) and (cf. (1.8))
that d < |¢(c)|% It will be shown that the supposition that (6.1) does not
hold, that is, d < |¢(c)|?, leads to a contradiction. The argument will be
essentially that used in § 4.

To see this, note that if 2 = ¢ + id, then (4 — 2I)(4 — zI)* is singular,
so that there exists a sequence {g,} of unit vectors for which

(6.2) (4 — =2I)*g|[ — 0.

Corresponding to (4.2), this becomes

63) |1(4 — 2D*g|* = (¢ — )lgl2dt + [ | — dD)gal? dt + 7| (g, &)}
Let ¢(x) denote the constant function defined by

(6.4) Y(x) = ¢(c)

and define J, and B as in (4.3) and f, by (4.4). In view of (6.2), the first
integral of (6.3) tends to O and it follows as in § 4 that there is no loss of
generality in supposing that the g,(x) = 0 outside of open intervals (a,, b,)
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containing ¢ and such that b, — @, — 0 as # — . A simple calculation yields

(6.5) (J —dDg, = (6/¥)(Jy — ) fu + d(@/¥ — ¥/) fu-

Since b, — a, — 0 and since ¢ is continuous at x = ¢, it can be supposed
that ¢(x) # 0 on (a,, b,). (At points of [0, 1], where ¢ may be 0, f, is also 0
and one interprets (Y/¢) f, as 0.)

By (6.3) and (6.5) and noting again that (f,, ¢) = (g, ¢), one has

6.6) |14 — 2D*gll? = [ @ — )| (/) ful? dt
+ [ 1/9) Ty — dD) f + d(¢/¥ — F/3) ful? dt + 771 (f, ¥) |

Since, by (4.4) and the definition of g,, also f, = 0 outside (., b,) and since
(/¥ — ¥/d) = (o> — [¢[*)/¥$, it is clear from (6.4) that

(6.7) I 1(@/¥ — F/8)fu|2dt—0 asn— o0,

and hence

6.8) |4 —zD*gl* =[x — )*|@/®) 2 dt + [lo/w(Ty — dI)f,[* dt
+ 7 (fu V)P 4+ 0(1),

where 0(1) denotes a term which tends to 0 as # — 0. But, corresponding
to (4.5),

6.9) (B —2D*ll = (v — ) ful?dt + [ [(Jy — dD) fol2 dt + =7 (f, ¥)

The argument of § 4 shows that a relation similar to (4.7) but with Jy replaced
by Jy — dI holds, where now (a, ) is some fixed interval containing ¢ on
which |¢(x)| > const > 0.

Relations (6.2) and (6.8) now imply that (B — zI)*f, — 0. As in § 4, this
leads to a contradiction. For, since ¢ is of class C?, this implies by Lemma 5
that z is in the essential spectrum of B. But d < |[¢(¢)|? = |¢(c)|? and hence
this is impossible (by Lemma 7). This completes the proof of Theorem 3.

7. Proof of Theorem 4. Let ¢,(x) be defined on [0, 1] by

_Jox) ifx€ N+ (MNE,),

(7.1) $a(x) = {O otherwise, that is, if x € M — E,.

Let J, and 4, be defined by (1.1), (1.2), and (1.4) with ¢ replaced by ¢,.
Since

(7.2) ¢e(x) = ¢(x) uniformly on [0,1] asa — 0,

it is clear (cf. § 3) that ||J, — J|| — 0 as a — 0, and hence
(7.3) [[4 — A4, =0 asa—0.

If $.=L*(N+ (M N E,)), then H,+ = L2(M — E,) and, since ¢,(x) = 0
on M — E,, it is clear that J, leaves $,+ invariant, hence also ,. Since
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H = x also leaves these spaces invariant, these spaces reduce A4,. Thus, if
Ba = Aa/@a; then

(7.4) A, =B, ® /9.t on L2(0,1) = H, @ Hat.

Let H=x = f NdE\. If C, is defined by (1.4) with 4 replaced by 4,, thus
Cof = 7 1¢,(f, ¢a), then it is clear (cf. (1.19)) that

(7.5) 27||[E(P)CE(P)|| = 2 [plo(t)|* dt

holds for any Borel set P. Since almost all points of the set N, = NN E,
are continuity points of both ¢ and ¢,, it follows from Theorem 3 that the
segment L,: x + 4y, with —|¢(x)|? <y =< |¢(x)|2, belongs to sp(4,) for
almost all x in N,. But, by (7.4), sp(4,) = sp(B,) + sp(x/D.+) and hence,
for almost all x in Ny, L, is also in sp(B,). Thus,

(7.6) 2fNa |¢()|2 dt < meas{z € sp(B,): Re(z) € N,}.

Since sp(Re(B,)) is the closure of the set N 4+ (M M E,) and since E, is
nowhere dense on M, it follows that the set {x € sp(Re(B,)): x € M M E,}
is nowhere dense on M. If M = 3" I, is the canonical decomposition of M
as the union of disjoint open intervals {, } then it follows from the argument

n [4, pp. 54-55], that if f € §, and if C,/ o/ D, then

(2m)}[(CJ)*E(IL) fl| < [meas{z: 5 € sp(B,) and Re(z) € L}P||E(L,)f]|.
Since Cm)}||C/EMM)f|| £ (2n)} X ||C/E(L,)f||, an application of the
Schwarz inequality together with ||E(M)C,/E(M)|| = ||(C/)*E(M)]||? yields

@Cm)||E(M)C/E(M)|| £ meas{z: z € sp(B,) and Re(z) € M}.

Hence, by a relation for C,’ corresponding to (7.5),
(7.7) 2fMﬂE,. |¢(#)|? dt < meas{z: 2z € sp(B,) and Re(z) € M}.
Combining (7.6) and (7.7) and noting (7.4), one obtains
(7.8) 2 fEa |¢(¢)|2 dt < meas sp(B,) = meas sp(4,).

Relation (1.16) now follows from (7.8), (7.3), and Lemma 6.

In case (1.17) is also assumed, then 2 f: |¢(t)|? dt is the area of the set .S
in (1.8). It follows from (1.8) and (1.16) that equality must hold in (1.16)
and, since S is closed, also in (1.8). This completes the proof of Theorem 4.
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